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18.02A Problem Set 6B (pue 4/8/10 10:45AM 2-106)
Hand this in along with Problem Set 6A; staple 6A and 6B together, in that order.

Part I (15 pts. + 10 pts. for Pset 6A)

Lecture 20. Tues. Mar. 30 Vector fields and line integrals in 2D
Read: Notes V1, Textbook: 21.1 KWorlE:f gA—?»bd, 4; 4B-1bef, 2, 3

Exam 2. Thurs. April 1 11:05-11:55 Walker 3rd floor

The exam will cover Lectures 9 - 19 on Partial Differentiation and Double Integration.
No books, notes, calculators; no use of cell-phones.

Lecture 21. Fri. Apr.2 Gradient fields, conservative fields, path-independence;

Fundamental theorem of calculus for line integrals.
Read: 21.2 to p. 762 Work: 4C-1, 2,3

Lecture 22. Tues. Apr.‘ 6 Criterion for conservative fields; potential functions.
Read: Notes V2 (Work: 4C-5a, 6ab (do all three both by Method 1 and Method 2)

Lecture 43. Thurs. Apr. 8 Green’s theorem (fangential form). )
Read: 21.3 to middle p. 768

Part II (20 pts.)

Directions: Try each problem alone for 15 minutes. If you subsequently collaborate,
solutions must be written up independently. It is illegal to consult problem sets from
previous semesters. With each problem is the day it can be done.

Problem 1. (Tues. 3/30 3 pts.: 1,2)

a) Write down in zy-coordinates the vector field F whose vector at P : (z,y) runs in the
vertical direction from P to the line L:z +y = 1.

b) Show without calculation that for this field, fc F.dr # 0, if C is any positively oriented
right triangle with legs parallel to the axes and hypotenuse on L.

Problem 2. (Tues. 3/30 3 pts.)

Imagine the z-axis is an infinitely long heavy wire, of uniform density. The gravitational
force it exerts on a unit mass placed at a point (y,z) # (0,0) in the yz-plane is given by

j+zk
L FLTEE

F(y,z) = y? + 22

where ¢ is a positive constant. Taking ¢ = 1, find by direct calculation of the line integral
(i.e., by using a parametrization of C') the work done by the gravitational field in moving a
unit mass along each of the following paths C in the yz-plane:

a) half-line z =1, y > 0; starting point (0, 1);

b) circle of radius a with center at the origin, traced counterclockwise;

c) line from (0,1) to (1,0).



2

Problem 3. (Fri. 4/2 4 pts.: 1,1,2)

a) Let F = —V(Inr), where 7 is the distance from the origin in the y2-plane. Show that
F is the field of Problem 2, when ¢ = 1.

b) Show that for any path C joining two point P; and Ps in the yz-plane, the value of
fc F - dr depends only on the ratio ra/r1, where r; is the distance of P; from the origin.
What points P; should be excluded?

c) Let C be a directed line segment of length 1.
(i) If [, F-dr =0, how is C placed?
(ii) What position of C gives [, F - dr the largest value?

Problem 4. (Fri. 4/2 3 pts: 1,2) Let F = V(z%y — 3zy?). Let C be the quarter of the
ellipse 922 + 4y? = 1 running from the positive z-axis to the positive y-axis.

a) Write the integral [, F-dr in the [, M dz + N dy form

b) Evaluate it in two different but equally easy ways: using the Fundamental Theorem
and using path-independence. (Both ways can be done mentally, but write down enough to
indicate the reasoning.)

Problem 5. (Tues. 4/6 4 pts.: 1, 1.5, 1.5) Let F=zyi +z%j.

a) Verify that F is not a conservative field.

b) Try to find a potential function for F by using Method 1 in the Notes. What goes
wrong?

c) Answer the same question for Method 2.

Problem 6. (Tues. 4/6 3 pts.: 1.5, 1.5)

The most general two-dimensional field F whose direction is radially outward, and whose
magnitude depends only on r (r = /22 +y?), is

F=j(r)(zi+y]).

a) Assuming f(r) is differentiable for all r, show that any such F is conservative.
(Use the chain rule and the standard formulas 8r/8z = z/r, 8r/0y = y/r.)

b) Find a potential function of the form g(r), if f(r) = r™, where n is a positive or
negative integer.
(Solve Vg(r) = F for the function g(r). One value of n has to be handled differently
from all the others.)
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18.02 Problem Set 7 (pue THURrs. APR. 15 10:45 2-106)

Part I (15 pts.)

Lecture 23. Thurs. Apr. 8 Green’s theorem (tangential form).
Read: 21.3 to middle p. 768 Work: 4D-1be, 2, 3, 5

Lecture 24. Fri. Apr. 9 Flux; Green’s Theorem in normal form.
Read: Notes V3, V4 Work: 4E-lac, 2, 5 (without calculation); 4F-4, 5

Lecture 25. Tues. Apr. 13 Extensions and applications of Green’s Theorem
Read: Notes V5, V6 (pp. 1,2) Work: 4G-1,4,5

Lecture 26. Thurs. Apr. 15 Triple integrals: rectangular and cylindrical coordinates
Read: Notes 1.3, 20.5, 20.6

Part IT (20 pts.)

Directions: Try each problem alone for 20 minutes. If you subsequently collaborate,
solutions must be written up independently. It is illegal to consult problem sets from
previous semesters. With each problem is the day it can be done.

Problem 1. (Thurs. 4 pts.: 1, 2, 1)

a) Let C be a simple, closed, smooth, positively oriented curve and let R be its interior.
Show that
2 f —y3dz 4 z° dy
3Jc
is equal to the polar moment of inertia about the origin (cf. p. 725) of the plane region R,
assuming its density § = 1.

b) Use part (a) to calculate the polar moment of inertia about the origin of the region
inside the ellipse given parametrically by = =a cost, y = bsint, (a, b positive constants).

(Hint: Begin by sketching the ellipse. By symmetry it is enough to calculate the polar
moment of inertia for the portion of the ellipse inside the first quadrant. This simplifies the

boundary, and also permits the use of the formulas for foﬂz sin™ tdt and j;r /2 cos™tdt at
the beginning of exercises 3B.)

¢) Check your answer in part (b) by seeing what it gives when b = a, le., the ellipse
becomes a circle of radius a. Then confirm this by calculating the polar moment of inertia
of a circular disc of radius a, using a double integral in polar coordinates.

Problem 2. (Thurs. 3 pts.)  Prove the other half of Green’s theorem

iN(:r,y)dy=/j;1%—I:dA

with the usual hypotheses, except assume the interior R of the curve is horizontally simple,
i.e. is the region lying between the graphs of the smooth functions z = g(y) on the left and
z = h(y) on the right, and the horizontal lines ¥ = a below and y = b above.

11 Y



2

Problem 3. (Thurs. 3 pts.)

Find the simple, closed, positively oriented curve C for which

/‘. nArFfa (( r’
f z*(y + 1) do + 4z(1 — y*)dy
e ~gh Hg  a / -
t4 i f
has the maximum value. Indicate reasoning. _/ 2
(Use Green’s theorem; note that the integrand of [/ r takes on both positive and F

negative values:.) lyaat Ctae. for Vaaee, _
Problem 4. (Fri. 4 pts.: 3,1) Let F=2zy(l —2?)i+3%@32z%>-1)]j (" ol -

a) Show that the flux of F across any smooth curve y = f(z) running from the line”, ble fer (®

= —1 to the line z = 1 has always the same value, i.e., the flux does not depend on the Co v £
choice of curve. g ' "{"'

(Take two such curves Cy and Cs; assume first that one lies entirely above the other w=d g

and apply Green’s Theorem in the normal form.) o ., 2 4

b) Determine this constant value of the flux. b_ 2 '
Problem 5. (Fri. 2 pts.) ¢ ' 5 & o

A function f(z,y) defined in a region S of the zy-plane is said to be harmonic in S if [~ ;
at every point of S it satisfies the two-dimensional form of Laplace's equation:

Sz + fyy = 0.

Prove that if the field F is the gradient of a harmonic function in S, the flux of F across .

any simple closed curve lying entirely inside S is zero.

Problem 6. (Tues. 4 pts) Let

=Y T .
F= ;
m2+y21+12+y2']

Show that the flux of F across any simple closed curve C surrounding the origin is zero.

(Note that the field is not defined at the origin. Study and imitate the analogous argument
in the notes involving the calculation of work done around a simple closed curve by a plane
vector field whose curl vanishes, but which is not defined at the origin.)
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Practice for exam 3

Ex1. Let f(z,y,2) =z + Va2 +y? + 2 + y® + 2°. Express this function in terms of
a) cylindrical coordinates.
b) spherical coordinates.

Ex2. Let S be the solid in first quadrant between planes z = 1 and plane @ 4+ y + 2z = 2.

1) Set up limits for computing the integral of a function f(z,y,z2) over S: [ [ [ fdzdyda.

2) Suppose the densityof S is given by a function §(z,y, z). What is the function f to integrate if one want
to compute: a. The volume of S.

b. The Mass of S.

¢. The moment of inertia around ¥ axis.

d. The moment of inertia line defined by z =0, z = 1.

e. The z coordinate Z of the center of mass.

f. The gravitational attraction exerted by S on a untit mass placed at origin.

Ex3. Set up limits of integration for [ [ fs fdV, where S is

a) Cylinder or radius a and height 2 (Cylindrical).

b) Part of the unit sphere (around origin) in first octant (Cylindrical, Spherical)

¢) Part of unit sphere (around origin) above plane z = 1/2 (Rectangular,Cylindrical, Spherical)

d) Part of unit sphere (around origin) above cone z = v/22 + z2 (Rectangular,Cylindrical, Spherical)
e) Ball of radius a around @ = (0,0, a) (Cylindrical, Spherical).

f) Part of that ball above plane z = a (Cylindrical, Spherical).

g) Intersection of unit sphere around origin and unit sphere around (0,0,1) (Cylindrical).
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18.02 Exam 3 Thurs. Apr. 21, 2010 11:05-11:55

Directions: _

1. There are 3 sheets, printed on both sides: eight problems in all.

2. Do all the work on these sheets; use the blank part below if truly necessary. Write down enough to
show you are not guessing.

3. No books, notes, calculators, use of cell-phones, etc.

4. Please don't start until the signal is given; stop at the end when asked to; don’t talk until your paper
is handed in.

5. When the exam starts, read through the exam and start with what you are surest of.

6. Fill out the information below now.
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Problem 1. (10 pts: 4; 3,3) : ’ PR 2.

a) Write down in zy-coordinates the vector field F whose vector at (z,y) points towards the origin
and has unit length. Jib wet g mon, .

——XI‘\
R T | 7
G 2L plelen
A

b
b) (No calculation required or expected): For the oriented path C consistihg of the line segment from
(0,2) to (0,1), followed by the quarter-circle (center (0,0), radius 1) from (0,1) to (1,0):

(i) find the value of F dr on the path C
(ii) find the ﬂux of F across C.
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Problem 2, (10) Use Green’s theorem to evaluate f (v° +2¢) dz + 2(3y

Shepid >
over the positively

- c
oriented square C having vertices at the four points £1 on the z- and y-axes. e 24y A
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Problem 3. (20 pts: 5,10,5) Let F=ay(z—y)i+ (2 —bzy +3y?) j,
where a and b are constants. ;

a) Prove that if F is éonservative, thena =2, b=4.

f' 3 Nﬂfﬁy .
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(1
b) Let a=2, b=4. f
Using a systematic method (show work), find a function f(z,y) such that F = V.
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¢) Continue to use a = 2, b = 4, and using the earlier parts of this problem
evaluate / F.dr =0 along the path C given by: z = tant, y =sin2¢, ast runs from 0 to 7/4.

(This is - easy, but you must show the work.) ([LVIJLJ\{;!fnl nﬂo{m oT f‘f//b/tfc /{VE /4)1( %
s mg) bl 0t Gl 6 an ot s AY ga £ gadi’ {f 1
\ d | 4
Jr-;/" 3(1,1) (all gy poth an)- | . 5 FU tlx, ))
(}1(' % X = 'Jd, v - . " P,



i“r

‘4
‘-\.l

6 /?@ (aa ous' of TIM_
Problem 4 (20 pts: 5, 10, 5, 0)

Verify Green’s theorem in the tangential (w&l;lf) form for the vector field F = 21420
and the closed curve C' consisting of the two segments of the z- and y-axes connecting the orlgm with

the points (a,0) and (0, a), plus the quarter-circle given by z=acosf,y=asind, 0<#<7/2, a>0. -
That is, showing work: N 9 o :
(a) apply Green’s theorem; ' Cotr)o.
(b) evaluate the line integral (over all of C); Pacamitels ), sy
MY (c) evaluate the double integral; “J W
(d) spend the next twenty minutes trying to make them agree.
(In calculating the line integral you will need the formulas on the cover sheet.) 7 %
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Problem 5. (10) Let f(z,y) bea function with continuous second derivatives that satisfies the equation

4

faz + fyy = 0.

(™  Show that the field F = Vf has the same fluz across any two differentiable paths C; and C; which start

at the same point Py, end at the same point P, and don’t intersect. €,
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Problem 6. (10 pts.: 8,2)
_+~  Let D be the domain of finite volume in the first octant cut off by the plane z+y+ 2= 1.

I

/|- ) a) Set up an iterated triple integral in rectangular coordinates [ [ [ f(z,y,2)dzdydz for the total
& * mass of D, if the density function is given by § = z. (Give the integrand and limits.)

b) Then take only the first step in evaluating it, i.e., reduce it to a double iterated integral in z and y.
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Problem 7. (16) Let V be the finite domain in zyz-space lying between the paraboloid z = 22 + y?
and the plane z = 9. Taking density § = 1, set up an iterated triple integral in cylindrical coordinates
(provide limits and integrand, but do not evaluate) giving its mwenia about the z-axis.
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Problem 8. (1¢) Let D be the “filled ice-cream-cone” in 3-space whose top surface is formed by a
portion of the sphere of radius a centered at the origin, and whose bottom surface is a portion of the
circular cone having as axis the z-axis, and whose vertex angle is 60°. Set up a triple iterated integral in
spherical coordinates which gives the volume of D (provide limits and integrand, but do not evaluate).
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