[(’(‘Me 2 6 |
/]_f{l:} :lﬁﬂ"%\aj{ﬁg-) ///[1

Te- Rovow 5 - {aled 9/33

L Ao Whew ks )

9. Vilue of copltom

>J: l = ;\Ofr?, “f\(
9. Piic of LF wk Ky ’pmf}?nﬂs
) o,
\ T _j = ““
hm z / ! } ! ': e "::"'
N> T b e
{(X] &)(
4 2 i er—zgaT
e i B ‘, e J
| l(hﬁﬂm‘aj R”: oy Gm ¢ fu%
l. Ffﬂd!m (0"
=&t
5\ P(Dp{ In A 3"},, :51,_,,

— ThMM 1 aw‘

b. thfPr‘ﬂTc' de@f 09

~He wos a0t

it i h‘éf "xﬂ'{o

~ [on 00 flwe

— [ndn bonvg

/‘lﬁrrt !E’mjﬂj ) htn[a

P /—'\/ Sd H -2 n
LR L 1v4

—~

\_\"‘\ il
NEZE

O‘ﬂt’rmfd‘ 24 -mfc ﬂ ;_if;:,(]'

ol e/ leasts  Fuql
~ jhaid. (t“mds .r"\ PNHM'

—nipt L (1)

AN <4
STU Viont ( '

r:‘; ) ey L*q/mrf'\
\UT— Fi 7Y



Jffeentul ~ guowt leavieq Charging 0or Vg
v v 7

e F  “lljn 5

3 =
ﬂlJVf anmt :‘;fq,/} }pay..'nq 27‘;
(on 47 7
=10 U 1] = Jof vkt
' lood ¢
ds . —s stpecale verables
i 00
2
Pxporgaife.
(;b/v’(i Eo{’

Virthod o _50botlon

/Jxﬁ + | ~5 dx
\

cLJ




’]?JrJa A In'ngf-”flé of foem

/

( Q'M "i\,:{ (55")( ({x

- a

Via: _we chelfion t trg ideeti) &

Tilealies  Sin?xt Cos?x =

§0”% = Z (| = (o5 2X)

. —
(ag?x = 2 r [t Cos2x)

Ve

f o ) o
Gin X€os X =7 £in L X

—f {o@gk’? 9o de’ﬁﬂy *;P?u@ in ()

Che f male  Seact

( Cos % % dlx
)

Uhr % | Bad idea Eor nov

NS5 X
g dy

———

( (o5 ? ¥ (05 X dx

R \
tUe g dedily (1 -6 "x]

W 3 7:
floctln Gy

\ ) B9k
Ulx) Ssnx /
T

J_ = 05 X o x




(- v

= (- 5/9+c MWelMﬂ%%x

(5;4 7 x (5% X ol,x '
J ol ik

/(@n?YJlCojlx C Sl dx

=
L

; — . ‘
j(’ —(0s “%X] *ces X’ 570 X

V(A = (o4 x

dy = =Siex{ y

Caitey v

— TC el 1 or n s odd — we hat A 54%'/6‘7)

Say = 2k+l

e awt] QSA_ XC.95_ h ) gjq X

byt ¥ .
Yy .Mﬂs"\?’ o L l x(gslx)b( s "X S x ch

}



What € m g4d  pn pwes

( sin T xdyx
J

(-}'\d{{ a‘r\@l@ ("d&‘rﬁb
H/n x )" d

¢ H(( fea?k)) d x

)

??w’r“-f

1T 7

(e 2 X +(05

| =

[k /M\ 57% QARG < / q

(Ll _.l_ - “ (‘_L %) s
J Y ux = L/JQ(og))(“’)‘-’ i , q (o5 L X dx

cach 5JraAr_, (o2 _half of poves hs bpfore

A )!9 = Now. pU’({

2 317 3G 7 3 Vh0 odd

f 3 ¥y
£ mix 4ia Fcos et x Q‘ﬂ@{f (et

T¢ M n_gre ko Los

-y balf _degle deaitits % Oxprpss as
0 PO]‘;'ﬂJMQT h Cos 7y

RE psstss  afl end

(S‘Jnlx € 0s IOX (]?‘

Coply hall oogle  (aalies = ool

Vs 7

<;2( | —Cos L7 (J?( (ag?«)jrd

N Vf{uo aoma
J ‘})‘)“1 (Ot

/ or poth_ugly




5;m:|)0f I(f;cbf, é)r

(#anm X Set hx dy
J

€ oy = <o’y 0 bt hade
¢

d . o Sex ton

\ba

Tc:leﬂ by

7

<Fc’( "}47[“"7}( !{_é

, [
((danfx S T x dx S
- shaloy, - sub o tan ond leae 2sec -
or 5ub ‘n 4. ond leave St fan gx

=

-

( f
5 bo % { t oy 7ij Ge 7y dx

(= Jﬁm)(

dy < sec?xdx

(v’ (107 4y

Jr hspven aood

T msodd D deod  (need o (‘M

sTor  (ages 2 er Clogress =

En [1’3”\ «}"af X} FA - caf do 6cn{J

g P—

—
—

CJaa vy = (‘El‘—i— dy = 0o Jeers] tc
J c J Cog X ¥

J\

)

i Yarm i < - 7
LEEE_TURS — 2ECTTiec X 1o
(Q‘Ef\{ #4 < :

PR

/’ﬁetﬁ‘lt!?it (——L by & (Spcx
It

*‘S’cc% dny
J T Corly b Sl xidax



Lecture 26 18.01 Fall 2006

Lecture 26: Trigonometric Integrals and Substitution

Trigonometric Integrals

How do you integrate an expression like fsin"a: cosrdz? (n=0,1,2..and m=0,1,2,...)

We already know that:

/sin:cdz::—cos.r-}-c and /cos:cd:vzsin:c—i—c

Method A

Suppose either n or m is odd.

Example 1. /sinsm'coszm dz.

Our strategy is to use sin® + cos?t = 1 to rewrite our integral in the form:
/ sin’z cos’ dx = / f(cosz) sinz dzx

Indeed,
/sinsm cosz dz = fsin2$ cos’z sinz dz = /(1 — cos’) cos’ sinz dz

Next, use the substitution

w=cosz and du=—sinzdz
Then,
/(1 — cos®z) cos’r sinz dz = f(l — u?)u? (—du)
1 1 5 i - 1
= /(—u2 +ut)du = —§u3 + gu" +c= -3 cos?u + z cos’z + ¢
Example 2.

/COSSE dr = /f(sin:r:) coszdr = f(l —sin’z) cosz dx
Again, use a substitution, namely

u=sinr and du=coszdzx

3 o B
/Cosamda::f(l—uz}du:u—%-ﬁ—c:sin:c—snéa’+c
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Method B

This method requires both m and n to be even. It requires double-angle formulae such as

9 1+ cos2z
cos T = ——————
2
(Recall that cos2z = cos®z — sinz = cos?z — (1 —sin®z) = 2cos?z — 1)

Integrating gets us

1 2 in(2
/.coszmdm=/—-i_—%ji—£dm=§+smim) +c

We follow a similar process for integrating sin’z.

1- 2
Sinamz_cgs(i)

. 1 — cos(2x) z  sin(2z)
2. = _— = —
/sm rdx f 5 dz 3 1 +c

The full strategy for these types of problems is to keep applying Method B until you can apply
Method A (when one of m or n is odd).

Example 3. / sin?z cos®z dz.

Applying Method B twice yields

1 — cos2x 1+ cos2x 1 1
f( 5 )( 5 )dm-[(zuzcos?&n) dz

- / (% — %(1 +COS4:L‘)> dz = éa;— glésinélz—i—c

There is a shortcut for Example 3. Because sin 2z = 2sinz cosz,

1 . 1 1 — cosdx
/sinzm cos® dx = [ (5 sin Bw) de = — f ——————dx = same as above

4 2

The next family of trig integrals, which we’ll start today, but will not finish is:

fsec"m tan™xdr wheren=0,1,2,... and m=0,1,2,...

Remember that
sec’z =1+tan’z

which we double check by writing

1 sinz  cos?z +sin’z
cos? cosx cosd x
fsec2$d$=ta11$+c fsec:x: tanxdr = secx + ¢
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To calculate the integral of tan z, write

sinx
/tan:vd:c =/ dx
COST

Let © = cosx and du = —sinz dz, then

/tan:cd.r:fsmz dg;:/.ﬁd_u.
cosT U

—In(u) + ¢

] tanzdr = —In(cosz) + ¢

(We'll figure out what /sec:c dz is later.)

Now, let’s see what happens when you have an even power of secant. (The case n even.)

/sec4:c de = /f(tanz) sec’z dr = /(1 + tan’z) sec’z dz

Make the following substitution:
u = tanzx

and
du = sec’z dx

3
fsec"a:da;=/(1+u2)a’u=u+%+c=tan:r+

tan

What happens when you have a odd power of tan? (The case m odd.)

/tan% secz dr = /f(sec x) d(sec )

= /(seczm —1) secx tanx dx

(Remember that sec* z — 1 = tan®z.)
Use substitution:
u=secx

and
du = secx tanx dx

Then,
43

ftans:c secx dv = /(u2 —1)du = % —ute=2

We carry out one final case: n=1,m =0

¢l

fsocrxd:: =lIn(tanz +secz) + ¢

3,

—secxr +c¢
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We get the answer by “advanced guessing,” i.e., “knowing the answer ahead of time.”

secx + tanz sec? z + secx tan x
secxdr =sect (| ——— | dz = dzx
secr + tanx tanx 4+ secx

Make the following substitutions:
u = tanx +secw

and
du = (sec® z + sec T tan x) dz

This gives
d
]secmd:c = ] = In(u) + ¢ =In(tanz + secz) + ¢
u
Cases like n = 3,m = 0 or more generally n odd and m even are more complicated and will be

discussed later.

Trigonometric Substitution

Knowing how to evaluate all of these trigonometric integrals turns out to be useful for evaluating
integrals involving square roots.

Example 4. y = v/a? — z?

Figure 1: Graph of the circle 2 + y* = a®.

We already know that the area of the top half of the disk is

a _ra?.
i
f va?—z?de=—
—a

2
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What if we want to find this area?

Figure 2: Area to be evaluated is shaded.

To do so, you need to evaluate this integral:

t=zx

va® —t2dt

t=0
Let t = asinu and dt = acosudu. (Remember to change the limits of integration when you do a
change of variables.)

Then,
g _ .2

a? —t?=a%—a%sin®u=a’cos’u; Va?—-1t2=acosu
Plugging this into the integral gives us

u=sin"!(x/a)

T
f \/ag—tgdt=/(acosu)acosudu=a2f cos? udu
0 u=0
Here’s how we calculated the new limits of integration:
t = 0= asinu=0= u=0
t = z = asinu=2 = u=sin"'(z/a)
f VARt =a? / T eudu = o (U g S [
0 0 2 4 0

a?sin™!(z/a)

= (%2) (2sin(sin™(z/a)) cos(sin~'(z/a)))

(Remember, sin 2u = 2sinu cosu.)

We'll pick up from here next lecture (Lecture 28 since Lecture 27 is Exam 3).
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Lecture 28 18.01 Fall 2006

Lecture 28: Integration by Inverse Substitution;
Completing the Square

Trigonometric Substitutions, continued

F N

Figure 1: Find area of shaded portion of semicircle.

T
/ v a? — t2dt
0
t=asinu; di =acosudu

w9
a® —t> = a® —a’sin*u =a’cos’u = Va2 —t2=acosu (No more square root!)

Start: t = —a < u=—n/2; Finish: x=a & u="7/2

/\/(12 —t2dt =fa2c052ud'tﬂza2fwdu:a2 [E 4 sm(?u)] +e

2 2 4

(Recall, cos® u = liigﬂ)

We want to express this in terms of z, not u. When ¢ = 0, asinu = 0, and therefore u = 0.
When t = z, asinu = z, and therefore u = sin™!(z/a).
sin(2u)  2sinucosu

1
4 = 1 = 3 sin u cos u

sinu = sin (sin“l(z/a)) = 2
a
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Figure 3: Area divided into a sector and a triangle.

Here is a list of integrals that can be computed using a trig substitution and a trig identity.

integral substitution trig identity
dz

Vo g
dx
V2 -1

dx ’ ;
—— gz=sinu 1 —sin®u = cos?u
V1 — a2

2

T =tanu tanu + 1 =sec?u

2

T = secu secu —1 = tan?u

Let’s extend this further. How can we evaluate an integral like this?

f dz
Va? + 4z
When you have a linear and a quadratic term under the square root, complete the square.

22 + 4z = (something)? + constant

In this case,
(z+2)°2=2’+42+4 = 2’ +4z=(z+2)° -4

Now, we make a substitution.
v=xz+2 and dv=dz

Plugging these in gives us
f dx - / dv
Vic+2)2 -4 V2 —4
Now, let
v=2secu and dv=2secutanu

/ dv _/25ecu tan u du _ fsecudu
Vv —4 - 2tanu -
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How can we find cosu = cos (sin™'(z/a))? Answer: use a right triangle (Figure 2).

\a2-x2

Figure 2: sinu = z/a; cosu = v/a? — 22/a.

From the diagram, we see

And finally,

* u 1
/ Va2 —t2dt = a? [Z+§sinucosu]—0=a2
0

a a

sin™ 2(3/&) +é (E) a’® —z ]

2

When the answer is this complicated, the route to getting there has to be rather complicated.
There’s no way to avoid the complexity.

T 2 . 1
f \/azktzdt=%sin_](i)+—w\/a2~$2
D al

e wp .1
Let’s double-check this answer. The area of the upper shaded sector in Figure 3 is §a2u. The

area of the lower shaded region, which is a triangle of height v/a2 — 22 and base z, is 2va? — 22
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Remember that
fsec udu = In(secu + tanu) + ¢

Finally, rewrite everything in terms of x.
2
v =28secu < cosu = —

Set up a right triangle as in Figure 4. Express tanu in terms of v.

2

Figure 4: secu=1v/2 or cosu=2/v.

Just from looking at the triangle, we can read off

v
secu = 3 and tanu =

v v —4
2secudu=In| = + ———
]secu U 11(24- 5 )-!—c

=In(v+Vv2—4)—In2+¢

We can combine those last two terms into another constant, é.

dz e

Here'’s a teaser for next time. In the next lecture, we'll integrate all rational functions. By

“rational functions,” we mean functions that are the ratios of polynomials:

P(x)
Q(z)

It’s easy to evaluate an expression like this:

1 3
f( - )dz=1n|m—~1|+31n|:t:+2|+c

r—1 x+2
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If we write it a bit differently, however, it becomes much harder to integrate:

1 3  z+2+3@—1) dz—1

:cu1+$+2_ (z—1)(z+2) T2 taz-2

/M=???
24z -2

How can we reorganize what to do starting from (dz — 1)/(z? + z — 2)?7 Next time, we’ll see how.
It involves some algebra.
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Lecture 29 18.01 Fall 2006

Lecture 29: Partial Fractions

We continue the discussion we started last lecture about integrating rational functions. We
defined a rational function as the ratio of two polynomials:

P(z)
Q(z)

We looked at the example

1
j[ + 3 ]dm:ln|rc—1|+31nl:z:+2l+c
r—1 " z42

That same problem can be disguised:

1 i 3 _(z4+2)+3(z-1) 4x-1
z—1 " z4+2 (z-1D(z+2) ~ z24+z-2

4qor —1
—_—dx =777
]$2+$—2 =

which leaves us to integrate this:

P(x)
Q(x)

Goal: we want to figure out a systematic way to split into simpler pieces.

First, we factor the denominator Q(z).

e-1 __de-1 _ A B
224+zx-2 (z-1(z+2) z-1 z+2

There’s a slow way to find A and B. You can clear the denominator by multiplying through by
(z —1)(z + 2):
(dr—=1)=A(z+2)+ Bz —-1)

From this, you find
4=A+B and -1=24-B

You can then solve these simultaneous linear equations for A and B. This approach can take a very
long time if you're working with 3, 4, or more variables.

There’s a faster way, which we call the “cover-up method”. Multiply both sides by (z — 1):

4$_1—A+ B
42 T+ 2

(z—-1)

Set z = 1 to make the B term drop out:

[y
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The fastest way is to do this in your head or physically cover up the struck-through terms. For
instance, to evaluate B:
dz -1 A7 B

@G- DT g1 2

Implicitly, we are multiplying by (z + 2) and setting z = —2. This gives us

48 —1 _ _
-—:—2—'_T—B - B=3

What we've described so far works when Q(z) factors completely into distinct factors and the
degree of P is less than the degree of Q.

If the factors of ) repeat, we use a slightly different approach. For example:

z? +2 A N B N C
(x-1)2%(z+2) x-1 (z-1)2 z4+2

Use the cover-up method on the highest degree term in (z — 1).

2 +1
T+ 2

P48
:B’—+-[stuff](."z,'—1)2 = 1_:_2 =B = B=1

Implicitly, we multiplied by (z — 1)?, then took the limit as = — 1.

C can also be evaluated by the cover-up method. Set z = —2 to get
$2+22=C+[stuﬁ'](:n+2) = M—C = C'—E
(z—-1) (-2 -1)2 3

This yields
z2+2 A + 1 n 2/3
(z—1)%(z+2) 2-1 (z-12 " z+2

Cover-up can’t be used to evaluate A. Instead, plug in an easy value of x: z = Q.

- S Y TN R S el
P2 -3 3 =Srgr e =F 453

Now we have a complete answer:

2% -2 1 1 2
@-12@E+2) 3@-1)  @-12 "3@+2)

Not all polynomials factor completely (without resorting to using complex numbers). For exam-
ple:
1 Al Bl.'L' + Cl

(22 +1)(z—-1) =x-1 z? 41
We find A, as usual, by the cover-up method.

1

m:Al — A1=

:
2
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Now, we have

1 _1)2 Bz + C)
(z24+1)(z—-1) =z-1 2241
Plug in z = 0.
1(-1) 271 1Ty
Now, plug in any value other than z = 0,1. For example, let’s use z = —1.
1 1/2  By(-1)-1/2 By —1/2 1
22 -2 2 2 1Ty

Alternatively, you can multiply out to clear the denominators (not done here).

Let’s try to integrate this function, now.
[ dzx 1 dr 1 ] rdz 1 /’ dz
(2+1)(x-1) 2/ z-1 2/ 2241 2) 2241

1 1 1
= E]n|$—1|—zln|$2+1 | —§ta11_1:r+c

What if we're faced with something that looks like this?

f dx
(z —1)10
This is actually quite simple to integrate:

f@il—xj_)w =Hé(x—1)_9+c

What about this?

dx
[ 5o

z=tanu and dz = sec?udu

Here, we would use trig substitution:

and the trig identity
tan?u + 1 = sec’ u

sec? udu 18
—3 g = | €05 u du
(sec? u)

From here, we can evaluate this integral using the methods we introduced two lectures ago.

to get
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Lecture 30 18.01 Fall 2006

Lecture 30: Integration by Parts, Reduction
Formulae

Integration by Parts

Remember the product rule:
(w)' = u'v + w'’

We can rewrite that as
wv' = (uv) —u'v

Integrate this to get the formula for integration by parts:

S —

/u-u’dz; = uy — ]u'vdz J

Example 1. ftan”’:.cd:c.

At first, it’s not clear how integration by parts helps. Write

ftan_lmd$ :/tan_lz(l - dz) :fuu’dx

1

with

yu=tan "'z and v =1.

Therefore,
;. 1

T 1422
Plug all of these into the formula for integration by parts to get:

ftan‘l zdr = /u-u' dz = (tan~ 1 z)z — f 1:—22(3;)&3

1
=gztan" 'z — 5In|1 + 2% +¢

v=x and u

Alternative Approach to Integration by Parts

As above, the product rule:

(uwv)’ = v + wv’
can be rewritten as

w' = (w) —u'v

This time, let’s take the definite integral:

b b b
fuv'd:c=/ (uv)'d:r—f u'vdz
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By the fundamental theorem of calculus, we can say

b b b
f w' de = wv| — / u'vdr
a a a

Another notation in the indefinite case is

fudvzuv—/'udu

dv=vdr = w'dr=udv and du=1v'dz = v'vdr =vv'dz=vdu

This is the same because

Example 2. /(ln z)dz

uw=Inz; du= %d:r: and dv=dz;v==zx

1
/(ln:c)da:=xln:1;~—fa:(5) dm=mln.’1:~./da;=:vlnrc—m+c

We can also use “advanced guessing” to solve this problem. We know that the derivative of

something equals In z:

d
— (77 =
d:c() Inz

Let’s try
d 1
E{mlnax) —ln:L-i-m-; =lnz+1

That’s almost it, but not quite. Let’s repair this guess to get:

d
ﬁ(?ﬂlnaz—z)—lnm+1—1—lnﬂ:

Reduction Formulas (Recurrence Formulas)
f{:‘;‘t. ‘ ,, A { A
Example 3. /(]nﬂ,)" dr ;
Let’s try:
1
u=(Inz)* = o =n(nz)"! (_>

T
vV=dz;v==x
Plugging these into the formula for integration by parts gives us:

1
f(ln z)'de = z(lnz)" — /n(ln :c)”_lz/é%)jrda;
Keep repeating integration by parts to get the full formula: n — (n—-1) - (n—2) — (n—3) — etc
Example 4. /:r;"e;E dr Let’s try:

u=z" = u' =nz""l;, V=€ = v=2¢"
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Putting these into the integration by parts formula gives us:

/mnemd:rzxnem_k/nrnflexdm

Repeat, going fromn — (n — 1) — (n — 2) — etc.

Bad news: If you change the integrals just a little bit, they become impossible to evaluate:

/ (tan_1 z)2 dz = impossible
e:l'
f — dx = also impossible
&

Good news: When you can’t evaluate an integral, then

2 =z
€
/ —dx
1 T

is an answer, not a question. This is the solution- you don’t have to integrate it!

The most important thing is setting up the integral! (Once you’ve done that, you can always
evaluate it numerically on a computer.) So, why bother to evaluate integrals by hand, then? Because
you often get families of related integrals, such as

o0 ex

where you want to find how the answer depends on, say, a.
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Arc Length

This is very useful to know for 18.02 (multi-variable calculus).

L
>

Figure 1: Infinitesimal Arc Length ds

ds iy

dx

Figure 2: Zoom in on Figure 1 to see an approximate right triangle.

In Figures 1 and 2, s denotes arc length and ds = the infinitesmal of arc length.
ds = \/(dz)? + (dy)? = \/1 + (dy/dz)*dz

Integrating with respect to ds finds the length of a curve between two points (see Figure 3).
To find the length of the curve between Py and P, evaluate:

P
ds
Py
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Figul’e 3: Find length of curve between Py and Pj.

We want to integrate with respect to z, not s, so we do the same algebra as above to find ds in

terms of dzx. () () (@)
ds)?  (dz)*  (dy)* dy\*
-+ a1+ ()

(dz)?  (dz)?
o[

Example 5: The Circle. 2% + 3 = 1 (see Figure 4).

dz

Therefore,

Figure 4: The circle in Example 1.
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We want to find the length of the arc in Figure 5:

-V S A

Figure 5: Arc length to be evaluated.
y=1+1-—x2

dy -2 (1) =z

o Viez\2) T e

2
ds=\/1+(_—w) dz
1—zx2

B 2 2 .2 2
14 T —14 T =1 Tt 1
Vv1—2z2 1— 22 1—22 1— a2
1
ds = | ——=dx
V11— a2
a dx a
s=/ ———1\/1=2=sin_13: =sin"la—sin"!0=sin"ta
0 =il
sins =a

This is illustrated in Figure 6.



18.01 Problem Set 7A [T} ch gt f///,;/,, L,

Due Friday 11/20/09, 1:45 pm in 2-106

F76 o leat

To be handed in together with problems from Problem Set 7B, to be posted on Friday, 11/13.
Part I (7 points)

Lecture 27. Thursday, Nov. 12  Trigonometric integrals. Direct substitution.
Read 10.2, 10.3 Work: 5B-9, 11, 13, 16; 5C-5, 7, 9, 11

Lecture 28. Friday, Nov. 13  Inverse substitution. Completing the square.
Read 10.4 Work: To be assigned on part 7B.

Part 11 (17 points)

Directions: Attempt to solve each part of each problem yourself. If you collaborate, solutions
must be written up independently. It is illegal to consult materials from previous semesters. With
each problem is the day it can be done.

0. (not until due date; 3 pts) Write the names of all the people you consulted or with whom you
collaborated and the resources you used, or say “none” or “no consultation”. (See full explanation
on PS1).

1. (Lec 25, 8pts) On Beyond Simpson’s Rule.

In proving Simpson’s rule, we showed that the area under an arbitrary parabola P(z) = Az® +
Bz + C from = —w to x = w could be expressed as integer linear combinations of P(—w), P(0),
and P(w) multiplied by w/3. That is, we showed

/w (Az? + Bz + C)dz = 333 [P(—w) +4P(0) + P(w)]

—w
and Simpson’s rule followed. In this problem, we see if this is possible for cubic curves.

a) Draw a careful picture for the cubic problem like the one on p. 371 of Simmons used to
illustrate Simpson’s rule. Note, you’ll need 3 intervals and 4 endpoints now that you're using
cubic equations. Let’s agree to write the cubic equation used to approximate our curve as Q(z) =
Az’ + Bz? + Cz + D and make the intervals on the z-axis have endpoints z = 0, w, 2w, 3w. (It
seems harder to make them symmetric about the origin, since we don’t get to use 0 as one of our
endpoints in that case.)

b) Find the definite integral
Jw ,
/ (Az® + Bz? + Cz + D)dz
0

in terms of A, B,C,D. In other words, we're finding area under an arbitrary cubic curve. In
mimicking the proof of Simpson’s rule, factor out w/8 = 3w/24 from your answer so that the result
is

w/8 - (SOMETHING)

359

/_______.—-”
>

1.4
pont?
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Due Friday 11/20/09, 1:45 pm in 2-106

To be handed in together with problems from Problem Set TA.
Part I (15 points)

Lecture 28. Friday, Nov. 13  Inverse substitution. Completing the square.
Read 104 Work: 5D-1, 2, 7, 10

Lecture 29. Tuesday, Nov. 17 Integrating rational functions; partial fractions.
Read 10.6, Notes F Work: 5E-2, 3, 5, 6, 10h (complete the square)

Lecture 30. Thursday, Nov. 19  Integration by parts. Reduction formulas.
Read 10.7 Work: 5F-1a, 2d then 2b, 3

Lecture 31. Friday, Nov. 20 Parametric equations; arclength. Surface area
Read 17.1, 7.5 Work will be assigned on PS8.

Part II (24 points + 5 BONUS points)

Directions: Attempt to solve each part of each problem yourself. If you collaborate, solutions
must be written up independently. It is illegal to consult materials from previous semesters. With
each problem is the day it can be done.

0. (not until due date; 3 pts - tallied on part 7a so not in above count) Write the names of all
the people you consulted or with whom you collaborated and the resources you used, or say “none”
or “no consultation”. (See full explanation on PS1).

1. (Lec 28, 4pts: 2 + 2)

2

a) For any integer n > 0, use the substitution tan® z = sec® z — 1 to show that

/tan’”r2 zdr = tan" Tl — ]ta,n" zdr

1
n+1
b) Deduce a formula for f tan! z dz.

2. (Lec 29, 4pts: 3 + 1)

; . cos T . ;
a) Derive a formula for f secx dx by writing secx = Toods (verify this), and then making
— S~ T
a substitution for sinz and using partial fractions. (Your final answer must be expressed in terms

of z.)

b) Convert the formula into the more familiar one by multiplying the fraction in the answer on
both top and bottom by 1+ sinz. (Note that (1/2)Inu = In\/u.)

3. (Lec 30, 3pts) Find the volume under the first hump of the function y = cosz rotated around
the y-axis by the method of shells.



4. (13 pts: 24242424243 and 5 pts BONUS) This problem explores Chebyshev polynomials
T, for n =0,1,2, ... defined by
T,.(z) = cos(n arccos x)

where arccos x is the inverse cosine function.

a) It is not hard to show that Tp(z) = 1 and T)(z) = x. Express T» as a quadratic polynomial
and T3 as a cubic polynomial.

b) Show that for n > 1, Ty, 41(z) = 22T, (x) — Th—1(x).
¢) Use your answer in part (b) to show that T, is a polynomial of degree n.
d) Use parts (a) and (b) to determine Ty and T5.

e) Notice that T, (cosz) = cos(nxz). Use this fact and your answer from (d) to determine an
identity for cos 5z as a polynomial in cosz.

f) Compute the definite integral

1 dx

A ey
(Hints: Your answer will depend on whether m and n are non-zero. You may want to take advantage
of the identity in part (e).)

g) (BONUS) Explain a method for using your answer from part (f) to express any polynomial
pn(x) of degree n in terms of Chebyshev polynomials. Demonstrate your method with a polynomial
of degree 5. (Don’t pick Ts = ps. Pick something interesting.)

N}



Pt Th 555

(07
& N‘(dmf,} plﬂmefﬂ/ ///20
.Bfﬁ s
Ledwe 27 /\Ea{lmﬂnp}l‘l[ me‘q ‘1(5 J rect 6-./179) J’L%
Y f‘po" ‘fﬁ'\(r f’"’d
5[)”9 /n)(/l.,\xl-l/j)
o Ve (re) X
“\’&W{"w -
(Ll g=lre”
dy = X dx
Q o P du
73 . - = 2in
- 9 FJ7B (1) T+ @
=2
“' /"7’(] / L SN R W e
\> >t LECIE 7' (5}0; pifn gy Leiwe i)
| faa 9% < C
3 1 v =9X
ULGAQ:J”K Y = q_
WJ‘k mt;* dv Ql><
rd(’fﬂff“fﬂ*f’
‘4 "‘1‘.\(;
D I ixf
JZ K
du - 3 x*dx e Tha i Pt helt)
- 3dv = x?dx ’
ﬂ + dv ) do -
) vy’ D 213 u




]\‘\J:-___ —L + l _,_L 4 |
- I 2 ¢ x'
F do . Jwdl e = TLG.T”’T;@JJ_,
R Rk
. O T b oy vanled Bf]
(| Sstiftion (od change lints)
il
g h'lh} xd ¥ A ? how J, T Lagw whdt b rick”
sl %2 " alea,. fle iy
> {
U= don ' x
dv T ), leted wp, bt wpdld  hawe obiwie
r [+ 2 dx ok Lt
_LChage bl
/ Fan 'U’j j )
- { /.
gt
e BN LT 12;
[
2 ygctpgy=-n
AT
(baa” (VF  [toa""[
2 - o

baltnces ok onie odd (O )
=

L5

Lodoetns = Ny
B

ows ‘} “!f‘ l(_ﬂ\

. | il |
Mb- e/ Efo' wka}“ woull. male Sors 0

[ o

/ )
9 _ {
( () -(Q% vy CPSlxsh pas dy
< E

(= Cos X /p{’. oy ! ';.- ?'J d/d

P

{44
Qv F ~Sin x O 2 Sl



My H‘ﬁo\y 0'_,4

\-J( “\rull v dy

-y L Je
3 s
pla buel -
S0 X2, cos X5 Ly
3 [
¥ (g (1) (0" (4d ds
&“ 5\ ( ) /‘vﬁjal 57?( d)c i how Jr(‘ T.L’«T ge%’ ﬂ.c‘s?
dy N\ DA
\ P4
(U= lex) da
) 4
/'OO 6\( 3 Ve
(23 e
0 dow [ 1= (8] ] [ 1 3o (Fx)) (b cmlor du
i e A e Y
(05 (?x!}
Qr (514'3>< er Ly rv[;(.
CAN— .
fzmk s " ('fany Sin J dy enof j«gé.f){uj"

S AL { 1 o=fog™ kcwh

/,
) (o r \ifj\i)mw g ] - o2 2)
¢
)

Caos 2 ; et 5 X

hew dy yov ik 5 € that [eft



r-\u"' ’S?AYC]{
— 1=y’ I
J yt
L o A
IS
~
st Lo pe
v (5%
_ Poec X
I (_SinX cos (25)dy | (vt dadle ﬂ@l&i)
vor of 3
(ginx (2cos?x=1 ) dx
- s k U:CO.5>‘
_ ( 201“’ d(/ (_Jr/: “s'm)f. d/‘
A
i 2-93-? + U

2, Gox

v

3

Pl

@ q"'} g On hy Ow,/l{

~wf o'y

Mbl‘q




Log  Sibthar 3 gdshq

On BQ:{W\d g:mfw"\é Rule
Pl <A tbxt C frop X o
E’%p/fu({ (s dn !P‘p]()f I/"lfﬂ‘f Combo of
Pl-w). P(o), P/w - b
- %S‘fmrsqrs f(//lo
r Does il g For ch\r{ (’(//(/fﬁ
d) Dfﬂfv P'j}‘”
\ g
Vi palll
Nt ~ 1]
. .
L | |
37 (v\[xr
Q (X) A X3 tBx? +(x fp
Eépaf.ls D v ; Fus
| G
r: Dpﬂ { \G:!Q'f B f:é? ‘t'l( Cur.CH‘J’} C‘(/b :( O
s T oprox  belwegn wnlorals (b

b ) ot page =
>, .




Fid ke deflat t'/rkg%l 0 fums o /G 8C D

ooy Mder qrb:‘r&(y

«)0 / 6rT0 € t"{ ;"",/_v— ?_i’_"
Y
Ax . Bi(jJL Cx? MOKPW AN
H 5 F 2

LXCARTY I (wa D 3w

Y

X,
)’20.75,Aw"’ e 1002, LI‘“Cw t 2 D

A T .y S T v J

L7

\ oby § nof diude!
by

v [ 167 Aw®+ 770w? « 36Lw +24D

A

e :\C wi L\ad Q’J(y Fa_cfar?d % {‘n‘ wm}é qu@ worlw &

me Gitre (C’,ttl!ﬁ’\ {'Gtw’?j b (Gt((*pf 17[( /

F;nd ilﬁjffﬁPf Congtanks \;,.9/. l&;ka kg % That

~

wel L Ary VA Lafe Vel M2 )) -
g \ D \l[(j} + K R "’Fl_ LW/ L U(LJ"'/

(O a3 g b e infegal from ot B
LT S g ey ¥

1 P
H"?‘L , thls to an 00yy 50|} ing k’/ /0 L
W/ 4 eqyaties




(\f

ko A[0) = [62Aw> =240

A

. cotfutd
(LA

‘A. A (%) = 126w
0 (71w < 9(Cw

Epdhe sptat o

anMWT-?lb

foh o 1l o0 duig

o 0(0) = 162 Af0)> 72 8(6)"+ 3e (0] 174) <21

anf 62 Alw)? t 72 BuE 26 ((w)129)

a QL (7w) Mmﬁw) t 728(2) 126 C (%) 24D =

17 9¢ Avd r 2950 r72 (v t2M))

kg G (3w) = (aZA(?w) ¢ 7226(3w)* 126 ((Bw) + 24D -

U37MAa W2+ 649Bw+ 169 Cwt 24 ()

r (; Doa * ‘g?\f
— —
Herier G TAPES (7Y +729w‘*96tw+2q)
Sffe 0~ ‘ - | q\
NG w [l 2(0) 420 ] h?( 7] kS w'/)
51 v
Jﬁbafﬂ@ Y l
| Campot
Y E@ - nknowat | ‘/’ on__bolh &) e /(agf{fcmb
'MJ"Z"C;FE. bu} ,10} 50{)}‘\;@:}:5455{ J/’ (e
%( lLAv\/ Lquft,w(fUDr '
LWM’ru%Bw 2w b, ¢
i_

[62 i k:A f ?g(‘z ﬁ t 271"5%1 Comph.ftqq, Cu‘b\m *p:ﬁﬁ




Glae a otwallzation of S:rnfacﬂl e . cucsts

0 \fod ha/t QN 0?%695 dbnd a f(/fa fo

y
q??“’ i} i by Zua‘w degreo Cunas’,
Rt | 31 7% frdlde—a 3 T s 7 2ath), 3 %f 2b )
? )d L " [— LL(UU‘“ ;.-L_Lr \,‘3 -jm_l (Ta j
! | \ .
u_ﬁ/h’ i Blng Coblcs "]M (‘,, gulm ¢ (s
e &: l\_ B . ! Lf\u 1 \la Y f*t’[\/g *y“f A Uiy f\//'?
3 o o i 7 7 7 N/
_H_ Mo 1 Na 1 l"{\ln?warn\ \/n-—l) t
{ i ' AN [ [ v j ]
g A
3 /(PN
- -b— r Llogd § fas& + Y [.-*Wn OFH ) y 1 /5./41 ef/"”\'_‘//
QD L y
0 ot - whal pecied wodd Wyt bhaoe
Y"'\’ — e gomt Pa.“Hg{n.; S0tys 19(;, L
1 L 1
~ ool sorenbop  sap B’ Padgn




S 1mmong 10,2 Ifdg”fO ) abed

('{9‘ Eath of e 6? owrﬂg M*Mr'dis ;i -/9/7 @;7 7"0 [.omﬂAo

for o cocton valw of 4 Fld T sl
Ol !‘0({/ ot Y lnlegral i,
E xgeyple [ on i % g R

g et} e =

a) ("¢ i
(0:‘ n:’}
x e ~J(X9 Jd x
%" e tC
‘For h=h
’\\" ~ o1 R
'jy"" e o e ‘Jlé.j ({0 -pri}e( i!./!jjm,
’-—I\H eh .
n+| "“s_gﬂ
b) <X (05 x y
A3
—'"_'—P N~
Ntl
C (Kn‘_.ﬁﬂ)‘ A
?<ﬂr'i

N ) e T
'f” P T AEEE A, T W

d (x" sec” Jx dx

¢ 7
( X',‘ [, /ta. 07— _,.\,, % le no)"J
o = L‘f;qﬂ J%,,Y l/f"; -

x" Jandx t¢

hy)




Glames 0.7 "03“{7 21 qb

. Find 1 voif\ﬂi of e 50]2& oL "Q‘u&!"“m gt
Ir\:L"‘" revoled  pround X —axy

\I[:gmj( 0£>(£ﬂ'

n
Pz 52?7‘% Siax_dx
| g

s 20 ( X 60 x A»
W

o f
it 2y
(T

'y MLy v v

7y ' [ + f

.;jﬂ’ﬂf Cald  yor 'rsggl'/az}ﬁ "’é{)ﬁ; nﬁ\ o'\
) =ad -

vase X )L x £

——

D
~
!_\
K<

—
T

—s

™)
=)
b %
™
B
o~

™
E
"’-

NS~

™~
q
<
2
=~
™
(=
N

)
T







W’ﬁe’r / L

Seo mofe Gron

ot | fualugle i b fo Fiode ong = redtiblon 11/l

S| /£ dx N4

@7 7 e 50

i AT A 5,'46 0/

Iy = pcab db

/ a(ba@d(}

S 70!2 (05! nefﬁ

/(aws _ & 6‘,&46/
/ mama JZZ N

At o Wi P

/ & s - 4O ijOSG'dﬁ h(ﬁia‘fgde' =

(/) Ja [ ]-swn "'9)‘; ) Ja 2?9 %8

\ [ df v

j ] ]

A% Cot 2 I e el T

\ 5 (23 Cos”é )Uv 0L gt e [.%Ll {
(K - . l‘

W R [ —
q 2z Joag tC

A
)
P Ply tanfy =

; ————
S g2t FC Clak \)rfzﬂ(

hads At gt

7" / ngf . \0‘ 6‘.w6 B -;-
s S wart

JET" N o der

[ /(ts;nej,_étfﬂ—&ﬁd@ (025270 acabdO  _
~ (0520]" " ))’—\(P 0]

(’ aar;‘ﬂyﬂ st 36

o’ fg do~ . ﬁqj(‘}’!@ d&

¢
- . & CesH J




rhon T gz s er:éw)) 'Pﬂ:b}fv"

0% C 4,20 dp - a35gsn?@ snb 18 -

Juaw O J
s '““.‘ 3
fg\\jj ;l%r} it ( L C0¢2@ Sin B Jé’ ~ u--(:;r:a§
pi\;\tv,imoun du =—5.6d0
(a\f ot MB =i 5 (¥ ) dt; K & Cony (‘('ghf
(L
Lo =

r 474 <
—a ( J - QB } - ] ((0&0 - %99 ) i
3

3./
Wt - [/00{.\ l.-oacbk 0* ]Lr (oglQ —a X Jp? T e (Ja=E|?
P AW S TS
—q” A7 =x# "Lﬂ?‘ X‘Z) i L g
o -~ 1
_—\\_
" 7 / g L= 2 d ¥ ” \\X —aia
i Nk Ll |
) %* D &b - 2
I7q Sec G <%
o 7y = Mé@@

by ) 7 =dcse® furd 46

{
Aot st A S

Ty

——

[i&x@-a% - (Feltas2 € - (e 6“49
) T ) g ge?%‘;\ \5 A% st

61?!-.’&;

J=ta j NS coe)

Jv -5=eammé 4o

ont - anm h«q C/dm\ As canly

Ny (Pt =1 (wd _ |

v, E\ j &7 sec @ -)JE’L 0 Sec (9‘

AR U . 5.
gﬁéﬂﬁ't——das‘o’wj

L?Pﬂfggce %faﬁﬁfws,m — U 9y m%f@/pﬁ{?j




|¥)
LY
75 S S T,
i Vy2 gt —_ Y
f

& ‘/hb-f (WCi “"({“/Q 6 vl

o it (s why L got (sc

L__"\——\ I{ 1 V\-ou}(f hatt _contiaktd

ﬂ‘o{l- 1o yeh [+ WQJH hd/ﬁ W’Wf

. I )
Ia( 2y x2 g% | . Jxz-g> i
-

o/ =

€ e

i :
5]!I“‘JIIF7 PA ( X 1 J)(l"’f"l ) B XZ -2 +£( -ﬂq 0{)
- %
0 AT 7 S O
ST Uev a7 x ryxrY
: / N2
| 'iﬂnﬁ 3 __;
(oapare ™ ( _dx ) ki l- 3fad
Squce ot I+ 434" S dx = 35?29 dO /‘
v = v ‘kt/
= (AN =
lsgint\ 4 _fJiCL-Q-Q—dﬁ_; (; 1 g detc_ s male (o, i’
2 ([ Yhats)’ r3* |
-
\ﬂl\ﬂ; 2(7“2: !-\ ?ngtl'x,'l[ \
‘q@maoﬂ %! ) \,\\ Zan ] \
T — AR
) =
0. offl




(. ?59C 2'@ /9 ({6'

) [(2tm 213 2)
g e F /

(3’ &
\} (Cl]fzm'zé 13 )

(_ 256?06 |6

DR ISR K

I

OCL Lo
< (3500 L6
b’ : v
it b'/. ﬂ 5 UJ/GL
ol o 3 ‘3@3{.26[) i
'L( sec 24 Jé,\




..n

K,—\

e dB < f?’—gﬂmc

/' JK%Z L/ / ba(& i‘a f“fclaf,afp
%o rdx 3 d

(2 77| lalioad Foches (7 + )

5E-1 /7 xdx

~—— u]?( = A - B
) (e2)(x+3 (<)

XU

/ qu | .
/fn; -Ii> %—(ﬂn{\() %

) +'J§ [n[;(ry)ic

0 lesen fu gheps !
(]

5]Lu"iﬂ'b',0[{ )b]\mué—)




ek~ /Oh / &-r O D’F A " R
_——" (<=2)(+-3 (+1) (<3
L=
xtl = A(ys) + B(x2)
My g [aFs 52;;15 ls O
s A(2-3)
—i NSO Vs
A =T e Cli P ==
)(‘( -3) B(‘ﬂ rz)
rcn 1-,,0
) = 6{3 7)
G -8B
(4 )
/\ X+ x -
"TB "pf‘\(;{”a, (2 JQ (7&/‘5) )"(
Toa pwa ~all exp} ﬁ;r Ay Crrar
SE -3 ( ~ dyx 1 ., <
) f.x’-'tl)rmz) TS Xy xt3 (opy el
T 7 ; Fid {mfg,._ j’_"‘_ ) %1 i
t X= A (x— 1”%*3 *ﬁfx\ﬂ)/)(*?;f(/xgzﬁxn
Diiré ¥ (4w - ()4*[X2¢§#+G)B+[x?f@ Y
(g » (Y Ao (A18ic) x>+ (P1G) x  f181C
v \r (5 (L “4.,- ij[‘/) QVE'r do f ’qf\brv ;n '?Lﬁ’ff
o I;,l Iy - A 5 ﬂ{fjpw £ hov! f [ JO /
R P %= (marc)’u(mw ) x+ [~GA ER-UE)
e/ 7 ;w/y mrs ap .~ Onaly f c»!fl Cogf{f:g,# o = /

x'[  hi1BiC =0

X’)’ A 7§(5 = € Lol e 575((«1 7 e?'(,ﬂ.‘rz’fmj

) ~GAHB-Ye = (]



4B +( <0
Aish =
— ~Gp 66 ~4( < (
hord )
exectly -3A+34-2¢ <0
 ogas? —3(-56) 38 -2¢ =
Hoay sdo —3f (58 t30 2( g
wo (¥ (88 -2( =
o G 115 _coall, tad
Bries
HiP e |
1> lo
4
p -t
U
T S
W)




( ] N

J w2 T ) X1 )58

AT RSN ) RN S ACTE)

/ ?sz "y - &_, B 4 (

L> * l(,yf')?’

- " (x4 )

—LaLe 2 mce [epmfmq l-errn

_ Yen 50|\/€ f@m not cleor on oxictly

haf

(ll‘l gk dy  pxample "

3x12 = A fal) (xy) fﬁ()’)(xr]) [ C [xt)&) 97

??rf.’j -(X ,»_/y.;“ﬁ +(*a' 4 ’(_j L4 (‘){ ?)‘]C

X?)O = A B v C

¥) 3 - 28 B +C

)] 2 = 1A

A=7

(< 248+¢ 3= 2(2) +8+C

-7 = B+C A ,;Q{C

~

\_,) P
o
7 why 1775

.

Cla (-QJ(’)"V"D 6{)/“ K:,

7

\\3\?}—@

ﬁ't,L pL Q:—’L
9

J

~

<\

( 2x12 2iax =2 lalxel) =1

o X(HE}'LJA > At |



6‘, ( Ux -1 {J\
NN
| | D _— n . -
o v/ (x13)  [/x=3]  (x¢?]
(ovol 4 - -/
mde\{pb all sides- by  X#3
Ay 9(71?— ) ((x*}) - 2 x-9
3] [k 1) fX*SY(“z,)
744 oe{ th to -O n
_3 ’
8 Fyro r o = 2(3)9 "9 Y
= —3)f~3+’é) ¢
=3
Go niw e
Alv=3) By ((x=3) _2(9-94 3 3 _L
() Gl (ad(ael] Gs :
ﬁxss A 3 |
2] . B(x0) , [ < 2[-1]-% -4 3
(++3]  [x3) [213)(-23) (-5
P e 2
oty g f oy
T A
J O (x5 JxFT)
= A




1Oh |/ &Zei)dy ==
j 24 Ux+ < 7 ) 1ot feclocalle
3 ohat Il‘f/t’ 7 /r

g s w2 )~ 1Dy N
o D ! XE r % ',
('WPWW . 7 Y] f)y ?f-l Xt/

1 cqiare \F] Jy = L4

0rg

X“ﬂn(\/d")/] i demq[\/) FC

\Ij

C— O (<24 2x rZ) . d’an“/(ff{/l k¢




Cop Pt TR pod 2 Qutiun () v b

For 00y dostr n2 O e T sbdddon  tan?y =%c’x ~/

‘}‘o éhﬂw Hna"

(" xdy = L dan" %~ fan "
- J

htl

-ﬂﬂnzﬂ =Cepc 7K

-\gﬂf‘?\: .0/1[58(7}) &‘Pui’ how W/ m‘lfi(rp)f;i?

0r Sdofxde s [ fa" x - Cun xdx
i a ’

Ptel of{ (‘fan "y 57 ¢ Otag) f,q_g

(]’O‘f\ k - J('{a”w A :{’_/‘}ﬂu iy

/ r
""J(Secﬂ)‘
Fon X 1 (

-~ e
Lv‘*‘ wt’\)?'

o g9l <1 S N /,v.

e
A




b. D@Ql(ﬂz A '63”‘1“!4 6}/ JY o L’)( Ax
4#44—?—}«—”4&*\\?2(
=
dc ['('#; a
n - 2
o Claaly o 1 a3y —(Han® xdy
- 2+ | J
_J— Hngx = (fanZ)\&?
3 Jffj(Sﬁc?x 71
) {‘C{QXF
F M I8 T gutlpns Fom
B o //
dan (Sec " 1)
st { d'{fcfi.!
Lub




N

2, Df)f‘é'/ﬁ a 'ﬁiﬂf??ui“ for <5€CK dpf b, WNTHI'MQ

Cos X e iy g\i Den ma‘t}nﬂ a e
| ~Sia L

cobed i ben for &0 x Tad _Siny f’ﬂrﬂa{ gfﬂﬁf@
Exp’ﬂﬁé fra!  ans in  fermg ot v

[soc xdx = cos X g,
Ot i J | =617 x
Pn(@[t/ﬁof:v‘
() * Sin X
ou ha 2 (‘_(u -‘CQ&-Xd?‘
ot
e i (1 o (-C P
¢ J Tz 7 )
U—0" - J-) - Siax-] _ GinK “CSCX
=7 U Sinx
‘@ vh oy ,am“d) ('ac"tlﬂ‘fg
anl  \-rbeg Ol -
J ] 0~

]




Lb- ;fmv'éf*' Tl ﬁfﬂv/ﬁ\ z(nf'o A et ﬁwf’,’df 148
Io? mv”rﬂly'ﬂjbj o ﬁ’ac Flen (o e _Ondtr
o bt oo and bt b [t gny
f\)aHﬁ) JQ J’)qg-: -?aju
‘Ati.:é
Ll
AR
ﬁ}a‘s
‘ \\//‘
o




NG

Finl  fu

W(V’“’f eoder TH ﬂrﬁ)— AumP aF

ﬂ{ 6{/4{(f"!0'7 Ve ('13 5 ¥ (DI‘L‘;’—GA T,thow/] Q’ ﬂ*(

\,,vax'fs b\{, {mehﬂl)d C)f shells,

Bkd\ ;_AJH‘___—_\ W, ‘édf\"‘f fyO'
for pisty | 7 N\ J{P Mx ° Gsxdx
/[ | ki
I N — ] T
=il 0 2 o
® Y M [ wcoexdx
J-ﬂq
I , 3
= (U 1( (osx =+ XSinx | ) -V
\ 7 Tz
// © . T
i / 77\ } (s Qr ¥ ’@f ‘5}4‘\ ‘%) "‘(CQ!’-% U@'IQ;":‘I%)\
/ L ]
[
\
-
_ dategratun by pacls  (ydv < yv- fvd
Whet Jf\-u
lgh foda. ¢ () = % A\/: (os x dx i
'ﬂfl‘f"f dy “ldx {dv = (cogx dyx U)n( '
T Lo dy ~dy TV Siax 28
Wf—gmh ) | ) O\,\J
~ o vordly | J( Uty = Uy - (l/du

J
X Sia X -—J/g;"\\,(

)(sir\)( ~ (o ¢én y




Y, Ckeb\/sl\w Pﬁf\r;pﬂ""}ﬂt,-s Ty e n:=01,7 .,

P C%[n 0 rC Cos X)

Dinverse (95 ﬁ cf Or  Cof J(x,\j

Al TH: not bad  fo show fal T, x%:)

T - a wad rall DOU,\W”

g3 Eubic oolynemm

e’ Y Tz~ Cos (/Z (ot ’fxﬂ
Q(le_on 'ﬁdoabae gﬂp ¢ 605(29) 54 ZCp\{2 6) '{
g 2fcoscosI( %)) * <1 \Sp@r;c:l cose _ongle  Cumn
- 2x2 -] | (enly
) , /(os(a(a‘ﬂ‘(ns,{ =B
To= Cos (3 cos "'(x)) ‘{ —ord o)

Coe f? cos (1) + C0s ’(r} o d

Cos (200 (1] cos (eI 1] S 2ees™ (4 )]s ()]
Dgraler dosble angls,_¢lr (8) 28,0 B,

Q2 x —])x ~ in [ Cos™ fx CO&MSM[@S (]

der Thish o€ )

7

A

’ >




g[now that lor n Z ’/ T;,H [)‘) AL (K/‘ "Tn-l [y/

To(x) - cos( ncos"(x))

brercor Th.ﬂ { () K T (\f\) T-J{ X}
aky 04 f[mf Jeos~Ire)) S 2% (o [ ncos ’/x) cos[(n+1) cos ’@))
i f,mt t«{n le  sum b oiffaonce Fomufa_j
a\ﬁng 7 [erd C (ghr
S0 Wilklpidin  for formfus i

Vefd | s {(ntl)os™!(4]) = cos [ncosl(x)) cos ke X)) -

g'n [h (oS

X ) {ltq[(%"(x))

R‘mﬂn’] 2 ¥ C""(h Coé ’( ))- (05( - i}rné )‘)) erpad |

) 7 % cos(ncoc™'(¥) = rog(h ros ’(")(osM)

v
+ 50 (Cos™ ‘f!ﬂsmhcns M) T Ex )

91(:"\{ ﬁ\"’"ﬂl‘ '6}!0\! [t?“' ?‘f.fﬂm* =

Can be provin by toking  dociutiq
¥

ang\e_ Fo(mulm

Ho pro-t )ﬂt (i 6(‘.:!'5‘!0\-1
i

>




~ )9

e

ln{')-w-}£¢;n “‘5%” 50 1 og o free ?LW 4!/ )

} () Show  fee n=|
Srinr - ~5lactioy Valst
hiaall] (2) A po slatewst teve  for J/" <h
N> . A ]
@ UiP@) Fo show Tk v; <n'| cae s lop
Ty T T, T Tu  Ts
Y 4 v — =y Jjnd./cﬁoq




(\/ UﬁP AVArlVAS Ao SeAr - F;‘fl h o Ghon Tn (5 pcf:,ﬂm;df 0{
d{’;ﬁ(?ffﬂ

'|:+](X' ._rZXTn \;(X f‘h zl,

Br@néo« e fi‘vcf wn  fe PFO/P ('ﬂtﬁf- out ah /)’Ov/)
Off e o W=l Tk
Hes — (ga pl./o In Jv‘)L ,o/ lan - H?wlﬁ‘w‘]j

~ hae " 0,15 fld 7
’—kﬂwe l! (2—5 F(mé 9 (A {Oh 0-(( U"O"L
= g)(ol) [(\[Jw f)(‘ogw{m CPM?‘/}‘O/‘

- llﬂ&t-’fhﬂﬂ = gOQQ 69( [‘_pc,-_,{s}m
i 5‘-/})(}71(,4(50!1 wmm"'f Z/ m {'D’p Pﬁ{(i(f/l/'

“OqufE‘Q of dnae, =
‘Uée (E‘CU(éfo {'0 ,Pfau(‘f i /Mo

T , £ pgso Cagp

e netl b pros

Tf}xg“’ P w2 fom  pecyenn
-ﬂssm {Or [« £ n ) T&J T paynamzof/ of J@cgn?e U
- Waat ‘b Shaw -rn“uf)() s o PD)ynomml of !qufé’ ntl
~ Peconse T(x) Tn (1) et polypemlal by ésgmﬁhﬁf

Th\.af;} <Y T X) > T ‘) '« o pd,/wfdl

B;, f{éymphon Th has Jue,_qr{f’e ,T.,.l kas lcgz!eehl

T T (0 = T )

4 L) = 2x:x =1 @ ‘
} - !,(ﬁn Pl Vip
8 g [x] = 2xT, (x) - T,{;(} V' it

; 2 x- (2x2 )2 | whal morp
= Y3-2x =X @ o uife

O Own

(1 [ve




JJ) USP dnswir F(ofh a f-b {'9 {‘:"1@, T\a YT}
~ 69 E‘; (ﬁﬁlffg!ﬂn
To< |
11 X
To @ 2x%-]
T3 * / Ix+]
be - Zx K) Tz )
=5 Wxg 2*‘1) -(2x° “’)
877&’ 2)(‘“2?( ¢
YxT_ @sc — 2% ¥+ %/ =
¥ Iy
2x Tu[x) ~ To(¥]
D[ §x“—fx* - Kr’)*([’f\‘BQ'\))
(xS — 1263 -YUx?¢2x = Yx3+2x 1]
1( x5 ~ J6x% —Yx® tYx r]
8) Noﬂce Tkoﬂ ] ((‘JQP(} (‘L‘({m() Use Thes fad dnd  dnstfr

C(om d to d@)‘wme on lde,n‘ ?:) @r Cog 9?\

0s A 90{7 nomed ] in  Ceos X

C@s(§x) ((o.j‘x}

Thd T Loudl uot ?Y

I (CosX} = Cos (n (m"j)

. Co¢ [nx) ©
Toler) L6 cofy - 10 cos™ — Y cas? x t Yrasx «] X ’\,
f;d hd(
—




’\ 2
E)l Compett e deflalle /o togedf Hint =~ Yo asswor el
. v de_pMd o0 pwhetls
( TMT() Y M gad N ace aon
Broadar Jix? 2000, %t Wudils
0“[((8 in 790'\(}' E:
o X = tus Ij & show

(oo (m K,}(cﬂs(ﬂ X {x

V)

=

® egra| s Sitfilt

Olﬁ(j S ALYyt [094_ -/p Qr}f;qq

0 COMPEK B and Ol{'r Cocrns Ly

oc kn@p/l( ALY

0 m#h

ﬂ‘ m :O/ n:‘O

~Sibstut e

a (‘:w‘, 4R l’dbf‘-eib

\Jo”\({am /:Hlpi\ﬂ {""J So f“(;cs}j)

B

“use teln  deart y (o ’C{J ’fL(’G =3 C’C’m‘({f(“ﬂ)?
(cé(&+ﬁ) A= Inx _ b=nx

Jj, g( (a4 (x[hwn)) L faL{X(m fn” d?

~

“txpaed la tog 40ad

L J colixlon=n] Vi ffos [ men ]

L=




__(____ a ] -l~_L (CQ:I
J

) b (s Qv
2 (m-n]

\Hﬂ\] . 55/1\/ I

Q(Fvn) T D [

n{)( (mn . «L_L(”ﬁ’? Ly

X

. 27m h P ,mm)
o (almal] g (aleral]
)_(m ) 2 (mta)
)\ &ia (ﬁ_) i 5:'1 fd)‘“ﬁ
| 2 (m: o) 2m+n) \
: g

D hal e Thaf prare

N




a EX\?(a{}n o meted  Gr 'U?}qq S T Eow T
’ o exprest  day polynvmfafj Po(#) of degee n

in “H’fms 01(' ILL:.? L; shey P"\ymﬂr tals Dwt;n sfrale,

bt ot W/ Ty :Ps‘

[ p (o (4 dx
)_’, Aty 'r {7} W
7\? [ (o5 X |
aq= .
'lf’tt\tll(’%“f Z _f)n (7( ‘?Y o —0 %
n=90 l B 2‘," X 1!02




™ PSet + . 8.0l
Tall 2009

|

Bobem1 [ on Beyond  Simpsons Rule ] (Graders: do s 242+2+2.)

o) Draw o pickor for o 3-inund cuble approvimation

= A3 +‘3x 1 (k+D

b&&l”ttl iﬁ}mrf\"‘f\
/]
T
=] } >
¢ W 2 3w
2w
%) Td e CQL_FH\H'{ jn{(,%mﬂ L B x>+ e+ dx
3w — 4 - an)F—plan) 3w)®
j A?4Bx% 4 Cx4D = ’a% 3 B.‘:f Qi"— 4+ Dx L - A4 = C( +DEw)

i}

L (t62Aw® 4 32 Bu® + 368w 1 24p)

C.:) ﬁncl in'h.%/f CDM’]W ‘&g’ k{[_)tllk-g fa ‘lﬁ@f{- 3:;.-0_
%..(_kﬁqw + B QW) + K QLw) tks @(Suf}_) = J (Ax*+ BX" & Cx +D) du

‘ﬁ-D‘* _'E‘_ (Aw? +8w? + Cw”-*b-)-—r £, (AW + 4B W2 s 2cw +0)
e rky (22Aw™ + 9pw? + 3CW 4 D)
R, w? (AR, + BAk: +2FA ks)

=8 Qliw)
V4

yw* (Bl + 4Bl, + 9Bkz)
rw (Ck + 2¢Cka + 3C1y)

: + Dko. |
Wokdh s with  RMS = 624 w? + F2puz 3 3ccw + 29D,
Gka D kot Kitbavks =24, || 25+ 6y =3 G, +36=F2 5 dk,=%
sl K+ 8l, +2Fks =162 Gk +I8ks=T0 | = kz=1.
- ot {tz +4k, y Ak, =22 4k, +i2ky =F2 Ki=%-29-3-3 =
%m K+ 2k, +3K3=_56_ Olks =1y DY 3=3 = 36-|9-9=9,

T IR T PN
Iku=3 . k=1, Ke=9 k3:3k




Aol cowb. |
() Sede a gﬂmhaa&\bn GPg;n‘fhn‘s rulla ag“ cdbic cuveres |

La--‘f(x] dx = = (S-F(Dl-l a4 (4/2) 4 A£(%4) + B-F(u))

—
=

(:F(o? + 38(a) +3R(*Y3) + £0)) .

sl T

= 2"%%' (£ o) +3f00)+ 30)+ 286y + ..+ 3Bxse )+ £lxe) )

(2= 2]

Bobem 2

o) Simwmﬁn 7[0.2 : ‘H abcd.

x4

= q
42 &) n=3 fxbexo_{k = ;;—-e 3 b) n=2 fszoJksg{)c = 'é\.h'n)\'gJ-C
- c) h’—-]- I@Fx—-dx-—" f (eax)?® +c a()h:—'z %EM: 24am Vx + <,
_@) $‘\m\@mm -: (0.2 .'7 2t alo _
Cﬁf,\c\ \!iuml.cf(- fspl.irl lf’f'rwtr( obd. lyvl Vb’b.h‘n.% CAJ-.L.:II.J ‘?.L,ﬁq‘aq Qx—wﬁ,j
T &) Y-:-‘rln)t, D sx <.
Tl' 0% Iy >
.{D Tonle dx = (=x- 7 $h2e) ]0 A

Q) y=¥ex  oex %

L q’T;st;.A,_ = A /b q - ,]1‘_ |

6) For e wpo Shew S = Ly 64,
™ S de =[x Dutcde s Jtn's (sede-0de = Jtn"x scxod ~ bty d,
= Joy Al - Mt de = L Gue - JGaxde Va

-+



€LY | ©

- Ro\o\bw’l-, Cont.

e) q)eém adﬂwwia_ [ﬁn, jW4KdM

Jnty dy = J?f-blk dx - J1dv = tamy - x+ ¢’

=3 f{m*’rmx; [%m% ~ tanx +x -f-TJ

Rkl 2

Coox*

1~ 51 ) m,‘_al Hetn mdot‘mg,

a =g, a!pr ) '6'\11'\!- O.U\.El \-’VJ"\'-a PZWhCLL ﬁvﬂﬁj}\m (E’mpr&n YQM‘an&E G wtr \‘qbrh—-SLr%)n)

a) Devie @ f:,amka :ﬁr fSa:x dy oy mfh\f._.g Secx =

Sy 1 Cex Cox __..’L.
=R n CO:?"X I'-Tn\nb)f ; “—-JI‘AK AJ(J‘ 3 (["U)(Ffu) )
. A shx) j
Cau X s = — —_—
2 Jxex de = e j 1 sin*x f-u” j “o du
A_— g -
{/2— ‘/2_ 4. {
= = r = = - {-u] + 2 G (lFu) +c ,
J o o Lo (-0} + ({Fu)
T | A+U A+ nax -
e L Ll — 4
= 2 EM ( [~ L ey E Dn ( | ~glan ) +c.

b)dowvfm‘ ’Hu‘jporwdﬂ_ Werve Wits 6 mm %{l.‘mm- _
A+ $he , e Ly =
I | il e )
J+C"—— z'l“:‘(l-'-in'mc Hhm) 2&4(% )*C'
= b (A2 ) o [ser ) Fe
B3 Fed A vl windlen He fip ﬁmpa:{ q=cox
Ywﬁ,mmmﬂwm#m |
_ LA

, whtrd wot Ao

A

V= [ 2 fde = J Wxeoxde = 7o (Xh'nk—f_u::x)lo
° b

=10 (ﬂé,40#'—b"]) = Z’U(%"Dz T2 24 . -_
7



= Bodont [ Cllobyche Fbl\{mmwﬂ Tal= o (W avccowx) @
o) Expresd T, oon Quadoridic pol- T Goa akic
T2(x) = cos (2 arccesx) = 2 Gos barecoss) — 4 = |Zx*4.
Tab<) = Cos (3amzcax) = om [ Duwpeork) Chy (areenss) ~ 2o (2 arpeom) Shlbtoue) =
= @x’il)_ (x) = 2 on (arcenx) coslacccoc) 0 (areeosx) =

- G?x’—;)(x) = 2% B> (gecmix) = =

(23‘1-!_) (x? - ax ({;xz] = HXBFBXI

2) §}ﬂ»%+ cﬁr Mz, Thﬁ?: 2x 'Th(ﬂj ~Th= (x)

(1) +1 )areesse
TuQ=cos ( (wt) avccesx) = cos (N Ortcosx) X — %{n(ﬁmw;&) =n (orteosx )

—_—

- | x’i’n - [ (sih @A-l) a/m»sx) ‘&b;(am:«_asx) + co () arieanx) gh;,(a,raa,x))- W,.(ar.xﬂ

KTo = (X oin () amore) Bhlemior=) 4 (4=%*) @ ((1-1) grecoax ) )

KTh - [—K cos (hareosx) + X cos (W) arzeonx ) oy (W:x) + Tyt:_?__xiTh_Ix)—J:

xT-[-x T+ x/vA + T () — xLT/Mm}:
= BT T, o,
c) 3\@!:0%@\' ’fn‘ua'poﬂaﬁwﬂ ot

Rodree t Tayy G’ﬁd«-&h*[ .
S‘mubqulmhbq To 0’\(403 &, T“f;ﬂ(‘ai Gozme hu—{-cia.%lc foe B2 W,

Th dog () = digle T = Tun) = ol deg (%), olg (rc))=

=max (W, nx) = nely,

1)



- M J) Dd‘“h’!;lﬂ!_ T{.{. ;'Tg

Tg=2xTaX) —Tal) = 2x (4x3-3x) ~(2x1—l> = IS?&*" Bx* ) l

Te = > Tyt -Toylx) = 2x (Bx9-8x=e) - (4x7-2x) = 46xS - 20x3 + 5x.

—

e) Th (Uc:X) = (> \nx . CDW an Ld.wid:j d{m Co 5x aafm—f I/‘hmx .

0y Sx=Thlewx )= 4bean x —20ca® «Teomx
- = oA Ay |
) Compvie [, Th () Tt = T§ nem=0, fwh b 5——@ = Om_s'm’?'\! =

_ -1
: = :;.-:“ (':“Zq)-" T//

Y+  we cmH Aic:-—fn'n«\clu‘ dexsl=a TeYyzo., ontldivhwood
Grpte = o _ — v dy Vicwiy = Shy,
;1:'-0 _é"'r“ (3y) Twmlewy) %‘1 =
mio o I ]
- = - (~ £ T (ca»{)"ﬁ,.(w-l) du.l) = L C.l::_mr mm‘z a\.1 =

= [ Snl-m)Y | ey
2 (n-m) 2 (w-w)

(i = Jomsla s o Lo i

T
=t W
v 7

& 0 y . NEm
| -

| AT : n=W,(#0)
b | R | h=h=0




LPJU/(_? ?(
Pcwﬂ\qfr;c Eqaa"’:'m ”/'Zd

Pat ¥ Do Tee [Joc

Exam L} }09(. 3

lodoy,  Pocante Equatios

ﬁ+o+all\{ Vet e fo (P'p/é’&f’cf a_ Longlton

4 : pachmg T0r

'arapk s toms of coprdi-at®s  Eugtlans ol 4

x={[})

V:‘QID

SWE’YW& ,raﬂuan, foe ¥ 6[6& b{

! } v | P
— € sel Specified - could be pw{*rr?ﬁmd

Ea  «(t)
5 ,

o |1

1 il ; 5ot of memafréc
1+ equating

\—_.'

b
v(t
I\--’

\A/Lot‘l does Cgrn;(f‘\ lnaL [ikg 1

'gf’mpfe aﬂpmd\ ~-1OIof lpo;'vfﬁ

p pei—— 2 |
: =
___\f X L v by
J ] 3 é P2
slo | ) = .
| - Q i\-f:“‘/
|

#F

— were jafo clece  howe ) ﬂf*@_‘ dk!)

+ = Yirg"




@%ﬂﬂ Ls The Pm
O?L 'lﬁ flOvv'

® VHP{ o fuup

g ‘Z'PUIL MroyL {'o (e g;/"im{ ”Mf

ey

Lecord  Apptoch

b, o plimute Y voridble ia ga eqy/ale
(Q]G‘.hnﬁ X _Qat S

«=1?-74 | et cubst/F0

prmaal o oo len ]

: = (y-l) - 2(y-])
X‘:\;,j"zyf'l“zy-!z
=y
7=
‘/ 5

\

Emvﬂp[?

X €08 F b Elp, 70 ]
L= F \j

x?ayt s 12t < |

b R c 1 -
@ ‘pd(aﬁb e -P[j{udi:ﬁ"‘ for atl .{:fC)f’




af <0 Wo y)oe{n at Xz yfa

N
N
N7
17( € EO,: '313;{ € (e )'ré(e Ovfr
Miel ot s gn 2t y-Cuol 1 E[o71)

Tty 7 gl (20 + 0’ (2]~ |

|« Clch

b o | at (() J) {:_;e,L_-an

—qu& do C]OLL‘""(’Q

~get fwe dele o5 fast

e 4 A
e i T

= e,
[# % vay s inpodery (fin ofc) |

P ———

Focder Erangl

\
(\ ) P (,an(ruf@f Qllq we)

X:S‘MQ'} \—')%\ -

v = cos Y /\) Q-7

X =T t2%n04 | (L

,+f2C05 + A

N Z é.('i?d”7
s be A“r {9 ‘90{‘(’ L/} WQL[(W
Gr 1(0,\( 1o~ ad |
Or :m;mm\e

Jod* COn €r4d fangeﬂ“ :f, a,f }{))l Ly ,l,g,(‘@«{)u a ’if“ﬂ CI'M\\

—



Horded 2 xamle

i { \ |
-*fhyétcal cifuaten  1a derms of Pﬂf‘f'”&’fu'( P@ﬂ"ﬁﬁ

—cyeloid

FaWa\

A ——=3 e Erend

\
B b

7

F’ﬂd.. i:tl‘i
— Ao ,,U.‘

g)aﬂ ot “Q”

/\\//x\( | Z W

1N 7/ Y N

=3 0 x_ Swikd FE

& —
» (&

Write ‘paw-,ﬂc'f( eq’uaﬂow for his cod

A «[o) = 10T [-pa] - //é”—TG%aD
Y] vm% - C&l fr [ Cos
Re=Ay

f i"f‘}i 6:0 2‘){0/0)

(wloﬂll ‘s lm Rrar,,,, lfocﬁramé Prab]p,,

““pmd (/L LQ}WMVT pi P* (n 5pd(€ ﬁ g

sUch  fnat a mackle rn/(s o PHQ

L Lkoric’a Um} Y,

f cavit en\y a(?.m



#f
K /Al
_ P
.

PR ) =3 }
AL T (UG teT au?wfyc_

L TaJrar hriot PmJ [om - Fiad fi curk_on _which

o matte ot wme < placed, if orries

ar bﬂh-am of (e V@ dy J"zﬂ f:'d{

Ml — & rmg'l[_‘ﬂ*—bcﬂﬂm'
>(/Y2 / 4 na<!!‘h'ﬁ-‘“ G‘ (UfVQ
SN drey— %
(Do] gs)rﬁfha~F {n ﬁmmwﬁ abbpﬂda g V59 J(Ae ”é Low
! +eannL\

(alds w/ fargnetric E?bo}:e.«g

Xl ot ol Cquallen for Tugend
\'/“&(Jr:) [mg fo (e A raf com {’;5

X, = x[fe

VoS Vrliﬁj
7 7 7

! Y
reteal  we  \ipow  fundien \s = E(y)

Do chalia o1 F({(n)

Uittweribale 4’/%) < FIO£G) ()

=

%maFH Fﬂmr/MWMWMfwy

, ok
LOWIKS edloe~ |, (,(ﬂ/lﬂn‘v{ /wf'atHM

(iy : Jv/c”

IR TYAT



F;ﬂﬂ ] fMiM?L

”ff !’o

(vc!a;d whtn 6%

“‘L_Z‘ d v ZJ& ~ _CSnf- ¢ B

dx u)x/Jf} el | —cosO
VVLQ‘”- 9 - 13 [/ J/ dY
i _9:?

Tongert i a9 -
s W)
ves(2)< )z (x- x(%)
r /1 v/ X J/
b {‘%}) ~ N —rws v/ eyanpl(
' g r/z )
= — — e
> Paioen
\)m )(UR" )i//lt'l/“l
4 B
bouts mean xeloe) s x=
“Box=b
x= (1) |
warY o gole g ={(+




Lecture 30 18.01 Fall 2006

4—a—>11

Figure 6: s = angle in radians.

Parametric Equations

Example 6.
r = acost

y =asint

Ask yourself: what’s constant? What’s varying? Here, ¢ is variable and a is constant.
Is there a relationship between = and y7 Yes:

2 2

3:2+y2:a cos’t +a’sint =a

Extra information (besides the circle):
At t =0,
z=acos0=a and y=asin0=0

iy
At t = -,
2 T 7r
x=acos§=0 and y:asiniza

Thus, for 0 <t < 7/2, a quarter circle is traced counter-clockwise (Figure 7).
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t=T1/2
(0,a)

(a,0)
t=0

Figure 7: Example 6. 2 = acost, y = asint; the particle is moving counterclockwise.

Example 7: The Ellipse See Figure 8.

x = 2sint; 1y = cost

Iy y? =1( = (2sint)?/4 + (cost)? = sin®t + cos’t = 1)

(2,0)
t=Tt/2

Figure 8: Ellipse: = = 2sint, y = cost (traced clockwise).

Arclength ds for Example 6.
dr = —asintdt, dy=acostdt
ds = 1/(dz)? + (dy)? = v/(—asintdt)? + (acostdt)? = \/(asint)? + (acost)2dt = adt
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Lecture 31 18.01 Fall 2006

Lecture 31: Parametric Equations, Arclength,
Surface Area

Arclength, continued

Example 1. Consider this parametric equation:

2

g=t =1 for0gt<1

B=()P=1% P¥=)12=t! = =9y = y=23 (<211

ds dy
dx
dx

Figure 1: Infinitesimal Arclength.

(ds)? = (dz)* + (dy)?
(ds)? = (2tdt)® +(3t2dt)® = (4¢2 + 9t*)(dt)?
W_/ ‘—V_/

(dz)? (dy)*
t=1 1 1
Length = / ds = / Vdt? + 9tidt = ] t\/4 + 9t2dt
t=0 0 0

(4492321 1
27 o 27
Even if you can’t evaluate the integral analytically, you can always use numerical methods.

(133/2 _ 43/2)
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Surface Area (surfaces of revolution)

>
>

ds/—\:

Y
>

Figure 2: Calculating surface area

ds (the infinitesimal curve length in Figure 2) is revolved a distance 27y. The surface area of the
thin strip of width ds is 27y ds.

Example 2. Revolve Example 1 (z =%,y =t3,0 <t < 1) around the x-axis. Refer to Figure 3.

Figure 3: Curved surface of a trumpet.
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1
3 2 1
Area=f21ryds= /0‘27r LYE w =21T/ t'/4 + 9t dt
0

Y ds

Now, we discuss the method used to evaluate
ft4(4 + 982)1/2dt

We're going to ignore the factor of 27. You can reinsert it once you're done evaluating the integral.
We use the trigonometric substitution

2
b= 3 tanu; dt= gsec2 wdu; tanu 41 =sec’u

Putting all of this together gives us:

2 ! 4 V2 19
]t4(4+9t2)1/2dt = /(Etanu) (4+9(§tan2u)) (gseczudu)
9\ ®
(E) ]talfl u(2secu)(sec? u du)

This is a tan — sec integral. It’s doable, but it will take a long time for you to work the whole thing
out. We're going to stop evaluating it here.

Il

Example 3 Let’s use what we’ve learned to find the surface area of the unit sphere (see Figure 4).

A rotate the curve
by 2m radians

Figure 4: Slice of spherical surface (orange peel, only, not the insides).
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For the top half of the sphere,
y=1+1-—22

We want to find the area of the spherical slice between z = @ and x = b. A spherical slice has area

x=b
A= f 2y ds
Tr=a

From last time,
dx

Vv1—zx2

Plugging that in yields a remarkably simple formula for A:

b dx b
A=f 211'\/1—32—=f 2mdz

ds =

V1—22
=27(b—a)

Special Cases
For a whole sphere, a = —1, and b = 1.
2m(l — (=1)) =4rw

is the surface area of a unit sphere.

For a half sphere, a =0 and b = 1.

27(1—-0) =27
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Lecture 32 18.01 Fall 2006

Lecture 32: Polar Co-ordinates, Area in Polar
Co-ordinates

Polar Coordinates

. X
Figure 1/ Polar Co-ordinates.
\
\
In polar coordinates, we specify an object’s position in terms of its distance r from the origin

and the angle # that the ray from the origin to the \point makes with respect to the z-axis.

Example 1. What are the polar coordinates for the pomt specified by (1,—1) in rectangular
coordinates?

;’/ (13"1)

Figure 2: Rectangular Co-ordinates to Polar Co-ordinates. \

VEFEIE =2

m
6 = —= \

I

In most cases, we use the convention that » > 0 and 0 < # < 2%. But another comimon‘convention
is tosay r > 0 and —w < 8 < 7. All values of  and even negative values of r can be used.
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Figure 3: Rectangular Co-ordinates to Polar Co-ordinates.

Regardless of whether we allow positive or negative values of r or 8, what is always true is:

z=rcosf and A= rsinH|

/

\\lx a/

: \/. 3

For instance, x =1, y = —1 can be represel}tf’e_gl by r=—2,0= T
4 N
y \

3/
l=2=-v2cos 2 and Xl=y=-— 25111?%{

/

/
/

Example 2. Consider a circle of }:édius a with its center "at; r=a,y =0 We want to find an
equation that relates r to . ‘

/

0) \

Figure 4: Circle of radius a with center at = = a,y = 0.
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™ . - - .
\)‘\{e know the equation for the circle in rectangular coordinates is

\

\ (z—a)’+y’=a
N\

2

Start by plugging in:
AN z=rcosf and y=rsind
This gives us ‘
(rcosf — a)* + (rsind)? = a®
r2cos?0 — 2arcosf + a® + rsin?0 = a?
7% —2arcosf =0

The range of 0 < 0 < g traces out the top half of the circlg_,-'ivhile —g < # < 0 traces out the bottom
half. Let’s graph this. '

>

0

f"'\‘_ »
e
=
p—
o)
[

/ Tigure 5: r = 2acosé, 17\7:/2 <0< /2
.. %
' At9=0,7‘=2a:>:r;=2c1,y‘—;.0

,-" At@:%,7'=2acos%:a\/§

/

The main is/sﬁe is finding the range of @ tracing the circle once.\In this case, _Tw << -72[
""/ “"
/ T \
, / 0 = =g (down)
/ m
/ g = o) (up)
/
_,/ . . ™ 3m \
Weird range (avoid this one): 5 <0< —. When § =m, 7 =2acos7 = 2a(—1) = —2a. The

. ) T 3 ; ; )
radius points “backwards”. In the range 3 <l < - the same circle is traced out a second time.
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r=£(0)

Figure 6: Using polar co-ordinates to find area of a generic function.

Area in Polar Coordinates

Since radius is a function of angle (r = f(0)), we will integrate with respect to 6. The question
is: what, exactly, should we integrate?

02
A / 2748
-

N\
Let’s look at a very small slice of'this reg:iQn:

\

Figure 7: Approximate slice of area in polar coordinates.

" This infinitesimal slice is approximately a right triangle. To find its areé;,‘ we take:
1 1 "
Area of slice = E(base) (height) = 51‘(7‘ df)
So,

Total Area = / —r2do
0, 2



Lecture 32

18.01 Fall 2006

Example 3. r = 2acosf, and —g- <f< g (the circle in Figure 5).

w/2 1 w/2
A =area = / ~(2acos0)?df = 2a2] cos>0 df
—/2 2 —n/2 /
/
1 1
Because cos” \=‘__§ + i 20, we can rewrite this as ,/

’,/
/2 w2 /Y
A=area=/ (1+c0528)d9=a2/ dB—{-azf " cos20d0
—w/2 —-m/2 —7/2

1 0
=ma® + 3 sin 260

w/2 1 4
s = 7ra,2 4 EM

2

A = area = ma

Example 4: Circle centered at the Origin.

J," Figure 8: Example 4: Circle centeredk"a_t the origin
/ \
/ x=rcosf; y=rsind
/ 22 +y? =r2cos? 0 +%sin% 0 = r?\

The circle is/z? + y% = a?, so r = a and

x =acosf; y=asinf

211'1
A= f —anG—— 9 = ma’.
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Example 5: A Ray. In this case, § = b.

Figure 9: Example 5: The ray 0 = b,0 < r < oco.
The range of ris 0 <r <oo; x=rcosb; y=rsinb.

Example 6: Finding the Polar Fofgnﬁ]a, based on the Cartesian Formula

\ 4
P

.f( Figure 10: Example 6: Cartesian Form to'Polar Form

& l‘\
/“j \

Conmdm, in cartesian coordinates, the line y = 1. To find the\pohl coordinate equation, plug
in y/~=rsin0 and x = r cos f and solve for r.
/A \\

1 i with 0< @< 7r\_

/ rsinf=1 —= r=——
sin @

/
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xample 7: Going back to (z,y) coordinates from r = f(6).
Start with

1
r=—
1+ %sinl‘?
Hence, i ;
| T+ % sinfl =1 /
s
Plug in r = /22 + y* r,»’
N\ 't /
\ 2 +y2 + é = 1/
fo2 a2 =1 Y 2, .2/ A y°
Bedye=1—= = z+y* ' =l(l-=) =1—-y+=—
\ 2 / 2 4
Finally, \ /
\ 3 2/
\ P+ Ay=1
: 4/
This is an equation for an ellipse, with the orig}ﬂ at one focus.
Useful conversion formulas: /
r=+z2+4% and 6 =tan™’ (E)
\ / T
/
/

/
4

/
Example 8: A Rose 7 =cos(20) /
The graph looks a bit like a flower:/

/ \ <0 /4

>0

Figure 11: Example 8: Rose

For the first “petal”

m ™
—— <<=
4 4

Note: Next lecture is Lecture 34 as Lecture 33 is Exam 4.
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Exam 4 Review

Trig substitution and trig integrals.
Partial fractions.

Integration by parts.

Arc length and surface area of revolution
Polar coordinates

Area in polar coordinates.

Questions from the Students

e (Q: What do we need to know about parametric equations?

e A: Just keep this formula in mind:

o () - (2)

z(t) = t4

Example: You're given

and
y(t) =1+t
Find s (length).
ds = /(4£3)% + (1)%dt

Then, integrate with respect to t.

Q: Can you quickly review how to do partial fractions?

A: When finding partial fractions, first check whether the degree of the numerator is greater
than or equal to the degree of the denominator. If so, you first need to do algebraic long-
division. If not, then you can split into partial fractions.
Example.
2?4z +1
@12 +2)
We already know the form of the solution:
2+ +1 A B C

@-12@+2) z-1 @-12 z+2

There are two coefficients that are easy to find: B and C. We can find these by the cover-up

method. 4
1“+1+1 3
B:—:—- 2
1+2 3 (=1
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To find C,
_(=2-241 1
tr= (-2-1)2 ~ 3

To find A, one method is to plug in the easiest value of z other than the ones we already used
(z =1,-2). Usually, we use z = 0.

(z — -2)

1 A 1 1/3
Cire TR e

and then solve to find A.

The Review Sheet handed out during lecture follows on the next page.
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18.01 Problem Set 8 — Fall 2009

Due Tuesday, 12/01/09, 1:45 pm in 2-106

Part I (12 points)

Lecture 31. Friday, Nov. 20 Calculus using parametric equations.
Read: Read 17.1, 17.2 Work: 4E-2, 3, 8.

Lecture 32. Tuesday, Nov. 24  Arclength and Surface area
Read 7.5, 7.6 Work: 4F-1d, 4, 5, 8; 4G-2, 5.
If a curve is given by x = 2(t), y = y(t), to find its arclength, use ds in the form

. dx\? dy\ >
N 2 2 — e
ds = y/(dz)? + (dy) V( dt) + (d,t) dt ,

and integrate from start to finish: from ¢ =ty to t = t;.

THANKSGIVING BREAK - No recitation on Wednesday, Nov. 25

Lecture 33. Tuesday, Dec. 1 Review for Exam 4.

Thursday, Dec. 3 Exam covering techniques of integration, parametric equations, arc length

and surface area. Location to be announced.

Part II (31 points)

Directions: Attempt to solve each part of each problem yourself. If you collaborate, solutions
must be written up independently. It is illegal to consult materials from previous semesters. With

each problem is the day it can be done.

0. (not until due date; 3 pts) Write the names of-all the people you consulted or with whom you
collaborated and the resources you used, or say “none” or “no consultation”. (See full explanation

on PS1).
1. (Lec 30, 12 pts: 3 + 3 + 2 + 2 + 2) This question involves integration by parts. Let

w/2
I, = f sin” z dx
0

a) Use integration by parts to show that, for odd powers (e.g. 2n + 1) of sine,

2.4.6-----2n
3:-5-7-----(2n+1)

Iy =

b) Use integration by parts to show that, for even powers (e.g. 2n) of sine,

C) Show that 12n+2 S 1211+1 < I?n



d) Use parts (a) and (b) to show that

2 1 Iz
n + < fond1

<1
2n+2 7 I,
N OF R
and hence deduce that lim =1.
n—0o0 2n
e) Use parts (a),(b), and (d) to find
2 2 2 2 4 4 6 6 2n 2n

2. (Lec 31, 7 pts: 3 + 1 + 3)

a) Find the algebraic equation in = and y for the curve
T =acos*t, Y= asin® ¢.

Draw the portion of the curve 0 < t < 7/2 in the three cases k =1, k = 2, k = 3.
b) Without calculation, find the arclength in the cases k =1 and k = 2.

¢) Find a definite integral formula for the length of the curve for general k. Then evaluate the
integral in the three cases k = 1, £k = 2, and £ = 3. (Your answer in the first two cases should
match what you found in part (b), but the calculation takes more time.)

3. (Lec 32, 9 pts: 3 + 1 + 3 + 2) The hyperbolic sine and cosine are defined by

e 4 e~ ) et _ g~ T
coshr = ——, sinhz=——7—
2 2

a) Show that
N d . d .
i) — sinhz = coshx and — coshz = sinh .
dx dx

ii) cosh®z = 1 4 sinh® z and
1+ cosh 2z
2

b) What curve is described parametrically by « = cosht, y = sinht? (Give the equation and
its name.)

iii) cosh?z =

¢) The curve y = coshz is known as a catenary. It is the curve formed by a chain whose two
ends are held at the same height.

i) Sketch the curve
ii) Find its arclength from the lowest point to the point (z1,coshz;) for a fixed z; > 0.

d) Find the area of the surface of revolution formed by revolving the portion of the curve from
part (c) around the z-axis. This surface is known as a catenoid. It is interesting because it is the
surface of least area connecting the two circles that form its edges. If you dip two circles of wire in
a soap solution, then (with some coaxing) a soap film will form in this shape. In general, the soap
films try to span a frame of wires with a surface with the least area possible.
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Exam 4 Review Handout

1. Integrate by trigonometric substitution; evaluate the trigonometric integral and work
backwards to the original variable by evaluating trig(trig=!) using a right triangle:

a) a® — 2% use z = asinu, dr = acosudu.

b) a® + z? use z = atanu, dz = asec® udu

c) 2 — a? use z = asecu, dx = asecu tanu du

2. Integrate rational functions P/Q (ratio of polynomials) by the method of partial fractions:
If the degree of P is less than the degree of @, then factor @ completely into linear and quadratic
factors, and write P/Q as a sum of simpler terms. For example,

322 +1 A B By Cx+D

C-DE+22@+9) -1 T@+2)  (@+22 49

Terms such as D/(z* + 9) can be integrated using the trigonometric substitution z = 3 tan u.

This method can be used to evaluate the integral of any rational function. In practice, the
hard part turns out to be factoring the denominator! In recitation you encountered two other steps
required to cover every case systematically, namely, completing the square! and long division.?

b b
/ w'dr = w| — / v'vdz
a a

This is used when u'v is simpler than uv’. (This is often the case if v’ is simpler than w.)

3. Integration by parts:
b

a

4. Arclength: ds = /dz? + dy*. Depending on whether you want to integrate with respect to
x, t or y this is written

ds = /1 + (dy/dz)?dx; ds = /(dz/dt)? + (dy/dt)2dt; ds= +/(dz/dy)?+1dy

5. Surface area for a surface of revolution:
a) around the z-axis: 2myds = Zﬁy\/lr—IWd:v (requires a formula for y = y(z))
b) around the y-axis: 2rzds = 2ma+\/(dz/dy)? + 1 dy (requires a formula for z = z(y))
6. Polar coordinates: @ = rcosf, y = rsiné (or, more rarely, r = \/m, 8 = tan~!(y/x))

a) Find the polar equation for a curve from its equation in (z,y) variables by substitution.

b) Sketch curves given in polar coordinates and understand the range of the variable 6 (often
in preparation for integration).
02
21
f —r2do
0, 2

(Pay attention to the range of € to be sure that you are not double-counting regions or missing
them.)

7. Area in polar coordinates:

1For example, we rewrite the denominator @2 +4x + 13 = (z +2)2 + 9 = u? + a® with u =2 4 2 and a = 3.

?Long division is used when the degree of P is greater than or equal to the degree of Q. It expresses P(z)/Q(z) =
Py (z) + R(z)/Q(z) with Py a quotient polynomial (easy to integrate) and R a remainder. The key point is that the
remainder /i has degree less than 0, so R/Q@ can be split into partial fractions.
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The following formulas will be printed with Exam 4

sin®z+cosr=1; sec®z=tan’z+1

2 2

S N SR S
3,—-2 2(,OS Iy, COS LL—2 2COS €T
2

T —sin“x; sin2r =2sinzcost

sin

cos 2z = cos®

2 =1 1 d | 1
tanz =sec*r; —secr=secxtanr; —tan "z —sin” "z =

d
dx dz dx T 1422 dx T 1 —x2

ftanz dr = —In(cosz) + ¢; fseca:dﬂ; = In(secz + tanz) + ¢

See the next page for a review on integration of rational functions.
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Postscript: Systematic integration of rational functions

For a general rational function P/@, the first step is to express P/Q as the sum of a polynomial
and a ratio in which the numerator has smaller degree than the denominator.

For example,

B e
2 —2zx+1 22 —2x+1

(To carry out this long division, do not factor the denominator Q(z) = 2% — 2z + 1, just leave it
alone.) The quotient z 4 2 is a polynomial and is easy to integrate. The remainder term
3z —2
B—1)
has a numerator 3z — 2 of degree 1 which is less than the degree 2 of the denominator (z — 1)2.
Therefore there is a partial fraction decomposition. In fact,
3z—2 (Bzx—-3)+1 3 i 1
(xz—-1)2 (z-12  z-1 (zx-1)2

In general, if P has degree n and @) has degree m, then long division gives
P(z) R(z)
Q(z) Q(z)

in which P;, the quotient in the long division, has degree n — m and R, the remainder in the long
division, has degree at most m — 1.

= Py(z) +

Evaluation of the ‘“simple” pieces

/( dzx _ -1 (wﬁa)l_"+c

r—a)® n-—1

The integral

if n# 1 and In|z —a| + ¢ if n = 1. On the other hand the terms

f zdx - /’ dx
(A2 + Bz +CO)  © (Az? + Bz + O)"
are handled by first completing the square:

2
Az’ + Bz +C = Az — B/QA)2 + (C_ f_A)

Using the variable u = vVA(xz — B/2A) yields combinations of integrals of the form

f udu - / du
(u2 i k?)n (u2 4 k2)n

The first integral is handled by the substitution w = u? + k2, dw = 2udu. The second integral can
be worked out using the trigonometric substitution © = ktan du = ksec? 8df. This then leads to
sec-tan integrals, and the actual computation for large values of n are long.

There are also other cases that we will not cover systematically. Examples are below:
1. If Q(z) = (z — a)™(x — b)", then the expression is
Aq A, Am 4 B, By B,

:c—a+(:c—a)2+.”+(a:—a)m :r:—b+(:r:—b)2+”'+($mb)”
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2. If there are quadratic factors like (Az? + Bz + C')?, one gets terms

a1z + b asT + bax Fod apT + by
Az?2 + Bz +C  (Az?+ Bz + C)? (Az? + Bz + C)P

for each such factor. (To integrate these quadratic pieces complete the square and make a
trigonometric substitution.)
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CONTENTS
1. Integration techniques 1
1.1. Substitutions 1
1.2.  Trigonometric integrals ]
1.3.  Trigonometric substitutions 2
1.4. Rational functions 3
1.5. Integration by parts 4
2. Other =
2.1.  Parametric calculus B)
2.2, Arc-length B)
2.3.  Surface arca 5
l. INTEGRATION TECHNIQUES
Table 1: Basic antiderivatives
no | Function f(x) | Antiderivative [ flx)dx
PR v
1 % a # —1 E il
2 g ! Injz|+ C
3 —cos(xz) +C
4 sin(x) + C'
5 et +C
6 arcsin(z) + C'
7 arctan(z) + C'
] ! ‘f'.‘/

v /by gl 1t

1.1. Substitutions. Recall that if u = u(z), then [ f(u(x))u'(x)dr = [ f(u)du (follows
from the chain rule). Then one can computes [ f(u)du and plugs u = u(z) in the result.

When we compute definite integrals we can make substitution both for the integrand and
for the bounds: .]: flu(x)u(x)de = _f(f [ (u)du.

This is convenient when we make Tultiple substitutions. Indeed, we do not need to
remember which substitution we made, we can just compute the integral on the right-hand
side.

Problems to practice:

e Practice questions to exam 3, problem 1.
e Exam 3, problem 1, problem 5d.
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1.2. Trigonometric integrals. This includes integrals of the form [ sin™  cos™ xdx, where
n and m are integers (positive or negative). One also can have some polynomial com-

A e B & S S T :
binations of sin’s and cos’s. Lhese integrals are computed by substitutions of the form
w = sinz.cosz. tan x, cte., or by using double angle identities. A right technique for com-
puting the integral depends on values of m and n.

Case Al. n is odd and positive. Then one can substitute u = cosz (so that du =
_sinadr). The integral becomes — [(1 — u?)" =D/ 2u™ du.

Case A2. m is odd and positive. Then one can substitute u = sinz (so that du = cos zdr).
The integral becomes [ (1 — u?) ™= 1/2du.

Case B. m.n are both > 0 and even. Then one can use the identities

b 1 — cos2x 5 1 + cos2x
si- = — o " = —"—

to rewrite the integrand as

:) T

5 .
1 — cos2x nfe (l + cos 2z m/2

Expanding brackets we get a linear combination of functions cost 2 with & < 2. Multiples
of cos® 22 with odd k are integrated as in case A2 above, while to integrate the multiples of
cos® 2 with even k one again needs to apply the double angle identities (leading to cos di)

and so on.

Case C1. The integral can be rewritten as [ tan® rsec! zde, where k = n,l = —n — m.
Suppose [ is even and positive.  Then, using the substitution v = tanx (so that du =
sec? zdx), we get [ uF(1+ u?)"2 2 du.

Case C2. The integral can be rewritten as [ cot® cscl wdx, where k = m,l = —n — m.
Suppose [ is even and positive. Use u = colx (so that du = — esc? xd).

Some cases are not covered by the list above, e.g., [sccaxdr. In general, if we have
the integral [ sin™ a cos™ xdx with n odd but negative, we still can apply the substitution
w = cosx. However, the integrand we obtain is no longer a polynomial, it is a rational
[unction (fraction of two polynomials).

Problems to practice.
e Practice questions, problem 6 (trig. integrals also appear in some other problems
after making a trig. substitution, see the next subsection).

1.3. Trigonometric substitutions. These substitutions are used when an integral involves
vVa + br + ca? (and also expressions like m where az? + bz + ¢ has no zeroes). First
of all, we complete the square and make a linear substitution to get one of the following

expressions under the root:
(1) Va2 + z? (substitute = = atan#),
(2) va? — % (substitute z = asinf),

(3) Va? — a? (substitute x = ascc ).
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In the first case, for instance, the expression under the square root becomes a® see” 6 and
so extracting the root we get just asecc (.

Then the integral becomes a trigonometric integral considered above. One should compute
it and then express the answer in terms of z (instead of ).

Problems to practice.
e Practice questions, problem 2.
e Practice exam, problem 1.
e Exam, problem 3 (the denominator should be (4 + 2%)%%).

1.4. Rational functions. We wanl to compute I plz) rir where p(r). ¢(x) are polynomials.

First of all, we need to compare degrees of p(x) nnd q(x). If degree of p(x) is bigger or
cqual than that of ¢(x) we need to divide p(x) by ¢(z) (with remainder). The result of
the division is written as p(x) = s(x)q(x) + r(x), where s(z) is the (partial) quotient and
r(x) is the remainder, \\'l'l()“i(‘ degree is strictly less than that of g(x). Then we can write
‘;E?% = s(x) + ;EE; So ] = l s(a)da + ] —%—%

The division [)I(J((‘(llll(‘ 15 mm(-(l out using the l()nu division algorithm.

Ezample. Divide p(x) = 22" by q(x) = «* + 22 + L. The difference between the degrees
is 2 so the partial quotient s(r) must have (lr}grnv 2. The coefficient of 2% in s(x) is the
quotient of the leading coefficients of p(x) and g(x) so it is 2. Then we multiply g(r) by
222 and subtract the result from p(z): 22t — 22%(2? + 22 + 1) = —4a® — 222, Repeat the
same procedure with —42% + 22? instead of 227, We get: the a-coefficient of s(r) is —4 and
—423 222 — (=) z (22 +22+1) = 62%+42. The same one more time: 6z*+4x—6(z*+2z+1) =
~82 — 6. So s(x) = 22% - dx 4+ 6,r(z) = =Bz — 6.

Below we will assume that degree of p(r) is less than that of ¢(x). In this case

plx)
. v . . - T . . . I’,l(.l')
decomposed into the sum of certain clementary fractions. To determine these fractions one

should represent g(a) as the product of irreducible factors ("irreducible”™ means "cannot be
decomposed further”, it is either a lincar polynomial or a quadratic polynomial without

is

zeroes). Then the decomposition of %E:-i is made using the cover-up method. This method
is explained below for cubic ¢(x).
We have exactly one ol the following 4 cases.

Cus'r . q(z) = (v —a)(x — b)(x — ¢), where all a,b, ¢ are different. Then %% = ,T"” +
b + <. To determine A use "cover-up™: multiply both sides by (v — a) and plug z = a.
pla)

Thc E.h.s. becomes and the r.h.s. is just A. The coefficients B and C' are found

(a=b)(a—c)
analogously.

Case 2. g¢(z) = (v — a)(2?® + bz + ¢), where 2 + bx + ¢ has no zeroes. Then pz)

q(x)
%n + % We can find A as before: A = ﬂ—i[;%): Then we rewrite our equality
subtracting —=- from both sides. We get
p(z) — A(x*+bz+c)  Bz+C
(z—a)(@?+bx+c) a2+bz+ec
Now the 1111111(1':1tor is 0 for z = a (from the choice of A) and so is divisible by = — a:

p(z) — A(z? + bz +¢) = (z — u)p]( ¢) for some polynomial p,(z) (that again can be found
mlr) . _BriC \Wa cap find B and C' from the equality

2 +br+c x2+br+c

using the division algorithm). So
pi(z) = Bz + C.
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Case 3. q(x) = (x — a)*(x —b), where @ # 0. Then &E-*—) = A 4

qlx) r—a (l r—b
determine B as above. Using the similar idea we can determine Ay: mnll.]pl} both sides by
(r — a)* and plug ¥ = a to get E(_ft)} = Ay. Then

A N B pr) Az _ plz) — Ay(z - b)
r—a r-b gqlz) (r—a)?  (zr—a)?(z—0D)

As in the previous case, p(x) — Az(z — b) = (& — a)pi (). So we get (,—_““’5%)_—“ = ,—ljj + %

Now we can determine Ay using cover-up.
Case 4. q(x) = (r — a)*. No need in cover-up, just rewrite p(x) as a polynomial ol » — a.

Integration.
Once we have decomposed f;(”

to integ _d,LL__LL_ For example, for cubic g(r) only the following summands can arise: a
po \uomml n), k=1,2,3 and T%m_* All but the last one are standard.
To com])ulc | ?—’—j:T‘,(:?d: we first complete the square. This reduces the computation to

integrals of the form:
i L
———dr =a” (11(1(111 /u el =
g x4 a® r? 4 a2

Problems to practice.

to the sum as explained above, it is not very difficult

—

In(z* + a*).

N R

e Practice questions, problem 1.
e Practice exam, problem 3.
e Exam, problem 1.

1.5. Integration by parts. The formulas arc as follows:

/ udv =l uv — / vl
b D
/ udv = uv l’ - / velu.
4 (1 Ja

The crucial ingredient in the solution of such problems is to present the integrand, say
f(x)dz, in the form [(x)dr = udv. There is no general recipe to do this, however, one
should try to find a presentation f(x)dr = miu such llmluly?s casy to integrate. Auolhm

hint, which is often helpful, is that @du should De casier to 111[001(11**'[1”(111‘m11

or, for definite integrals,

Problems to practice.
e Practice questions, problems 3.4.
e Practice exam, problem 2.
e Exam, problem 2.
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2. OTHER

9.1. Parametric calculus. By parametric calculus we mean the study of curves given
parametrically such as the (\(101(1 2(0) = r(0 — sinf),y(f) = r(1 — cos @), where r is some
constant and 8 is a pamm(‘lc

Tangents. The tangent to a parametric curve given by (x(f), y(¢)) at t =ty is given by

y'(to)
(1) (z — x(to))

Areas. Let (x(t), y(t)) be a parametric curve such that z(f) is increasing for £ € [t1,12].

y —ylto) =

Then the arca under the curve is given by ]“ y(1)dz(t). If 2() is decreasing, then the arca
will be given by — [ y(t)de(1).

Finally, the arca inclosed by a curve (x(t),y(1)), ! € 11, t2] (without sell-intersections) is
:i:.];:"’ y(t)dx(1). The casicst observation that helps to distinguish btw. plus and minus is
that the arca is always positive. A more subtle observation is that we should put 77 if the
point ((t).y(1)) moves clockwise as  increases and 7 —" otherwise.

In practice exams parametric curves appear in problems concerning arc-length and surface
arca.

2.2. Arc-length. The length of the picce of the graph y = f(z) enclosed btw. r = a

and = = b, where a < b, is ]: ds, where ds := Jda? + dy? = /1 + f'(x)*dz. The length

of the parametric curve (x(f),y(t)). where t € [11.12] is still given by _’;:’ ds, where now

dr? + dy? = Ja'(1)? + ' (1)%dt.

Problems to practice.

ds =

e Practice questions, problems Ga.7.

e Practice exam, 4a.

e Exam, problem 4a.
2.3. Surface area. The arca of the surface obtained by rotating y = f(z),a < o < b,
about r-axis is given by I”h 27yds, where ds is computed as above. Here we suppose that
y= f(z) =0 for all z € [a,b].

The similar formula works [or parametric curves. More pro( iscly, il we rotate (z(t), y(t)), t €
[t1, 12] about the z-axis we get the arca equal to ]! yds = j 2ny(t)/2'(t)? + y'(t)?dt. Here
again we suppose that y(t) = 0.

Problems to practice:

e Practice questions, problem Gb.
e Exam, problem 4b.
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' x—4
Problem 1. Evaluate / mdl
2 e
Problem 2. Evaluate / ———— by making the substitution = = 2 tan u.
Jo (27 +4)?

Problem 3. . .
a) Derive a reduction formula relating / e dr to / @
Jo 0

a
'.’n—ﬁe—:r‘

dx.

1 = o,
b) Let F(x) = / e " du. Express/ %™ dx in terms of values of F(z).
Jo 0

Problem 4.  Find the volume of the solid obtained by rotating about the y-axis the finite
region bounded by the positive a- and y-axes and the graph of y = cosux.

Problemss. Take a “reasonable sketch ol one loop of the polar curve r = sin30, and
find t y oot lax\'e it. T — -—

Problem 6. Let z(t) = cos® t, y(t) = sin® ¢, 0 < t < 7/2 be a parametric representation of
a curve.

a) Compute the arclength of the curve.

b) Compute the surface area of the surface formed by rotating the curve around the
&L-iXIS.

Problem 7. Sct up an integral for the length of one arch of the curve i = sine, and by
estimating the integral, tell how this length compares with mv/2.

Probleam 8. n/(anulau metal disc of radius a hdb a4 non- couqldnl (lr.ns!l.y & (units:
gms/cl 1.2\); L density-at g point P on the disc is miver by 4 = r* 2 _wliere r is the distance
of the poiit-frqm the center of thedisc. Set up and evaluate a definite integral giving the
total n)iss of the

al e isc.
Problem 9.
a) Shketch the’curve given in polar coordinates by r =1+ cost ~
e polar coordinates of the follewing two points (show work)\:\.\
(i) whertythe curve in part (2) interséets the circle of tadius 3/2 ceutered atthe-origin;
/(41) where“the above curve intersects the circle of radius 3/2 centered at the point
,=3/2 on the :r:-hiﬁ.

Other kinds of problems: |
— Other kinds of partial [ractions dec itions; +* i ; ;
1er kin I 1s decompositions; & i sulost. g lﬂ"{}:ﬁ‘mkm‘.g\( PMt‘;,e,%'c.

— sketching curves given parametrically, finding their arclength;
— fnlclm[_, surface area fcn Lomted curves in u;~coc>1d11ntcs
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1/2 2
1/ 2

Jo V1-—uz®

Problem 1. (15) Evaluate d¢ by making a trigonometric substitution; remember

to change the limits also. U(

Problem 2. (15) Find the volume of the solid obtained by rotating about the y-axis (that’s the
y-axis) the area under the graph of y =e® and over the interval 0 <z < 1.
(Suggestion: use cylindrical shells.)

dx
Problem 3. (20) Evuate [ e

(Begin by factoring the denominator completely; don’t forget the final integration.)

Problem 4. (15: 8,7)

b
a) Write down the definite integral of the form f(z)dx which represents the arclength of the
e
curve y =sin’z for 0 <z < w/4d.

b) Show that the arclength is less than 1.2 by estimating the integral.
(Indicate how you are estimating it. It helps to write the integral in the simplest- looking form.)

’&?!s\d\m/i (15)
A civele\ iy tHeszy-plane has radius a and center at the pomt/(l; on the z-axis; assume a < b.

t5 eguation in ICC.t/I'fUldJ. coor (l}/;s dl’ld chanr/c the Lqua.tton to polal coor clrnate:,

can be .‘:-lepE ; 1o questmr:/snmlm to b wﬂl appear on the 2006 e\a,m '

V4
our answer by deriving it cluectly in polar coordinates, usmg a g,c,ometl ic formula.
Problem 6. (20)

Once every century the Klingon moon Bosol completely eclipses the moon Yan-ki. As seen from the
city Mitek, the two moons appear as circular discs, with radii respectively V2 and 1 (units: dorks).

When the center of Bosok is exactly on the circumference of Yan-ki, the problem is to find the area
(in square dorks) of the region of the Yan-ki disc that is not yet covered.

/ C\l\ld"‘l am in polar coordinates, placing the center of Bosok at the origin;.and the other center
on th 1fs veg- ams Set up a deﬁmte integral IS‘,})IEaelltan the‘area of the desired region. Indicate how

b) Evaluate the integral.

(If you have time, check your answer by elementary geometry, but no credit for this, just a warm glow
of satisfaction and a smug feeling of superiority.)
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18.01 EXAM IV

Thursday, December 3, 2009

Name: I ichg ¢ Plogndie-

h olaa(a) _‘f);’i ‘
E-mail: [' {f \} W2V,

\

v )
Recitation Instructor (Circle One):{iC. Breiner / 1. Losev / X. Ma / S. Ramakrishnan / B. Rhoades

~—

Recitation Hour:

Instructions: You may not use calculators, notes, textbooks, or personal electronic
devices. As a courtesy to other students, please turn off all cell phones. Read each
question carefully. Whenever possible, include justification for your reasoning and show
your work. Answers without any work or explanation will receive little or no credit.
There are 5 questions and a 50 minute time limit on this exam. Good luck.
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Question 1 of 5, Page 2 of 6 Name:
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Question 3 of 5, Page 4 of 6 Name:

3. Compute the following integral:
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Question 4 of 5, Page 5 of 6 Name:

4. Compute the following integral:
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Question 5 of 5, Page 6 of 6 Name:

5. (a) Set up (but do not solve) the integral for the arc length along the curve
I—y+y3 fromy =1toy=4.
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18.01 EXAM 1Vv

Thursday, December 3, 2009

Name: SDLUT\DNS _
B
E-mail:
-_—

Recitation Tnstructor (Circle One): C. Breiner /'L Losev / X. Ma /' S. Ramakrishnan / B. Rhoades

Recitation Hour: N
—_—

Instructions: You may not use calculators, notes, textbooks, or personal electronic
devices. As a courtesy to other students, please turn off all cel) phones. Read each
question carefully. Whenever Possible, inclide Justification for your reasoning and show
your work. Angwerg without any worl or explanation wi[] receive little or no credit.
There are 5 questions and a 50 minute time limit op this exam. Good luck.



Question 1 of 5, Page 2 of 6
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Question 2 of 9, Page 3 of 6 Name:
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2. Compute the following integral:
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Question 3 of 5, Page 4 of 6 Name:

3. Compute the following integral:
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Question 4 of 5, Page 5 of 6
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4. Compute the following integral:
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Question 5 of 5, Page 6 of 6 Name:

5. (a) Set up (but do not solve) the integral for t)
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(b) Set up (but do not solve) the integ

ral for the surface area of the surface
obtained by rotating the curve given by

I = acos’t, y = asin’{, 0t /2
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about the z-axis. Here a is an arbitrary constant.
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Lecture 36 OUt of oedd 18.01 Fall 2006

Lecture 36: Infinite Series and Convergence Tests

Infinite Series

Geometric Series
A geometric series looks like )
l+a+a’+a+..=8

There’s a trick to evaluate this: multiply both sides by a:
at+a®+a®+..=aS

Subtracting, '
(1+a+a®+a®+---)—(a+a®+a®*+---) =5 —aS

In other words,
1

-

1=5-a8§ = 1=(1-a)f§ = S=1

This only works when |a| < 1,ie. —1<a<]1.

a =1 can’t work:
1+414+1+4+..=

a = —1 can’t work, either:

1
s L Lo L = =

(S

Notation

Here is some notation that’s useful for dealing with series or sums. An infinite sum is written:
o0
E aL.=ap+a;+az+...
k=0

The finite sum

n
Sn bz Za’k =ag+..+a,
k=0

unth

is called the partial sum” of the infinite series.
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Definition

0

Sa=s

k=0
means the same thing as

n
lim S, = s, where S,, = E ag

n—oo
k=0

We say the series converges to s, if the limit exists and is finite. The importance of convergence is
illustrated here by the example of the geometric series. f a =1,S=1+1+1+ ... = c0. But

S—aS=1 or co—0=1

does not make sense and is not usable!

Another type of series:

We can use integrals to decide if this type of series converges. First, turn the sum into an integral:
i 1 f°° dx
P P
n=1 L 1 =
If that improper integral evaluates to a finite number, the series converges.

Note: This approach only tells us whether or not a series converges. It does not tell us what
number the series converges to. That is a much harder problem. For example, it takes a lot of work
to determine

converges to an irrational number!

Harmonic Series

o0
2 ==
el n 1 T
We can evaluate the improper integral via Riemann sums.

We'll use the upper Riemann sum (see Figure 1) to get an upper bound on the value of the
integral.
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el A

Figure 1: Upper Riemann Sum.

de‘T<1+1+ T R
y om0 g Ml S

N
/ Ejjf=lnN
L

As N — oo, In N — o0, s0 sy — oo as well, In other words,

o0
1
2y

‘We know that

diverges.

Actually, sy approaches co rather slowly. Let’s take the lower Riemann sum (see Figure 2).

y=Yk

14 v T

Figure 2: Lower Riemann Sum.

N N
& 1 1 dx
= -4 ..t == E - < —=
SN 1+2+ —I-N 1-*}-71:2?1_1—}—‘/1 o 1+InN
Therefore,

InN<sy<1l+InN
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Integral Comparison

Consider a positive, decreasing function f(z) > 0. (For example, f(z) = —11;)
2
2y oo
> fm)- [ fadds| < 51
n=1 1

So, either both of the terms converge, or they both diverge. This is what we mean when we say
i 1 / < dz

p P
n=1 i 1 T

oo

1 .
Therefore, Z == diverges for p < 1 and converges for p > 1.
n

n=1

Lots of fudge room: in comparison.

= 1
1; vn? +10

diverges, because
1 1 1

V2110 @72 " n

Limit comparison:
If f(z) ~ g(z) as z — oo, then ) f(n) and }_ g(n) either both converge or both diverge.

What, exactly, does f(z) ~ g(z) mean? It means that

lim Mzc

z—oo0 g(x)
where 0 < ¢ < o0.

Let’s check: does the following series converge?
g g

n
ngl vnd =10

n n _a/2 _ 1

/5 — 10 nol2 L L

; 3 " .
Since 3 > 1, this series does converge.
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Playing with blocks

At this point in the lecture, the professor brings out several long, identical building blocks.

Do you think it’s possible to stack the blocks like this?

Top block is farther out
P than the bottom block.

Figure 3: Collective center of mass of upper blocks is always over the base block.

In order for this to work, you want the collective center of mass of the upper blocks always to be
over the base block.

The professor successfully builds the stack.
Is it possible to extend this stack clear across the room?

The best strategy is to build from the top block down.
Let Cp be the left end of the first (top) block.
Let C1 = the center of mass of the first block (top block).
Put the second block as far to the right as possible, namely, so that it’s left end is at C; (Figure 4).
Let Ca = the center of mass of the top two blocks.

Strategy: put the left end of the next block underneath the center of mass of all the previous ones
combined. (See Figure 5).
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e
! I VEY
1 1 |+—):
C':() d] Cz C3

Cn+1 =

Co=0
Ci=
1
Cz=1+§

nCn+1Ca+1) (n+1)Ca+l

n+1 n+1

1 1
Ca=14—-+=
3 +2+3

P |

e Tfeieed © e

4 +2+3+4

1. 1 1. 1

C=l —. — — —_—
5 +2+3+4+5>2

Cn +

]

1
n—+1
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[ n

: |
[ N+ 1 " block

]
center of mass of
the first n blocks

Figure 6: Stack of n 4+ 1 Blocks.

So yes, you can extend this stack as far (horizontally) as you want — provided that you have enough
blocks. Another way of looking at this problem is to say

n=1
Recall the Riemann Sum estimation from the beginning of this lecture:
InN<Sy<(InN)+1
as N — o0, Sy — 0.
How high would this stack of blocks be if we extended it across the two lab tables here at the

front of the lecture hall? The blocks are 30 cm by 3cm (see Figure 7). One lab table is 6.5 blocks,

or 13 units, long. Two tables are 26 units long. There will be 26 — 2 = 24 units of overhang in the
stack.

3 cm

-
4

30 cm

Figure 7: Side view of one block.

If In N = 24, then N = e,
Height = 3cm - e®! &~ 8 x 108 m
That height is roughly twice the distance to the moon.

If you want the stack to span this room (~ 30 ft.), it would have to be 10%® meters high. That’s
about the diameter of the observable universe.
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Lecture 37: Taylor Series

General Power Series

What is cosz anyway?

Recall: geometric series

1
1+a+a2+v--=ﬁ for |a|<1

General power series is an infinite sum:
o 2 3
f(z) =ao + a1z + agz® + agx” + - -

represents f when |z| < R where R = radius of convergence. This means that for |z| < R, |anz™| — 0
as n — oo (“geometrically”). On the other hand, if |z| > R, then |a,2™| does not tend to 0. For

. 1 . .
example, in the case of the geometric series, if |a| = =, then |a"| = - Since the higher-order terms

get increasingly small if |a| < 1, the “tail” of the series is negligible.

Example 1. If a = —1,|a"| = 1 does not tend to 0.

[ o sl — s

The sum bounces back and forth between 0 and 1. Therefore it does not approach 0. Outside the
interval —1 < a < 1, the series diverges.

Basic Tools

Rules of polynomials apply to series within the radius of convergence.

Substitution/Algebra
1 2
T l1+z+4+25+---
Example 2. x = -u.
! =l-u+t+ul—ud+...
1+u
Example 3. z = —v?.
! =1—-v*+ovt—2f+...
1+0v2
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Example 4.

( : )( : ):(1+$+$2+"')(1+w+1‘2+...)

l—=x l—=2x

Term-by-term multiplication gives:
142z +3z% + .-

; -_ ; ;
Remember, here z is some number like 3" As you take higher and higher powers of z, the result

gets smaller and smaller.

Differentiation (term by term)

d 1 _d 2 3
e [1~:L']_d$ [1+;17+.'L +z” +- ]

1
(1-=)?

Same answer as Example 4, but using a new method.

=0+1+4+2z+3z°+-.- where 1isag,2is a; and 3 is ay

Integration (term by term)
[ r@rde=co (a0 + ot + Lo+

where
f(z) = ap + a1z + agz? + . -

du
1+4+u

Example 5. f

In(1 + z) /; du 2,2
= == — — —
g 2 T3 T

So now we know the series expansion of In(1 + z).

Example 6. Integrate Example 3.
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Taylor’s Series and Taylor’s Formula

If f(2) = ao + a1z + a2z + - - -, we want to figure out what all these coefficients are.
Differentiating,
f'(x) = a3 + 2a2z + 3azz® + - --

f(z) = (2)(az + (3)(2)azz + (4)(3)agx® + - -
f7(x) = (3)(2)(1)as + (4)(3)(2)asz + - -
Let’s plug in z = 0 to all of these equations.
f(0) = ag; f'(0) =ay; f"(0) = 2az; f"(0)=(3")as

Taylor’s Formula tells us what the coefficients are:

F™(0) = (n)an

Remember, n! = n(n —1)(n —2)---(2)(1) and 0! = 1. Coefficients a, are given by:

w=( ) F™(0)

Example 7. f(z) = €*.

fll@)=e"

fl(z)=e"

FM(z) = e*
F™0)=e" =1

1
Therefore, by Taylor’s Formula a, = = and

. L 1 145 1
e ﬁa+—1+am +§1 i

Or in compact form,

00
=Y
_?‘L

Now, we can calculate e to any accuracy:

—1+1+1+1+1+1+
. 2 73 51

Example 7. f(z) = cosz.

fl(z) = —sinz

f(x) = —cosx
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f"(z) =sinz
f®(z) = cosz
f(0) = cos(0) =1
f1(0) = —sin(0) =0
F"(0) = —cos(0) = —1
f"(0) =sin(0) =0

Only even coefficients are non-zero, and their signs alternate. Therefore,

COS.’E‘“l—le + i — 1.’L + 13, + -
2 4! 6! 8!

Note: cos(z) is an even function. So is this power series — as it contains only even powers of z.

There are two ways of finding the Taylor Series for sinz. Take derivative of cos z, or use Taylor’s
formula. We will take the derivative:

d 1 4
—sin.‘L‘=—COS$=0*2(-)$+-—$3—EQ, +§'E +-

dx 2 4! 6! 8l
. #8 @b a1
_u$+54§+.ﬁ.+...

; - 2 ¥ 2
sm(m)_a:wm-»lr-s-!-_.ﬁ_p...

Compare with quadratic approximation from earlier in the term:

cos:z::‘*wl—%:c2 sint = x
We can also write:
k 252 2
cos Z{Qk (-1) _)W_I_( 1)?-% _lg;jl%-
i 2.R+i o
sinz = 1Y —n=2k+1
— (2k + 1)!

Example 8: Binomial Expansion. f(z) = (1 + z)°

l+z)* =1+ %3: ER a(a; 1)3:2 - sl lg)l(a — 2):::3
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Taylor Series with Another Base Point

A Taylor series with its base point at a (instead of at 0) looks like:

(@) = F(b) + f'(b)(x — b) + @(m — 0%+ @(s&- —b) + ...

Taylor series for \/z. It's a bad idea to expand using b = 0 because /z is not differentiable at z = 0.

Instead use b = 1.
2 2 ( . 1)2 .

1
/2 =142 o]

Sw—1)+
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Lecture 34

-Lecture 34: Indeterminate Forms - L’H6pital’s Rule

L’Hoépital’s Rule

(Two correct spellings: “L’Hopital” and “L’Hospital”) )
Sometimésq we run into indeterminate forms. These are things like UXgy /
0
0
and
\ &6
00

For instance, how do you ‘de\al with the following?

" -1 . (z-V(E*+z+1) . 2?+z+1 3
sig?—1 a1 (@-D(@+1) o=l z+1 2
In general, when f(a) = g(a) =0, |
fl@) o f(z) - fla)
limM:limx—a :;1_12 e :f’(a)
a=a g(z) w—ag(@) L 9(2) —g(@)  ¢'(a)

r—a T—a T —a

This is the easy version of L’Hopital’s rule:

i 1) _ 1)
z=a g(z)  g'(a)

Note: this only works when ¢’(a) # 0!

In example 0,
@) =a® =1; g(z) =a? — 1

fll@)=32% g'(z) =22 = f(1)=3; ¢'(1) =2
The limit is f/(1)/¢’(1) = 3/2. Now, let’s go on to the full L'Hépital rule.
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Example 1. Apply L’Hopital’s rule (a.k.a. “L’Hop”) to

lim 7 -1
zl—>1 :Ij3 -1
to get
15 14
0 — . 15z 15
e e A M

Let’s compare this with the answer we’d get if we used linear approximation techniques, instead of
L’Hopital’s rule:

1% — 1= 15(z — 1)
(Here, f(z) =2 —1,a=1, f(a) =b=0,m = /(1) = 15, and f(z) ~ m(z —a) +b.)

Similarly, ,
z°—1=3(x—1)

Therefore,
-1 15(z —1) _s
3—-1" 3@z—-1)
Example 2. Apply L’Hop to
sin 3z
lim
z—0 T
to get
lim 3 cos 3z —3
x—0 1
This is the same as p
— sin(3 =3 3 =
T sin(3x) e cos(3x) o 3
Example 3.
sinx — coszx cosx + sinx 1 1
iy —— = Hg ——— = —4/2
z— T — % T—F 1 \/é \/_2_

f(z) =sinz — cosz, f'(z) = cosz +sinz

G-

_ A 0 -
Remark: Derivatives lim —2 are always a 0 type of limit.

Az—0 Az

-1
Example 4. lim et}

z—0 T
Use L’Hopital’s rule to evaluate the limit:

. cosx—1 . —sinx
lim ——— = lim
x—0 451 z—0 T

=0
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. coszr—1
Example 5. lim ———.
z—0 xT
cosx — 1 . cosx—1 . —sinx . —COosSZ 1
lim ———— = lim — = lim = lim = ——
z—0 .’E2 z—0 44 z—0 2z z—0 2 2

Just to check, let’s compare that answer to the one we would get if we used quadratic approximation
techniques. Remember that:

1
cosxz1—§x2 (z =~ 0)
L L\ o
cos:c—lwl_ﬁz -1 (_5)1' 1
2 a2 oz 2
sinx
le 6. li .
Example 6 lim =
sin 0
lim 202 — iy 252 By L’Hopital’s rule
z—0 2 z—0 2T

If we apply L'Hopital again, we get

But this doesn’t agree with what we get from taking the linear approximation:

sihnzx x 1
— R =—-—00 as z— 0t
x x z

We can clear up this seeming paradox by noting that

. Ccoszx 1
lim ==
z—0 2T 0

0
The limit is not of the form 0’ which means L’Hoépital’s rule cannot be used. The point is: look
before you L’Hop!

More “interesting” cases that work.

It is also okay to use L’Hdpital’s rule on limits of the form —, or if £ — oo, or £ — —o0. Let’s

oo
apply this to rates of growth. Which function goes to co faster: z, e**, or Inz?

Example 7. For a > 0,

eaz aea,z
lim — = lim = 400
T—00 I z—oo 1
So e*® grows faster than z (for a > 0).
Example 8.
) eat era s ) oz ) 026(11: . alOeaz
zlggo 0 = by L’Hopital = Ih_»ngQ Toa® = xh_l?go TR Al xh_)rgo T 00
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You can apply L’Hopital’s rule ten times. There’s a better way, though:

4T 1/10 eaz/lO
(&) -=

eax ea:c/lO 10

T—00 I T—00 T

Example 9.

. Inz l/z . _1/3 _
P T T e T3 T O

1/3

Combining the preceding examples, Inz < /3 < r < 2% < *® (2 — 00,a > 0)

0 o0 ; ; o
L’Hopital’s rule applies to 0 and —. But, we sometimes face other indeterminate limits, such

00
as 1°, 0°, and 0 - co. Use algebra, exponentials, and logarithms to put these in L’Hépital form.

Example 10. lim0 z® for x > 0.
T—

Because the exponent is a variable, use base e:

lim z° = lim e* "2

z—0 T—

First, we need to evaluate the limit of the exponent

limz Inx

Tr—
S i 3 0 00
This limit has the form 0 - co. We want to put it in the form — or —.
0

0
Let’s try to put it into the 0 form:
x
1/lnz

1
We don’t know how to find lir% e’ though, so that approach isn’t helpful.
z—0lnz
By 9]
Instead, let’s try to put it into the — form:
00

ekl
1/z

Using L’Hopital’s rule, we find

1 1
limz Inz = lim — = lim dim_ = lim(—z) =0
z—0 z—0 1/]; z—0 —l/.’l:2 z—0
Therefore,
i lim (z Inx) i
lim 2% = lim e* "% = ez—0 =e =1

z—0 z—0
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Lecture 35: Improper Integrals

Definition.

An improper integral, defined by

0 M
| taa= pim [ peyie

a

is said to converge if the limit exists (diverges if the limit does not exist).

o0
Example 1. / e *dr =1/k (k> 0)
0

M

/M ek dr = (~1/k)e”*| = (1/k)(1 — eTFM)
0

0

Taking the limit as M — oo, we find e *™ — 0 and

/ e *dy =1/k
0

We rewrite this calculation more informally as follows,

o0

/ R = (=1/k)e | = (I/K)(1— ) = 1/k  (since k > 0)
0

0
(o]

Note that the integral over the infinite interval / e " dz = 1/k has an easier formula than the
0

M
corresponding finite integral / e " dx = (1/k)(1—e *M). As a practical matter, for large M, the
0

term e~*M is negligible, so even the simpler formula 1/k serves as a good approximation to the finite

integral. Infinite integrals are often easier than finite ones, just as infinitesimals and derivatives are
easier than difference quotients.

Application: Replace z by ¢t = time in seconds in Example 1.
R = rate of decay = number of atoms that decay per second at time 0.
At later times ¢ > 0 the decay rate is Re™** (smaller by an exponential factor e~**)

Eventually (over time 0 < ¢ < o0) every atom decays. So the total number of atoms N is
calculated using the formula we found in Example 1,

N:/ Re~*dt = R/k
0

The half life H of a radioactive element is the time H at which the decay rate is half what it was at
the start. Thus

e " =1/2 = —kH=In(1/2) = k= (n2)/H
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Hence
R=Nk=N(n2)/H

Let us illustrate with Polonium 210, which has been in the news lately. The half life is 138 days
or
H = (138days)(24hr/day)(60%sec/hr) = (138)(24)(60)3seconds

Using this value of H, we find that one gram of Polonium 210 emits (1 gram)(6 x 10%3/210
atoms/gram)(In2)/H = 1.6610'* decays/sec = 4500 curies

At 5.3 MeV per decay, Polonium gives off 140 watts of radioactive energy per gram (white hot).
Polonium emits alpha rays, which are blocked by skin but when ingested are 20 times more dangerous
than gamma and X-rays. The lethal dose, when ingested, is about 10~7 grams.

o0

Example 2. / dz/(1+2%) = 7/2.

/M dz 1
—Z:tan T
0 1+l

0

as M — oo. (If § = tan=! M then 6 — 7/2 as M — oco. See Figures 1 and 2.)

We calculate,
M

=tan"! M — /2

X =m/2

Figure 1: Graph of the tangent function, M = tan 6.
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y = arctan(x)
A

» X = tan(y)

M

Figure 2: Graph of the arctangent function, = tan—! M.

Example 3. / e~ dz = /7/2

0
Recall that we already computed this improper integral (by computing a volume in two ways, slices
and the method of shells). This shows vividly that a finite integral can be harder to understand
than its infinite counterpart:
M
/ e da
0

can only evaluated numerically. It has no elementary formula. By contrast, we found an explicit
formula when M = co.

Example 4./ dz/x
1

M

=InM-Inl=InM — o
1

M
/ dz/x=Inx
1

as M — oo. This improper integral is infinite (called divergent or not convergent).

Example 5./ dz/zP (p>1)
1
M

M
/1 dz/a? = (1/(1 - p))a'~?| = (1/(1—p))(M'™P —1) — 1/(p — 1)

1
as M — oo because 1 — p < 0. Thus, this integral is convergent.

o0
Example 6. dz/zP (0<p<1)
1
This is very similar to the previous example, but diverges

M

=1/l =p))(M'™? ~1) - c0
1

M
[ date? = @/ -t

as M — oo because 1 —p > 0.
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Determining Divergence and Convergence

To decide whether an integral converges or diverges, don’t need to evaluate. Instead one can compare
it to a simpler integral that can be evaluated.

*° dz

1 2P

From Examples 4, 5 and 6 we know that this diverges (is infinite) for 0 < p < 1 and converges (is
finite) for p > 1.

The General Story for powers:

The comparison of integrals says that a larger function has a larger integral. If we restrict
ourselves to nonnegative functions, then even when the region is unbounded, as in the case of an
improper integral, the area under the graph of the larger function is more than the area under the
graph of the smaller one. Consider 0 < f(z) < g(z) (as in Figure 3)

Y A

Figure 3: The area under f(z) is less than the area under g(z) for a < z < oo.

o0

oo
If / g(z) dz converges, then so does / f(z) dz. (In other words, if the area under g is finite,

a a
then the area under f, being smaller, must also be finite.)

(o]

If / f(z) dz diverges, then so does / g(z) dz. (In other words, if the area under f is infinite,
then the area under g, being larger, must also be infinite.)

The way comparison is used is by replacing functions by simpler ones whose integrals we can
calculate. You will have to decide whether you want to trap the function from above or below. This
will depend on whether you are demonstrating that the integral is finite or infinite.
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Example It is natural to try the comparison

. /°° dx
) o Vz3+1

1 1
1'3-|—1S$3/2

But the area under z=3/2 on the interval 0 < z < oo,

* dz
o a3/2
turns out to be infinite because of the infinite behavior as x — 0. We can rescue this comparison by
excluding an interval near 0.

/°° dv /1 de /°° dz
o V341 0o vz +1 1 Vad+1
The integral on 0 < z < 1 is a finite integral and the second integral now works well with comparison,
/ *©  dx » / * dz <o
1 VI3+1 T )y w32

because 3/2 > 1.

°Q 3
Example 8. / e * dx
0

For x > 1, 23 > z, so

[ee] 3 [ee]
/ e " d:cg/ e %dr=1< o0
1 1

Thus the full integral from 0 < z < oo of g_za converges as well. We can ignore the interval
0 <z <1 because it has finite length and e™®" does not tend to infinity there.

Limit comparison:
Suppose that 0 < f(z) and lim f(z)/g(z) < 1. Then f(z) < 2g(z) for z > a (some large a).
T—0Q

Hence /oo f(z)dz < 2/oo g(z) dz.

o0
Example 9. / (xﬁ;ﬂ
0 241

The limiting behavior as z — oo is

(x+10)dz = 1

22+1 T 22 2
Since / T 00, the integral / w also diverges.
1 xr 0 X +1
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(oo}
Example 10 (from PS8). / z"e "dx
0

This converges. To carry out a convenient comparison requires some experience with growth rates
of functions.

2™ << e® not enough. Instead use z"/e*/? — 0 (true by L'Hop). It follows that

" << e¥? = gle << /27 = /2
oo
Now by limit comparison, since / e 24y converges, so does our integral. You will deal with this
0

integral on the problem set.

Improper Integrals of the Second Type

/1 dz

0 VT
1

We know that — — oo as z — 0.

Nz

1 1

d

/ = = lim z %4z
0 \/E a—0t+ J,

1:2—20,1/2

a

1
/ zV2dz =2
0

! 1
/ 7 Pdz =
0 -p+1

1
/ z 24y = 241/2
a

As a — 0, 2a'/? — 0. So,

Similarly,

for all p < 1.
1

F ==
or p = =,
1

However, for p > 1, the integral diverges.

=2
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Lecture 38: Final Review

Review: Differentiating and Integrating Series.

If f(z Zanm , then

n+1

(o]
,x):;mnxn—l and /f dm—C+Z —

Example 1: Normal (or Gaussian) Distribution.

T ) x 4232 _ 423
e Vdt = 1—t2+(t—)+( i) 4.0 ) dt
5 4 2! 3!

T t4 t6 tS
= j Y B PR SR
/0 < st E o )

_ $3+1w_ 1a®
- 3 25 37

x

Even though / e~ dt isn’t an elementary function, we can still compute it. Elementary functions

0
are still a little bit better, though. For example:

. o @ .o (/22 (n/2)°
sm:v:m—i—i—a—-” = sm§=§— 3] =

But to compute sin(7/2) numerically is a waste of time. We know that the sum if something very
simple, namely,

™
n— —1
SlI’l2

It’s not obvious from the series expansion that sinz deals with angles. Series are sometimes com-
plicated and unintuitive.

Nevertheless, we can read this formula backwards to find a formula for 5 Start with sm —=1.
Then,
1
/0 \/—1% :sin“lm'o =sin”!1—sin"!0= g —0= %

We want to find the series expansion for (1 —22)~1/2, but let’s tackle a simpler case first:

w2 G, GGG,

1.2 U 1.2-3 Ut

Notice the pattern: odd numbers go on the top, even numbers go on the bottom, and the signs
alternate.
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Now, let u = —z2.

1 1-3 1-3-5
By 1o 19 4, 190 6
(1—2%) 1—|—2x+2‘4m+2.4.6x+

128 1-325 1-3.527
_ 2—1/2 — il il il il STE TR
/(1 )" dx C+<z+23+2‘45+2_4‘67>+

1
us 1/1 1-3 1 1-3-5 1
_ 1oz Y2gp =142 (2 i-9) (1 1
/()(I)I+23+2-4 5) T \aas)\7) T
Here’s a hard (optional) extra credit problem: why does this series converge? Hint: use
L’Hépital’s rule to find out how quickly the terms decrease.

2o

The Final Exam

Here’s another attempt to clarify the concept of weighted averages.

Weighted Average

A weighted average of some function, f, is defined as:

fbw(:v) dx

a

Average(f) =
b

Here, / w(z) dz is the total, and w(z) is the weighting function.
a

Example: taken from a past problem set.
You get $t if a certain particle decays in ¢ seconds. How much should you pay to play? You were
given that the likelihood that the particle has not decayed (the weighting function) is:

w(z) = e
Remember,
/ e Rtdt ==
0
The payoff is
f)y =t

The expected (or average) payoff is

Jo  F@w(t)dt [ te R dt
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u==kt and du==kdt

Do the change of variable:
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On a previous problem set, you evaluated this using integration by parts: / ue” “du = 1.
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On the problem set, we calculated the half-life (H) for Polonium!?® was (131)(24)(60)? seconds. We
also found that

In2
k=—
H
Therefore, the expected payoff is
1 H
kE  In2

where H is the half-life of the particle in seconds.
Now, you’re all probably wondering: who on earth bets on particle decays?

In truth, no one does. There is, however, a very similar problem that is useful in the real world.
There is something called an annuity, which is basically a retirement pension. You can buy an
annuity, and then get paid a certain amount every month once you retire. Once you die, the annuity
payments stop.

You (and the people paying you) naturally care about how much money you can expect to get
over the course of your retirement. In this case, f(¢) = ¢ represents how much money you end up
with, and w(t) = e~** represents how likely your are to be alive after ¢ years.

What if you want a 2-life annuity? Then, you need multiple integrals, which you will learn about
in multivariable calculus (18.02).

Our first goal in this class was to be able to differentiate anything. In multivariable calculus, you
will learn about another chain rule. That chain rule will unify the (single-variable) chain rule, the
product rule, the quotient rule, and implicit differentiation.

You might say the multivariable chain rule is

One thing to rule them all
One thing to find them
One thing to bring them all
And in a matriz bind them.

(with apologies to JRR Tolkien).
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