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18.02A Problem S et 6B (DUE 4/8/10 10:45AM 2-106) 

Hand this in along with Problem Set 6A; staple 6A and 6B together, in that order. 

Part I (15 pts. + 10 pts. for Pset 6A) 

Lecture 20. Thes. Mar. 30 Vector fields and line integrals in 2D '", 
Read: Notes VI , Textbook: 21.1 lWork: 4A-3bd, 4; 4B-Ibef, 2, 3 

Exa m 2. Thurs. April 1 11:05-11:55 Walker 3rd floor 

The exam wi ll cover Lectures 9 - 19 on Partial Differentiation and Double Integration. 
No books, notes, calculators; no use of ceLl-phones. 

Lecture 21. Fri. Apr.2 Gradient fie lds, conservative fields, path-independence; 
Fundamental theorem of calculus for line integrals. 

Read: 2l.2 to p. 762 ( Work: 4C-l, 2, 3 ___ • 

Lecture 22. Thes. Apr. 6 Cri terion for conservative fields; potentiaLfunctions. ______ 
Read: Notes V2 ork: 4C-5a, 6ab (do all three both by Method 1 and Method 2) 

Lecture 43. Thurs. Apr. 8 Gree~'S1lieorem (tangen Tal lormf 
Read: 21.3 to middle p. 768 

Part II (20 pts.) 

_.----

Dire ctions: Try eaeb problem alone for 15 minutes. If you subsequently collaborate, 
solutions must be written up independently. It is illegal to consult problem sets from 
previous semesters. With each problem is the day it can be done. 

Problem 1. (Thes. 3/30 3 pts.: 1,2) 
a) Write down in xv-coordinates the vector field F whose vector at P : ( .~, y) runs in the 

vertical direction from P to the line L : x + y = 1. 
b) Show without calculation that for this field , Ie F ·dr '" 0, if C is any positively oriented 

right triangle with legs parallel to the axes and hypotenuse on L. 

Problem 2. (Thes. 3/30 3 pts.) 

Imagine the x-axis is an infinitely long heavy wire, of uniform density. The gravitational 
force it exerts on a unit mass placed at a point (y , z) '" (0,0) in the yz-plane is given by 

F( ) 
_ y j + z k 

y, z - -c 2 2 
Y + z 

where c is a positive constant. Taking c = 1, fi nd by direct calculation of the tine integral 
(i.e., by using a parametrization of C) the work done by the gravitational field in moving a 
uni t mass along each of the following paths C in the yz-plane: 

a) half-line z = I , y;:>: 0; starting point (0,1); 
b) circle of radius a with center at the origin I traced counterclockwise; 
c) line from (0, I ) to (1,0). 

I 



2 

Problem 3. (Pri. 4/ 2 4 pts.: 1,1,2) 

a) Let F = -'V(lnr ), where r is the distance from the origin in t he yz-plane. Show tha t 
F is t he field of Problem 2, when c = 1. 

b) Show tha t for any path C joining two point P, and P2 in the yz-plane, the value of 
Ie F· dr depends only on the ratio T2/TII where Ti is the distance of Pi from the origin . 
What points Pi should be excl uded? 

c) Let C be a directed line segment of length 1. 
(i) If Ie F . dr = 0, how is C placed? 
(ii ) What position of C gives Ie F . dr the largest value? 

Problem 4. (Pri. 4/2 3 pts: 1,2) Let F = 'V(x 2y - 3xy2). Let C be t he quar ter of t he 
elli pse 9x2 + 4y2 = 1 running from the posit ive x-axis to the posit ive y-axis. 

a) Wri te t he integral Ie F . dr in the Ie M dx + N dy form 
b) Evaluate it in two different but equally easy ways: using the FUndamental Theorem 

and using path-independence. (Both ways can be done mentally, but write down enough t~ 
indicate the reasoning. ) 

Problem 5 . (Thes. 4/64 pts.: 1, 1.5, 1.5) Let F = xV i + x 2 j . 
a) Verify that F is not a conservative field. 
b) Try to find a potentia l fun ction for F by using Method 1 in t he Notes. What goes 

wrong? 
c) Answer t he same question fo r Method 2. 

Problem 6. (Thes. 4/ 6 3 pts.: 1.5, 1.5) 

The most general two-dimensional field F whose direction is radially outward, and whose 
magnitude depends only on r (r = Jx2 + y2), is 

F = f (r)(x i +y j ). 

a) Assuming f (r) is different iable for a ll r, show that any such F is conservative. 
(Use the chain rule and the standard formulas ar/ax = x/r , ar jay = ylr.) 

b) Find a potent ial function of t he form g(r), if f (r ) = rn, where n is a posit ive or 
negative integer. 

(Solve 'Vg(r ) = F for t he fu nction g(r ). One value of n has to be handled di fferently 
from aU the others .) 
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18.02 Proble m Set 7 (DUE THURS. APR. 15 10:45 2-106) 

Lecture 23. Thurs. Apr. 8 
Read: 21.3 to middle p. 768 

P a rt I (15 pts .) 

Green's theorem (tangential form). 
Work: 4D-lbc, 2, 3, 5 

Lecture 24. Fri. Apr. 9 
Read: Notes V3, V4 

Flux; Green's Theorem in normal form. 
Work: 4E-lac, 2, 5 (without calculat ion); 4F-4, 5 

Lecture 25. Tues. Apr. 13 Extensions and applications of Green's Theorem 
Read: Notes V5, V6 (pp. 1,2) Work: 4G-l , 4, 5 

Lecture 26. Thurs. Apr. 15 Triple integrals: rectangular and cylindrical coordinates 
Read: Notes 1.3, 20.5, 20.6 

Part II (20 pts .) 

Directions: Try each problem alone for 20 minutes . If you subsequently collaborate, 
solutions must be written up independently. It is illegal to consult problem sets from 
previous semesters. With each problem is the day it can be done. 

Problem 1. (Thurs. 4 pts.: 1, 2, 1) 

a) Let C be a simple, closed, smooth, positively oriented curve and let R be its interior. 
Show tbat 

~ 1 _y3 dx + x 3 dy 
3 Jc 

is equal to t he polar moment of inertia about the origin (cf. p. 725) of the plane region R, 
assuming its density a = 1. 

b) Use part (a) to calculate the polar moment of inertia about the origin of the region 
inside the ellipse given parametrically by x = a cost, y = b sint , (a , b positive constants) . 

(Hint: Begin by sketching the ellipse. By symnietry it is enough to calculate the polar 
moment of inertia for the portion of the ellipse inside the first quadrant. This simplifies the 

boundary, and also permits the use of t he formulas for f~~/ 2 sinn t dt and f,;/2 cosn t dt at 
the beginning of exercises 3B.) 

c) Check your answer in part (b) by seeing what it gives when b = a, i. e., t he elli pse 
becomes a circle of radius a. Then confirm this by calculating the polar moment of inertia 
of a circular disc of radius a, using a double integral in polar coordinates . 

Problem 2. (Thurs. 3 pts.) Prove t he other half of Green's theorem 

i N(x,y)dy = J l ~~ dA 

with the usual hypotheses, except assume the interior R of the curve is horizontally simple, 
i. e. is the region lying between the graphs of the smooth functions x = g(y) on t he left and 
x = h(y) on t he right, and the horizontal lines y = a below and y = b above. 

1 : ~ 611'1 \ hit J1' 
\ " ~c~, 

t ,. f" . \ 

. ~"J 
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Problem 3. (Thurs. 3 pts.) 
F ind the simple, closed, posit ively oriented curve C for which 

/' ( ~,)- h '/ ( ~ (It(,,, i-xl 

has the maximum value. Indicate reasoning. ~ 

fax2(y + 1) dx + 4x(1 - y2) dy 

(Use Green's theorem; note that the integrand of ffR takes on both positive and ; 1.1 
negative values.) Ivu. r r( d :'. r., L. .qP, • /, 

v oJ.'" ~"'( d 
P roblem 4. (Fri. 4 pts.: 3,1 ) Let F = 2xy(1 - x2) i + y2(3x2 - 1) j (h nol - ... Q') 

a) Show that the flux of F across any smooth curve y = f (x) running from the line)a hfc 1<1 f 8 
x = -1 to tbe line x = 1 has always the same value, i.e ., the flux does not depend on the {. (. 

IJP \, ... "".. f (M 
choice of curve. 

(Take two sucb curves C, and C2 ; assume first tbat one lies ent irely above the other - I t. I 
and apply Green's Theorem in the normal form.) 'til" 1. (; 

b) Determine this constant value of the flux . L( 7 

P roblem 5. (Fr i. 2 pts.) 

A function f (x, y) defined in a region S of the xy-plane is said to be harmonic in S if 
at every point of S it satisfies the two-d imensional form of Laplace's equation : 

fu+fyy = O. 

Prove that if the field F is the gradient of a harmonic function in S, the flux of F across 
any s imple closed curve lying ent irely inside S is zero. 

Problem 6. (Tues. 4 pts) Let 

- y x 
F = i + j. 

x2 + y2 x2 + y2 

Show that the flux of F across any simple closed curve C surrounding the origin is zero. 

(Note that the fie ld is not defined at the origin. Study and imitate the analogous argument 
in the notes involving the calculation of work done around a simple closed curve by a plane 
vector field whose curl vanishes) but which is not defined at the origin.) 

- >< -; L 

(f-x·-2'yt. 
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Practice for exam 3 

Exl. Let f (x, y, z) = x -I- VX2 -I- y2 -I- x 2 -I- y2 -1- z2. Express this function in terms of 
a) cylindrical coordinates. 
b) spherical coordinates. 

Ex2. Let 5 be the solid in first quadrant between planes z = 1 and plane x -I- y -I- z = 2. 
1) Set up limits for computing the integral of a function f(x , y, z) over 5: J J J fdz dydx. 
2) Suppose the densityof 5 is given by a fun ction b(x, y, z). What is t he function f to integrate if one want 
to compute: a. The volume of S. 
b. The Mass of S. 
c. The moment of inertia around y axis. 
d. The moment of inertia line defined by x = 0, z = 1. 
e. The x coordinate x of the center of mass. 
f. The gravitational attraction exerted by S on a untit mass placed at or igin. 

Ex3. Set up limits of integration for J J Is J dV, where S is 
a) Cylinder or radius a a nd height 2 (Cylindrical). 
b) Part of the unit sphere (around origin) in first octant (Cylindrical, Spheri cal) 
c) Part of unit sphere (around origin) above plane z = 1/2 (Rectangular ,Cylindri cal, Spheri cal) 
d) Part of unit sphere (around origin ) above cone z = vx2 -1- Z2 (Rectangular,Cylindrical, Spherical) 
e) Ball of radius a a round Q = (0, 0, a) (Cyli ndrical, Spheri cal). 
f) Part of that ball above pla ne z = a (Cyli nd rical, Spherica l). 
g) [ntersection of uni t sphere around origin and unit sphere a round (0,0, 1) (Cylind rical). 
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18.02 Exam 3 Thurs. Apr. 21, 2010 ll:05-ll:55 

Directions: 
1. There are 3 sheets, printed on both sides: eight problems in all. 
2. Do all the work on these sheets; use the blank part below if truly necessary. Write down enough to 
show you are not guessing. 
3. No books, notes, calculators, use of cell-phones, etc. 
4. Please don't start until the signal is given; stop at the end when asked to; don't talk until your paper 
is handed in. 
5. When the exam starts, read through the exam and start with what you are surest of. 
6. Fill out the information below now. 

Name _n-,,\=C~=u",,-t .l-I _ P....l.I-->QS"-.fIt--"--.:1 t_f ______ e-mail@mit.edu tht fla L 

Recitation teacher __ 6 __ ( '_lV----=cQ_r _____________ Rec. hour ~ 

1
~/2 1 ,,/2 (n - I)!! 
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n even 

n odd 
and n!! = n(n - 2)(n - 4) . .. 

pg.l ib 
pg.2 I i , 

pg.3 b 

pg.4---¥

pg.5 \ \ 
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P roblem 1. (10 pts: 4; 3,3) lfXzt'fl 

a) Write down in xy-coordinates the vector fie ld F whose vector at (x, y) points toward.§ the origin 
and has unit length. "a ".J "t",or;1e /\ 

-Xl-I ' 

4' ~ \ ~ F Ji,' I,"IJ'\ r-----
~ ~ J~1fyL vi 'It ~ \ 

3 

b) (No calculation required or expected): For the oriented path C consisting of the line segment from 
(0,2 ) to (0,1) , followed by tbe quarter-circle (center (0,0), radius 1) from (0,1) to (1,0): 

(i) find the value of 1 F . dr on the path C 
- c 

(ii) find the fiux of F across C. 
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I I 

Problem 2. (10) Use Green's theorem to evaluate i (t/ + 2i;) dx + x(3y '-1{ dy over the positively 

oriented square C having vertices at the four points ±l on the x- and y-axes, " ,-
X-'r'-~ j "{ e4v ' 

fi = y~tLy 
N't ~-:Sy7. -1 

'/= -/--;. 

tr -- 3x y'- -X 

(1-/ =5y?t2 

6h :1- w,l~ 

N~-N1 

'>( <-'t~-j I )(, 't =: I 

- ,)rlJ f Ivl' :s fVI;<. t Ny 

-~ 

(Hi 7 (h) 
/F-2x ~xl(I-X) 
I - 7 <: I K 1 - )( + ? 7? _ x'3 

_ y 3 ~ 3 y L - ~d I 
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Problem 3. (20 pts: 5,10,5) 
where a and b are constants . 

Let F = ay(x - y) i + (x 2 - bxy + 3y2) j , 

a) Prove that if F is conservative, then a = 2, b = 4. 

Nt- -:: N 7 

~/ ::: X. 7 - ~ x'( r J y 1-

W f. = 2" - ("/1 

b) Let a=2, b=4. 

'2 'f - L/ 'I ; b - ct'1 . 
N ><- V'1 y -...; >9 CO'" SP IV~ + tvlt 

Using a systematic method (show work), find a function f(x , y) such that F = \1 f. 
"h f~)e 0,(0'19 ,1IO.i~ s j viJ~J tho'i )i11 rYl f .. /J;l,e 

\d(X;/ Y;\ 
I C ~ 
l' . 

c --

2 1 v1(~hk~ 
- ' I\[I,)"A) 

l>lo,l, ~ f lh. 
_ 'Mlcl 'I:; 0 J I'a 

{, f 

E- f l 'tfled 
1/0- /.1. { t't b dVdy 
(f"r)< ) f1 d; - rvJ x 
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Problem 4 (20 pts: 5, 10, 5, 0) 

Verify Green's theorem in the tangential (work) form for the vector field F = _ y3 i + x 3 j . 
and the closed curve C consisting of the two "Segments of the x- and y-axes connecting the origin with 
the points (a,O) and (0, a), plus the quarter-circle given byx = a'cose, y = asine, 0:0;.:0; 7r/2, a> 0. 

That is, showing work: '" 9- ().,._ 
(a) apply Green's theorem; (CY#(iI9 -. 

( \II (b) evaluate the line integral (over all of C); tlCll~ tr.iJ(;21''; 
"ft',,,( " l I rc 'I. 1 
• cv'''- (c) evaluate the double integral; J '-' C7 
,..' (d) spend the next twenty minutes trying to make them agree. 

(In calculating the line integral you will need the formulas on the cover sheet.) 

(Ef iV0 f0 11>1 d K - -0,. S:/1 & 
cl't := 0. (0) () 
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1-/ !I 
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3 (3 -2) 
L/ (l/_ 2 ) ( L/_ L/ ) 

1£ , 1... 
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\~r 
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r 
I 

eo . ') 



Problem 5. (10) Let f(x, y) be a function with continuous second derivatives that satisfies the equation 

f xx+fyy =0. 

Show thanhe field F = \l f has the same flux across any two differentiable paths CI and C2 which start 
at the same point PI, end at the same point P2 , and don't intersect. t':~ 

k((A v5e({ I a 8(j(J((nt CeiL .~ 
...) 

Cur I p :: 0 

N~ =() 

:; S~ () ;: 0 

N f- ::- .f yx 

AA y:: txy 

P roblem 6. (10 pts.: 8,2) 

J 
Crc.q~ do.>eJ 5Jrfa:((2 . 

(J;e 6>-eev1s 1le()/~ 

Let D be the domain of finite volume in the first octant cut off by the plane x + y + z = l. 

Cz 

a) Set up an iterated triple integral in rectangular coordinates J J J Nx , y , z) dz dy dx for the total 
mass of D, if the density funct ion is given by~. (Give the integrand and limits .) 

b) Then take only the first step in evaluating it, i.e., reduce it to a double iterated integral in x and y . . 

y; 1- 2. 



Problem 7. (let) Let V be the finite domain iIi :;:yz-space lying between the paraboloid z = x 2 + y2 

and the plane z = 9. Taking density .8 = 1, set up an iterated triple integral in cylindrical coordinates 
(provide limits and integrand, but do not evaluate) giving its moment of inertia about the z-axis. 

11[\ 'fi c; 3~ r~ 
Yh1l5? ~ ~ ~ h rdrJ& 

6 r '2. L- J I d \iJ(/l V1~ <l(clP/' 
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(<151 F q~l 
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? " 'f...2 t Y 1-

~ X
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A Z" '(2 .::::;r'L 
Mp T J;:-

{Cl ~ J 

Problem 8. (10) Let D be the "filled ice-cream-cone" in 3-space whose top surface is formed by a 
portion of the sphere of radius a centered at the origin, and whose bottom surface is a portion of the 
circular cone having as axis the z-axis , and whose vertex angle is 60°. Set up a triple iterated integral in 
sE}lerical coordinates which &iv~s the volu)lle of D (provide linlits and integrand, but do not evaluate). 
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