Syllabus for 18.06 Linear Algebra, Spring 2012
MWF 11-12  Room 54-100

Text: Introduction to Linear Algebra, 4th Edition, Gilbert Strang

The three midterm exams will be held in Walker during lecture hours:

Closed-Book. All grading is by your recitation instructor!
W 2/8 The Geometry of Linear Equations 1.1-2.1
F  2/10 Elimination with Matrices 2.2-2.3
M  2/13 Matrix Operations and Inverses 2.4-2.5
W 2/15 LU and LDU Factorization 2.6
F 217 Transposes and Permutations 2.7
T 2/21 Vector Spaces and Subspaces 3.1
W 2/22 The Nullspace: Solving Az =0 3.2
F 2/24 Rectangular PA = LU and Az =b 3.3-34
M 2/27 Row Reduced Echelon Form 3.3-3.4
W 2/29 Basis and Dimension 3.5
F B2 The Four Fundamental Subspaces 3.6
M 3/5 Graphs and Networks 8.2
W 3/7 Orthogonality 4.1 (and Review)
F 3/9 Exam 1: Chapters 1 to 3.5
M 3/12 Projections and Subspaces 4.2
W 3/14 Least Squares Approximations 4.3
F 3/16 Gram-Schmidt and A = QR 4.4
M 3/19 Properties of Determinants 5;1
W 3/21 Formulas for Determinants 5.2
P 3/23 Applications of Determinants 5.3
M-F 3/26-30 HOLIDAY

M 4/2 Eigenvalues and Eigenvectors 6.1

W 4/4 Diagonalization 6.2

F 4/6 Markov Matrices 8.3

M 4/9 Review for Fram 2

W 4/11 Exam 2: Chapters 1-5, 6.1, 8.2

F 4/13 Differential Equations 6.3

M 4/16 HOLIDAY

W 4/18 Symmetric Matrices 6.4

F 4/20 Positive Definite Matrices 6.5

M 4/23 Matrices in Engineering 8.1

W 4/25 Similar Matrices 6.6

F  4/27 Singular Value Decomposition 6.7

M 4/30 Fourier Series, FF'T, Complex Matrices 8.5, 10.2-10.3
W 5/2 Linear Transformations 7.1-7.2

F  5/4 Course Review

M 5/7 Exam 3: Chapters 1-6, 8.1, 2, 3, 5

W 5/9 Choice of Basis 7.3

F  5/11 Linear Programming 8.4

M 5/14 Numerical Linear Algebra 9.1-9.3
W 5/16 Computational Science 18.085

Final Exam
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18.06 Linear Algebra, Spring 2012

http://web.mit.edu/18.06/www/

Current (Spring 2012) class schedule and syllabus (PDF file)

Home | PSets and Exams | Matlab | Videos | Extras | Past Courses | Stellar

Professor: Gilbert Strang. Office 2-240, email: gs (hieroglyph)math.mit.edu

Lectures: MWF 11 am, in 54-100.

Course Administrator: Niels Martin Moller. Office 2-588, email: moller [hieroglyphlmath.mit.edu
Textbook: Gilbert Strang's, /ntroduction to Linear Algebra, 4th edition.

OBS: 18.06 Spring 2012 starts with the first lecture on Wednesday February 8, 2012 (no recitations on Feb 7th 2012).

Lectures/Recitations

Time Room Instructor Office OH Phone Email @math.mit.edu
Lec. MWF 11 54-100 Gilbert Strang 2-240 TBA 3-4383 gs
Rec. #
1 T 15 TBA Geoffroy Horel 2-091 TBA 2-1196 ghorel
2 T3, TBA Niels Martin Moller 2-588 W 1l 3-4110 moller
3 T 11 TBA Geoffroy Horel 2-091 TBA 2-1196 ghorel
4 T2 TBA Jennifer Park 2-491 TBA 3-4091 Jmypark
5 T:1 TBA Dimiter Ostrev 2-229 TBA 3-1589 ostrev
6 T1 TBA Uhi Rinn Suh 2-229 TBA 3-1589 ursuh
7 T1 TBA Rune Haugseng 2-588 TBA 3-4110 haugseng
8 T2 TBA Rune Haugseng 2-588 TBA 3-4110 haugseng
9 T 2 TBA Dimiter Ostrev 2=-229 TBA 3-1589 ostrev

Checking grade records, changing recitations: online on Stellar Course Management System.

Grades: Problem sets 15%, three one-hour exams 45%, final exam 40%. The lowest problem set score will be dropped at the

end of semester.

Exams: There will be three one-hour closed book written exams at class times on;
» Friday March 9th: Walker Memorial 11am-12.
e Wednesday April 11th: Walker Memorial 11am-12.
e Monday May 7th: Walker Memorial 1lam-12.
Final Exam:
¢ TBA, 3 hours written exam

Concerns about homework, grading, exams: see your recitation instructor.

Tutoring, extra help: see the Learning Center

You are visitor number EEEEEH since October 1, 1996. Welcome!

Copyright 2007 Massachusetts Institute of Technology

1/29/2012 2:55 PM
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Michael E Plasmeier

From: Niels Martin Mgller <moller@MIT.EDU>
Sent: Thursday, February 09, 2012 7:52 PM
To: Niels Martin Moeller

Subject: [18.06] Welcome! [+ Problem Set #1]
Attachments: Ideas-To-You-From-Lectures.jpg
Follow Up Flag: Follow up

Flag Status: Flagged

Hello 18.06!

Greetings from your course admin. on 18.06 Linear Algebra! Welcome aboard, everybody!

18.06 QUICK FACTS:

- EVERYTHING you will need is on (or found via) the 18.06 WEB: http://web.mit.edu/18.06/

-You had the first LECTURE with Professor Strang yesterday (Wednesday). They are MWF11. Several of your TAs went to
Gil's first lecture too - and we all found it to be very, very good! ;‘ 23
/

- Your first RECITATION (where you will get to dig into problems yourself, and get to ask questions) will take place
Tuesday Feb 14th. See 18.06 WEB for specifics.

- VIDEOS of the lectures can be found on the 18.06 WEB.

- OFFICE HOURS of the individual TAs will be decided with each class (from next week posted on the 18.06 WEB).
- Your first EXAM is on Friday March 9th (see 18.06 WEB)

- Weekly HOMEWORK (except exam weeks).

- PROBLEM SET #1 has been posted on the 18.06 WEB!

QUESTIONS? (On course material, or practical):
- Generally, ask your TAs (or me) at recitations, in office hours or by email. They are all very nice and friendly people - we
are only here to help you best learn Linear Algebra.

Best - and again: Welcome!
Niels
P.S. 18.06 WEB: http://web.mit.edu/18.06/
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18.06 Spring 2012 — Problem Set 1

This problem set is due Thursday, February 16th, 2012 at 4pm (hand in to Room 2-
106). The textbook problems are out of the 4th edition. For computational problems,
please include a printout of the code with the problem set (for MATLAB in particular,
diary(‘“filename’’) will start a transcript session, diary off will end one.)

Every problem is worth 10 points. :

1. Do Problem 8 from Section 1.3.
|
2. Do Problem 8 & Problem 32 from Section 2.2. /i Diohla,
v

Do Problem 22 from Section 2.3.

- W

Do Problem 19 & Problem 36 from Section 2.4.

5. For which values of ¢ (if any) is the following system consistent (= solvable)?

T+4y+3z=1,
¢’z + 4¢3y + 3¢3z = 64q.

6. A permutation matrix PP comes from permuting the rows of the identity matrix I,,. If

the entries of P are labelled p;;, the matrix A having entries a;; = pj; is the transpose,
A=PT,

(a) Is P invertible, and if yes why? How would we proceed in Gaussian elimination
on P?

(b) Explain why the product C' = PPT is the identity matrix. Think about where
the 1’s and 0’s are.

(c) Since the answer to (a) was "yes", what is the inverse to P?

7. (a) Give examples of non-zero (meaning: not all entries zero) 2 x 2 and 4 x 4 matrices
A, one of each, such that A2 = O (recall O means the zero matrix). Hint: You
only need to use one 1, and the rest of the entries can be 0’s!

(b) Are there any invertible n x n matrices A such that A% = O?

8. Given the three vectors a; = (1,2,3), az = (1,0,—1) and az = (0,0,1), find (if
possible) numbers z;,z2 and z3 such that:

1
T1a] + T2a9 + 383 = (1
1

Your solution should involve Gaussian elimination on A = [al as a3] (the matrix
with a;’s as columns).



9. (a) Using MATLAB, perform the matrix products A%, A% and A of the following
lower-triangular matrix:

Lo v ]
[T ol N i

W o o
= o oo

=11

(b) Explain the rule for diagonal entries of A*, for a lower-triangular matrix A.
(c) Guess a rule for the (2,1) entry of A, for a lower-triangular matrix A.
10. A chemistry professor claimed on live TV that he could, by mixing, obtain any wine
with given contents of water (W), sugar (S) and tannic acid (T), labelled by vectors
w = (W, S8,T) such that W + 5 + T = 100%. Due to a lack of research funding, his
stock was quite limited:
- Laboratory water supply: w; = (100, 0,0).
- Budget wine: ws = (50,0, 50).

- Plum tea concentrate: ws = (30, 50, 20).

(a) If a Chateaux Bordeaux 1915 has (W, S,T') = (45,50, 5), why was the professor
not able to obtain this wine by mixing w;, w2, w3? Explain by computing the
mixing ratios needed (by MATLAB or by hand).

(b) Help the professor restore honor, by adding any new wine w, that will enable him
to make the Chateaux Bordeaux 1915 (a Chateaux Bordeaux 1915 not allowed!).

(c) Are the mixing ratios unique after addition of the fourth wine?
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18.06 Spring 2012 — Problem Set 1 - Solutions
This problem set is due Thursday, February 16th, 2012 at 4pm (hand in to Room 2-
106). The textbook problems are out of the 4th edition. For computational problems,
please include a printout of the code with the problem set (for MATLAB in particular,

diary(’filename’) will start a transcript session, diary off will end one.)
Every problem is worth 10 points.

1. Do Problem 8 from Section 1.3.
Solution to 1.5.8:

z1—-0=h T1=b
To—x1 =Dbo To = by + bg
T3 —To = b3 z3 =0b1 + b2+ b3
T4 — T3 =0y 334=b1+b2+b3+b4

I 1 0 0 0 bl

9 . 1 1 O O b2 - -1

z3|  [1 1 1 0] |b3 T

T4 1 1 1 1f |by

2. Do Problem 8 & Problem 32 from Section 2.2.
Solution to 2.2.8:

If k£ = 3, then elimination must fail: No solution. If k = —3, elimination gives 0 = 0
in equation 2: Infinitely many solutions. If £ = 0 a row exchange is needed: Exactly
one solution.

Solution to 2.2.52:

The question deals with 100 equations Az = 0 when A is singular.

(a) Some linear combination of the 100 rows is the row of 100 zeros.
(b) Some linear combination of the 100 columns is the column of zeros.

(c) A very singular matrix has all ones: A = eye(100). A better example has 99

random rows (or the numbers 17,...,100¢ in those rows). The 100th row could
be the sum of the first 99 rows (or any other combination of those rows with no
Z€ros).

(d) The row picture has 100 planes meeting along a common line through 0. The
column picture has 100 vectors all in the same 99-dimensional hyperplane.

3. Do Problem 22 from Section 2.3.
Solution to 2.8.22:

(a) > asjz;.

(b) @21 — an1.



(¢) ag1 — 2ai11.

(d) (EAz); = (Az)1 = ZJ- a1 T;.

. Do Problem 19 & Problem 36 from Section 2.4.
Solution to 2.4.19:

(a) an.
(b) l31 = az1/an.

(c) az2 — (g‘"ﬁ) aja.
(d) a2 — (%ﬂ) a2

Solution to 2.4.36:
Multiplying AB = (m by n)(n by p) needs mnp multiplications. Then (AB)C needs
mpq more. Multiply BC = (n by p)(p by ¢) needs npq and then A(BC) needs mng.

(a) If m,n,p,qare2,4,7,10 we compare (2)(4)(7)+(2)(7)(10) = 196 with the larger
number (2)(4)(10) + (4)(7)(10) = 360. So AB first is better, so that we multiply
that 7 by 10 matrix by as few rows as possible.

(b) If u,v,w are N by 1, then (u?v)w” needs 2N multiplications but u” (vw?) needs
N2 to find vwT and N? more to multiply by the row vector uT. Apologies to
use the transpose symbol so early.

(c) We are comparing mnp + mpq with mng + npq. Divide all terms by mnpg:
Now we are comparing ¢~ +n~! with p~!+m~1. This yields a simple important
rule. If matrices A and B are multiplying v for ABv, don’t multiply the matrices
first.

. For which values of g (if any) is the following system consistent (= solvable)?
c4+4dy+3z=1,
>z + 4%y + 3¢°z = 64q.

Solution: We write the system as a matrix equation

L ity 8 Taf ko T
¢ 4¢* 3¢°| 7] T |64q)”
In a one-step elimination, we get for the augmented matrix [A | b]:

1 4 3
0 00

1
64q — q3

The equation 0 = 64q — ¢ = q(64 — ¢*) holds if either g = 0 or 64 — ¢ = 0, so:

Only consistent when either ¢ =0, g = —8 or ¢ = 8.




6. A permutation matrix P comes from permuting the rows of the identity matrix I,,. If
the entries of P are labelled p;;, the matrix A having entries a;; = pj; is the transpose,
A=F~,

(a) Is P invertible, and if yes why? How would we proceed in Gaussian elimination
on P?

(b) Explain why the product C = PP is the identity matrix. Think about where
the 1's and 0’s are.

(c) Since the answer to (a) was "yes", what is the inverse to P?

Solution:
(a) Yes. To proceed we would swap all rows back in their correct place and obtain
the identity. Hence P is invertible.

(b) Look at the entry ¢;; in C, which is the dot product of the ¢’th row in P and
the j'th column of PT| the latter of which is simply the j’th row of P.
For the identity matrix, each row dotted with itself gives 1, while no two (differ-
ent) rows have a non-zero dot product - these properties are not changed when

we swap the rows, so ¢;; is 1 when ¢ = j, and zero whenever ¢ # j. So, we see
c=1

(c) Using (b), we see P~ = PT.
Note: This exercise says a permutation matrix is orthogonal: PPT = PTP = 1.

7. (a) Give examples of non-zero (meaning: not all entries zero) 2 x 2 and 4 x 4 matrices
A, one of each, such that A2 = O (recall O means the zero matrix). Hint: You
only need to use one 1, and the rest of the entries can be 0’s!

(b) Are there any invertible n x n matrices A such that A% = O?
Solution:
(a) In both cases, putting a 1 in the top right corner and the rest of the entries to
0 works.
(b) No. Since then A= A714%2 = A"10=0.

8. Given the three vectors a; = (1,2,3), az = (1,0,—1) and ag = (0,0,1), find (if
possible) numbers z1, T and z3 such that:

1
r1ay + x9a + x3a3 = |1
1

Your solution should involve Gaussian elimination on A = [a1 as ag] (the matrix
with a;’s as columns).

Solution:

rThe answer is: 1 =1/2, 20 =1/2 and z3 = 0.|

3



9. (a) Using MATLAB, perform the matrix products A%, A3 and A® of the following
lower-triangular matrix:

0
0
3

L Oor 3
N~ O
= O O O

-1

(b) Explain the rule for diagonal entries of A, for a lower-triangular matrix A.
(c) Guess a rule for the (2,1) entry of A¥, for a lower-triangular matrix A.

Solution:

(a) The MATLAB output looks like this:

>> A°2
ans =
i 0 0 0
21 4 0 0
27 5 9 0
24 11 -7 16
>> A3
ans =
1 0 0 0
49 8 0 0
107 19 27 0

114 47  -37 64

>> A6

:
I

1 0 0 0
441 64 0 0
3927 665 729 0
5754 2681 -3367 4096

(b) For a lower-triangular (or upper-) matrix A, the rule
(A% = (ax)*

holds.



(c) Deriving is maybe better than guessing? Let us for brevity write by = (AF)q;.
Hence by = ag;. Since AF = AAF1 we compute that:

b = (A%)a1 = ag1afT! + asa(A¥ )21 = biafT! + asoby_1.
Baby case. If we had as9 = 1, we could more easily see what would happen:
b = br—1 + bla‘fi"l.

Thus we have by = bs + bla% =b, + biay; + bla:fl and so on, leading to:

k — 1—‘1"1“1 1““?1
A =b.=b E aly =b =a :
( )21 k 15:0 11 1 1— i 21l — did

In the second-to-last equality we used the sum formula for a finite geometric
series, valid when aj; # 1 (we leave the case aj; = 1 to the reader!).

General case. Note that we can reduce to the special case by scaling: We let

C= a—le (and leave the special case ase = 0 to the reader!). Then, using our

formula above (that works since c2; = 1) we see:

o o 1-¢ L 1 (auyk
(AF)21 = aby(CF)o1 = afpenr — L = ab; ag —— 22—
1 — 11 1 = E;JQ“

Thus, we finally see:

k a’z‘z = a’ﬁ
(A%)2 = agy—=——= (when aj; # ag)
az — ajj

CHECK: For example, in the above MATLAB output,

(AB)py =7 —441. v

26 _ 16
2 —1

10. A chemistry professor claimed on live TV that he could, by mixing, obtain any wine
with given contents of water (W), sugar (S) and tannic acid (T), labelled by vectors
w = (W, S,T) such that W + S + T = 100%. Due to a lack of research funding, his
stock was quite limited:

- Laboratory water supply: w; = (100,0,0).
- Budget wine: wy = (50,0, 50).

- Plum tea concentrate: ws = (30,50, 20).

(a) If a Chateaux Bordeaux 1915 has (W, S,T) = (45, 50, 5), why was the professor
not able to obtain this wine by mixing wj,ws,ws? Explain by computing the
mixing ratios needed (by MATLAB or by hand).

(b) Help the professor restore honor, by adding any new wine w, that will enable him
to make the Chateaux Bordeaux 1915 (a Chateaux Bordeaux 1915 not allowed!).



()

Are the mixing ratios unique after addition of the fourth wine?

Solution:

(a)

(b)

The result is (W,S,T) = (3/10,—3/10,1). Since you would need to be able
to subtract an amount of Plum tea concentrate, which is physically intractable,
there is no mixing that will work.

We can for example pick wy = (40,60,0) (note that it sums to 100%, hence is
an admissible wine).

The wine matrix A = [w; ws ws w4| then reads:

100 50 30 40
A=|0 0 50 60
0 5 20 O

But we can now also forget entirely about, say, the second wine wy (see the
Figure 1 on the last page of these solutions), and consider instead the square
matrix A2 = [w; w3 w4 which is:

100 30 40
A= | 0 50 60
0 20 0

Using Gauss elimination on [As | b] to solve Asxy = b, where b = (45,50, 5),
we find:
1/8
xo = |1/4
5/8

Note that all the solution’s entries automatically sum to 1.

No - in this situation, Ax = b will have infinitely many solutions, and also
infinitely many solutions that are admissible (i.e. have positive entries).

Later, after a few more weeks of 18.06, you will know how to obtain the complete
solution to Ax = b. We record it here for insight, and later reference:

1/8 -7/12
0 1

X= 1/4 + s 52 | seR.
5/8 25/12

Note that all these sum to 100%. Here we can in fact pick any s in the interval
s € [0,3/14] and still have non-negative entries in x.



Figure 1: Problem 10. The grey and salmon-colored triangles are subsets of the plane
z+y+ 2z =100 (i.e. admissible wines) with only positive mixing amounts of the w;’s.
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18.06 Spring 2012 — Problem Set 2

This problem set is due Thursday, February 23rd, 2012 at 4pm (hand in to Room 2-
106). The textbook problems are out of the 4th edition. For computational problems,
please include a printout of the code with the problem set (for MATLAB in particular,
diary(’filename’) will start a transcript session, diary off will end one.)

1.

L

10.

Do Problems 7 & 9 from Section 2.6.
Do Problem 13 & 23 from Section 2.6.
Do Problem 6 from Section 2.7.

Do Problem 22 from Section 2.7.

Do Problem 38 from Section 2.7.

. Do Problems 17 from Section 3.1.

Do Problem 23 from Section 3.1.
Do Problems 30 & 31 from Section 3.1.

This problem is about the vector space of matrices for a fixed number of rows and
columns.

(a) Explain carefully why the set of all 7 x 11 matrices forms a vector space (What
is cA 4+ dB? Which matrix is the zero vector?). Describe the simplest list of
matrices you can think of which, allowing arbitrary linear combinations, will
yield all 7 x 11 matrices. There should be 77 different matrices in your answer.

(b) How many real number-valued parameters would you use to (unambiguously)
describe the vector space S3xs of 3 x 3 symmetric matrices (e.g. the set of all
3 x 3 matrices A such that AT = A)? Identify all vector subspaces of S3x3 (it
may be convenient to refer to the parameters you’ve introduced).

(c) The 2 x 2 matrices with equal row sums (a + b and ¢ + d are the same number),
and equal column sums (a + ¢ and b+ d), is a vector space. Find two matrices
so that all these matrices are linear combinations of those two.

The MATLAB command A = double(rand(2,2) < 0.5) gives a random 2 X 2 matrix
where each entry is either 0 or 1 (with equal probabilities).

(a) Make a plot of the distribution of the number of pivots of the row-reduced ver-
sions (in MATLAB, the command rank(A) gives this number) of these random
matrices. Here’s some sample code that you can copy-paste into MATLAB:

clear; N=1000; num_zeros=0; num_ones=0; num_twos=0;
for i = 1:N

A = double(rand(2,2) < 0.5);

if rank(A)==2



num_twos = num_twos + 1; %Then add one to that counter!
end
if rank(A)==
num_ones = num_ones + 1;
end
if rank(A)==
num_zeros = num_zeros + 1;
end
end
distrib = [num_zeros num_ones num_twos]/N
bar([0 1 2], distrib, 0.1)

Compare this to the exact probabilities of each value for the pivot number.
Compute these by writing down all 16 possibilities and counting pivots.

Extend the code in (a) to work for 5 x 5 matrices, and again show a histogram
plot.

For the 2 x 2 examples, what do you think the probability of having 2 pivots
would be, if we took each matrix entry distributed continuously (and uniformly)
in the interval [0,1]7 (No need to compute - but explain why!)
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D:\Users\Michael\Documents\MIT Junior\18.06\ps2.mat
A = double(rand(2,2) < .5)

A =

clear;

clear; N=1000; num zeros=0; num ones=0; num twos=0;

for 1 = 1:N
A=double(rand(2,2) < .5);
if rank(A)==

num_twos = num_twos + 1;
end

if rank(A) == 1

num_ones = num_ones + 1;
end

if rank(A) == 0

num_zeros = num_zeros + 1;
end

end

distrib

Il

distrib

0.0640 0..5730 0.3630

bar([0 1 2], distrib, .1)
rank( [0 0; 0 0])

rank{( [0 O0; O 1])

[num_zeros, num ones, num_twos]/N

Thursday, February 23, 2012 2:36 AM



D:\Users\Michae\Documents\MIT Junior\18.06\ps2.mat Thursday, February 23, 2012 2:36 AM
1

Faplel [ 0F 0 1]1)

ans =

rank( [0 1; 0 0])

ans =

[

rank( [1 1; 0 0])

ans =

rarik{ [0 1: 1 0]1)

ans =

rank{ [1 0; 1 0])

ans =

rank( [0 0; 1 01)

ans =

rank( [0 0; 1 01)

ans =

rank( [1 1; 0 1])

ans =

rank( [1 1; 1 0])




D:\Users\Michael\Documents\MIT Junior\18.06\ps2.mat

ans =

rank( [1 0; 0 0])

0.3750

for i = 1:N
A=double(rand(5,5) < .5);
if rank(A)==
num fives = num fives+l;
end

Thursday, February 23, 2012 2:36 AM



D:\Users\Michael\Documents\MIT Junior\18.06\ps2.mat

Thursday, February 23, 2012 2:36 AM

if rank(A)==4

num_fours = num_fours+l;
end

if rank(A)==

num_threes = num_threes+l;
end

if rank (A)==

num_twos = num_twos + 1;
end

if rank(A) == 1

num_ones = num_ones %

=

.

end

if rank(A) == 0

num zeros = num zeros + 1;
end

end

distrib = [num zeros, num ones, num_twos, num_threes, num_ fours, num_fives]

distrib =

0 0 6 90 552

bar([0 1 2 3 4 51 , distrib, .1)

diary off

-4-

K
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18.06 Spring 2012 — Problem Set 2

This problem set is due Thursday, February 23rd, 2012 at 4pm (hand in to Room 2-
106). The textbook problems are out of the 4th edition. For computational problems,
please include a printout of the code with the problem set (for MATLAB in particular,
diary(’filename’) will start a transcript session, diary off will end one.)

1. Do Problems 7 & 9 from Section 2.6.
2.6.7. Given
1 01
A=|2 2 2 ) snd L=E; E'E.l,
3405
what three elimination matrices E», E31, E32 put A into its upper triangular
form FEzoFg31Em A = U7 Multiply by E3‘21,E3'11, and E2'11 to factor A into L

times U.
Solution.
1 0 0 1 00 1 00 1 01
E32E31E21A= 0 1 0 0 1 0 -2 10 2 2 2
0 -2 1 -3 0 1 0 01 3 45
and this gives
1 01
U=1020
00 2

Taking the inverses of the elimination matrices, and then putting them together gives:

100
A= 21 0 |U
3 21

2.6.9. Showing why A = LU is not possible.

Solution. The 2 x 2 case: Multiplying the two matrices on the right shows that we
must have d = 0, which is not allowed.

The 3 x 3 case: Again, multiply the two matrices on the right toget d=1,e=1,¢ =
0,{ =1. Then we need f = 0, which is not allowed. O

2. Do Problem 13 & 23 from Section 2.6.
2.6.13.



Solution.

a a a a 1 000 a a a a
@ b b oy lads gy 0 b—a b—a b—a
al't e & P EeL 500 0 0 c¢c—=b c—b
a b e d ) Y [ [t | 0 0 0 d—c
this works when a # 0, a # b, b # ¢, ¢ # d to get four pivots. (|

2.6.23

Solution. As has the pivots 5 and 9, because elimination on A starts in the upper left
corner, with elimination on As. E

. Do Problem 6 from Section 2.7.

The transpose of a block matrix M = (4 8) is MT = (47 97). Test an
example. For this matrix to be symmetric, we need A = AT, D = DT, and
B =CT (and hence C = BT).

. Do Problem 22 from Section 2.7.

Find the PA = LU factorizations (and check them) for

011 1 20
1 01 and 2 41
2 3 4 111

Solution.
010 1 00 1 1
100 ]A=]101 0 01 1
0 01 23 1 0 -1
and
1 00 100 1 2 0
001 JJA=|11 0 -1 1
010 2 1 0 0 1

. Do Problem 38 from Section 2.7.

If you take powers of a permutation matrix, why is some P* eventually
equal to I? find a 5 by 5 permutation matrix P so that the smallest power
to equal I is PS.

Solution. Since there are only finitely many permutation matrices (in fact, exactly n!
of them), there must be two powers P® and P? that are the same, with @ > b. Then
since P is invertible by pset 1, Pt =, a



6. Do Problems 17 from Section 3.1.
Solution to 8.1.17:

(a) The zero matrix is not invertible. Therefore, the set of invertible matrices is not
closed under multiplication by scalars, since multiplying anything by 0 gives the
zero matrix. Therefore it is not a subspace of M.

(b) The matrices (§§) and (39) are both clearly singular, but their sum is the
identity matrix, which is obviously invertible. Thus the set of singular matrices
is not closed under addition and so is not a subspace of M.

7. Do Problem 23 from Section 3.1.

Solution to 8.1.23:

If we add an extra column b to a matrix A, then the column space gets larger unless
b was already in the column space. If

A= ({]) wa v=(3)

then the column space gets larger. If

a=(}f) ma = ()

then it does not. The column space of A is the same as that of [A b| precisely when
b can be written as a linear combination of the columns of A, i.e. when there exists
a vector x such that Ax =b.

8. Do Problems 30 & 31 from Section 3.1.
Solution to 3.1.30:

(a) Suppose a is in S + T; then by definition there exist s € S and t € T such that

a=s+t. For A ascalar we have Aa = A(s+t) = As+ At. Since S and T
are subspaces of V, the vector As is in S and the vector At is in T. Thus we
have written Aa as a sum of a vector in S and a vector in T, which by definition
means that Aa € S + T. This proves that S + T is closed under multiplication
by scalars.
Now suppose a and a’ are in S+T; by definition there exist 5,8’ € Sand t,t' € T
such that a = s+t and a’ = s’ +t’. Then since V is a vector space we have
at+a =(s+t)+(s+t)=(s+s)+(t+t'). As S and T are subspaces of
V, the vector s + s’ is in S and the vector t +t’ is in T. Thus we have written
a+a' as a sum of a vector in S and a vector in T, which by definition means
that a+a’ € S + T. This proves that S + T is closed under addition.

(b) SUT is the set of vectors that lie in either S or T, whereas S + T is the set of
sums of vectors in S and T. These are clearly not the same — for example, SUT
will not be a vector space unless S and T are the same line through the origin,
while we proved above that S + T is a vector space. The span of a subset of a
vector space V is the set of vectors that can be written as linear combinations
of elements of the set; since S and T are subspaces of R™, the span of SUT is
S+T.



Solution to 3.1.51:

The space C(A) + C(B) consists of those vectors in R™ that can be written as a sum
of a linear combination of the columns of A and a linear combination of the columns of
B. This is the same thing as the vectors that are linear combinations of the columns
of A together with the columns of B, so we can take M = [A B].

. This problem is about the vector space of matrices for a fixed number of rows and
columns.

(a) Explain carefully why the set of all 7 x 11 matrices forms a vector space (What
is cA + d B? Which matrix is the zero vector?). Describe the simplest list of
matrices you can think of which, allowing arbitrary linear combinations, will
yield all 7 x 11 matrices. There should be 77 different matrices in your answer.

(b) How many real number-valued parameters would you use to (unambiguously)
describe the vector space S3x3 of 3 x 3 symmetric matrices (e.g. the set of all
3 x 3 matrices A such that AT = A)? Identify all vector subspaces of S3y3 (it
may be convenient to refer to the parameters you've introduced).

(c) The 2 x 2 matrices with equal row sums (a + b and ¢+ d are the same number),
and equal column sums (e + ¢ and b+ d), is a vector space. Find two matrices
so that all these matrices are linear combinations of those two.

Solution:

(a) cA+dB is the matrix whose (%, j)-component is cA;;+dB;;. Since scalar multipli-
cation and addition are defined component-wise, the associativity and commuta-
tivity of addition of matrices, as well as the associativity of scalar multiplication
and its distributivity over addition, all follow from the same properties of R.
The zero matrix is the zero vector in this vector space. Let E¥ be the matrix

with components
Eﬁz 1 k=’£,l=],
0 otherwise.

Then any 7 x 11 matrix can be written as a linear combination of these 77

matrices:
7 11
A= Z Z AijEij ;
i=1 j=1
Moreover, no subset of these matrices spans the set 7 x 11 matrices, since only
those matrices A such that Ay = 0 can be written as a linear combination of
E’s not including E*.
(b) A symmetric 3 x 3-matrix A is uniquely determined by its 6 upper-triangular
components A;; with j > i. A subspace of S3x3 is determined by some (inde-
pendent) linear equations in these parameters.

(c) Consider I = (}9) and J = ({}); these clearly have equal row sums and equal
column sums. Suppose A= (2%) where a +b=c+d and a+c=b+d. Then



a=—b+c+dand a=>b—c+d; adding these we get 2a = 2d, so a = d. Then
a+b=c+asob=calso. Thus

A= (b)) =al+bJ

10. The MATLAB command A = double(rand(2,2) < 0.5) gives a random 2 x 2 matrix
where each entry is either 0 or 1 (with equal probabilities).

(a) Make a plot of the distribution of the number of pivots of the row-reduced ver-

()
(d)

sions (in MATLAB, the command rank(A) gives this number) of these random
matrices. Here’s some sample code that you can copy-paste into MATLAB:

clear; N=1000; num_zeros=0; num_ones=0; num_twos=0;
for i = 1:N
A = double(rand(2,2) < 0.5);
if rank(A)==
num_twos = num_twos + 1; %Then add one to that counter!
end
if rank(A)==1
num_ones = num_ones + 1;
end
if rank(A)==0
num_zeros = num_zeros + 1;
end
end
distrib = [num_zeros num_ones num_twos]/N
bar ([0 1 2], distrib, 0.1)

Compare this to the exact probabilities of each value for the pivot number.
Compute these by writing down all 16 possibilities and counting pivots.

Extend the code in (a) to work for 5 x 5 matrices, and again show a histogram
plot.

For the 2 x 2 examples, what do you think the probability of having 2 pivots
would be, if we took each matrix entry distributed continuously (and uniformly)
in the interval [0,1]? (No need to compute - but explain why!)

Solution:
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(b) Only the zero matrix has no pivots, so the probability of 0 pivots is 1/16. The
matrices
(38)(3) (3 (D)
Ga)@EDAEHADGD
have one pivot, so the probability of this is 9/16. The matrices

GHGDEDENADED)

have two pivots, so the probability of this is 6/16 = 3/8.
(c) clear; N=1000;

matsize=5;

nums=zeros(1, matsize+l);

for i = 1:N
A=double(rand (matsize,matsize)<0.5);
index = rank(A) + 1;

nums (index) = nums(index)+1;

end

distrib = nums/N;

bar([0:1:matsize], distrib, 0.1)

xlabel (’rank?’)

ylabel (’frequency of outcome (N tries)’)

0
0
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(d) We can think of the entries of our matrices as points in the “hypercube” [0, 1] x
[0,1] x [0,1] x [0,1] € R*. Since the entries are distributed uniformly, the
probability that a matrix picked at random lies in some region in this subset of
R* equals the * 4-dimensional volume” of this region. A matrix (254) has less
than two pivots precisely when it is singular, i.e. when its entries satisfy the
equation ad — bc = 0. But the space where this equation holds is 3-dimensional,
so its 4-dimensional volume is 0 (just like a curve in the plane has no area, or
a surface in space has no volume). Thus a random matrix has 2 pivots with

probability 1.
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18.06 Spring 2012 — Problem Set 3

This problem set is due Thursday, March 1st, 2012 at 4pm (hand in to Room 2-106). The
textbook problems are out of the 4th edition. For computational problems, please include a
printout of the code with the problem set (for MATLAB in particular, diary(’filename’)
will start a transcript session, diary off will end one.)

Every problem is worth 10 points.

1

2.

© w0 N

Without asking anyone for help, write down an accurate definition of what it means
for a matrix to be in reduced row echelon form (RREF).

TRUE or FALSE? (No need for explanation):

(a) Every upper-triangular matrix is in reduced row echelon form?
(b) Every lower-triangular matrix is in reduced row echelon form?
(c) Every permutation matrix is in reduced row echelon form?

(d) The following matrix is in reduced row echelon form?
100
0 0 2|°

(e) The reduced row echelon form of A is unique?

(f) The full solution set of Az = b, where A is m x n and b € R™, is always a vector
subspace of R"?7

(g) The difference a = x; — X2, between any two solutions x; and x5 to Ax = b,
is a vector that belongs to the null space N(A)? (Apply the rule A(x + \y) =
Ax + My to A(x; — x2) to answer the question).

Do Problems 20 & 23 from Section 3.2.
Do Problem 35 from Section 3.2.

Do Problems 3 & 8 from Section 3.3.
Do Problems 17 & 28 from Section 3.3.
Do Problems 5 & 16 from Section 3.4.
Do Problems 24 & 33 from Section 3.4.

Do Problem 9 from Section 3.5.
(See Problem 10 on next page!)



10. In this exercise, we try MATLAB’s function nul1(A) for finding a basis (i.e. a minimal
set of spanning vectors = a maximal set of independent vectors) for the null space of
a matrix. We also try rref(A) for finding the reduced row echelon form.

B=[1 0 0 O0;
0 0 1 0O
0 0 0 1;
0 1 0 0];
c=01 2 1 -2;
0 0 1 5;
0O 0 0 0
0 0 0 0];
D=[1 2 0 1;
0 2 2 1;
0 0 3 3;
1 0 0 4];

(a) Using null(), find a basis of each of N(B), N(C) and N(D) (the column vectors
in the matrix MATLAB outputs are the basis vectors). Same for N(BC) and
N(DC).

(b) Figure out whether N(C) and N(DC) are the same subspaces of R4, as follows:
— MATLAB can easily perform this, if we make use of the following two facts,
for V and W subspaces of R™ with given collections of vectors used for spanning
them, respectively vi,..., vy spanning V and wy,..., w; spanning W.

Fact 1: A vector b € R* belongs to V if and only if the system Ax = b has at
least one solution, where A = [vy va ... vi] is the matrix which as columns has
a collection of vectors we use to span V.

Ezample (2 x 2): In MATLAB we create the augmented matrix [A|b] and use
the command rref.

A=1[12;
=1 =2]

b= [
115

>> A_aug b = [A b]

A_aug b =
1 2 |
= -2 |



 ition VR

>> rref (A_aug)

ans =
1 2 | 0
0 | 1

(Note: The augmentation bars in the output will not show in MATLAB).

Notice the zero row that has a non-zero entry to the right of the bar: This system
Ax = b has no solution. Hence, b = [1,1]T is not in the subspace spanned by
the columns of A.

Fact 2: Two subspaces are the same, V = W, if and only if:

i. Vectors spanning V lie in W, that is vq,...,vip € W (so V C W), and

ii. Vectors spanning W lie in V, that is wy,...,wr € V (so W C V).
FEzample: Referring to the previous example, the subspace V' spanned by the

vectors b and [0,1]7 cannot be the same as the subspace W spanned by the
columns of A (since we saw b ¢ W).

Now, for using Fact 1 & Fact 2 in MATLAB to determine if N(C) and N(DC)
are in fact the same, you will need the ":" option:

>> A(:,2) YExample: Gives you the 2nd column from matrix A

Then proceed as in the examples, checking each basis vector from one space for
membership of the other space.

Which property of the square matrix D explains the result of your comparison
of N(C) and N(DC)? State this as a general rule, and put a box around it.
Apply your rule to explain why N(DC) and N(BC) are the same subspace.

Is N(CB) the same as N(C)? Either use the method from (b) again (you can
do it all at once using rref([null(CB) null(C)]), if you carefully read off the
result!), or simply try applying CB to the basis vectors you found for N(C),
and vice versa.
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D:\Users\Michael\Documents\MIT Junior\18.06\P-Set 3\p-set3.mat
>>B=[1000; 0010; 0001; 010 0]

= o O O
o O O

o O O
o - O O

>>C=[121-2; 0015; 0000; 000 0]

oo o
o o oW
o O P -
o o

>D=[1201; 0221; 003 3; 100 4]

= O o
o O NN
O w NN o
BW e

>> null (B)

ans = ,//
Empty matrix: 4-by-0

>> null (C)

ans =

0 0.9245 U//

0.5659 -0.3142
-0.8085 =0 2115
0.1617 0.0423
>> null (D)
ans = k//
Empty matrix: 4-by-0

>> null (B*C)

ans =

-

Thursday, March 01, 2012 1:07 AM



D:\Users\Michael\Documents\MIT Junior\18.06\P-Set 3\p-set3.mat

Thursday, March 01, 2012 1:07 AM

0 -0.9245 /
0.5659 0.3142 L//
-0.8085 0.2115
0.1617 =-0.0423
>> null@ @\ 7
ans = .
0 -0.9744

0.7682 -0.0511
-0.6348 -0.0336
0.0828 0.2162

>> null (D*C)
ans =
-0.0331 0.9239
-0.5543 =0i::334:3
0.8155 -0.1824

-0.1631 0.0365

>> A= [1 2; -1 -2]

.



D:\Users\Michael\Documents\MIT Junior\18.06\P-Set 3\p-set3.mat

>> rref ([null (C*B) null(C)))

QO O =
o O O
Lo N e o B |
- O O O

Thursday, March 01, 2012 1:07 AM



uldons

18.06 Spring 2012 — Problem Set 3

This problem set is due Thursday, March 1, 2012 at 4pm (hand in to Room 2-106). The
textbook problems are out of the 4th edition. For computational problems, please include a
printout of the code with the problem set (for MATLAB in particular, diary(’filename’)
will start a transcript session, diary off will end one.)

1. Without asking anyone for help, write down an accurate definition of what it means
for a matrix to be in reduced row echelon form (RREF).

Solution. m X n matrix R is in RREF means

(a) R isin echelon form.
(b) Every pivot is 1.

(c) Columns with a pivot have no other nonzero entry.

2. TRUE or FALSE? (No need for ex'planation):

(a) Every upper-triangular matrix is in reduced row echelon form?

)
(b) Every lower-triangular matrix is in reduced row echelon form?
(c) Every permutation matrix is in reduced row echelon form?

)

(d) The following matrix is in reduced row echelon form?

1 00
0 0 2(°
(e) The reduced row echelon form of A is unique?

(f) The full solution set of Az = b, where A is m x n and b € R™, is always a vector
subspace of R"?7

(g) The difference a = x; — x2, between any two solutions x; and xs to Ax = b,
is a vector that belongs to the null space N(A)? (Apply the rule A(x + \y) =
Ax + Ay to A(x; — x2) to answer the question).

Solution. (a) No. The rows of all zeros must be below all the other rows. This is not
true, for instance, of
00
o 1]

7o)

(b) No. For instance,

is not.



(c¢) No. For instance, for the matrix

7o)

the pivot of the second row is to the left of the pivot of the first row.
(d) No. The leading coefficient of the second row is not a one.

(e) Yes. This will be explained in class, though you do not need to know a proof. (The
proof-oriented reader should read e.g. http://web.gccaz.edu/ wkehowsk/225-
Linear-10-11-Sp/yuster-rref-unique.pdf .)

(f) No. For instance, the solution set of

1 2 I _ 2
10 z2 | |0
contains a unique vector, [0,1]7. This is not a vector subspace of R
(g) Yes. A(x) —x2) = A(x1) — A(x2) =b—-b =0.

. Do Problems 20 & 23 from Section 3.2.
Solution to 3.2.20:

Let A be the matrix in the problem.

The column 5 does not have pivot. If not, since (A)45 = ¢ # 0 is a pivot and (A)4; =0
for any i # 5, column 1 4 column 3 + column 5 = (x,%,*,¢)” # 0. In other words,
the fifth variable zs is the only free variable. We have

=column l:-1+4+column3:1+4columnb-1=0.

h
- O = O -

Hence the special solution is (1,0,1,0,1)T and the null space is {(z5,0,25,0,z5)7 :
x5 € R}

Solution to 5.2.23:

satisfies the equation



Hence

is a matrix we wanted.

. Do Problem 35 from Section 3.2.

Solution. The nullspace of B = [A A] contains all vectors x = [ _yy ] for all y in R,

O
. Do Problems 3 & 8 from Section 3.3.
Solution to 8.8.3:
0 00 2 4 6 1 2 3 1 2 0
A=1003|—|[003|—|003|—]|00 1|=RREF(A).
2 4 6 0 0O 00O 000

Using the same elimination or permutation operators as in the case A, we get

RREF(B) = [RREF(A)RREF(A)).

Q
Il

£ ][4 A]-[3 4]-[24)

A0 0 -4 0 —-A 0 A
[ RREF(A) 0 B
. R ] — RREF(C).

Solution to 3.8.8:

If the matrix has rank 1, every column is constant multiple of any other nonzero

columns. So
1 2 4 39—-2-
A=|2 4 8 |,B=|13 -3 |.
4 8 16 2 6

-3

For M, if a # 0,

and if a = 0,

M = [ [OJ Z ] for any (b,d) # (0,0), or M = [ [c) g ] for any (e, d) # (0,0).



6. Do Problems 17 & 28 from Section 3.3.
Solution to 3.3.17:

(a) By matrix multiplication, each column of AB is A times the corresponding column
of B. Soif column j of B is a combination of earlier columns, then column 5 of AB
is the same combination of earlier columns of AB. Thus rank (AB) < rank (B).
There are no new pivot columns!

(b) The rank of B is r = 1. Multiplying by A cannot increase this rank. The
rank of AB stays the same for A; = I and B = [ 11

1
1 1
a= L 4]

Solution to 3.3.28:

]. It drops to zero for

The row-column echelon form is always [ é 8 ]; I is the 7 x r identity matrix.

7. Do Problems 5 & 16 from Section 3.4.

Solution to 8.4.5: Consider the augmented matrix

1 2 -2 i
2 5 —4 b
4 9 -8 b3

The operations those make the first 3 x 3 matrix to RREF change our augmented
matrix to

0 -2 5by — 2bg

1 0 —2b1 + by

0 0 0 —2bj—ba+bs

Hence this equation is solvable when —2b; — by + b3 = 0 and the set of solutions is
{(5b1 — 2by + 2z, —2by + bg,z) 12 e R}
Solution to 8.4.16:

The largest possible rank of a 3 by 5 matrix is 3. Then there is a pivot in every row
of U and R. The solution of Az = b always exists. The column space of A is R3. An
example of A is

o O -
o~ o
= oo
[ B e T s
o O o

8. Do Problems 24 & 33 from Section 3.4.
Solution to 8.4.24:

(a) |: } ] [g] = [ g; ] has 0 or 1 solutions, depending on b.



(b)y [1 1] [ il ] = [b] has infinitely many solutions for every b.
2

(c) There are 0 or oo solutions when A has rank » < m and r < n: the simplest
examples is a zero matrix.

(d) One solution for all b when A is square and invertible (like A = I).

Solution to 3.4.38:

If the complete solution to Ax = : isx = - 4+ i then A = x 9
plete solution to Ax = | . =19 5 =3 ol

. Do Problems 9 from Section 3.5.

Solution. (a) the dimension of R3 is 3 and 3 is the biggest possible number of inde-
pendent vectors in R3.

(b) there exists (c1,¢2) # (0,0) such that ¢; - vy +co - v2 = 0.
(c) 0-v +1-(0,0,0) = (0,0,0).

(See Problem 10 on next page!)



10. In this exercise, we try MATLAB’s function null(A) for finding a basis (i.e. a minimal
set of spanning vectors = a maximal set of independent vectors) for the null space of
a matrix. We also try rref(A) for finding the reduced row echelon form.

B=[1 0 0 O;
0O 0 1 0
Qg 0 0 1
a 1 0 .01
cC=01 2 1-2;
0 0 1 5;
0 0 0 0;
0O 0 0 0];
D=[1 2 0 1;
0 2 2 1;
0 0 3 3;
1 0 0 4];

(a) Using null(), find a basis of each of N(B), N(C) and N (D) (the column vectors
in the matrix MATLAB outputs are the basis vectors). Same for N(BC) and
N(DC).

(b) Figure out whether N(C) and N(DC) are the same subspaces of R*, as follows:
— MATLAB can easily perform this, if we make use of the following two facts,
for V and W subspaces of R™ with given collections of vectors used for spanning
them, respectively vi,..., vk spanning V and wy,...,w; spanning W.

Fact 1: A vector b € R* belongs to V if and only if the system Ax = b has at
least one solution, where A = [v; va ... vi] is the matrix which as columns has
a collection of vectors we use to span V.

Ezample (2 x 2): In MATLAB we create the augmented matrix [A|b] and use
the command rref.

A=[12;
-1 =2];

b = [1;
1] ;

>> A_aug_b = [A b]

A_aug b =
1 2 | 1
-1 -2 | 1



>> rref(A_aug_b)

ans =
1 2 | o
0 o | 1

(Note: A_aug_b is only a variable name. The augmentation bars in the output
will not show in MATLAB).

Notice the zero row that has a non-zero entry to the right of the bar: This system
Ax = b has no solution. Hence, b = [1,1]7 is not in the subspace spanned by
the columns of A.

Fact 2: Two subspaces are the same, V = W, if and only if:

i. Vectors spanning V' lie in W, that is vi,...,vx € W (so V C W), and

li. Vectors spanning W lie in V, that is wy,...,wx € V (so W C V).
Ezample: Referring to the previous example, the subspace V' spanned by the

vectors b and [0,1]” cannot be the same as the subspace W spanned by the
columns of A (since we saw b ¢ W).

Now, for using Fact 1 & Fact 2 in MATLAB to determine if N(C) and N(DC)
are in fact the same, you will need the ":" option:
>> A(:,2) Y%Example: Gives you the 2nd column from matrix A

Then proceed as in the examples, checking each basis vector from one space for
membership of the other space.

(c) Which property of the square matrix D explains the result of your comparison
of N(C) and N(DC)? State this as a general rule, and put a box around it.
Apply your rule to explain why N(DC) and N(BC) are the same subspace.

(d) Is N(CB) the same as N(C)? Either use the method from (b) again (you can
do it all at once using rref([null(CB) null(C)]), if you carefully read off the
result!), or simply try applying CB to the basis vectors you found for N(C),
and vice versa.

Solution. (a) Bases for the null spaces are as follows:

>> null(B)

Empty matrix: 4-by-0

>> null(C)

:

0 0.9245
0.56569  -0.3142



-0.8085 -0.2115
0.1617 0.0423

>> null(D)

Empty matrix: 4-by-0

>> null(B*C)

0 -0.9245
0.5659 0.3142
-0.8085 0.2115
0.1617  -0.0423

>> null (DxC)

-0.0331 0.9239
-0.5543 -0.3343
0.8155 -0.1824
-0.1631 0.0365

(b) Here we get, for example:

nC=null(C);
nC_1 = nC(:,1);
nC_2 = nC(:,2);

nDC = null(D*C);

reduxl = rref([nDC nC_1])
redux2 = rref([nDC nC_2])
>> reduxl =
1.0000 0 | -0.9994
0 1.0000 | -0.0358
0 0 | 0
0 o | 0



()

redux?2 =

1.0000 0 | -0.0358
0 1.0000 | 0.9994
0 0 I 0
0 0 | 0

Here we looked at the system Ax = b;, with A’s columns being the basis of
N(DC) and for ¢ = 1,2 let by = nC_1, by = nC_1 be the two basis vectors
we got for N(C) in (a). Since in both cases the system is consistent (the zero
rows in the left compartment of the above RREF of the augmented matrix has
a corresponding zero in the right compartment).

Thus, since by, bz € N(DC) and since N(C) is spanned by its two basis vectors
by, bz, we conclude that: N(C) C N(DC).

Note: N(C) C N(DC) is true for any matrices D and C! Why? Because if
x € N(C), meaning Cx = 0, then also DCx = DO = 0 meaning x € N(DC).
Similar code, reversing the roles of C' and DC' checks for us that also (which is
not always true - see below): N(DC) C N(C).

Thus, we have checked that: N(DC) = N(C).

The property the square matrix D has is: Invertible. Here’s the rule:

lIf D, C are any n x n matrices, and D invertible, then N(DC) = N(C).|

We saw the invertibility of D above in (a): The basis for the null space was (} (the
empty set), so N(D) = {0} (the subspace only consisting of the zero vector).
Thus, if we reduced D to its RREF matrix R we would obtain the 4 x 4 identity
I (since D is square!). But this means that D is invertible.

This also explains why B is invertible, using (a). Now, we may use our new rule:
N(DC) = N(D(B~'B)C) = N((DB~1)BC) = N(BC).

No, N(CB) and N(C) are not the same (in this example).

nC=null(C);

nCB=null(C*B);
BigMat = rref([nCB nC]);

BigMat =
1 o I o 0
0 11 0 0
0 0o | 1 0
0 ol o 1

Note that we have solved all the four systems at once by using the augmentation.
Reading left-to-right, you can see that none of the two basis vectors MATLAB
chose for us for N(C) belong to N(CB). Reading right-to-left, we see that

9



reversely the N(CB) basis we chose is not in N(C). So these subspaces are not
identical.

Alternatively, we can try:

C*B*nC_1

-2.5870
2.9913
0

0

Since that’s not the zero vector, we have that the vector nC_1 from N(C) is not
in N(CB). So, these two subspaces are not the same.

a

10
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18.06 Spring 2012 — Problem Set 4

This problem set is due Thursday, March 8th, 2012 at 4pm (hand in to Room 2-106). The
textbook problems are out of the 4th edition. For computational problems, please include a
printout of the code with the problem set (for MATLAB in particular, diary(’filename?)
will start a transcript session, diary off will end one.)

Every problem is worth 10 points.

1.
2.

9.
10.

Do Problem 5 from Section 3.5.

Do Problem 7 from Section 3.5.

. Do Problems 15 & 18 from Section 3.5.

Do Problem 28 from Section 3.5.

. Do Problem 45 from Section 3.5.

Do Problem 4 from Section 3.6.
Do Problem 9 from Section 3.6.
Do Problem 16 from Section 3.6.
Do Problem 18 from Section 3.6.
Do Problem 32 from Section 3.6.

18.06 Wisdom. The first exam is coming up (next Friday, March 9th, Walker Memorial,
1lam-12 noon). It will include concepts - not only numbers. Your most valuable study
resources will be the book, the problems you've solved so far and the old exams (with
solutions!) on the course web: http://web.mit.edu/18.06/www/old.shtml. If we were

you, we would spend this weekend brushing up on concepts and trying to solve as many
old exams as possible.
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18.06 Spring 2012 — Problem Set 4

This problem set is due Thursday, March 8th, 2012 at 4pm (hand in to Room 2-106). The
textbook problems are out of the 4th edition. For computational problems, please include a
printout of the code with the problem set (for MATLAB in particular, diary(’filename?)
will start a transcript session, diary off will end one.)

Every problem is worth 10 points.

1.

Do Problem 5 from Section 3.5.

Solution. (a) The vectors are independent. One way to see this is to arrange the
vectors as columns of a matrix, do elimination, and observe that there are 3
pivots.

(b) The vectors are dependent. One way to see this is to observe that they sum to
Zero.

O

Do Problem 7 from Section 3.5.

Solution. To show that the differences are dependent, observe that vy +v3 — vg = 0.
In the equation

[V1 Va V3]:[W] Wao Wg] 1 0 -1

the matrix [wl Wy w;;] is invertible and the other two matrices are singular. 0O
Do Problems 15 & 18 from Section 3.5.

Solution. Solution to 3.5.15 If vy,..., vy are linearly independent, the space they
span has dimension n. These vectors are a basis for that space. If the vectors are
columns of an m by n matrix, then m is greater than or equal to n. If m = n, that
matrix is invertible Solution to 3.5.18

(a) might not

(b) are not

(c) might be

. Do Problem 28 from Section 3.5.



(2]

Solution. The following is a basis for the space of 2 by 3 matrices where the entries
of each column add to zero:

I 0 0 (0 1 0Of |00 1
-1 0 0] |0 -1 0] [0 0 =1

The following is a basis for the subspace of the above where the entries of each row

also add to zero:
1 -1 0] |0 1 -1
-1 1 0 [0 =1 1

a
. Do Problem 45 from Section 3.5.
Solution. Take a basis vi,..., vy for V and a basis wq, ..., w) for W. We know that
k41 =dim(V)+dim(W) >n
Therefore, there exists a nontrivial linear combination of vy, ..., vk, w1,...,w) that
gives zero; let this combination be
Z a;vi + ijwj
Then the vector
Z a;Vi = — Zb_}WJ
is a non-zero vector that is in both V and W. O

Do Problem 4 from Section 3.6.

Solution.

(a) We can just take the matrix

1
1
0

= O O

Its column space clearly contains (1,1,0) and (0,0, 1) and its row space contains
the standard basis vectors (1,0) and (0,1) for R?, so the row space contains all
vectors in R2.

(b) For the column space and the null space both to be in R? we need a 3 x 3 matrix.

But then the dimensions of the column space and the null space must add to 3,
so they can’t both be I-dimensional.

(0 0).

Its null space is all of R? and its left null space is all of R.

(c) Take the matrix



~1

10.

(d) Consider the matrix

Its row space clearly contains (3, 1), and
2 9 3
(1 3) (_3 _1) —(0 0).

(e) This is impossible — we know that the left null space is the space of vectors or-
thogonal to the column space and the null space is the space of vectors orthogonal
to the row space. Therefore if the row space and the column space are the same,
the null space and the left null space must also be the same. O

. Do Problem 9 from Section 3.6.

Solution. (a) The row spaces of [A] and [4] are clearly the same, since the rows of
the second matrix are the same as those of the first, just repeated. Since the null
space consists of the vectors orthogonal to the row space, they also have the same
null space. Since the rank equals the dimension of the row space, they have the
same rank.

(b) The column spaces of [:}] and [;} ﬂ are clearly the same, since the columns of
the second matrix are the same as those of the first, just repeated. Since the
left null space consists of the vectors orthogonal to the column space, they also
have the same left null space. Since the rank equals the dimension of the column
space, they have the same rank, which by (a) is also the rank of [A]. O

. Do Problem 16 from Section 3.6.

Solution. If v is a row of A then it is orthogonal to every vector in the null space. But
the only vector that is orthogonal to itself is the zero vector; since v # 0 it therefore
can’t be in the null space if it is a row. O

. Do Problem 18 from Section 3.6.

Solution. The combination (row 3) - 2(row 2) + (row 1) is zero. Therefore (1,-2,1)
is in the left null space. Since we see from the echelon form that A has rank 2 (there
are two pivot columns), the null space has dimension 1 and so consists of vectors of
the form ¢---(1,-2,1) for all scalars c. From the echelon form we can also see that
(column 3) - 2(column 2) + (column 1) is zero, so (1, —~2,1) is also in the null space.
Since the rank of A is 2 its null space has dimension 1 too, so for this matrix the null
space and the left null space happen to be the same. O

Do Problem 32 from Section 3.6.



Solution. Since A and B have the same column space, the two identity matrices must
have the same size, say k x k. Therefore the matrices F' and G have the same size
too. Because A and B have the same row spaces, the ith row of A must be a linear
combination of the rows of B. We can clearly ignore the rows that are all zeros, so we
have a linear combination aj(row 1) + as(row 2) + - -- + ax(row k). But the first k

components of this row vector are (ay, as, ..., ax), so to get the ith row of A we must
have a; = 1 and a; = 0 for j # i. In other words, the ith row of B equals the ith row
of A. O

18.06 Wisdom. The first exam is coming up (next Friday, March 9th, Walker Memorial,
11lam-12 noon). It will include concepts - not only numbers. Your most valuable study
resources will be the book, the problems you've solved so far and the old exams (with
solutions!) on the course web: http://web.mit.edu/18.06/www/0ld.shtml. If we were
you, we would spend this weekend brushing up on concepts and trying to solve as many
old exams as possible.
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18.06 Quiz 1 Professor Strang February 28, 2011

Your PRINTED name is
Your Recitation Instructor (and time) is

Instructors: (Pires)(Hezari)(Sheridan)(Yoo) 3.

Q(d}(‘ua, /b[g

1. (a) By elimination find the rank of A and the pivot columns of A (in its column space):

Qiﬂmﬂ

1 21 4
A=136 39

2429 /Z,

(b) Find the special solutions to Az = 0 and then find all solutions to Az = 0.

3
(c) For which number b3 does Az = | 9 | have a solution?

bs
»

Write the complete solution z (the general solution) with that value of bs.

ﬂr!/‘o’“”/
A { S (edee

b
Gﬂd/ lﬁg

X % T ¥




C ]

‘ A
nooA ( )\ (oW (¢ h
. Suppose A is a 3 by 5 matrix and the equation Az = b has a solution for every b. What

are (a)(b)(c)(d)? (If you don’t have enough information to answer, tell as much about the

answer as you can.)

(

(a) Column space of A { Qg
%) /ot I

(b) Nullspace of A
n-c 9-3°1 /
() Rank of A

:m 1 ol

A
A

(d) Rank of the 6 by 5 matrix B =

s ARG Ty
| @le /?)r

50 samp. =



(

. (a) When an odd permutation matrix P; multiplies an even permutation matrix P, the
product P; P, is 5‘_{; 0 (EXPLAIN WHY).

U0 qlewss Ji#w\y@m‘ai
1 P"Lo oo ¥ g Gdd ternn —OAC{

(b) If the columns of B are vectors in the nullspace of A, then AB is
(EXPLAIN WHY).

8= [8,) - n]
N8, < AB’[M | eg= o[ 0

(¢) If ¢ = 0, factor this matrix into A LU (lower triangular times upper triangular):

R Q](nfl

(d) That matrix A is invertible c =‘ ‘ .
‘ tho}r ant b 0
(<2




\WVow {d‘wv ow/ /M CL\/%L) \1



ﬂu%?.vf ywe £ =

{{75)

T”L ynq
[¢]«— Ly]

n..u.._‘.m Wit

(g ) Moy §vY

2 m\..uwR. g

Win .wnmo 3 |2 asm  wud  3M

J = g xmyeu g 4q 9 93 jo yuwy (p)
TG te JMUALIwd v 14
dany am A% =) Agd .ﬁ‘;sn mo_ avlagy P3| W02 A
“s=4 Zuwu_.mi. mﬁ_ =W (o) FRg
¥ jo yqusy (9)
sd wowed v s (y)y sy

T=%-9 = 4—-U = msc:ﬂom .qe_uun_mi‘» = 5 puon Ful #

4

apvy e m.x_ ={(¥)> #Ms  yjoeoudsymy (q)

Ml = (v e

Al woq feae Cy ke swmpd a2 Yyoly aaym
:w\:& 4 -4 :_.\:«H J P AH aans : «amauddawﬂﬁioo?v

(‘red nof se msue
213 JNoqe [onuI $1 [[93 '10MsUB 0} ToljuuIIoful ySnous aavy 3,uop nok J1) 4(p)(2)(q)(v) exe

TR A, g £19AD J0] UOIN[OS ® SBY| q = T} uonenba 81y pus xujew g Aq ¢ B 81 7 esoddng 'z

Nn_x

ugiynp oSy

/

y = wydy

H_M-.Tb * _HWLJ + M

N
Moc Q

Tavwe ] Ly 2 4

X ity 2pydwe>

Lo
ﬁ_ :mw:h. 51 :oaium ‘E?u_txk K \m.J .M.a 2nipA ME_.— Jod
a@ 4= O=3"% pau m E,vjom Y onoy ey Y
o o o m.f | o o © A b B k%
o o o |®*/oflt-0 o o e Mvm\:mﬁu.v
Iz | m ¢ | El s vz |
23 ey Suopipfpg
,\ o o
,i @ m IN o | ¢ [T semups geesds @
1= z=
b
M ._M.N =Y Y] uzs_s_c.u .«?_:k € 2 = {yiyuwa =
& o o o o Byplge- (0 2 ¢.|cw
Q a PR .
M @.wmmﬂ o _w b > € (o)
g 30

o o

a o

| T

anfeA Je1[) ym (uorinjos _Eunmm EE Z Tiopnos 230]dwod a1y BILAL
fq

6 | =z seop £q Joqunu oA 10 (2)
€

JUOTIN|OS B BABY

‘0 = T 09 SUO[IN[OS [[B puy UdY) Puv ( = T} 0} suonN|os [ewads Ay pur] (q)

6 ¢ F T
6 €9 ¢|=Vv
P1eil

:(sowds uwnjoo 531 uy) ¥ o suwmnod joard ey} pur | Jo quel ayl puy uoprulp Ag () '

— oo

(00 ) (wepraoyg) (1rezey)(sa11d) :s1090nnsUr
s{ (oury) pue) J030NI3SUT UO[JRIIISY INOK

S{ Wel ([ILLNTHJ N0X

1102 ‘8z Amniqa Buwa)g 10559J01J

I 2m{ 90'8T



o o )
s |
J 7 = =n P o\ SR | A A
s =2 ] o o |
H.u..A - /\ 26 204 O= :uJB ﬁﬁw

T-,M.H uﬂ = V=12~ mmwvs.s n...d“.m_.ulmr.;._ 51 2auaH

1z-> © Q &> g = mm.f&l/“ > 3.0
st o [Whe| 2 T o lam L ¥ L |TV@
. 2 _ & R LR e T

&2 =0 SSA[uUN A[qUMLAUT S | XLjuw ey, (p)

281

6 V1 |=v

tz1

i(zemIresy seddn sewyy remBunL) 19MO0]) 7 = 7 0JU] X|BW SIY3 10308] ') = 2 1 (o)

o= [ol o) = [vav] - [iav] =gy g
.o.ﬂ._m{,_ aavoy o (VWey LS9 wios 2aus o ¥ Swamped Y4
Mp gl wym (Mgl c]a] =8 427 (Em NvVIax®)
53 st gy uey} 'y Jo aoudsynu auj uj 103994 818 g Jo suwm{od Ay JI (q)
_— Csalumpud mod §o Qe
VPO = ane+ Pre saflle 7] i e Sdquent vany wo o saydln
id peo I 03 safvioyana o1 i

P Aquit ppe wo s w:&d i
"(AHM NIVTdXTE) N %77 jonpoxd

813 ‘& xpgew uoljwInuuad uaAe ue serdy[nur Iy Xuqew uojeinuad ppo uw uayAy (®) g



18.06 Quiz 1 March 1, 2010 Professor Strang

Your PRINTED name is:

Your recitation number or instructor is

i e b9 e

1. Forward elimination changes Ax = b to a row reduced Rx = d: the complete solution is

’\\
4\ 2 5
\
X 0 |\+c1 | 1] +c2| O

\
| 0 1

(a) (14 points) What is the 3\by 3 reduced row echelon matrix R and what is d?

X
O o 0
o 0 (¢

(b) (10 points) If the process of elimination subtracted 3 times row 1 from row 2 and
then 5 times row 1 from row 3, what matrix connects R and d to the original A and

b? Use this matrix to find A and b.



2. Suppose A is the matrix
0 12 2

A=103 8 7
00 4 2

(a) (16 points) Find all special solutions to Az = 0 and describe in words the whole

nullspace of A.

(b) (10 points) Describe the column space of this particular matrix A. “All combinations

of the four columns” is not a sufficient answer.

(c) (10 points) What is the reduced row echelon form R* = rref(B) when B is the 6 by

8 block matrix

A
B= using the same A?

A A



3. (16 points) Circle the words that correctly complete the following sentence:

(a) Suppose a 3 by 5 matrix A has rank 7 = 3. Then the equation Az = b
( always / sometimes but not always )

has ( a unique solution / many solutions / no solution ).

(b) What is the column space of A? Describe the nullspace of A.



4. Suppose that A is the matrix
2 1

A=16 5
2 4
(a) (10 points) Explain in words how knowing all solutions to Ax = b decides if a given

vector b is in the column space of A.

8
(b) (14 points) Is the vector b = | 28 | in the column space of A?

14



18.06

Your PRINTED name is:

Professor Johnson

Please circle

(RO1)
(R02)
(RO3)
(RO4)
(RO5)
(RO6)
(RO7)
(RO8)
(R09)

M2
M3
T11
144
T12
T12
T1
T1
T2

2-314
2-314
2-251
2-229
2-251
2-090
2-284
2-310
2-284

Quiz 1

March 2, 2009

your recitation:

Qian Lin

Qian Lin

Martina Balagovic
Inna Zakharevich
Martina Balagovic
Ben Harris

Roman Bezrukavnikov
Nick Rozenblyum

Roman Bezrukavnikov

Grading

Total:



1 (20 pts.)

Your classmate, Nyarlathotep, performed the usual elimination steps to

convert A to echelon form U, obtaining:

(a)

(b)

(d)

14 -1 3
U=]102 2 -6
00 0 O
Find a set of vectors spanning the nullspace N(A).
9
IfUy = | —12 |, find the complete solution y (i.e. describe all possible
0

solutions y).

Nyarla gave you a matrix
|
L=]12 10
-1 31

and told you that A = LU. Describe the complete sequence of elimi-
nation steps that Nyarla performed, assuming that she did elimination
in the usual way starting with the first column and eliminating down-

wards. That is, Nyarla first subtracted times the first row from

the second row, then subtracted times the first row from the

third row, then subtracted

(Be careful about signs: adding a multiple of a row is the same as sub-
tracting a negative multiple of that row.)

0
fAx=|2|,then Ux=___ .

6
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2 (20 pts.)

Which of the following (if any) are subspaces? For any that are not a

subspace, give an example of how they violate a property of subspaces.

(I) Given some 3 x 5 matrix A with full row rank, the set of all solutions

1
to Ax =

1
1

(I1) All vectors x with xTy = 0 and xTz = 0 for some given vectors y and

Z.

(IIT) All 3 x 5 matrices with

(IV) All 5 x 3 matrices with

1)

\3
(1)

2

\3)

in their column space.

in their nullspace.

(V) All vectors x with ||x — y|| = ||y|| for some given fixed vector y # 0.
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3 (20 pts.)

A is a matrix with a nullspace N(A) spanned by the following three vectors:

1 0 =
2 1 =3
=1 }* 1| 3
3 1 1

(a) Give a matrix B such that its column space C(B) is the same as N(A).
(There is more than one correct answer.) [Thus, any vector y in the

nullspace of A satisfies Bu =y for some u.]
(8) Give a different possible answer to («): another B with C(B) = N(A).

(v) For some vector b, you are told that a particular solution to Ax = b

is

W N =

4

Now, your classmate Zarkon tells you that a second solution is:

Xz =

[ R e A e

0
while your other classmate Hastur tells you “No, Zarkon’s solution

can’t be right, but here’s a second solution that is correct:”

Xg =

—_ W =

Is Zarkon’s solution correct, or Hastur’s solution, or are both correct?

(Hint: what should be true of x — x,, if x is a valid solution?)
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18.06 Quiz 1 Professor Strang

, |
: w1 4
Please PRINT your name m ¢ Wé[ p (5(5/* 0

Please Circle your Recitation:

rl "I 11 4-159 Ailsa Keating
2 T 11 36-153 Rune Haugseng

I S
@ T 12 4159 Jenpifer Patk

4 T 12 36-153 Rune Haugseng

b T 1 4-153 Dimiter Ostrev

6 T 1 4-159 Uhi Rinn Suh

r7 T 1 66-144 Ailsa Keating

8 T 2 66-144 Niels Martin Moller
9 T 2 4-153 Dimiter Ostrev

rl0 ESG Gabrielle Stoy

March 9, 2012
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1. (36 pts.) Suppose the 4 by 4 matrix A (with 2 by 2 blocks) is already reduced to itgTre

form ‘
I 31 ) (/ 3 gf

9

|
0

9]

o C

0
(a) Find a basis for the column space C(A).
Cf N
() |1
1 [ 9
lu‘\
(b) Describe all poxllf)le bases for C( i X WA
‘3_\_'\ {{fqt@( Canm 07 -’f/l f /‘-”d | o .I
L) ) L 0
(c) Find a basis (special solutions are good) for the nullspace N (A).
y cix?lﬁg"x‘ 19) X473
O t 1) =y | _
OMH:;,, |54 Xy t w..vo
0009 )
(zr) (d) Find the complete solution  to the 4 by 4 system
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2. (16 pts.) Suppose the matrix A is m by n of rank 7, and the matrix B is M by N of rank
R. Suppose the column space C(A) is contained in (possibly equal to) the column space
C(B). (This means that every vector in C(A) is also in C(B).) What relations must hold
between 1 and M, n and N, and r and R? C( A) C CCB)

It might be good to write down an example of A and B where all L}W_a_{e different.

O | 0 0 0) me
Qe O] 0 ] 0 nch

M _é M = (Cb({[i (()g < X chg{)/ | | |
‘ T o ot ol e )
n é N " (WIJ ho = o {O’Q}ﬁ" (‘d('ﬂ‘ﬂt!‘:) o4 Toch d()ﬁ(”'a_o fin 1
= T el space = (onfoluf . ef o
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(\éR “ he = ¢ (%0(

e

T
O

d T o)
J ) I] (/\}n:[’v’
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3. (a) (16 pts.) Suppose three matrices satisfy AB = C. If the columns of B are dependent,
show that the columns of C are dependent. '

e e

b) (12 pts ) If Ais 5by 3 and B is 3 by 5, show using part (a) or otherwise that AB = I

Wi
) N“?\ K -
ot S
is impossible. {UQ )C)’ Pﬂ .

(EUG hoh o X o\w(oki tez ol k[‘\
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4. (20 pts.) Apply row elimination to reduce this invertible matrix from A to 7. Then

e iisiealcmncemmaeren s gy ol
write A~! as a product of three (or moxehmmple matrices coming from that elimination.

00 mﬂaﬂy Ax-ﬁ

Multiply these matrices to find A~}

011
A=110 0.
4 0 1

a3

A-l

led i 16 4a B
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18.06 Quiz 1 Professor Strang March 9, 2012
Please PRINT your name 1.
2.
Please Circle your Recitation: 3
4.
rl T 11 4-159 Ailsa Keating
2 T 11 36-153 Rune Haugseng
3 T 12 4-159 Jennifer Park
rd T 12 36-153 Rune Haugseng
5 T 1 4-153 Dimiter Ostrev
6 T 1 4-159 Uhi Rinn Suh
7 T 1 66-144 Ailsa Keating
8 T 2 66-144 Niels Martin Moller
9 T 2 4-153 Dimiter Ostrev
rl0 ESG Gabrielle Stoy

1. (36 pts.) Suppose the 4 by 4 matrix A (with 2 by 2 blocks) is already reduced to its rref

R
; 0o |

(a) Find a basis for the column space C'(A).

form

(b) Describe all possible bases for C'(A).

(c) Find a basis (special solutions are good) for the nullspace N(A).

(d) Find the complete solution = to the 4 by 4 system

O O = Ot



Solution.

(a) The column space is spanned by the vectors (1,0,0,0), (0,1,0,0),(3,0,0,0), (0,3,0,0).
We then put them in a matrix and do a Gaussian elimination to find independent vectors.
This tells us that the basis for the column space is {(1,0,0,0), (0,1,0,0)}

(b) The column space can be described by
C(A) = {(z,9,0,0) | z,y € R},
s0 the basis of C/(A) is the set of any two independent vectors (1, 2,0, 0) and (3, 24,0, 0).

e 1 I3
Io T4

has full rank (in other words ;24 — @ax3 # 0 must hold).

This means that the matrix

(¢) We observe that (3,0,—1,0) and (0,3,0,—1) are two independent vectors belonging
to the null space. Since the column space has dimension 2, the null space has dimension
4 —2 =2, so any basis of N(A) has two elements. Hence, {(3,0,—1,0),(0,3,0,-1)} is a
basis for N(A).

(d) We start by looking for 2 paricular Via elimination. Note that the matrix is already in a

reduced row echelon form:

0 30

1 0 34
0000
0 000]0

S0 Tparticular = (5,4,0,0). Then the complete solution is given by

(W

S O

T = Iparticular T Tpullspace
= (5,4,0,0) + (3a,3b, —a, —b)
= (5 + 3a,4 + 3b, —a, —b)

for any a,b € R.

8]



2. (16 pts.) Suppose the matrix A is m by n of rank r, and the matrix B is M by N of rank
R. Suppose the column space C'(A) is contained in (possibly equal to) the column space
C(B). (This means that every vector in C'(A) is also in C'(B).) What relations must hold

between m and M, n and N, and r and R?

It might be good to write down an example of A and B where all the columns are different.

Solution. The column space of A is contained in R™, and the column space of B is
contained in RM. If C(A4) C C(B), this means they are contained in the same Euclidean
space, so M = m. The dimension of the column space is the rank of the matrix, so if
C(A) € C(B), this means dimC(A) < dim C(B), hence r < R. There are no relations
between N andn;n=Nif A=B,n<NifB=[AA,andn>Nif A= (B B).

Cl



3. (a) (16 pts.) Suppose three matrices satisfy AB = C. If the columns of B are dependent,

“show that the columns of C' are dependent.

(b) (12 pts.) If Ais 5 by 3 and B is 3 by 5, show using part (a) or otherwise that AB =1

is impossible.

Solution.  (a) The columns of B being dependent means by definition that there is

a vector x # 0 such that Bx = 0. But then we also have
Cx = (AB)x = A(Bx) = A(0) =0,

which means that the same x # 0 works to show that the columns of C' are
dependent.

(b) The columns of B are dependent, since these are five vectors in R3, and 5 > 3.
Thus, by part (a), the columns of AB must be dependent. However, columns of
I are independent, so AB can never equal /. [Note: Switching the order matters
here. One can indeed find a 3 x 5 matrix A, and a 5 x 3 matrix B such that
AB = I is the 3 x 3 identity - hence any "proof” that is insensitive to the order
of A and B must be flawed]

O



4. (20 pts.) Apply row elimination to reduce this invertible matrix from A to I. Then

write A7 as a product of three (or more) simple matrices coming from that elimination.
Multiply these matrices to find AL

-

Il
NN — O
o 0 =
=

Solution. Swapping rows 1 and 2 corresponds to

010
P=1100
001
Subtracting 4 times row 1 from row 3 corresponds to
I 00
Ey = 0 10

-4 0 1

Subtracting row 3 from row 2 corresponds to

10 0
Bagom | ] 1 ~1
00 1

Putting them together, we get

1 0 0 1 00 010
EpExyPA=1 0 1 -1 0 1 0 100 |A=L
00 1 -4 0 1 00 1
0 1 0
Hence, A ' =EpuEy34P=| 1 4 -1
0 —4 1

[}



Michael E Plasmeier

From: Niels Martin Mgller <moller@MIT.EDU>
Sent: Tuesday, March 13, 2012 7:40 PM

To: Niels Martin Moeller

Subiject: [18.06] Exam #1 solutions posted
Follow Up Flag: FollowUp

Flag Status: Flagged

Dear 18.06,

- All grades should be approved and visibly in Stellar shortly (if not, email you TA about it).
- The solutions to Exam #1 have been posted on the 18.06 website:

http://web.mit.edu/18.06/www/psets.shtml

We do know many of you will wonder what this means - and some of you have expressed worries about your test
scores. We won't get into thinking about your letter grades until much later in the course.

Now is the time to leave the first exam behind you (after you checked the solutions, and pondered what you could have
done differently, of course), and keep working more on grasping the concepts and tools of everything linear.

Enjoy learning and understanding more of this exciting subject!

Best,
Niels



18.06 Gradebook https://stellar.mit.edw/S/course/18/sp12/18.06/gradebook/summarycha...

18.06 Linear Algebra

[ Dashboard | Students | Assignments ]

Grading Summary for Exam 1
35 36

32
30 31

28

27
25

20 30
18 18
15
12
10
7
5 5
2 2
0

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90 95 100

Number of Scores: 238
Average: 78.47
Standard Deviation: 14.68
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