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Lecture 26 18.01 Fall 2006

Lecture 26: Trigonometric Integrals and Substitution

Trigonometric Integrals

How do you integrate an expression like / sinnx cosmx dx? (n = 0,1,2... and in = 0,1,2,

We already know that:

sinx dx = —cos x + c and / cos x dx = sinx + c

Method A

Suppose either n or m is odd.

Example 1. / sin re cos^c dx.

Our strategy is to use sin2x + cos^r = 1 to rewrite our integral in the form:

/ sin3x cos2x dx — / f(cosx) s'mxdx

Indeed,

/ sin3x COSTS dx = / sin2xcos2x sinx da; = / (1 —cos2x) cos2x sinx da;

Next, use the substitution
u = cos x and du = —sin x dx

Then,

/ (1 —cos2a;) cos2a- sinxda* = / (1 —u2)u2(—du)

= / (-u2 + uA)du = ~-u3 + -u5 + c= -- cos3u + - cos5x + c
J 3 5 3 5

Example 2.

/ cos3xdx = / /(sinx) cos x da* = / (1 —sin x) cosxdx

Again, use a substitution, namely

u = sin x and du = cos a*dx

/
h i / /, ?x , u . sin .x

cos x dx = / (1 —u )du —u —— + c = sin x h c
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Method B

This method requires both m and n to be even. It requires double-angle formulae such as

2 1 + cos 2x
cos a* =

(Recall that cos 2x = cos2 x —sin x = cos2 a* —(1 —sin2 x) = 2cos2 x —1)
Integrating gets us

/2 , /"l + cos2x , x sin(2x)
cos x dx = / dx = — -\ h c

7 2 2 4

We follow a similar process for integrating sin x.

1 —cos(2x)
sin x =

2

f 9 , /" 1 - cos(2x) , x sin(2x)
/ snrx dx = / —-—'-dx = ^-—t + c

The full strategy for these types of problems is to keep applying Method B until you can apply
Method A (when one of m or n is odd).

Example 3. /siAcosW
Applying Method B twice yields

1 —cos 2a* \ (1 -1- cos2x \ , f (1 1 & \ .
dx — I I — —-cos**2x ) dx

/ (7~gC1 +cos4a;) Jdx =ox ~32 sin4x +c
There is a shortcut for Example 3. Because sin2x = 2 sin x cos x,

2

2 "I "" 4/ 2
/" 2 2 , f fl • o V , ! n -cos4x ,
/ sin xcos xdx = / I -sin2x ) dx = - / dx = same as above

The next family of trig integrals, which we'll start today, but will not finish is:

secnx tanmx dx where n = 0,1,2,... and m = 0,1, 2,...

Remember that

sec2 x = 1 + tan2 a*

which we double check by writing

1
= 1 +

! . . sin2x cos2 x + sin2 a*
3~ICOS^ X COS16 X COS° X

sec2 x dx = tan x + c / sec a* tan x dx = sec x + c



r Lecture 26

To calculate the integral of tanx, write

Let u = cosx and du = —sinxdx, then

. / sinx
tanxdx= / dx

./ cos x

, f sin a* , f du , . .
tanxdx = / dx = / = - ln(it) 4- c

./ cosx / u

tan a* dx = —In(cos x) + c

(We'll figure out what / secxdx is later/

18.01 Fall 2006

Now, let's see what happens when you have an even power of secant. (The case n even.]

/ sec xdx = / /(tanx) sec xdx = / (1 + tan x) scc2xdx

Make the following substitution:

and

u = tan a*

du = sec2x dx
.3f a , /*/ 2n . w3 tan3x

/ sec a*dx = / (1 + u )du = u+ — + c = tanx -\ h

What happens when you have a odd power of tan? (The case m odd.)

/ tan3x secxdx = / /(secx)d(secx)

= / (sec2a* —1) secx tanxdx

(Remember that sec2 x —1 = tan2 x.)
Use substitution:

and

Then,

u = sec x

du = sec x tan a*dx

/o . /" / a -v , u3 sec3 x
tan x secx dx = / (u — l)du = —— w + c = — secx + c

We carry out one final case: n = 1, m = 0

/ secxdx = In(tan x 4- secx) + C



Lecture 26 18.01 Fall 2006

We get the answer by "advanced guessing," i.e., "knowing the answer ahead of time."

. / sec a* 4- tan x \ . f sec2 a* 4-sec x tan x ,
secxdx = secx I dx = / dx

\ sec x + tan x / ./ tan x 4 sec x

Make the following substitutions:
u = tan x 4 sec x

and

du = (sec2 x 4 sec x tan x) dx

This gives

secx dx = / — = ln(w) 4 c = In(tanx + sec x) 4 c

Cases like n = 3, m = 0 or more generally n odd and m even are more complicated and will be

discussed later.

Trigonometric Substitution

Knowing how to evaluate all of these trigonometric integrals turns out to be useful for evaluating
integrals involving square roots.

Example 4. y = ya1 —a*2

Figure 1: Graph of the circle x2 + y2 = a2.

We already know that the area of the top half of the disk is

/ yja2 - x2 dx =
J—a

•no.'

2~
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What if we want to find this area?

Figure 2: Area to be evaluated is shaded.

To do so, you need to evaluate this integral:

/ Va2 - t2 dt
Jt=o

18.01 Fall 2006

Let t = a sin 14 and dt = acosudu. (Remember to change the limits of integration when you do a
change of variables.)
Then,

a2 —t2 = a2 —a2 sin2u = a2 cos2 u; \Ja2 —t2 = a cosu

Plugging this into the integral gives us

/ ya2 —t2 dt = / (a cos u)a cos udu = a2 /
Jo J Ju=0

u=sin {x/a)

COS"udu

Here's how we calculated the new limits of integration:

t — 0 =>• a sin u = 0 =>• u = 0

t = x =£• a sin w = x => u = sin- (x/a)

si" l<s/°^ 2 , 2 /w sin2w
cos udu = a —IT i/a*-t*dt =a2 /

7o Jo

sin (.x/a)

0

a sin (x/a) /fl \/» , ,, -1, , ,, , . _i, , ,,v= vx y4 ( —) (2sin(sin 1(x/a))cos(sin x(x/a)))

(Remember, sin2w = 2sinw cosw.)

We'll pick up from here next lecture (Lecture 28 since Lecture 27 is Exam 3).
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Lecture 28: Integration by Inverse Substitution;
Completing the Square

Trigonometric Substitutions, continued

Figure 1: Find area of shaded portion of semicircle.

j y/a? - t2dt
Jo

t = a sin u; dt = a cos u du

0 0 O O . O 0 0
a —t~ = a —a sin"u = a cos u \/a? —t2— acosu (No more square root!)

Start: a* = —a <=> u = —7r/2; Finish: 1 = 04*1*= 7r/2

u sin(2w)f r~o—^n f 2 2 j i /"l4cos(2w) 2 u ,/ va -t2dt = /a*5cos^ud-u —a 5-*—^du = az —+

(Recall, cos u =
1 4 cos(2u)

)•

4c

We want to express this in terms of x, not u. When t = 0, asinu = 0, and therefore u = 0.
When t = x, asinu = x, and therefore u = sin- (x/a).

sin(2u) 2 sin u cos u 1 .
= • = - sin u cos u

4 4 2

rp

sinu = sin (sin-1 (x/a)) = —
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Figure 3: Area divided into a sector and a triangle.

Here is a list of integrals that can be computed using a trig substitution and a trig identity.

integral substitution trig identity
f dx 9^9

x = tan u tan u 4 1 = sec u
Vx2 4 1

dx

dx

VT^2

x = sec a sec u — 1 = tan u

x = sin u 1 —sin" u = cos2 u

Let's extend this further. How can we evaluate an integral like this?

I dx
J \/x2 4 4x

When you have a linear and a quadratic term under the square root, complete the square.

x 4 4x = (something)2 ± constant

In this case,
(a* 4 2)2 = x2 4 4x 4 4 =•> x2 4 4x = (a* 4 2)2 - 4

Now, we make a substitution.

Plugging these in gives us

Now, let

v = x 4 2 and dv = dx

dx f dv

J v/(x4 2)2-4 J Vv^4

v = 2 sec u and dv = 2 sec u tan w

dv f 2 sec u tan u du

\A^4 2 tan u

3

= / sec udu



Lecture 28 18.01 Fall 2006

How can we find cosu = cos (sin '(x/a))? Answer: use a right triangle (Figure 2).

X

a-x

Figure 2: sinu = x/a; cosu = \/a2 —x2/a.

From the diagram, we see

cosu =

And finally,

\/a2 —x2

a

u 1 .
— 4 - sin u cos u
4 2

„2

-0 = a2
sin l{x/a) t 1 /x*^ y/a2 —x2

2 ' 2 W a/ Va2 -t2dt = a2
Jo

fX

/ \/a2 - t2d* =^-sin-1(-) 4ixVa2 - x2
7o 2 a 2

When the answer is this complicated, the route to getting there has to be rather complicated.
There's no way to avoid the complexity.

Let's double-check this answer. The area of the upper shaded sector in Figure 3 is —a u. The

areaof the lower shaded region, which is a triangle of height \/a2 —x2 and base x, is \x\fa2 —a*2.
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Remember that

/ secudu = ln(sec u 4 tan u) 4 c

Finally, rewrite everything in terms of x.

v = 2 sec u •& cos u = -
v

Set up a right triangle as in Figure 4. Express tan u in terms of v.

Vv^4

2

Figure 4: secu = u/2 or cosu =-2/v.

Just from looking at the triangle, we can read off

v , %/t-2 —4
sec u = - and tan u =

2 2

2secu du = In I —4 J 4 c

= ln(t> 4 \/v2 - 4) - In 24 c
We can combine those last two terms into another constant, c.

f dx

\/x2 4 4x
= ln(x4 24 \A-2 + 4x) 4 c

18.01 Fall 2006

Here's a teaser for next time. In the next lecture, we'll integrate all rational functions. By
"rational functions," we mean functions that are the ratios of polynomials:

P(x)

Q(x)

It's easy to evaluate an expression like this:

1 3
4 ) dx = In la; - II 4 3In |x 4 2| + c

a* - 1 x 4 2
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If we write it a bit differently, however, it becomes much harder to integrate:

1 3 _ a* 4 2 4 3(x - 1) _ 4x - 1
x- 1+ x4 2~ (x-l)(x4 2) ~ x2 4 x- 2

J x24x-2

How can we reorganize what to do starting from (4x —l)/(x2 4 x —2)? Next time, we'll see how.
It involves some algebra.
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Lecture 29: Partial Fractions

We continue the discussion we started last lecture about integrating rational functions. We
defined a rational function as the ratio of two polynomials:

P(x)

We looked at the example

1 3
4

x - 1 x 4 2

That same problem can be disguised:

dx = In |x - 11 4 3 In Ix 4 21 4 c

1 3 (x 4 2) 4 3(x - 1) 4x - 1
x-1 i + 2 (x-l)(a*4 2) x24x-2

which leaves us to integrate this:

f 4X~1 dx = ???
x2 4 x - 2

P(x)
Goal: we want to figure out a systematic way to split _J . into simpler pieces.

Q(x)

First, we factor the denominator Q(x).

Ax - 1 4x - 1 A B

x24x-2 (x-l)(x4 2) x-1 x4 2

There's a slow way to find A and B. You can clear the denominator by multiplying through by
(x-l)(x4 2):

(4x-l) = A(x + 2) + B{x-l)

From this, you find
4 = A + B and - 1 = 2 A - B

You can then solve these simultaneous linear equations for A and B. This approach can take a very
long time if you're working with 3, 4, or more variables.

There's a faster way, which we call the "cover-up method". Multiply both sides by (x - 1):

= A + (x- 1)
a* 4 2 x 4 2v '

Set x = 1 to make the B term drop out:

f* iri =/l
.4= 1
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The fastest way is to do this in your head or physically cover up the struck-through terms. For
instance, to evaluate B:

4x - 1 AX B

(x - l)XaM-2X /- 1 Ix-4-27
Implicitly, we are multiplying by (x 4 2) and setting x = —2. This gives us

4(-2)-l
-2- 1

= B => 5 = 3

What we've described so far works when Q(x) factors completely into distinct factors and the
degree of P is less than the degree of Q.

If the factors of Q repeat, we use a slightly different approach. For example:

x24 2 A B C
4

(x-l)2(x4 2) x-1 (x-1)2 a*42

Use the cover-up method on the highest degree term in (x —1).

^ =B4[stuff](x-i)2 =• JTJ =B -+ B=l
Implicitly, we multiplied by (x —l)2, then took the limit as x —* 1.

C can also be evaluated by the cover-up method. Set x = —2 to get

This yields
x24 2 A 1 2/3

+ 1 7T774(x-l)2(a*4 2) x-1 (x-1)2 a*4 2

Cover-up can't be used to evaluate A. Instead, plug in an easy value of x: x = 0.

(-1)2(2) -1 3 3 3

Now we have a complete answer:

x2 4 2 _ 1_ 1 2
(x - l)2(x 4 2) " 3(x - 1). (x - l)2 + 3(x 4 2)

Not all polynomials factor completely (without resorting to using complex numbers). For exam
ple:

1 Ai gig 4 Ci
(x24l)(x-l) ~ x-1 + x24l

We find Ai, as usual, by the cover-up method.

1 -* -. A1 = l
124 1 L l~2
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Now, we have
1 _ 1/2 Bix 4 Ci

(x24l)(x-l) "" x-1 + x24l
Plug in x = 0.

1Cl c, =-i
1(-1) 2 1 2

Now, plug in any value other than x = 0,1. For example, let's use x = —1.

1 1/2 £?!(-!)-1/2 gi - 1/2 _1
2(-2) -2 2 2*2

Alternatively, you can multiply out to clear the denominators (not done here).

Let's try to integrate this function, now.

f dx 1 f dx 1 f xdx 1 f dx

(x24l)(x-l) 2 J x-1 2 J x24l 2 J x2 4 1

- In |x —11 —- In Ix2 4 1 I —- tan *x 4 c
2 i 4 '2

What if we're faced with something that looks like this?

f dx

J (x-1)10

This is actually quite simple to integrate:

What about this?
/* dx

J (x24l)10

Here, we would use trig substitution:

x = tan u and dx = sec2 udu

and the trig identity
tan2 u + l= sec2 u

to get

/sec2 udu f ,o

J^W'0=JCOS
From here, we can evaluate this integral using the methods we introduced two lectures ago.
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Lecture 30: Integration by Parts, Reduction
Formulae

Integration by Parts

Remember the product rule:
(uv)' = u'v 4 uv'

We can rewrite that as

uv' = (uv)' —u'v

Integrate this to get the formula for integration by parts:

uv' dx = uv — / u'v dx

Example 1. / tan "xdx.

At first, it's not clear how integration by parts helps. Write

/ tan-1 xdx — / tan-1 x(l •dx) = / uv'dx

with

u = tan-1 x and v' = 1.

Therefore,

v = x and u' =
I4x2

Plug all of these into the formula for integration by parts to get:

/tan 1xdx— uv'dx —(tan 1x)x —/ x(x)dx
J J 1 4 x2

= x tan 1x —- In11 4 x | 4 c

Alternative Approach to Integration by Parts

As above, the product rule:
(uv)' = u'v 4 uv'

can be rewritten as

uv' = (uv)' —u'v

This time, let's take the definite integral:

-b rbno pO 1-0

/ uv' dx = / (uv)' dx— / u'vdx
J a J a J a
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By the fundamental theorem of calculus, we can say

uv' dx = uv u'v dx

Another notation in the indefinite case is

I udv —uv — vdu

This is the same because

dv = v' dx => uv' dx = u dv and du = u' dx ==$• u'v dx = vu' dx = v du

Example 2. (\nx)dx

u = lnx; du = —dx and dv = dx; v = x
x

/ (In x)dx = xIn x —/ x ( —j dx = xIn x —/ dx = xIn x —x 4 c

We can also use "advanced guessing" to solve this problem. We know that the derivative of
something equals lnx:

-^(??) =lnx
dx

Let's try

— (x In x) = In x 4 x • —= In x 4 1
dx x

That's almost it, but not quite. Let's repair this guess to get:

-7- (x In x —x) = In x 4 1 —1 = In x
dx

Reduction Formulas (Recurrence Formulas)

f (W 1fi|*W i** (j]/il
Example 3. / (lnx) dx

Let's try:

u=(lnx)n =t> v! =n(lnx)n-1 (i J
v' = dx; v = x

Plugging these into the formula for integration by parts gives us:

f(\nx)ndx =x(\nx)n - fnQnx^xCzjdx
Keep repeating integration by parts to get the full formula: n —> (n - 1) —» (n - 2) —> (n - 3) —> etc

Example 4. / xnex dx Let's try:

u = xn => u' = nxn-1; v' = ex ==>• v = ex
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Putting these into the integration by parts formula gives us:

Repeat, going from n —> (n —1) —> (n —2) —> etc.

Bad news: If you change the integrals just a little bit, they become impossible to evaluate:

/ (tan-1x) dx = impossible

f ex
/ — dx = also impossible

J x

Good news: When you can't evaluate an integral, then

/ —dx
Ji x

is an answer, not a question. This is the solution- you don't have to integrate it!

The most important thing is setting up the integral! (Once you've done that, you can always
evaluate it numerically on a computer.) So, why bother to evaluate integrals by hand, then? Because
you often get families of related integrals, such as

where you want to find how the answer depends on, say, a.
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Arc Length

This is very useful to know for 18.02 (multi-variable calculus)

y

->x

Figure 1: Infinitesimal Arc Length ds

dy

d X

Figure 2: Zoom in on Figure 1 to see an approximate right triangle.

In Figures 1 and 2, s denotes arc length and ds = the infinitesmal of arc length.

ds = x/(dx)2 4 (dy)2 = \Jl 4 (dy/dxfdx

Integrating with respect to ds finds the length of a curve between two points (see Figure 3).

To find the length of the curve between Pq and Pi, evaluate:

ds
'Po
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P,

Po

Figure 3: Find length of curve between Po and Pi.

We want to integrate with respect to x, not s, so we do the same algebra as above to find ds in
terms of dx.

(ds)2 ^(dx)2 (dy)2 (dy
(dx)2 (dx)2 + {dx)* \dx

Therefore,

dx

Example 5: The Circle. xl +y = 1 (see Figure 4).

Figure 4: The circle in Example 1.



I
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We want to find the length of the arc in Figure 5:

s =

Figure 5: Arc length to be evaluated.

„2y= y/T^i
dy -2x (1 —x

dx XT^x2 \2) XT^

ds= i/l +
—x

\/l -X
dx

1+1^,1 =14 ;
XT^XiX

"a dx

Jo y/1 - x2

This is illustrated in Figure 6.

r.2 J_ „11 - & 4 x1 1

1 - X2 1 - X2 1 - X2

ds =

= sin 1x

1
•dx

1 - x2

= sin-1 a —sin-1 0 = sin-1 a

sin $ = a

18.01 Fall 2006



18.01 Problem Set 7A 1%^ ( f(^^
Due Friday 11/20/09, 1:45 pm in 2-106

+7$ /rno sleet-
To be handed in together with problems from Problem Set 7B, to be posted on Friday, 11/13.

Part I (7 points)

Lecture 27. Thursday, Nov. 12 Trigonometric integrals. Direct substitution.
Read 10.2, 10.3 Work: 5B-9, 11, 13, 16: 5C-5, 7, 9, 11

Lecture 28. Friday, Nov. 13 Inverse substitution. Completing the square.
Read 10.4 Work: To be assigned on part 7B.

Part II (17 points)

Directions: Attempt to solve each pari of each problem yourself. If you collaborate, solutions
must be written up independently. It is illegal to consult materials from previous semesters. With
each problem is the day it can be done.

0. (not until due date; 3 pts) Write the names of all the people you consulted or with whom you
collaborated and the resources you used, or say "none" or "no consultation". (See full explanation
on PS1).

1. (Lee 25, 8pts) On Beyond Simpson's Rule.

In proving Simpson's rule, we showed that the area under an arbitrary parabola P(x) = Ax2 +
Bx + C from x = —w to x = w could be expressed as integer linear combinations of P(—w), -P(O),
and P(w) multiplied by w/3. That is, we showed

/w „..

(Ax2 + Bx 4- C)dx = - [P(-w) 4- 4P(0) 4- P(w)]
-w 3

and Simpson's rule followed. In this problem, we see if this is possible for cubic curves.

a) Draw a careful picture for the cubic problem like the one on p. 371 of Simmons used to
illustrate Simpson's rule. Note, you'll need 3 intervals and 4 endpoints now that you're using
cubic equations. Let's agree to write the cubic equation used to approximate our curve as Q(x) =
Ax3 + Bx2 4- Cx 4- D and make the intervals on the x-axis have endpoints x = 0,w,2w,3w. (It
seems harder to make them symmetric about the origin, since we don't get to use 0 as one of our
endpoints in that case.)

b) Find the definite integral

-3tt;

/ (Ax3 4- Bx2 + Cx 4- D)dx
Jo

in terms of A, B, C, D. In other words, we're finding area under an arbitrary cubic curve. In
mimicking the proof of Simpson's rule, factor out w/S = 3u>/24 from your answer so that the result
is

w/S • (SOMETHING)



18.01 Problem Set 7B

Due Friday 11/20/09, 1:45 pm in 2-106

To be handed in together with problems from Problem Set 7A.

Part I (15 points)

Lecture 28. Friday, Nov. 13 Inverse substitution. Completing the square.
Read 10.4 Work: 5D-1, 2, 7, 10

Lecture 29. Tuesday, Nov. 17 Integrating rational functions; partial fractions.
Read 10.6, Notes F Work: 5E-2, 3, 5, 6, lOh (complete the square)

Lecture 30. Thursday, Nov. 19 Integration by parts. Reduction formulas.
Read 10.7 Work: 5F-la, 2d then 2b, 3

Lecture 31. Friday, Nov. 20 Parametric equations; arclength. Surface area
Read 17.1, 7.5 Work will be assigned on PS8.

Part II (24 points 4 5 BONUS points)

Directions: Attempt to solve each part of each problem yourself. If you collaborate, solutions
must be written up independently. It is illegal to consult materials from previous semesters. With
each problem is the day it can be done.

0. (not until due date; 3 pts - tallied on part 7a so not in above count) Write the names of all
the people you consulted or with whom you collaborated and the resources you used, or say "none"
or "no consultation". (See full explanation on PS1).

1. (Lee 28, 4pts: 2 4 2)

a) For any integer n > 0, use the substitution tan2 x = sec2 x —1 to show that

/ tann+2 xdx = tann+1 x - / tan" xdx
J n 4 1 J

b) Deduce a formula for / tan4 x dx.

2. (Lee 29, 4pts: 3 4 1)

/cosX
secxdx by writing secx = ^— (verify this), and then making

1 — sin x
a substitution for sinx and using partial fractions. (Your final answer must be expressed in terms
of x.)

b) Convert the formula into the more familiar one by multiplying the fraction in the answer on
both top and bottom by 1 4 sinx. (Note that (l/2)\au = InXu.)

3. (Lee 30, 3pts) Find the volume under the first hump of the function y —cosx rotated around
the ;?/-axis by the method of shells.



4. (13 pts: 24-24-2+24-243 and 5 pts BONUS) This problem explores Chebyshev polynomials
Tn for n = 0,1,2,... defined by

Tn(x) —cos(narccosx)

where arccosx is the inverse cosine function.

a) It is not hard to show that Tb(x) = 1 and T\(x) —x. Express Ti as a quadratic polynomial
and I3 as a cubic polynomial.

b) Show that for n > 1, Tu+l(x) = 2xTn(x) - T„_i(x).

c) Use your answer in part (b) to show that Tn is a polynomial of degree n.

d) Use parts (a) and (b) to determine I4 and T5.

e) Notice that T7?(cosx) = cos(nx). Use this fact and your answer from (d) to determine an
identity for cos5x as a polynomial in cosx.

f) Compute the definite integral

Z"1 dr
Tn(x)Tm(x)

J-\ vl-x2

(Hints: Your answer will depend on whether m and n are non-zero. You may want to take advantage
of the identity in part (e).)

g) (BONUS) Explain a method for using your answer from part (f) to express any polynomial
pn(x) of degree n in terms of Chebyshev polynomials. Demonstrate your method with a polynomial
of degree 5. (Don't pick T5 = p.5. Pick something interesting.)
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Lecture 30

Example 6.

Figure 6: s = angle in radians.

Parametric Equations

x = a cost

y — a sin t

18.01 Fall 2006

Ask yourself: what's constant? What's varying? Here, t is variable and a is constant.
Is there a relationship between x and y? Yes:

x2 + y2 = a2cos21 + a2sin21 = a2

Extra information (besides the circle):
At t = 0,

x = a cos 0 = a and y = a sin 0 = 0

Att-j,
x* = a cos — = 0 and y = a sin — = a

2 y 2

Thus, for 0 < t < 7r/2, a quarter circle is traced counter-clockwise (Figure 7).
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Figure 7: Example 6. x = a cost, y = asint; the particle is moving counterclockwise.

Example 7: The Ellipse See Figure 8.

x = 2sini; y = cost

x2— + y2 = l( =•> (2sin£)2/4 + (cos£)2 = sin2£ + cos2£ = 1)

Figure 8: Ellipse: x = 2sinf, y = cost (traced clockwise).

Arclength ds for Example 6.

dx=—a sin tdt, dy —acostdt

ds= X(d*)2 + (dy)2 = y/(-asmtdt)2 + (acostdt)2 = y/(asin i)2 + (acost)2 dt = adt
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Lecture 31 18.01 Fall 2006

Lecture 31: Parametric Equations, Arclength,
Surface Area

Arclength, continued

Example 1. Consider this parametric equation:

x = t2 y = t3 for 0 < t < 1

.t3 = (t2)3 = t6; y2 = (t3)2 = t6 => x3 = y2 =» y = x2'3

dx

Figure 1: Infinitesimal Arclength.

0 < x < 1

dy

(ds)2 = (dx)2 + (dy)2

(ds)2= (2tdt)2 +(3t2dt)2 = (4t2 + 9t'l)(dt)2
"~(dxX ~lfdy~)2

Length = / ds = / y/At2 +9t'ld,t = / tX* + 9t2dt
Jt=o Jo Jo

(4 + 9t2)3/2
27

. ^..^
Even if you can't evaluate the integral analytically, you can always use numerical methods.
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Surface Area (surfaces of revolution)

>• X

Figure 2: Calculating surface area

ds (the infinitesimal curve length in Figure 2) is revolved a distance 2iry. The surface area of the
thin strip of width ds is 2iryds.

Example 2. Revolve Example 1 (x = 12,y = t3,0 < t < 1) around the x-axis. Refer to Figure 3.

• x

Figure 3: Curved surface of a trumpet.
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Area= [toyd.- fa £* i£+^£ =2„[\4^Wdt
y ds

Now, we discuss the method used to evaluate

f t\A +9t2)l'2dt

We're going to ignore the factor of 2tt. You can reinsert it once you're done evaluating the integral.
We use the trigonometric substitution

2 2
t = - tan u\ dt = - sec u du; tan u + 1 = sec u

o o

Putting all of this together gives us:

ft4(A +9t2)l/2dt = j (|tanwj (4 +9(-tan2uJj (? sec2 udu

This is a tan —sec integral. It's doable, but it will take a long time for you to work the whole tiling
out. We're going to stop evaluating it here.

Example 3 Let's use what we've learned to find the surface area of the unit sphere (see Figure 4]

rotate the curve

by 2rr radians

/

• x

Figure 4: Slice of spherical surface (orange peel, only, not the insides).
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For the top half of the sphere,

y = v 1 —x2

We want to find the area of the spherical slice between x = a and x = b. A spherical slice has area

rX = b

A — / 2ny ds
Jx=a

From last time,
, dx

ds = vT^2

Plugging that in yields a remarkably simple formula for A:

i/•« fiT r<>
A= / 2irXl-x2-F==== / 2-ndx

Ja V1 - X2 Ja

= 2tt(6 - a)

Special Cases

For a whole sphere, a = —1, and 6 = 1.

2tt(1 -(-1)) =4tt

is the surface area of a unit sphere.

For a half sphere, a = 0 and 6 = 1.

2tt(1 -0) = 2tt
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Lecture 32 18.01 Fall 2006

Lecture 32: Polar Co-ordinates, Area in Polar
Co-ordinates

Polar Coordinates

Figure 1; Polar Co-ordinates.

\

In polar coordinates, we specify an object's position in terms of its distance 7* from the origin
and the angle 9 that the ray from the origin to the point makes with respect to the rc-axis.

Example 1. What are the polar coordinates for the point specified by (1,-1) in rectangular
coordinates?

Figure 2: Rectangular Co-ordinates to Polar Co-ordinates.

r = x/12 + (-1)2 = n/2

• - ~\
In most cases, we use the convention that 7* > 0 and 0 < 6 < 2tt. But another common convention

is to say r > 0 and —•n < 6 < ix. All values of 0 and even negative values of 7* can be used.
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Figure 3: Rectangular Co-ordinates to Polar Co-ordinates.

Regardless of whether we allow positive or negative values of 7* or 9, what is always true is:

x = r cos 9 and y = r sin i

For instance, x = I, y = —1 can be represented by 7* = —\/2, 9 = —:
/ \

1 = x — —v2cos -fa and - 1 = y — —v2sin —

Example 2. Consider a circle of radius a with its center at x = a, y = 0. We want to find an
equation that relates 7* to 9.

Figure 4: Circle of radius a with center at a: = a,y = 0.
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e know the equation for the circle in rectangular coordinates is

Start by plugging in:

This gives us

[x-a)2+y2=a2

x —r cos 9 and y = 7* sin 9

(rcos9 - a)2 + (rs'm9)2 = a2

r2cos29 - 2arcos9 + a2 + r2sm29 = a2

r~ - 2ar cos 9 = 0

7* = 2a cos

18.01 Fall 2006

The range of 0 < 9 < — traces out the top half of the circle, while — < 9 < 0 traces out the bottom

half. Let's graph this.

Figure 5: r = 2acos0, ^n/2 <0< it/2.

At 9 = 0, 7* = 2a =4> x = 2a, y =\0
At 0 = -, r = 2acos - = a\/2

4 4

>-x

Weird range (avoid this one): '- <9< -£-. When 9= 7r, r = 2acos7r = 2a(-l) = -2a. The
5 • 2

7T „ 37T

The main issue is finding the range of 9 tracing the circle once. In this case, < 9 < -.

-- (down)

0 = \ (up)

radius points "backwards". In the range - < 6 < —, the same circle is traced out a second time.
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Figure 6: Using polar co-ordinates to find area of a generic function.

Area in Polar Coordinates
/

Since radius is a function of angle (r = /(#)), we will integrate with respect to 9. The question
is: what, exactly, should we integrate?

??,

Let's look at a very small slice of this region:

Figure 7: Approximate slice of area in polar coordinates.

This infinitesimal slice is approximately a right triangle. To find its area, we take:

Area of slice « -(base) (height) = -r(rd9)

Total Area = / -r2 d9
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Example 3. 7* = 2a cos 0, and —— < 9 < —(the circle in Figure 5).

.2 /, _

fn/2 -, /-tt/2
A= area = / -(2acos 9)2 d9 = 2a2 / cos20 d9

J—n/2 2 J—k/2

Because cos'2 9^.- + - cos 20, we can rewrite this as
X

\
-tt/2 rn/2

cos29 d9(l+cos29)d9 = a2 / d9 + a2 /
-tt/2 i-7r/2 J-7TJ-n/2

\

= 7ra2 + -sin 20
\

'-7T/2

-/2 I
= 7ra2 -f- -[sin7iy==--srnT::7r)l

-tt/2 :!

2.A = area = ira

Example 4: Circle centered at the Origin.

'

Figure 8: Example 4: Circle centered at the origin

x —7* cos 9\ y = r sin i

x2 + y2 = r2 cos2 9 + r2 sin29 = r2

The circle \s/x2 + y2 = a2, so r = a and

x = a cos t/; y = a sin t/

A= / -a2d9= -a2 •2tt = 7ra2.
Jo 2 2

18.01 Fall 2006
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cample 5: A Ray. In this case, 9 = b.

Figure 9: Example 5: The ray 0 = 6,0 < r < oo.

The range of 7* is 0 < r < oo; x = r cos b; y = r sin b.

Example 6: Finding the Polar Formula, based on the Cartesian Formula

>• X

Figure 10: Example G: Cartesian Form toNPolar Form

Consider, in cartesian coordinates, the line y = 1. To find the'polar coordinate equation, plug
in y/= r sin 9 and x = r cos 9 and solve for 7*. \

r sin 9 = 1 ==> r = with 0 < 9 < A
sin 9
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"Example 7: Going back to (x,y) coordinates from 7* = f(9).
Start with

_ 1
~ 1 + \sh\9'

r + - sin 9 = 1

V^T7=l-f => x2+y2/(l-l)2 =l-y+£
Finally,

This is an equation for an ellipse, with the origin at one focus.

Useful conversion formulas:

r= v^+32 and 9= tan-1 (-)
/ \x/

Example 8: A Rose 7* = cos(2#)
The graph looks a bit like a flower:

For the first "petal"

Figure 11: Example 8: Rose

?T 7T
-- <o<-

4 4

Note: Next lecture is Lecture 34 as Lecture 33 is Exam 4.

18.01 Fall 2006



Lecture 32: Exam 4 Review 18.01 Fall 2006

Exam 4 Review

1. Trig substitution and trig integrals.

2. Partial fractions.

3. Integration by parts.

4. Arc length and surface area of revolution

5. Polar coordinates

6. Area in polar coordinates.

Questions from the Students

• Q: What do we need to know about parametric equations?

• A: Just keep this formula in mind:

ds = /(S)'-(S)"
Example: You're given

x(t) = t4

and

y(t) = l+t

Find s (length).
ds =-- X(U3)2 + (l)2dt

Then, integrate with respect to t.

Q: Can you quickly review how to do partial fractions?

A: When finding partial fractions, first check whether the degree of the numerator is greater
than or equal to the degree of the denominator. If so, you first need to do algebraic long-
division. If not, then you can split into partial fractions.

Example.
x2 + x + 1

(x-l)2(x + 2)

We already know the form of the solution:

x2 + x + l A D C
+ 1 7TTT +(x-l)2(x + 2) x-1 (x-1)2 x + 2

There are two coefficients that are easy to find: B and C. We can find these by the cover-up
method.

B=i!+i±i 3 (,_1}
1+2 3 v ;
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To find C,

C (-2)2-2 +! I (x_>_2)C~ (-2-1)2 -3 (*-» 2)
To find A, one method is to plug in the easiest value of x other than the ones we already used
(x = 1, —2). Usually, we use x = 0.

1 A_ 1 , 1/3
(-1)2(2) -1 (-1)2 2

and then solve to find A.

The Review Sheet handed out during lecture follows on the next page.
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18.01 Problem Set 8 - Fall 2009

Due Tuesday, 12/01/09, 1:45 pm in 2-106

Part I (12 points)

Lecture 31. Friday, Nov. 20 Calculus using parametric equations.
Read: Read 17.1, 17.2 Work: 4E-2, 3, 8.

Lecture 32. Tuesday, Nov. 24 Arclength and Surface area
Read 7.5, 7.6 Work: 4F-ld, 4, 5, 8; 4G-2, 5.
If a curve is given by x = x(t), y = y(t), to find its arclength, use ds in the form

ds =J(dxY- +(dy? =/(f)7g)' dt ,
and integrate from start to finish: from t = to to t = t\.

THANKSGIVING BREAK - No recitation on Wednesday, Nov. 25

Lecture 33. Tuesday. Dec. 1 Review for Exam 4.

Thursday, Dec. 3 Exam covering techniques of integration, parametric equations, arc length
and surface area. Location to be announced.

Part II (31 points)

Directions: Attempt to solve each part of each problem yourself. If you collaborate, solutions
must be written up independently. It is illegal to consult materials from previous semesters. With
each problem is the day it can be done.

0. (not until due date; 3 pts) Write the names of all the people you consulted or with whom you
collaborated and the resources you used, or say "none" or "no consultation". (See full explanation
on PS1).

1. (Lee 30, 12 pts: 3 + 3 + 2 + 2 + 2) This question involves integration by parts. Let

/•tt/2
In = / sin77 x dx

Jo

a) Use integration by parts to show that, for odd powers (e.g. 2n + 1) of sine,

2-4-6 2n

2n+1 ~ 3-5-7 (277,+ 1)

b) Use integration by parts to show that, for even powers (e.g. 2n) of sine,

_ 1-3-5 (2n-l) 7T
2u ~ 2-4-6 2n 2

c) Show that hn+2 < hn+l < hn



d) Use parts (a) and (b) to show that

2n + 1 I2n+\ < 1
2n + 2 - I2n ~

and hence deduce that lim —— = 1.
71 —CO J2n

e) Use parts (a),(b), and (d) to find

2 2 2 2 4 4 6 6 In In
lim

n-oo 1113 3 5 5 7 27i - 1 2n + 1

2. (Lee 31, 7 pts: 3 + 1 + 3)

a) Find the algebraic equation in x and y for the curve

x* = a cosfc 7j, y —a sinfc t.

Draw the portion of the curve 0 < t < tt/2 in the three cases k = 1, k —2, k = 3.

b) Without calculation, find the arclength in the cases /c = 1 and k = 2.

c) Find a definite integral formula for the length of the curve for general k. Then evaluate the
integral in the three cases k = 1, k = 2, and k = 3. (Your answer in the first two cases should
match what you found in part (b), but the calculation takes more time.)

3. (Lee 32, 9 pts: 3 + 1 + 3 + 2) The hyperbolic sine and cosine are defined by

cosh x = ——, sinh x =
2 ' 2

a) Show that

i) — sinhx = cosh a* and — coshx = sinhx.
dx dx

ii) cosh" x = 1 + sinh x and

.... . 9 1 + cosh2x
m) cosh x =

b) What curve is described parametrically by x = coshrj, y = sinhrj? (Give the equation and
its name.)

c) The curve y = coshx is known as a catenary. It is the curve formed by a chain whose two
ends are held at the same height.

i) Sketch the curve

ii) Find its arclength from the lowest point to the point (xi,coshxi) for a fixed xi > 0.

d) Find the area of the surface of revolution formed by revolving the portion of the curve from
part (c) around the x-axis. This surface is known as a catenoid. It is interesting because it is the
surface of least area connecting the two circles that form its edges. If you dip two circles of wire in
a soap solution, then (with some coaxing) a soap film will form in this shape. In general, the soap
films try to span a frame of wires with a surface with the least area possible.
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Lecture 32: Exam 4 Review 18.01 Fall 2006

Exam 4 Review Handout

1. Integrate by trigonometric substitution; evaluate the trigonometric integral and work
backwards to the original variable by evaluating trig(trig_1) using a right triangle:

a) a2 —x2 use x = osinu, dx = acosudu.

b) a2 + x2 use x = a tan u, dx = a sec2 u du

c) x2 —a2 use x = asecu, dx = asecu tan udu

2. Integrate rational functions P/Q (ratio of polynomials) by the method of partial fractions:
If the degree of P is less than the degree of Q, then factor Q completely into linear and quadratic
factors, and write P/Q as a sum of simpler terms. For example,

3x2 + l A gi 13-2 Cx + D
(x-l)(x + 2)2(x2+9) x-1 (x + 2) (x + 2)2 x2 + 9

Terms such as D/(x2 + 9) can be integrated using the trigonometric substitution x = 3tanw.

This method can be used to evaluate the integral of any rational function. In practice, the
hard part turns out to be factoring the denominator! In recitation you encountered two other steps
required to cover every case systematically, namely, completing the square1 and long division.2

3. Integration by parts:

/ uv'dx = uv u'vdx

This is used when u'v is simpler than uv'. (This is often the case if u' is simpler than u.)

4. Arclength: ds = Xdx2 + dy2. Depending on whether you want to integrate with respect to
x, t or y this is written

ds = s/l + (dy/dx)2 dx; ds = X(dx/dt)2 + (dy/dt)2 dt; ds = X(dx/dy)2 + 1dy

5. Surface area for a surface of revolution:

a) around the x-axis: 2iryds = 27n/y/'l + (dy/dx)2 dx (requires a formula for y = y(x))

b) around the y-axis: 2ixxds = 2nxy/(dx/dy)2 + 1dy (requires a formula for x = x(y))

6. Polar coordinates: x = rcos#, y = 7*sin# (or, more rarely, r = y/a? + y2, 6 = tan-1(?//x))

a) Find the polar equation for a curve from its equation in (x,y) variables by substitution.

b) Sketch curves given in polar coordinates and understand the range of the variable 9 (often
in preparation for integration).

7. Area in polar coordinates:

L XM
(Pay attention to the range of 9 to be sure that you are not double-counting regions or missing
them.)

'For example, we rewrite the denominator x2 + Ax + 13 = (x + 2)2 + 9 = u2 + a2 with u = x + 2 and a = 3.
2Long division is used when the degree of P is greater than or equal to the degree of Q. It expresses P(x)/Q(x) =

Pi (a-) + R{x)/Q(x) with P\ a quotient polynomial (easy to integrate) and R a remainder. The key point is that the
remainder R has degree less than Q, so R/Q can be split into partial fractions.
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The following formulas will be printed with Exam 4

sin x + cos x = 1; sec x = tan x + 1

• o 1 1 o 11
sin x = - — - cos 2x; cos x = - + - cos 2x

cos 2x = cos2 x —sin2x; sin 2x = 2sin x cosx

d o d d _, 1 d . _, 1
— tan x = sec x; — sec x = sec x tan x; — tan x = ^; — sin x =
dx dx dx 1 + x* dx y/i —x2

/ tan xdx = —ln(cos x) + c; / sec xdx = ln(sec x + tan x) + c

See the next page for a review on integration of rational functions.
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Postscript: Systematic integration of rational functions

For a general rational function P/Q, the first step is to express P/Q as the sum of a polynomial
and a ratio in which the numerator has smaller degree than the denominator.

For example,
x3 n 3x-2

= x + 2 +
x2 - 2x + 1 " x2 - 2x + 1

(To carry out this long division, do not factor the denominator Q(x) = x2 —2x + 1, just leave it
alone.) The quotient x + 2 is a polynomial and is easy to integrate. The remainder term

3x - 2

(s-1)2

has a numerator 3x —2 of degree 1 which is less than the degree 2 of the denominator (x —l)2.
Therefore there is a partial fraction decomposition. In fact,

3x-2 (3x-3) + l 3 1
(x-1)2 (x-1)2 x-1 (x-1)2

In general, if P has degree n and Q has degree m, then long division gives

P^=Pl(x)+^
Q(x) 1V ' Q(x)

in which Pi, the quotient in the long division, has degree n —m and R, the remainder in the long
division, has degree at most m —1.

Evaluation of the "simple" pieces

The integral
i

•(x —a
dx i ,i_n

J (x - a)n n-1

if n 7^ 1 and In |x —a\ + c if n = 1. On the other hand the terms

f xdx , f dx
and

J (Ax2 + Bx + C)n J (Ax°~+Bx + Cfa

are handled by first completing the square:

Ax2 +Bx +C=A(x - B/2A)2 +(C - ~ J
Using the variable u = X~A(x —B/2A) yields combinations of integrals of the form

f udu f du
and

J (u2 + k2)n J (u2 + k2)n

The first integral is handled by the substitution w = u2 + k2, dw = 2udu. The second integral can
be worked out using the trigonometric substitution u = /ctan# du = ksec29d9. This then leads to
sec-tan integrals, and the actual computation for large values of 72 are long.

There are also other cases that we will not cover systematically. Examples are below:

1. If Q(x) = (x —a)m(x —b)n, then the expression is

Ai A2 Am Pi B2 Bn
+ -, 2faz- + —fa + ~, 7t7t + --- +x - a (x-a)2 (x - a)m x-b (x - b)2 (x - b)n
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2. If there are quadratic factors like (Ac2 + Px + C)p, one gets terms

aix + &i aox + &2X apx + bp
Ax2 + Bx + C (Ax2 + Bx + C)2 (Ax2 + Bx + C)v

for each such factor. (To integrate these quadratic pieces complete the square and make a
trigonometric substitution.)
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2.2. Arc-length
2.3. Surface area

IVAN LOSEV

Contents

1. Integration techniques

Table 1: Basic antiderivatives

no Function f(.r) Ant'-derivative / f(x)dx

1 .vfaa^-l
a+ 1

2 x-1 In \x\ + C
3 sin(x) - cos(x) + C
4 cos(x) sin(./:)+C

5 c'" ex + C

6
i aresin(.7;) + C

v'l-,:-:

7
1

i4-.y
arctan(rr) + C

fa >J>

1.1. Substitutions. Recall thai if u = u(.r)., then j\fj^ii^u^(j:)d.i: = / f(u)du (follows
from the chain rule). Then one can computes [ f(u)du and plugs u = u(x) in the result.

When we compute definite integrals we! can make substitution both for the integrand and
for the bounds: £ /(«(»))«'(x)dx =jMf{u)du.

This is convenient when we make multiple substitutions. Indeed, wc do not, need to
remember which substitution we made, we can just compute the integral on the right-hand
side.

Problems to practice:

• Practice questions to exam 3, problem 1.
• Exam 3, problem 1, problem 5d.

l

iJ'itfl*
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1.2. Trigonometric integrals. This includes integrals of the form J" sin" xcos'" xdx, where
n and /// are integers (positive or negative). One also can have some polynomial com
binations of sill's and cos's. These integrals are computed by substitutions of the form
u = sinx. cos.r. tanx. etc., or by using doublcjrngle identities. A right technique for com
puting the integral depends on values of in and n.

Case AI. n is odd and positive. Then one can substitute u = cosx (so that du =
- sin xdx). The integral becomes - /(l - u2)^n"l)/2umdu.

Case A2. m is odd and positive. Then one can substituteu = sinx (so that du = cosxr/x).
The integral becomes j u"(l - u2)^m"1)/2du.

Case B. in. n are both > 0 and even. Then one can use the identities

1 - cos 2x 2 1 + cos 2x
sin" x = , cos" x =

to rewrite the integrand as

-. \ re/2 / , , r. \ '"/-
l-cos2x\ ' / 1 + cos2.x-\

Expanding brackets we get a linear combination of functions cos* 2./- with k< 'faj11. Multiples
of eosA'2.r with odd k are integrated as in case A2 above, while to integrate the multiples of
cosA'2x with even k one again needs to apply the double angle identities (leading to cosdx)
and so on.

Case Cl. The integral can be rewritten as /' tan* £sec' xdx, where k = n.l = -n - m.
Suppose / is even and positive. Then, using the substitution u = tanx (so that da =
sec' xdx), we get / u*(l + u2){,--]'-<Iu.

Case C2. The integral can be rewritten as f COtk XCSC1 xdx, where k = nil = -n - m.
Suppose / is even and positive. Use a = cofx (so that du = - CSC2xdx).

Some cases are not covered by the list above, e.g.. jfavvxdx. In general, if we have
the integral (sin"xcos'" xdx with n odd but negative, we si ill can apply the substitution
•• = cos./. However, the integrand we obtain is no longer a polynomial, it is a rational
function (fraction of two polynomials).

Problems to practice.

• Practice questions, problem G (trig, integrals also appear in some other problems
after making a frig, substitution, see the next subsection).

1.3. Trigonometric substitutions. These substitutions are used when an integral involves
Xa + bx + cx'2 (and also expressions like {(u:>+lJ.+r)n, where ax2 +bx +c has no zeroes). First,
of all. we complete the square- and make a linear substitution to get one of the following
expressions under the root:

(1) Xfa2 + .'*;- (substitute x = a tan 0),
(2) s/a? - x2 (substitute x = asin0),
(3) fax2 - a2 (substitute x = usee9).
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In the first ease, for instance, the expression under the square roof becomes (i2scc20 and
so extracting the root, we get just ascc0.

Then the integral becomes a trigonometric integral considered above. One should compute
it and then express the answer in terms of./- (instead of 9).

Problems to practice.

• Practice questions, problem 2.
• Practice exam, problem 1.
• Exam, problem 3 (the denominator should be (4 + a:2)3'2).

1.4. Rational functions. We wan! to compute J^dx, where p(x),q(x) are polynomials.
rt First, of all, we need to compare degrees of p(x) and q(x). If degree of /;(./*) is bigger or
'! equal than that of i/(x) we need to divide p(x) by q(x) (with remainder). The result of

the division is written as p(x) = s(x)q(x) + r(x). where s(x) is the (partial) quotient and
r(x) is the remainder, whose degree is si.rici.lv less than that of q(x). Then we can write

$=*(*) +$• So /$*• =/.(.)& +/*$.
. The division procedure is carried out using the long division algorithm.

falfaOl Example. Divide p(x) = 2x4 by q(x) = X2 + 2:/- + 1. The difference between the degrees
is 2 so the partial quotient .s(a;) must have degree 2. The coefficient of x2 in .s(x) is the
quotient of the leading coefficients of p{x) and q(x) so it is 2. Then we multiply q(x) by
2x2 and subtract the result from /;(./): 2x' - 2x'2(x'2 + 2x + 1) = -4x3 - 2x2. Repeat the
same procedure with -4x3 + 2x2 instead of 2x'. We get: the ./-coefficient of *(./.*) is -4 and

lx! -2.r2-(--4)x(./*2 +2.r+L) = Gx2 +4x. The sameone more time: Gx2 +4x-G(y2+2y + I) =
-8x - G. So s(x) = 2x2 - Ax + G. r(x) = -8x - G.

\\A Xwi^l Below we will assume that degree of p(x) is less than that of q(x). In this case ^~ is
decomposed into the sum of certain elementary fractions. To determine these fractions one
should represent q(x) as the product of irreducible factors ("irreducible" means "cannot be
decomposed further", it is either a linear polynomial or a quadratic polynomial without
zeroes). Then the decomposition of 'Xj~ is made using the cover-up method. This method
is explained below for cubic q(x).

Wc have exactly one of Ihe following 4 cases.
Case 1. q(x) = (x - a)(x - b)(x - c), where all a.b.e are different. Then g|| = ^ +

-^r + -£-. To determine A use "cover-up": multiply both sides by (x - a) and plug x —a.
The l.h.s. becomes , ^?| . and the r.h.s. is just A. The coefficients B and Care found
analogously.

Ca.se 2. q(x) = (r - a)(x2 + bx + c), where x2 + bx + c has no zeroes. Then jjgj =
— + XX7C . We can find A as before: A = X'X. . Then we rewrite our equality
x—a x2-~bx+c a'-rba+c "•

subtracting -^- from both sides. We get

p(x) - A(x2 + bx + c) Bx + C
(x - a) (x2 + bx -I- c) x2 + bx + c

Now the numerator is 0 for x — a (from the choice of A) and so is divisible by x —a:
p(x) - A(x2 + bx + c) = (./' - a)pi(x) for some polynomial p\(x) (that again can be found
using the division algorithm). So gffigfjr^ —x*+bx+c' ^e can ^1K' ^ aiK' ^' *lom ^1C eclua^*y
p,(a:) = £* + <?•
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Case 3. q(x) = (x - a)2(x - b). where a? b. Then $J =^ +^ +^ We can
determine P as above. Using the similar idea we can delermine A-,: multiply both sides by
(x - a)2 and plug X= a to gel ^ = A2. Then

/li B p(») A2 _/,(x)-.l,(x-6)
• - h q(fa.X — (7 ./ x - a r ;.r-a)2(x-[>)

As in the previous case. ;;(./•) - A2(x - b) = (x - a)pi(x). So we get. (:r_~^:_6) = XX, + l~ir
Now wc can determine .1, using cover-up.

Cfl.se fa q(x) = (x - a)3. No need in cover-up. just rewrite p(x) as a polynomial of x - a.

Integration.
Once we have decomposed 4^ to the sum as explained above, it is not, very difficult

;,o integrate it For example, for cubic q(x) only the following summands can arise: a
polynomial, j-^-rr-k = 1,2,3 and r"ffac'. All but the last one are standard.
i . (.r —a)* j.-+0.1—c

To compute /' ',LX(' dx wc first complete the square. This reduces the computation to
integrals of the form:

./-' -I- c/-'
-(•/./• = a ' arctan(a*/ a , _,,, = _,,,(,;+ ,,->.

Problems to practice.

• Practice quest ions, problem 1.
• Practice exam, problem 3.
• Exam, problem 1.

L.5. Integration by parts. The formulas are as follows:

or, for definite integrals,

tide = ai- - / vda

6 /-/-

udv = uv]a - / <''/•/.

The crucial ingredient in the solution of such problems is to present the- integrand, say
f(x)dx. in the form f(x)dx = udv. There is no general recipe to do this, however, one
should try fo find a presentation f(x)dx —udv such thalrjMpS easy to integrate. Another
hint, which is often helpful, is thaF vda sliould be easier fo integrate than udv.

Problems to practice.

• Practice questions, problems 3,4.
• Practice exam, problem 2.
• Exam, problem 2.
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2. Other

2.1. Parametric calculus. By parametric calculus we mean the study of curves given
parametric-ally such as the cycloid: x(0) = r(0 - smO).y(O) = r(l - COS0), where r is some
consfa2utnTncl 0 is a parameter.

Tangents. The tangent to a parametric curve given by (./•(/).//(/)) at I = /„ is given by

y-y(k) =^M(x-x(to))
Areas. Let (./•(/).//(/)) be a parametric curve such that x(/) is increasing for / G [/•./•_•].

Then the area under the curve is given by J]'* y(t)dx(t). If x(t) is decreasing, then the area
will be given by - jf' y(l)dx(l).

Finally, the area inclosed by a curve (x(/).//(/)). / G [tut2] (without self-intersect ions) is
± ft2y(t)dx(t). The easiest observation that helps to distinguish btw. plus and minus is
that the area is always positive. A more subtle observation is that we should put "+" if the
point (x(/).//(/)) moves clockwise as / increases and " •" otherwise.

In practice exams parametric curves appear in problems concerning arc-length and surface
area.

2.2. Arc-length. The length of the piece of the graph y = /(x) enclosed btw. x = a
and x = l>. where <i < b. is |\/.s\ where ds := sjdx2 + dy2 = sj11 J'(x)2dx. The length
of the parametric curve (./(/).//(/)). where / G [ti,t2] is still given by f£ ds, where now
ds = sjdx2 -I- dy2 = v/x'(/)2 + //'(/)-'r//.

Problems to practice.

• Practice questions, problems Ga.7.
• Practice exam, 4a.

• Exam, problem la.

2.3. Surface area. The area of the surface obtained by rotating y = f(x),a ^ X ^ b.
about ./-axis is given by [b2nyds. where ds is computed as above. Here we suppose that
y = /(./;) ^ 0 for all x G [a,b].

The similar formula works for parametric curves. More precisely, if we rotate (x(/),/;(/)). / G
[ti,t2] about the ./--axis we get the area equal to (,'- yds = /,'' 2tt//(/) \/x'(t)2 +y'(t)'2dl. Here
again wc suppose that y(l) ^ 0.

Problems to practice:

• Practice questions, problem 6b.
• Exam, problem lb.



(?r S^avu -jpO

pvurioilS. ^ea^s'
18.01 Practice Questions for Exam 4 - Fall 2006

./: - 4
Problem 1. Evaluate

(x+l)(x2+4)

2 dx

dx.

Problem 2. Evaluate
Jo <2x-2 + 4)2

by making the substitution x = 2 tan u.

Problem 3.

a) Derive a reduction formula relating
./o
i

dx to /
Jo

b) Let F(x) = / e x dx. Express / are * dx in terms of values of F(x).
,/o Jo

Problem 4. Find the volume of the solid obtained by rotating about the //-axis the finite
region bounded by the positive x- and //-axes and the graph of y = cosx.

Problcrru^^ivTake a reasonable sketch of one loon-of the polar curve v=j\n'S0, and
find thp^flfearaaide it.

Problem G. Let x(t) = cos3 t. //(/) —sin t, 0 < t < tt/2 be a parametric representation of
a curve.

a) Compute the arclength of the curve.
b) Compute the surface area of the surface formed by rotating the curve around the

x-axis.

Problem 7. Set up an integral for the length of one arch of the curve; y = sin./-, and by
estimating the integral, tell how this length compares with tt\/2.

Problbm 8. y&. circular metal disc of radius a has a non-constant,density <5 (units:
gms/cm^J^i^lensj-tv-at^a point P onJrhemsc is given •by-4^_ri>-where r is the'distance
of the point-iVonT'the center of the disc. Set up and evaluate a definite integral giving the
total >ffass of thcNdisc.

Problem 0.

a) Sketch theyeurve given in polar coordinates by r = 1+ cos9y
b) FindvoKe polar coordinates of the following two points (show work):

(i) udien^the curve in part (a) intersects the circle of radius 3/2 centered aF~the origin;
J(\\) where^he above curve intersects the circle of radius 3/2 centered at the point

x/^'i/2 on the x-axis.

Other kinds of problems:
— Othei

— sketi

— finding surface area for rotated curves in ./-//-coordinates;
[dW-ivittg pela-y-etfw'+ietio-of ewves-fflyea-geeetefefleftflj^eh^

tioiis„Lo-.(^alA4^HtcJ--^k'C' •wi-pSC]

IVlliliO wi jjiuyiwiiw.

)ther kinds of partial fractions decompositions: | + h-\<\ SoJosi. in-Wa^ Ww pwt^eAc.
ketching curves given parametrically. finding their arclength;

CJfaajp)tr -{o I

Be. aJcit -4^ u~M aR -Hm. t/vutK^o^Lj cJ( \MtqrK3jKWy tofonr-d _\a_c£W>o.

ftu^ $ fO.S (64 &xoyr.)
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$-Ekoam # 2_

Problem 1. (15) Evaluate ,
r \ Jo vl -X-

to change the limits also. (j( /
Problem 2. (15) Find the volume of the solid obtained by rotating about the //-axis (that's the

y-axis) the area under the graph of y = ex and over the interval 0 < x < 1 .
(Suggestion: use cylindrical shells.)

f Ax
Problem 3. (20) Evaluate / _ . _ dx.

(Begin by factoring the denominator completely; don't forget the final integration.)

Problem 4. (15: S, 7)
rb

a) Write down the definite integral of the form / f(x)dx which represents the arclength of the
J a

curve y = sin2 x for 0 < x < tt/4.

b) Show that the arclength is less than 1.2 by estimating the integral.
(Indicate how }*ou are estimating it. It helps to write the integral in the simplest-looking form.)

fa^£&&355E^ (15)
'xy-plane has radius a and center at the point (6,-0) on the x-axis; assume a < b.

\ V / / / \ / \ /T~\a) Wrr^/eauation in rectangular coordinates, and change' the equation.to polar coordinates.
7A//Y \ / \ / / 1 /

Prob|eWVnycan beNskipped{ no questior/similar to\5b will appear on th£ 2006 exarn<
b/citeeliyoW answer^b/deriving it directly in polar coordinates, using a geometric formula.

Problem 6. (20)

Once every century the Klingon moon Bosok completely eclipses the moon Yan-ki. As seen from the
city Mitek, the two moons appear as circular discs, with radii respectively y/2 and 1 (units: dorks).

When the center of Bosok is exactly on the circumference of Yan-ki, the problem is to find the area
(in square dorks) of the region of the Yan-ki disc that is not yet covered.

&r\r^w/x diagram in polar coordinates, placing the center of Bosok at the origin, and the other center
on^^&slibive\n-axisySe1 up adefinite integral representing the area of the desired region. Indicate how
theygisd^ant limitxm the integral-was determined.

b) Evaluate the integral.

(If you have time, check your answer by elementary geometry, but no credit for this, just a warm glow
of satisfaction and a smug feeling of superiority.)

18.01 Practice Exam 4
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= dx by making a trigonometric substitution; remember
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18.01 EXAM IV

Thursday, December 3, 2009

. (lloW) Pio^PName:
/

E-mail: _L_^ __

Recitation Instructor (Circle One):('C. Breiner / I. Losev / X. Ma / S. Ramakrishnan / B. Rhoades

Recitation Hour:

Instructions: You may not use calculators, notes, textbooks, or personal electronic
devices. As a courtesy to other students, please turn off all cell phones. Read each
question carefully. Whenever possible, include justification for your reasoning and show
your work. Answers without any work or explanation will receive little or no credit.
There are 5 questions and a 50 minute time limit on this exam. Good luck.

Question Score Maximum

1 9<b" 5

2 / 5

3 S.S 5

4 V / 7
5 1AV< 6

Total \x 28
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Question 1 of 5, Page 2 of 6

1. Compute the following integral:
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Question 2 of 5, Page 3 of 6 \r
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Name:

2. Compute the following integral: - $X
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Question 3 of 5, Page 4 of 6 Name:

3. Compute the following integral:
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Question 4 of 5, Page 5 of 6 Name:

4. Compute the following integral: Co^kW^f ^fi?X
/ 1

J (5 - 4x - x2)5
dx
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Question 5 of 5, Page 6 of 6 Name:

5. (a) Set up (but do not solve) the integral for the arc length along the curve
x = y + y3 from y = 1 to y = 4.
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2/;

'•J

(bjSeTup (Durrfcr-not aolvc) the integi a+-fe-thWurface area of the surface
obtained by rotating the curve given by i

x = acos3 t, y= asin31, 0^ £< tt/2

about the x-axis. Here a is an arbitrary constant.
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E-mail:

18.01 EXAM IV

Thursday, December 3, 2009

<3\)LOT\DN^

Recitation Instructor (Circle One): C. Brei
•ner/I Losev / X Ma / q pn , • ,/ a. Ma / s. Ramakrishnan / B. Rhoades

Recitation Hour:

Xfa^^^XXXXXX^T tex2b00b-OT «< **«-»question carefully Whenevnr n ?T~«' p,ease turn off all cell ohon^ r« i ,
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Question 1 of 5, Page 2of 6 Name:

1. Compute the following integral:
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Question 2of 5, Page 3of 6 Name: _

2- Compute the following integral:
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Question 3 of5, Page 4 of 6 Name:

3. Compute the following integral:
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Question 4 of 5, Page 5 of 6 Name:

4. Compute the following integral:
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Question 5 of 5, Page 6 of 6 Name:

5. (a) Set up (but do not solve) the integral for the arc length along the c
x = y -j- if from y = i to y _ 4 curve

3
^ -fc + -fc

'1

c / llft^T41 C&

(b) Set up (but do not solve) the integral for the surface area of the surface
obtained by rotating the curve given by

x = acos3 t, y= asin3 t, 0^ /. ^ tt/2

about the x-axis. Here a is an arbitrary constant.
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Lecture 36: Infinite Series and Convergence Tests

Infinite Series

Geometric Series

A geometric series looks like
1 + a + a2 + a3 + ... = S

There's a trick to evaluate this: multiply both sides by a:

a + a2 + a3 + ... = aS

Subtracting,
(1 + a + a2 + X + •••)- (a+ a2 + a3 + •••) = S - aS

In other words,

1= S-aS =^ 1 = (1-a)S => S =
1 -a

This only works when \a\ < 1, i.e. —1 < a < 1.

a = 1 can't work:

1 + 1 + 1 + ... = oo

a = —1 can't work, either:

1_1+1_1+.„^_i_y_i

Notation

Here is some notation that's useful for dealing with series or sums. An infinite sum is written:

CO

2 O-k = a0 + 0.\ + (22 + ...

The finite sum
n

Sn = ^2ak = a0 + ... + an
k=o

is called the "nth partial sum" of the infinite series.
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Definition

oo

^ak = s
k=0

means the same thing as

lim Sn = s, where Sn = V^ a/.
n—.oo *•—'

fc=0

We say the series converges to s, if the limit exists and is finite. The importance of convergence is
illustrated here by the example of the geometric series. If a = 1, S = 1 -f 1 -t-1 + ... = oo. But

S — aS = 1 or oo — oo = 1

does not make sense and is not usable!

Another type of series:

oo

Y-
n=l

We can use integrals to decide if this type of series converges. First, turn the sum into an integral:

, np ~ Ji xp
n=l

If that improper integral evaluates to a finite number, the series converges.

Note: This approach only tells us whether or not a series converges. It does not tell us what
number the series converges to. That is a much harder problem. For example, it takes a lot of work
to determine

00 1 T2El 7r

71=1

Mathematicians have only recently been able to determine that

oo 1

n=l

converges to an irrational number!

Harmonic Series

f i„ fi
xxx J, x

We can evaluate the improper integral via Riemann sums.

We'll use the upper Riemann sum (see Figure 1) to get an upper bound on the value of the
integral.
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Figure 1: Upper Riemann Sum.

'N dx 1 1
— < 1 + r + ••• + ——7 = -S/V-1 < sjv

1 x N-\

18.01 Fall 2006

We know that

— = In N

As N —> oo, In N —* oo, so sn —> oo as well. In other words,

oo

E1^—' 72
n=l

diverges.

Actually, sjv approaches oo rather slowly. Let's take the lower Riemann sum (see Figure 2).

Figure 2: Lower Riemann Sum.

SN = 1 + - + /V £jn ./, x
Therefore,

In N < sN <1+ In N
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Integral Comparison

Consider a positive, decreasing function f(x) > 0. (For example, f(x) = —)

oo /-OO

£/(»)-/ f(x)dx
71=1 Jl

</(i;

So, either both of the terms converge, or they both diverge. This is what we mean when we say

nP ~ /,
n=l

oo

E1
co 1

Therefore, ) — diverges for p < 1 and converges for p > 1.
z—> np
n=l

Lots of fudge room: in comparison.

oo

XT , 1
tXx \/n2 + 10

diverges, because

v/n2 +10 (n2)1/2 n

Limit comparison:
If /(x) ~ #(a*) as a* —> oo, then ]C/(n) an<^ Y^s(n) either both converge or both diverge.

What, exactly, does f(x) ~ #(.t) mean? It means that

, IX)
inn —— = c

x-oo g(x)

where 0 < c < oo.

Let's check: does the following series converge?

^ y/n* - 10

~ -Xtz = n"3/2
1

v/n5 - 10 nV2 n3/2
3

Since - > 1, this series does converge.
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Playing with blocks

At this point in the lecture, the professor brings out several long, identical building blocks.

Do you think it's possible to stack the blocks like this?

t \ i

Top block is farther out
than the bottom block.

Figure 3: Collective center of mass of upper blocks is always over the base block.

In order for this to work, you want the collective center of mass of the upper blocks always to be
over the base block.

The professor successfully builds the stack.

Is it possible to extend this stack clear across the room?

The best strategy is to build from the top block down.
Let Co be the left end of the first (top) block.
Let C\ = the center of mass of the first block (top block).
Put the second block as far to the right as possible, namely, so that it's left end is at C- (Figure 4).
Let Ci = the center of mass of the top two blocks.
Strategy: put the left end of the next block underneath the center of mass of all the previous ones
combined. (See Figure 5).
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T

! l
1/2 !

c.

c.

c, c2

Figure 4: Stack of 2 Blocks.

T

1/2
< •

1/31

c, c2 c3

18.01 Fall 2006

Figure 5: Stack of 3 Blocks. Left end of block 3 is C2 = center of mass of blocks 1 and 2.

C0=0

d = l

Co = 1 + r

_ nC„ + l(Cu + l) (n + l)Cn + l _ 1
U+i — —; — — = cn -r

7i + l n + 1

1 1

2 + 3

c4 = i + 5+ 5 + 3
^,,1111

<?3 = 1 + - + -

n + 1
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center of mass of

the first n blocks

n

0 n+1st block

Figure 6: Stack of n + 1 Blocks.

18.01 Fall 2006

So yes, you can extend this stack as far (horizontally) as you want — provided that you have enough
blocks. Another way of looking at this problem is to say

N 1
£——< n

71=1

Recall the Riemann Sum estimation from the beginning of this lecture:

In AT <SN < (lni\T) + l

as N —> oo, Sn —*• oo.

How high would this stack of blocks be if we extended it across the two lab tables here at the
front of the lecture hall? The blocks are 30cm by 3cm (see Figure 7). One lab table is 6.5 blocks,
or 13 units, long. Two tables are 26 units long. There will be 26 - 2 = 24 units of overhang in the
stack.

3 cm

30 cm

Figure 7: Side view of one block.

If In N = 24, then N = e2A.

Height = 3cm •e24 « 8 x 108 m

That height is roughly twice the distance to the moon.

If you want the stack to span this room (~ 30 ft.), it would have to be 1026 meters high. That's
about the diameter of the observable universe.
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Lecture 37: Taylor Series

What is cosx anyway?

Recall: geometric series

General Power Series

1 + a + a2 H = for Ia \< 1
1 — a

General power series is an infinite sum:

f(x) = ao + a\X+ a2X2 + a^x3 -\

represents / when |x| < R where R = radius of convergence. This means that for \x\ < R, |an.xn| —* 0
as n —• oo ("geometrically"). On the other hand, if |a;| > R, then |ana*n| does not tend to 0. For

example, in the case of the geometric series, if \a\ = -, then \an\ = —. Since the higher-order terms

get increasingly small if \a\ < 1, the "tail" of the series is negligible.

Example 1. If a = —1, \an\ = 1 does not tend to 0.

1-1 + 1-1 + ---

The sum bounces back and forth between 0 and 1. Therefore it does not approach 0. Outside the
interval —1 < a < 1, the series diverges.

Basic Tools

Rules of polynomials apply to series within the radius of convergence.

Substitution/Algebra

1 - x
= 1 + X + x1 +

Example 2. x = -u.

= 1 - u + v? - u* 4.2 „.3

1 +U

Example 3. x = —v2.

' =l_.y2+v4_.{;6 +
l+V2
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Example 4.

1 \ / i

\ —x ) \ 1 —x

Term-by-term multiplication gives:

= (1 + x + x2 + •••)(1 + x + .x*2 + •••)

1 + 2x + 3x2 + ••

Remember, here x is some number like -. As you take higher and higher powers of x, the result

gets smaller and smaller.

Differentiation (term by term)

1d_
dx

1

1-a^

= 0 + 1 + 2x + 3a? + • • • where 1 is ao, 2 is a\ and 3 is 02

= — [l + x + x2 + fa
dx L

(1-x)2

Same answer as Example 4, but using a new method.

Integration (term by term)

f(x) dx = c+ IaQ + —x- + —x H J

f(x) = ao + aix + a2X + •••
where

Example 5.
du

1 +-u

1 2= 1 - u + u~ - u-
1 + u

du

J l+u C+U 2+3 4
X du

ln(l +x) = / =x-
V ' Jo l+u 2 3 4

So now we know the series expansion of ln(l + x).

Example 6. Integrate Example 3.

1+t-2
= 1 - v* + vq - v° + • • •4 ..6

dv / V3 V5 V7
= C+ [V- — + — -

1+v2 V 3 5 7

dt; x3 x5 x7-1tan x = / =- =x 1 hJo 1+v2 3^5 7 T
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Taylor's Series and Taylor's Formula

If f(x) = ao + aix + 02«B + •••, we want to figure out what all these coefficients are.
Differentiating,

f'(x) = ai + 2a2X + 3a^x H

/"(x) = (2)(l)a2 + (3)(2)a3x + (4)(3)a4x2 + -••

r'(x) = (3)(2)(l)a3 + (4)(3)(2)a4x + ---

Let's plug in x = 0 to all of these equations.

/(0) = a0; /'(0) - ai; /"(0) = 2a2; /'"(0) = (3!)a3

Taylor's Formula tells us what the coefficients are:

/<">(0) = (n\)an

Remember, n! = n(n —l)(n —2) •••(2)(1) and 01 —1. Coefficients an are given by:

Example 7. f(x) = ex.

„=(2)/<"»(o)

f'(x) = e*

f" (x) = e*

f{n)(x)=ex
/(n)(0) = e0 = 1

Therefore, by Taylor's Formula an = —- and
n!

Or in compact form,

11 1 o 1 a

6 -01+ 11*+21*r +3!X +

— 7

= 2^TT
n=0

Now, we can calculate e to any accuracy:

Example 7. /(x) = cosx.

, , 1111

f'(x) = —sinx

f"(x) = —cosx
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/'"(x)=sinx

f' '(x) = cosx

/(0) = cos(O) = 1

/'(0) = -sin(O) = 0

/"(0) = -cos(0) = -l

/'"(0) = sin(O) = 0

Only even coefficients are non-zero, and their signs alternate. Therefore,

cosx = 1 — -x + —x' — —x + —x
4! 6!

18.01 Fall 2006

Note: cos(x) is an even function. So is this power series — as it contains only even powers of x.

There are two ways of finding the Taylor Series for sinx. Take derivative of cosx, or use Taylor's
formula. We will take the derivative:

d n n (1 \ 4 3 6 5 8 7
—sin x = — cos x = 0 — 2 - x H—-x -x H—-a; H

dx 12/ 4! 6! 8!

v3 -o ~.(
X" X" X'

... X3 X5 X7
sin(x)=x-- + --- +

Compare with quadratic approximation from earlier in the term:

We can also write:

i 1 2cosx ~ 1 — -x sinx ~ x

cosx

°° r2fc t° fa 1
= T -—(-l)k = (-1)°— + (-1)2— + ••• = 1 - -a;2 + •••fX (2k)\K ' { ' 0! [ ' 2! 2

x2k+\

'mx=i:wTiY{-i)k^n=2k+iSill.

fc=0

Example 8: Binomial Expansion, /(x) = (1 + x)a

(1 +»)' =1+S, +g^^ +a(" " 1),(° " 2)x3 +•••
1 —. O;
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Taylor Series with Another Base Point

A Taylor series with its base point at a (instead of at 0) looks like:

f(x) =f(b) +f'(b)(x - b) +̂ (x - b)2 +fll^(x - b)3 +...
Taylor series for -y/x. It's a bad idea to expand using 6 = 0 because -^/x is not differentiable at x = 0.
Instead use 6=1.

6)(HXU2 =!+1(, _ 1} + W \* ) (3 -1)2 +...
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