18.02 Practice Exam 3 — S-2010 (120 pts. = 60 minutes)

Problem 1. (15 pts: 3 each part)

/"a) Write down in 2y-coordinates the vector field F' whose vector at (z, v) is obtained by
/rotating 90° counterclockwise the radially-outward-pointing unit vector at (z,9).
4 b) Let F be the feld in part (a). Let €, be the line segment running from (1,1) to
i (2,2), and C» the positively-oriented circle of radius a, center at origin. Using intuition, give
| the value of the following (short answer; no calculation required):

(1)/ F.dr: (i) }[ F.dr: (iii) flux of F' across C;: (iv) flux of T across Co:
= WY Ca

Problem 2. (10 pts.) LetF=Vf= gradf, where f(2,y) = a2 + dy°.

a) Evaluate / F -dr, where C is a curve running from (1,1) to (2,2).
Je
(=,u)
b) Find the locus of all points P : (z, y) in the plane such that f F.dr=0.
(]f])

Problem 3. (20) Let F=ylox+y)i+ @2 +bzy+3%)j, a,b constants.
a) Prove: if F' is conservative, then a = 6, § = 2, (Use these values in part (b).)

'b) Using a systematic method (show work), find a function f(z,) such that F = ¥ iF:

Problem 4. (20 pts: 8, 12) Let C be the portion of the parabola y =1—2? lying over
the 2-axis, oriented so that the positive direction is to the left, i.e., the direction in which =
decreases. Taking

F=0xy®)i+(1+2y-y%j,

a) Set up an integral in - alone which represents the Aux of F over C. (Give integrand
and limits, but do not evaluate.)

b) Calculate the flux of I over by using Green’s theorem in the normal form.

(Note that C is not & closed curve.)

Problem 5. (10 pts.)  Show that the value of -?f (y* ~2y) dx 422y dy around a positively
o)
oriented circle C depends only on the size of the circle, and not upon its position.

zi+yj

Problem 6., (15 pts.: 5, 10) Let F = T

a) Show that curl F = 0 at every point except (0,0}, where F is undefined.
b) Show that 7{ F - dr around any positively-oriented simple closed curve C' surrounding

Jc
the origin has a value independent of C.

Problem 7. (30) Set up, but do not evaluate, triple integrals for (a) and (b):

a) Using rectangular coordinates: the mass of the tetrahedron in the first octant cut
off by the plane 3z + 2y + z = 1; this is one face, the other three faces lie in the three
cooordinate planes and one vertex is at the origin; take the density function to be § = z.

b) Using cylindrical coordinates: the moment of inertia about the z-axis of the solid
upper hemispherical ball of radius a, flat side formed by the disc of radius e centered at the
origin in the zy-plane.

¢) Using spherical coordinates: same as (b), but both set up and evaluate the integral.
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18.02 Exam 3 Thurs. Apr. 21, 2010 11:05-11:55

Directions: .

1. There are 3 sheets, printed on both sides: eight problems in all.

2. Do all the work on these sheets; use the blank part below if truly necessary. Write down enough to
show you are not guessing.

3. No books, notes, calculators, use of cell-phones, etc.

4. Please don’t start until the signal is given; stop at the end when asked to; don’t talk until your paper
is handed in.

5. When the exam starts, read through the exam and start with what you are surest of.

6. Fill out the information below now.
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Problem 1. (10 pts: 4; 3,3) - A et Kty
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a) Write down in zy- coordma.tes the vector field F' whose vector at (z,y) points towards the origin
and has unit length. Jib wet mmon,
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b) (No calculation required or expeéted)i For the oriented path C con;sisfing of the line segment from
(0,2) to (0,1), followed by the quarter-circle (center (0,0), radius 1) from (0,1) to (1,0):

(i) find the value of / F - dr on the path '
(ii) find the flux of F across C.
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Problem 2. (10) Use Green’s theorem to evaluate f. (1° +2¢) dz + 2(3y%—1) dy over the positively

oriented square C havmg vertices at the four points :i:l on the z- and y-axes. ] eqv e
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Problem 3. (20 pts: 5,10,5) Let F=ay(x—y)i+ (22 —bzy+3y2) j,
where a and b are constants. :

a) Prove that if F is oonservative, thena =2, b=4
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b) Let a=2, b=4.

Using a systematlc method (show work) find a function f(z,y) such that F = Vf.
o {—QQML? o\etg /alr il i“{ﬂ‘[ fﬁm)fﬂ Nl il
¢

Y ,/‘w“i\ ’ - 7
- J/M; Hidg v 5. Mdx + W dy e Hippéd

( 76 et (ﬁo gfg{,L (f'!i/( f//[/d}v
S : o o §01d) ~ Wi
\;ur [,/}( Y”O | .
. It ~a_ L .
iy ), e ¢ § ey
2 ke R | w0 vy e
i lsFal €5 _ 0 X 0 =5 - 6X2‘L?’xy1-;'“ N
- I'IH‘I‘) [ ( . ; | 7 )
wo * i ) . ) 2‘ ‘ (‘[*~ f § | 2 Ny — 7
_ad ys( 4],-.@ | 4 / Py =Ry ?y. I
7 2| X _ ;
JX\/ 3 3 2)( ;
/f]g.J.. [ ;".gf # 2 .l 7 i
oxy * - <
ol / Ayt 2 g
bt (// — 3Y°
Il SARE PSRN iy

c) Continue to use a = 2, b = 4, and using the earlier parts of this problem

evaluate f F-dr=0 along the path C given by: & = tant, y =sin2¢, as ¢ runs from 0 to 71'/4
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Problem 4 (20 pts: 5, 10, 5, 0)
Verify Green's theorem in the tangential (work) form for the vector field F = - i+zdj

and the closed curve C' consisting of the two segments of the z- and y-axes connecting the origin with
the points (a,0) and (0, a), plus the quarter-circle given by z=acosf,y=asinf, 0<H<7/2, a>0.

That is, showing work: N 9 O
(a) apply Green’s theorem; ' (et
s (b) evaluate the line integral (over all of C); ' Paqmitelsi,, /oy
v * ot J (c) evaluate the double integral; : J oW

- (d) spend the next twenty minutes trying to make them agree.

(In calculating the line integral you will need the formulas on the cover sheet. ) } o] 2
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Problem 5. (10) Let f (z,y) be a function with continuous second derivatives that satisfies the equation

fzzr+ fyy =0.

Show that the field F = Vf has the same fluz across any two differentiable
at the same point P;, end at the same point P, and don’t intersect.
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Problem 6. (10 pts.: 8,2)
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Let D be the domain of finite volume in the first octant cut off by the plane = +y+ 2z = 1.

a) Set up an iterated triple integral in rectangular coordinates [ [ [ f(z,y,z)dzdydz for the total
mass of D, if the density function is given by § = z. (Give the integrand and limits.)

b) Then take only the first step in evaluating it, i.e., reduce it to a double iterated integral in = and y. -
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Problem 7. (16) Let V be the finite domain in zyz-space lying between the paraboloid z = z? + o2
and the plane z = 9. Taking density § = 1, set up an iterated triple integral in cylindrical coordinates
(provide limits and integrand, but do not evaluate) giving its mo_il_l'g_n____tofmert}a about the z-axis.
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Problem 8. (16) Let D be the “filled ice-cream-cone” in 3-space whose top surface is formed by a
portion of the sphere of radius a centered at the origin, and whose bottom surface is a portion of the
circular cone having as axis the z-axis, and whose vertex angle is 60°. Set up a triple iterated integral in
spherical coordinates which glves the volume of D (provide limits and integrand, but do not evaluate).
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