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18.02 Problem Set 3B DUE, STAPLED
wiITH 3A, oN THU. MAR. 4, 10:45 2-106

Part I (15 points)
/Recit. Wed. Feb. 24  Functions of several variables: examples, graphs, contour curves
and level curves. g
Read 19.1 Worlc;_’ZA—l-b;

S

./ Lecture 9. Thurs. Feb. 25 Partial derivatives; tangent plane, approximation formula
Read: 19.2, Notes TA Work: 2A-2ae,3b, 5b; 23—143,21#6,\9——
]

Lecture 10. Fri. Feb. 26  Directional derivative; gradient. :

Read: 19.5 pp. 681-top 683 (lecture and exercises will use only two dimensions)
Work: 2D-taed; 2a;4;"7; Qbede{describe in words where B and C are)

""écture 11. Tues. Mar.2 3D gradient: level surfaces; tan. planes.
Read: finish 19.5. Work: 2D=1h, 2h,~3a;-5bc; 8;

Lecture 12. Thurs. Mar. 4 Max-min problems. Least squares approximation.
Read 19.7 to bottom p.693; Notes LS

Part IT (25 points)

Directions.  Try each problem alone for 15 minutes. If you subsequently collaborate,
solutions must be written up independently. It is illegal to consult problem sets from
previous semesters. With each problem is the day it can be done.

Problem 1. (Wed., 9 pts: 4,3,2) This problem introduces you to MatLab’s 3D plots of
a surface, and the corresponding plot of its level curves. Do it all at the computer, using
the sheet of general MatLab directions given out with this problem set. You will use the
sections: Directions for 3D Graphs and Special MatLab Operators.

a) Plot the surface z = x? — 3% adjust the viewpoint and the scale so that all the
interesting features are best displayed. Include also a reasonable number of contour curves
on the graph. Then print it out. (See Note at the end of this problem.)

b) Plot f(z,y) ==y e®*~v": follow the same instructions as in (a). \

¢) For the function in part (b), also make a 2D contour plot, using the same number of
level curves on the 2D plot as you used for the contour curves on the 3D graph, and print
that out also.

Note: In entering the functions, use parentheses freely, use * for multiplication, and
use exp for the exponential function; don’t forget the . for the array operation (see the
directions for 3D Graphs).

Problem 2. (Thurs. 4 pts: 2,2).  The surface z = 2? —y? is a saddle-shaped surface,
but even though it is curved everywhere, it contains two families of lines, each of which fills
out the surface completely. (This is not so evident from the MatLab plot.)
To put it another way, two lines — one from each family — go through every Py : (zo, yo, 20)
on the surface. They span the tangent plane at Py, and are the intersection of the surface
1



2

with the tangent plane.
Verify these facts for the point P : (3,2, 5) on the surface, as follows.

a) Write the parametric equations for a general non-horizontal line through P: i.e., one
passing through P and parallel to the vector ai +bj + k.
Then show that there are exactly two sets of values for the pair (a,b) for which the
resulting line lies entirely in the surface. (The line will lie in the surface if every point on
the line satisfies the equation of the surface.)

b) Find the equation of the tangent plane to the surface at P.
Then show that both of the lines you found in (a) also lie in this tangent plane. (Use
the same method as in part (a).)

Problem 3. (Thurs. 3 pts.) Work 2B-8. (Use the law of cosines.)

Problem 4. (Fri., 5 pts.: 2,1,1,1)

The map shows a portion of the region around
the summit of Mt. Monadnock, in southern N .H..
The level curves indicate height h above sea-level,
in feet. Use as the horizontal scale: 1/4" = 500
feet, so the = and y scales are marked in kilofeet.
In your answers, identify points by their approxi-
mate coordinates.

a) Estimate hg and hy at the point B.

b) Estimate dh/ds at B in the direction of the
vector j — 1i.

¢) Find the points P and @ having the smallest
y-coordinates such that h(P) = h(Q) = 3000, and
he(P) =0, hy(Q) = 0.

d) Find the R with the largest z-coordinate
such that h(R) = 2900, and dh/ds = 0 at R in
the direction i + j.

Problem 5. (Tues. 4 pts) In the first octant of 3-space, the equation zyz = a, for
a fixed constant e > 0, has as its graph a surface called a hyperboloid; this surface has the
three coordinate planes as its asymptotes, i.e., it gets closer and closer to a coordinate plane
as any of the variables goes to infinity.

At any point Py : (zo,%0,20) on this surface, the tangent plane cuts off a tetrahedron
from the first octant, having the origin as one vertex, and triangular portions of the three
coordinate planes and the tangent plane as its four faces. As Py varies, the shape of this
tetrahedron varies, but its volume remains constant. ’

Prove this, and find the volume.

(Think of zyz = a as a level surface of w = xyz; use this to write the equation of its
tangent plane at Pp, find where this plane intersects the coordinate axes, then find the
volume of the resulting tetrahedron.

Volume of a tetrahedron = %bh, where b is the area of a face and h the length of the
corresponding altitude — the line segment with one end perpendicular to the face and the
other end at the opposite vertex.)
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MatLab Directions for 18.02

Access MatLab by clicking on MatLab on the Athena screen, or by typing:
% add matlab [return] % matlab [return]

Entering matrices and vectors; Basic operations

In MatLab the variables represent matrices and vectors. The symbol = is used to assign
values to the variables. To see how this works, type each of these lines in order; remember:
always hit [return] or [enter] to end a line.

A=[123;,456; 789 (you can use commas instead of spaces: 1,2,3;)

b=1[10 1]
bn’
eye(3) (eye = I, the identity matrix)
Try a mistake: C = [1,2,3; 4,53]; to correct it, press any arrow key to get the line back.
Sum, difference A+ B, A—B (matrices must be same size)
Product A*B  (matrices must be compatibly sized)
Powers A’n (A times itself n times; A must be square)

Quotient left: A\b (the solution to Ax = b)
right: b/A (the solution to xA = b)

Transpose A

Inverse inv(A)

Try typing (use the values of A and b above): A+ eye(3) A%  A*@) A* 3%

Special MatLab Operators

Array Operators: Use dots to make component-wise operations. Let z = [z1 z2 ... z,].
2. =8P s T (m can be 0)
T2y =[T191 ... Talyn]

fle) =[f(x1) .. flea)l f =sin, cos, log, polynomials, etc.
Colon operator This generates a vector with equally spaced entries; for example,
[0:2:12)=[024681012); [2:—.1:1.6]=[2.01.91.81.7 1.6]
Two-dimensional plots in MatLab

Let z =[xy 22 ... Zn],and y = [y1 ... yn]; then

plot (z,y) (plots the n points (x,y:), joined by solid line segments)

plot (z,y," —=") (plots the n points, joined by dashed line segments)

plot (z,y," %) (plots the n points as individual stars (or dots or circles, etc))

hold (toggles between on and off (at the start it’s off); when off, the new
plot replaces the old; when on, the new

plot is superimposed on the old)

print (gives a print-out of the current screen plot)
Try in order (read L to R; commands are separated by spaces; press [return| after each):
2 =0 .1 22 plot (z, sin(zx)) plot(z, cos(z), '+) hold
plot (z, sin(z), '— —') hold

plot (z, 4 xz.” 3) (plots y = 42%; note the need for the array operator)
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Directions for 3D Graphs in MatLab

To plot the 3D graph of z = f(x,y), you specify:
the grid (z;,y;) of lattice points: give the vectors z = [z1...z,]) and y = [y1...yn].

Example: To make a grid with spacing .1, over the interval [—2, 2] on both axes, type (in
what follows, > is the matlab prompt; don’t type it — type the semicolon at the end so
Matlab won’t print out all the numbers — remember [return] at the end)

Sr=[-2:.1:2 Min ol may

Sai=[=21.1:2); ‘

> [z,y] = meshgrid(z,y); gkt T g !

the function z = f(z,y) For example, to graph the function f(z,y) = a? — ¢?, type

Fr=z2-y" 2 &}\ 'h( j-l J At Runs t{‘ i O
plot the graph either as a mesh of lines, or as a filled-in surface (the color indicates the
value of 2, i.e., the height of the graph above the zy-plane); type first

> mesh(z, y, 2) then > surf(z, y, )

change the viewpoint To change the viewpoint (i.e., rotate the graph left or right,
up or down), type

> rotate3dd

then place the mouse cursor in the graph region, hold down left button, move mouse,
release button. The two numbers on the screen are the azimuth: angle in degrees from the
negative y-axis to the line of sight, and the elevation, the angle in degrees from the zy-plane
to the line of sight. To turn off rotation, type again: > rotate3d

hidden lines Try typing: 3> hidden (type it again to change back)

changing scale To change the z-axis scale to [—4,4], the y-axis to [=5,5], and the
z-axis to [—20, 20], type

> axis([-4 4 —5 5 —20 20])
level curves To get a 2D plot with 20 level curves, type: > contour(z,y, z, 20)
contour curves To get 4D plot with 20 contour curves, type: > contour3(z,y, z, 20)
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