18.03 FINAL EXAM

Tuesday, December 20, 2011
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Recitation Instructor (Circle One): L. Chumakova / N. Olver / R. Rosales /

(V . Shende L/ J. van Ekeren / Z. Yun

ey

Recitation Hour: {!

Instructions: You may not use calculators, notes, textbooks, or personal electronic
devices. As a courtesy to other students, please turn off all cell phones. Read each
question carefully. Whenever possible, include justification for your reasoning and show
your work. Answers without any work or explanation will receive little or no credit.
There are 10 questions and a 3 hour time limit on this exam. Good luck.

| Question | Score | Maximum |
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Question 1 of 10, Page 1 of 13 Name: P{a\/\@

a) (5 pts) Find the general solution to the differential equation
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b) (5 pts) Use an integrating factor to find the solution (in terms of a definite -

integral) to the initial value problem i = (!
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Name:

Question 2 of 10, Page 2 of 13

2. The differential equation dz/dt = z? — ¢ + 1 has the following direction field:
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(a) (4 pts) Write the equations for the 0 and —1 isoclines. Then sketch them on
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Question 2 of 10, Page 3 of 13 Name:

(b) (4 pts) Sketch the solution z(t) passing through the point (¢,z) = (1,0) on
the direction field above. Does this solution have z(100) < —507 Explain
your answer using fences.
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(c) (4 pts) Use Euler’s method with step smo approximate the value of

@where x(t) is the solution passing through (¢, z) = (1,0).
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(d) (3 pts) Do you expect your answer in (c) is more or less than the actual value
of z(2)? Explain.
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Question 3 of 10, Page 4 of 13 Name:

3. A population of island turtles contracts a contagious, but curable virus. To model
the fraction P of d turtles, we use the simple differential equation

ar

e —cP + sP(1 — P), c: cure rate, s: transmission rate.
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a) (5 pts) For ¢ = 1 and s = 2, draw the phase line, labeling critical points as
sinks, sources, or neither. Then sketch several representative solutions
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b) (4 pts) Letting ¢ and s be arbitrary positive constants, for what ratios ¢/s are
all turtles eventually cured? Explain.
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Question 4 of 10, Page 5 of 13 Name: P MM{

4. This question deals with various inputs f(¢) in the differential equation:

v+ 2y +2y = f(2)

a) (5 pts) Find the general solution y(t) to the homogeneous equation (i.e. f(t) =
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b) (5 pts) F1nd the general solution for the response to the input f(t) = cost
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Question 4 of 10, Page 6 of 13 Name:

Q(abwellﬂ/
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c) (5 pts) Solve the 1melem with mput () =(tsint and y(O) ok il

y'(0) =0.
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d) (5 pts) Solve the initial value pro/'t-)?lem( with 1nput jl (t) = 6(t — 5) and y(0) =
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Question 4 of 10, Page 7 of 13 Name:
d} I“‘u{}! (llfu/

Bosdry Ushe  Problen »

e) (8 pts) Find a solution y(t¢) to f(t) = 2 on the interval [0, 7] with y(0) = y(7) =
0.
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Question 5 of 10, Page 8 of 13 Name: P o

(3 5. (7 pts) Find a recursive relation for the general power series solution y(z) to the

differential equation
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Question 6 of 10, Page 9 of 13

Name: p(d%ﬁ ; V/

6. Consider an LC circuit with L = 1.0 henries and C' = 0.1 farads (and no resis-
tance). We apply an external voltage V (t) given by the period’4 function

V=55 S s (1) o~

n=4
e ¢ aced (on
a) (3 pts) Write down a second—order ODE for the current I (t) 1n thlS circuit.
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b) (5 pts) Find a periodic particular solution to your equation in part (a)
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¢) (3 pts) Your answer is a superposition of sinusoids, but one sinusoid dominates
the behavior. What is its period? Explain
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Question 7 of 10, Page 10 of 13 Name: p(a»’"’?“ /

7. a) (5 pts) Express the convolution 1% 1% 1% 1 %1 in terms of a more familiar

functlon usmg the Laplac:e transform. et y
" . i

b) (5 pts) Given any function f(t) in the differential equation

a, +9:1: f(t) T’w/ Zap((h(?

with rest conditions z(0) = z (}0 0 find a solution z(t) as an integral ex-
pression involving f(t).
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Question 8 of 10, Page 11 of 13 Name: G)( Aoy Lt/

8. Consider the system of differential equations

Ty = 23+ 3
zy, = 4z — 39

a) (6 pts) Find the general solution to this system of equations.
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b) (4 pts) Sketch the two stralght line solutions on the phase plane, together with
the solution passing through (z1,z2) = (0,1). (A rough sketch is fine, but
be sure to indicate the positive dlrectlon of time with arrows on your solution
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Question 9 of 10, Page 12 of 13 Name: p(O;N‘? '

9. a) (6 pts) Find the general solution to the system

Wy, A= 3 1) ,101\71 nood oTZe, On va C;m{?
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b) (4 pts) Determine the exponential matrix e, t with A as above.
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c) (2 pts) Express the solution to the initial value problem (ilgg%) = (;) in
2
terms of the exponential matrix. (You need not substitute in the expression for bl
e. You can leave it as a general formula.) U
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Question 10 of 10, Page 13 of 13 Name:

10. Our population of (now healthy) island turtles T is attacked by seahawks S (both
measured in hundreds of animals). Suppose that these populations obey a system

of differential equations
T = oT'-S8T-T?
S = —bS+ ST

|
lafﬂ' &&7
for some constants a > b > 0.
—_— i w »
a) (2 pts) Find the critical point with both populations S and T positive. 5“[ Pan = |, 0
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b) (8 pts) Suppose that a = 5 and b = 2. Linearize the system at the critical point
with S, T positive and determine its eigenvalues. Use your answer to describe
qualitatively the trajectory of solutions nearby this critical point. (Terms like

saddle, spiral, node, sink, source, etc. are welcome.)
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(c) If you solve % = — Au (notice the minus sign), with u(0) a given vector, then as ¢ — co
the solution u(¢) will always approach a multiple of a certain vector w.

- Find this steady-state vector w.
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Suppose A has rank 1, and B has rank 2 (A and B are both 3 X 3 matrices).

(a) - What are the possible ranks of A+ B?

9
L/j

(b) - Give an example of each possibility you had in (a).
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(c) - What are the possible ranks of AB?
0, |

- Give an example of each possibility.
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3 (12 pts.)

(a) - Find the three pivots and the determinant of A.
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(c) The unit eigenvectors x;, Xy, X3 will be orthonormal.

- Prove that: ] /
T T T %o X
A= /\1}[1]{1 -+ Angxz -+ /\31{3){3 = J

- o} pm@

You may compute the x;’s and use numbers. Or, without numbers, you may show that

the right side has the correct eigenvectors x;, x5, x3 with eigenvalues Ay, Ao, A3.
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4 (12 pts.? \ ( olhosedl ™
This problem is about z + 2y + 2z = 0, which is the equation of a plane through 0 in R3.
(a) - That plane is the nullspace of what matrix A?

- Find an orthonormal basis for that nullspace (that plane).
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(b) That plane is the column space of many matrices B.

- Give two examples of B.

[17) | 1 1

’lﬂfl 7{(4 g

L T LA
-

(c) - How would you compute the projection matrix P onto that plane? (A formula is

enough)

- What is the rank of P?
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5 (12 pts.)

Suppose Vv is any unit vector in R3. This question is about the matrix H.
C i—

H=1-2vwT. .
0

\
( I
(a) - Multiply H times H to show that H? = I. %]( L 4 p /
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(b) - Show that H passes the tests for being a symmetric matrix and an orthogonal matrix.
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(c)

- What are the eigenvalues of H?
You have enough information to answer for any unit vector v, but you can choose one v

and compute the A’s.
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6 (12 pts.) D
(a) - Find the closest straight line y = Ct + D to the 5 points:
(t,y) = (-2,0), (-1,0), (0,1), (1,1), (2,1).
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(b) - The word "closest" means that you minimized which quantity to find your line?

N o @ﬁ_

(c) If AT A is invertible, what do you know about its eigenvalues and eigenvectors? (Tech- if(’fl?t,ﬁ{ﬁ

/ mca.l point: Assume that the eigenvalues are distinct — no eigenvalues are repeated).
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7 (12 pts.) (

This symmetric Hadamard matrix has orthogonal columns:

(a) What is the determinant of H? |
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(c) What are the singular values of H?
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8 (16 pts.)
In this TRUE/FALSE problem, you should circle your answer to each question.

(a) Suppose you have 101 vectors vy, Vs, ..., Vig € R0,

\10“ pe A0 - Each v; is a combination of the other 100 vectors: TRUE -( FALSE
A {;1"’\,.
Ci\vf‘ -
- Three of the v;’s are in the same 2-dimensional plane: @E — FALSE
) 3 .'}“ 0 poas o ,.-i

L |
(b) Suppose a matrix A has repeated eigenvalues 7,7,7, so det(A — AI) = (7 — A\)3.

- Then A certainly cannot be diagonalized (4 = SAS™!): TP/{UE - FALSE
" ko W‘*(d\w
7 1 0
- The Jordan form of Amustbe J = |0 7 1|: TRUE - @W

- / i |
})0]9:‘ '(&!:’!’ ok "'0 (i 0o 0 7

‘ (c) Su;;poseAand B are 3 x 5. (e (\‘cﬁ=5! | fan nos 1o (rf;'
Sul o
- Then rank(A + B) < rank(A) + rank(B): ’P@E — FALSE
(d) Suppose A and B are 4 x 4.
- Then det(A + B) < det(A) + det(B): B TRUE - FK{SE
— r‘[r (A

(e) Suppose u and v are orthonormal, and call the vector b = 3u + v. Take V to be the

line of all multiples of u + v.
- The orthogonal projection of b onto V' is 2u + 2v: TRUE - (ﬁ{ LSE
KE \,.h"; (\\!} \"ik[-" @.\ A b'\ 4
(f) Consider the transformation T'(z) = 2. @) (t dt, for a fixed function f. The input is z,

the output is T'(z). Lok taly o Crae
%[ X )

_ ) e - Then T is always a hnea.r transformatxon \;/ RUE - FALSE
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This is the end of 18.06. Hope you enjoyed learning Linear Algebral!
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18.06 Gradebook https://stellar.mit.edw/S/course/18/sp12/18.06/gradebook/summarychart...

18.06 Linear Algebra

} Dashboard | Students | Assignment's

Grading Summary for Final Exam
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18.06 Gradebook https://stellar.mit.edw/S/course/ 1 8/sp12/18.06/gradebook/gradereport.html

18.06 Linear Algebra

Grade Report

Grade Report for Michael E. Plasmeier

Assignment/Exam Name Graph Due Date Points Max Pts Weight
Homework 1 ik 02.16.2012 83.00 100.00 1.88%
Homework 2 s 02.23.2012 100.00 1.88%
Homework 3 N 03.01.2012 77.00 100.00 1.88%
Homework 4 03.08.2012 77.00 100.00 1.88%
Exam 1 Hiila 03.09.2012 69.00 100.00 15.00%
Homework 5 Gty 03.22.2012 83.00 100.00 1.88%
Homework 6 L 04.05.2012 85.00 100.00 1.88%
Exam 2 ity 04.11.2012 56.00 100.00 15.00%
Homework 7 04.19.2012 94.00 100.00 1.88%
Homework 8 iy 04.26.2012 86.00 100.00 1.88%
Homework 9 i 05.03.2012 91.00 100.00 1.88%
Exam 3 i 05.08.2012 65.00 100.00 15.00%
Final Exam il 05.23.2012 43.00 100.00 40.00%

CUMULATIVE SCORE 58.41 / 100.04 = 58.39%

Instructor's Comments

lofl 5/23/2012 6:29 PM



