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18.03 Lecture Notes - Fall 2011

Handwritten notes will be posted here shortly after each lecture.

Lecture

Lecture 1, and the slides

Lecture 2, and the slides

Lecture 3, and the slides

Lecture 4, and the slides

Lecture 5, no slides today.

Lecture 6, and the slides

Lecture 7, and the slides

Lecture 8: Exam revision.

Exam I.

Lecture 9, and the slides

Date Topic

Wed. Sept. 7 Sep. of variables. Isoclines and
fences.

Fri. Sept. 9 More on fences and funnels.

Mon. Sept. 12 Euler's method.

Autonomous equations.

Wed. Sept. 14 Integrating factors.

Intro to IR models. Complex
numbers.

Fri. Sept. 16

Mon. Sept. 19 Complex numbers and ODEs.

More complex numbers. Some
input-response.

Fri. Sept. 23
Mon. Sept. 26

Wed. Sept. 28

Fri. Sept. 30 Second order ODEs.
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Lecture 10,

Lecture 11,

Lecture 12,

Lecture 13,

Lecture 14,

Lecture 15,

Lecture 16,

Lecture 17,

Lecture 18,

Exam II.

Lecture 19,

Lecture 20,

and the slides

and the slides

and the slides

and the slides

no slides today.

and the slides

and the slides

and the slides

no slides today.

no slides today.

and the slides.

Mon. Oct. 3

Wed. Oct. 5

Fri. Oct. 7

Wed. Oct. 12

Fri. Oct. 14

Mon. Oct. 17

Wed. Oct. 19

Fri. Oct. 21

Mon. Oct. 24

Wed. Oct. 26

Fri. Oct. 28

Mon. Oct. 31

http://math.mit.edw/classes/18.03/fall 1 1/notes.html

Wronskians. Constant
coefficients case.

Operator notation. Example of
pendulum.

Inhomogeneous case.

Some physical examples.

Springs. RLC Circuits.

More on RLC. Resonance.

Power series expansions.

More power series.

Exam II revision.

Introduction to Fourier Series.

The Square Wave.

12/18/2011 2:38 PM
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Lecture 21,

Lecture 22,

Lecture 23,

Lecture 24,

Lecture 25,

Lecture 26,

Lecture 27,

Lecture 28,

Lecture 29,

Lecture 30,

Lecture 31,

Lecture 32,

Lecture 33,

and the slides.

no slides today.

no slides today.

and the slides.

no slides today.

and the slides.

no slides today.

no slides today.

no slides today.

no slides today.

no slides today.

no slides today.

no slides today.

Wed. Nov. 2

Fri. Nov. 4

Mon. Nov. 7

Wed. Nov. 9

Mon. Nov. 14

Wed. Nov. 16

Fri. Nov. 18

Mon. Nov. 21

Mon. Nov. 28

Wed. Dec. 1

Fri. Dec. 2

Mon. Dec. 5

Wed. Dec. 7

http://math.mit.edw/classes/18.03/fall 1 1/notes html

Fourier series and ODEs.

Heat equation. Wave equation,

Laplace Transform.

Solving ODEs with Laplace.

Impulses. The delta functions.

The weight function.

Pole diagrams.

Exam Revision.

Starting Linear Systems.

Solving linear systems.

Eigenvalues and eigenvector.

Repeated eigenvalues.

The exponential of a matrix.
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Lecture 34, no slides today. Fri. Dec. 9 Drawing solution curves.

Lecture 35, no slides today. Mon. Dec. 12 Exam Review.

Lecture 36, no slides today. @ Wed. Dec. 14 Exam Review II.

Back to the 18.03 home page.
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18.03 Practice Final Exam 1

1. This problem concerns the differential equation

d
=Ty ()

Let y = f(z) be the solution with f(—2) = 0.

(a) Sketch the isoclines for slopes —2, 0, and 2, and sketch the direction field along them.

(c) On the same diagram, sketch the graph of the solution f(z). What is its slope at
x=-27

(d) Estimate f(100).

(e) Suppose that the function f(z) reaches a maximum at z = a. What is f(a)?
(f) Use two steps of Euler’s method to estimate f(—1).

2. In (a)—(b) we consider the autonomous equation & = 2z — 3z* + z°.

(a) Sketch the phase line of this equation.

(b) Sketch the graphs of some solutions. Be sure to include at least one solution with
values in each interval above, below, and between the critical points.

(c) Some solutions have points of inflection. What are the possible values of z(a) if a
non-constant solution z(t) has a point of inflection at ¢t = a?

(d) A radioactive isotope of the element Bostonium, Bo, decays with half life of two
years to an isotope of Cantabrigium, Ct. The MIT reactor is loaded with this material.
At t = 0 there is no Ct in it, but starting at ¢ = 0 Ct is added in such a way that the
cumulative total amount inserted by time ¢ is ¢ moles.

Write down a differential equation for the number of moles of Ct in the reactor as a
function of time. What is the initial condition?
dy

Sy =2 y(1) =1.

(e) Solve the initial value problem =z

; 21t

ie
3. (a) Find non-negative real numbers A, w, and ¢ such that Re (1 T

):Amwﬁ—m

(b) Sketch the trajectory of e('=™".

(c) Express the cube roots of 8 in the form a + bi (with a and b real).
4. (a)—(c) Find one solution to Z + 2& + 2z = ¢(t) for

(a) q(t) =t*+1.

(b) alt) = e + 1.

(c) q(t) = sint. What is the amplitude of the sinusoidal solution?

In (d) and (e), suppose that that ¢3 is a solution to & + 2% + 2z = q(t).
(d) What is g(t)?

(e) What is the general solution to & + 2% + 2z = q(t)?



5. (a)—(b) concern the function f(t) =sq(t+ %) .

(a) Graph f(t).

(b) What is its Fourier series? (Simplify the trig functions.)
(c) Find a solution to Z + z = sq(t).

6. (a)—(d) In a recent game of Capture the Flag, a certain student was observed to
move according to the following graph, in which the hashmarks are at unit spacing.

(a) Graph the generalized derivative v(t).
(b) Write a formula for v(t) in terms of the unit step and (if necessary) the delta function.
(c) Still with the same function as in (a): Graph the generalized derivative (t).

(d) Write a formula for the acceleration ¥(¢) in terms of the unit step and (if necessary)
the delta function.

(e) Suppose that the unit impulse response of a certain operator p(D) is w(t). Let
q(t)=0fort <Oandt>1, and g(t) =1 for 0 < ¢ < 1. Please find functions a(t), b(t)
so that the solution z(t) to p(D)z = ¢(t), with rest initial conditions, is given by

o) = | ::) e

7. This problem concerns the operator p(D) = 2D? + 8D + 161.
(a) What is the transfer function of the operator p(D)?
(b) What is the unit impulse response of this operator?

(c) What is the Laplace transform of the solution to p(D)z = sin(t) with rest initial
conditions?

'Tf sq(t) is the odd function of period 27 which has value 1 between 0 and 7, then

sq(t) = % (Sin(t} + &:(‘St) 4 &é&) Ao )



3 2
(a) What are the eigenvalues of A?

8. In (a) and (b), 4 = [2 12}_

i . .
(b) For each eigenvalue, find a nonzero eigenvector.

(c) Suppose that the matrix B has eigenvalues 1 and 2, with eigenvectors [ n

1]and

[ —11 } respectively. Calculate eP®.

(d) What is the solution to i = Bu with u(0) = [ ? ]?

9. (a) Suppose again that the matrix B has eigenvalues 1 and 2, with eigenvectors [ 1 ]

and [ 1 ] respectively. Sketch the phase portrait on the graph below.

a

-2
(b) Let A= [ 9 1 |’ and consider the homogeneous linear system 1 = Au. For each

of the following conditions, determine all values of a (if any) which are such that the
system satisfies the condition.

(i) Saddle

(ii) Nodal Sink

(iii) Nodal Source

(iv) Spiral Sink (Indicate Direction)
(v) Spiral Source (Indicate Direction).

(vi) Unstable
10. Parts (a)—(c) deal with the nonlinear autonomous system t=ga—y
. Y y e 0 5 yg —

(a) Find the equilibria of this system.

(b) There is one equilibrium in the south-west quadrant. Find the Jacobian at this
equilibrium.

(c) The equilibrium you found in (b) is a stable spiral. For large ¢, the solutions which
converge to this equilibrium have z-coordinate which are well-approximated by the func-
tion Ae® cos(wt — ¢) for some constants A, ¢, a, and w. Some of these constants depend
upon the particular solution, and some are common to all solutions of this type. Find
the values of the ones which are common to all such solutions.

(d) Finally, return to the autonomous equation & = 2z — 3z” + z? that you studied in
problem 2. Write down a formula approximating the solutions converging to the stable
equilibrium when £ is large.



18.03 Pactice Final Exam 2

1. (15) Find the general solution to  zy’ — 2y =z
2. (15) Find the general solution to  zy’ =y + /22 — 32,

3. (10) Sketch a direction field for 3" = 2 —y, showing three isoclines, corresponding to the
slopes 1,0, —1. Draw in some integral curves.

4. (10) A population is modeled by the ODE % = y*~2y%+y. Find the long-term constant

populations, sketch roughly some of the solutions, and tell what happens as t — oo to the
two populations whose starting values at the time ¢ = 0 are respectively y; = .5 and y = 1.5.

5. (10) A three-liter tank contains a salt solution, continuously mixed. Salt solution with
8 declining concentration 32~* flows into the tank at & rate r, and the solution in the tank

" flows out at the same rate, Write two linear ODE'’s, one for the amount z(t) of salt in the
tank at time ¢, and one for its concentration C(t).

6. (15) a) Find by using polar representation the value of (—1 + #/3)°.
b) Use this to find the value of D%(e~*sin v/3t).

7. (15) Find the solution y(z) to 3" +4y' + 4y =0 satisfying y(0)=1, y(1)=0.
8. (15) Find by using complex exponentials a particular solution to 3" — 3" + 2y = e’ sint.

9. (10) The ODE z” + 4z' + cz = 0 represents a mass-spring-dashpot system. For what _
values of the spring constant c will the mass oscillate, and what will be its pseudoperiod,
_ie., how much time will be needed for a single back-and-forth oscillation? g -
(Answer in terms of ¢.)

10. (25: 10, 5, 8, 2)

a) Find the Fourier sine series }:b sinnt for 1 — ¢, on the interval (0,1].

b) Sketch over the interval [-3, 3] the function f(t) to which the Fourier series you found
in (a) converges.

c) Find a Fourier sine series solution () samsfymg on (0,1) the ODE (k constant)
. 4"+ ky=1—t, and the conditions y(0) =0, y(1) =

d) Which term in the Fourier series solution in (c) WOuld dominate (i.e., be resonant) if
k= 907

11 (10) Derive a formula expressing £(f(at)) in terms of L(f(t)). Assume a >0 and f(t)
is of exponential type; let F(s) = L(f(t)). i
12. (15) Solve the IVP ¢ —y =ef, 3(0) =0, 3'(0) =1 by using the Laplace transfor;i‘i.

. i e e
13, (10) Find £ (s GT1)

its graph for ¢ = 0.

) express your answer in the “cases” format, and sketch

14. (10) Starting at time ¢ = 0, a biotech plant dumps continuously into a lake radioactive
waste having the decay constant & (i.e., with the usual notation, A = Age™**).
Let f(t) be the dumping rate; this means that over the time interval to <t < ty,
the amount dumped = f(lo)(t1 —to).
Derive & formula for the amount of radioactive material in the lake at time t = z.
1



15. (15) For the linear system x' = & x, draw an a-axis, and indicate on it for which

(>

values of a the trajectories will form  node, a spiral, or a saddle, and indicate whether these

will be unstable or asymptotically stable. (Show work or indicate reason.)

16. (20) For the system z’ =zy—1?, ¥ =2 -2y +1,

a) show it has just one critical point;

b) linearize it at the critical point, and show you get a borderline case (i.e., one not
structurally stable);

c) draw the trajectories of the linearized system;

d) draw sketches showing the different possible geometric types and stability for the
trajectories of the non-linear system in the vicinity of the critical point.

e) Why is America’s Cowboy Poet a real degenerate case?

17. (10) Show that z” + ' sinz + (z* + 1) = 0 has no periodic solutions by convertmg it to
a system and showing that the system has no closed trajectories.

18. (5, 10, 20) The rate at which heat flows by conduction between two adjacent bodies is
proportional to the difference in their temperatures.

Two identical metal cubes having temperatures respectively z(¢) and
y(t) have two adjacent faces separated by a partially insulating thin film; n
the system is immersed in a water bath whose temperature W(t) is falling :
exponentially: W(t) =e~*. w

a) Taking the constants of proportionality to be 1 show the system is modeled by
x' = f ; x+ 1 "
b) Find the complementary solution (the gen. soln: to the assoc. homog. equaxlon)

¢) Find the general solution to the system by variation of parameters.

19. (10) A linear system x’ = Ax has the general solution x = ¢; (é) el +cp (i) e,

Find e?* (you can leavé it in factored form) and find a matrix D such that the change of
variable u = Dx decouples the system.

20. (10) A lake has bass and minnows; let the sizes of the two populations be respectively
B(t) and M(t). The bass eat the minnows; assume the. two populations fluctuate around
long-term equilibrium point according to the Volterra model:
B'= -k B+ BM, M'=koM - cBM, c; and k positive constants.
Starting at time ¢ = 0, fishermen catch the bess at the rate of 10% per year. How does
this chenge the long-term equilibrium point? What happens to the two populations?

Exam formulas: those on exams 2 and 3, plus var'n of par's formula x, = X [ X~ 'rdt.

Other Practice Questions: review the four hour exams and four practice hour exams;
for further practice:

. First-order equations: 1A-4e 5b; 1B-3b,9a; 1C-1e, 4; lD—la,2b 3abe; 1E-1ed

. Cx. nos., 2nd order equations: 2E-7b,10,15; 2A-1b,da, 7ab; 2C-1bce,3, 9; 2F-6cd; 2G-1
Fourier series: TA-2b; 7B-1b,2a,4; 70—1; 3D-6

Laplace transform: 3A-1,2,3d; 3B-1ce,3c,5a; 3D-3b,4b,7; 3D-1,2,8

Linear systems: 4B-2,6b; 4C-1a,2,6; 4D-2,4; 5B-dcd; 4F-1; 4G-2a; 4H-2,7abc; 4E-1
Non-linear systems: 5C-4,5; 5D-2ab,3; 5E-12,2a,3
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To Study Sticky Note

Linear egns
Would like more practice
This is integrating factor
Word problems
Reviewed
Complexification
Think | got it
Solving eqn systems
Not part 4
But the homogonneous thing
Got it
Radius of convergence
Did not pratice more
Power series
Not really
Actually | did a problem
Fourier series
No
Fourier transform
Should pratice more
LaPlace
Did not review all of the possible combos much
Not feeling all that confident
Woeight done



Fld

USEFUL FORMULAS:

F@( M\ ( (Uw Q\

The convolution of functions f(¢) and g(t) is defined to be

[f * 4] (t) / fu)g(t —u)d
Convolution is commutative: f*g=g=* f
The Laplace transform of a function f(¢) is defined to be
F@)=£Umy=£mﬂﬂ€“ﬁ (defined for s > 0).
It satisfies the following properties:
Linearity: Llaf(t) + bg(t)] = aF(s) + bG(s).
t-Shift: Llu(t —a)f(t — a)] = e"*F(s).
s-Shift: Lle®f(t)] = F(s — a).
t-Derivatives: L[f'(t)] = sF(s) — f(0).
L{f"(6)] = s*F(s) — sf(0) — f'(0).
s-Derivative: L[tf(t)] = —F'(s).

Convolution:  L[f(t) * g(t)] = F(s)G(s).

Laplace transforms of common functions:

1 oy .. 1 nY ..

=7 L=t )=
Llcos(at)] = .S‘Q—‘—iﬁ'.ﬂi Llsin(at)] = #‘az
L5(t— a)] = -2 cmu—anmejf

~ CONTINUED ON NEXT PAGE -



If the Fourier series of a function f(z) with period 2L is

s +i [an cos (%) -+ b, sin (%)] 5

\/ = (‘ 2 n=1

anzé/jf(:c)cos(n—zf) and bn:%/_zf(:c)sin(?—g}—').

The differential equation for current I(t) in an RLC circuit with voltage V(t) is given
by:

then

LI"+ RI' + %I =V'(t)

The differential equation for displacement z(¢) of a spring of mass m with constant k,
damping constant ¢, and external force F(t) is:

mz" +cz’ + kz = F(t)

Sinusoidal identity:
acoswt + bsinwt = Acos(wt — ¢)

where b
A2=d®+8%,  ¢p=tan"!(-)
a

Exponential Response Formula for P(D)y = e*:

tk:eut
Yp(t) = m

where a is a root with multiplicity k in the characteristic polynomial P.

The square wave function Sgq(t) of period P = 2L and height 1, defined by

1 &0l . e
Sqglt)=<0 t=0o0orlL /al((u i
-1 te(-L,0)
has Fourier series: ] F(}
4 1 . nwt [ﬁ -
Sq(t) = — Z — sin (___> : e
L n: odd o L ‘—7//”":/ "
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18.03 Differential Equations

I Dashboard Students Assignments ‘

Grading Summary for final
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Number of Scores: 232
Average: 83.91
Standard Deviation: 19.35

1ofl 12/21/2011 8:15 PM



18.03 Gradebook https://stellar.mit.edw/S/course/18/fal1/18.03/gradebook/gradereport.html

18.03 Differential Equations
Grade Report

Grade Report for Michael E. Plasmeier

Assignment/Exam Name Graph Due Date Points Max Pts
Homework 1 fila 09.16.2011 34.00 49.00
Homework 2 i 09.23.2011 33.00 41.00
Exam 1 iy 09.28.2011 19.00 41.00
Homework 3 iy 10.07.2011 53.00 66.00
Homework 4 i 10.14.2011 8.00 30.00
Homework 5 5kda 10.21.2011 37.50 55.00
Exam 2 iy 10.26.2011 20.00 36.00
Homework 6 s 11.07.2011 40.50 59.00
Homework 7 i 11.13.2011 20.50 23.00
Homework 8 i 11.18.2011 44.00 58.00
Exam 3 b 11.28.2011 20.00 41.00
Homework 9 g 12.02.2011 25.00 33.00
Homework 10 s 12.09.2011 38.00 49.00
final ia 12.20.2011 57.50 122.00

CUMULATIVE SCORE 450.00

Instructor's Comments

I of 1 12/21/2011 8:15 PM



