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18.06 Spring 2012 — Problem Set 5

This problem set is due Thursday, March 22nd, 2012 at 4pm (hand in to Room 2-106). The
textbook problems are out of the 4th edition. For computational problems, please include a
printout of the code with the problem set (for MATLAB in particular, diary(’filename’)
will start a transcript session, diary off will end one.)

Every problem is worth 10 points.

1. Do Problems 11 & 16 from Section 4.2.
2. Do Problem 27 from Section 4.2.

3. Do Problem 30 from Section 4.2.

4. Do Problem 31 from Section 4.2.

5. Do Problems 1 & 3 from Section 4.3.
6. Do Problem 26 from Section 4.3.

Do Problems 4 & 14 from Section 4.4.

Do Problem 7 from Section 4.4.

e 0 N

Do Problems 18 & 24 from Section 4.4.

10. In this exercise, we use MATLAB for learning about Gram-Schmidt.

Suppose the 4 x 3 matrix A has 1’s when i = j and —1’s when i = j 41 and otherwise
A;i; = 0. From the MATLAB command

[Q,R] = qr(4),

find the Gram-Schmidt orthonormal basis for the column space C(A4). Renormalize
those basis vectors to contain nice fractions by dividing by the diagonal entries of R.
Now the vectors are orthogonal, not orthonormal.

Guess what the pattern you see here is, and use this to find a 4th vector in R4
orthogonal to these three columns of @ (and of A).

18.06 Wisdom. On problem sets and exams, always try to think of ways to check your
results. It both assists your own learning, when you reflect on and relate to what you’ve
worked through, plus you avoid loosing points!
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D:\Users\Michael\Documents\MIT Junior\18.06\ps5.txt

>> A=[1 0 0;

Ty e
O =
0
>> [Q, R] =
Q:
0.7071
-0.7071
0
0
R o=
1.4142
0
0
0

=1 1 0;

ar (A)

0.4082
0.4082
-0.8165

-0.7071
1.2247

>> o= [0 0 0 1]

>> r= [R 0']

1.4142
0
0
0

-0.7071
1.2247
0

0

0-11; 00 -1]

0.2887
0.2887
0.2887
-0.8660

-0.8165
1.1547

0
-0.8165
1..1547
0

=0 . 5000
-0.5000
-0.5000
-0.5000

0
0
0
1.0000

//1 did not know how to do this in MatLab!
0 1.2247 0 0; 0 0 1.1547 0;

>> r = [1.4142 0 0 0;

1.4142
0

0
1.2247
0
0

0
0
1.1547
0

0
0
0
1.C000

000 1]

Thursday, March 22, 2012 1:48 AM
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D:\Users\Michael\Documents\MIT Junior\18.06\ps5.txt Thursday, March 22, 2012 1:48 AM

>3 0/
ans =

0.5000 0.3333 0.2500 -0.5000
-0.5000 0.3333 0.2500 -0.5000
0 -0.6667 0.2500 -0.5000

0 0 -0.7500 -0.5000 J/
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18.06 Spring 2012 — Problem Set 5

This problem set is due Thursday, March 22nd, 2012 at 4pm (hand in to Room 2-106). The

textbook problems are out of the 4th edition. For computational problems,

please include a

printout of the code with the problem set (for MATLAB in particular, diary(’filename?)

will start a transcript session, diary off will end one.)
Every problem is worth 10 points.

1. Do Problems 11 & 16 from Section 4.2.

Solution.
Problem 11
(a)
11
1 00 11
AAT_[ ] 0 1 =[ ]
1 1 0 [0 0] 1 2
g =1 10 0] 2
w i AT a1 ATy = -
seurarana[ 2 ][0 0][5] <
41 4
Hence
2 07
p:A:?_:: 3 ,Ee= 0 -
0 4 |
(b)
T |2 2
44 _[2 3]
1] 3 2 110 2
o g AT g\=1 4T3 _ + = -
“_(AA)Ab_Q[—z 2“111] ‘é [
Hence
4 0
p=A=|4|,e=|0|.
6 0
Problem 16

Linear combination of (1,2, —1) and (1,0,1) which is closest to b is the projection of

b onto the plane spanned by (1,2,—1) and (1,0, 1).

)

projection of b onto the plane
1 1 1 9 —1 I i
= 2 0 10 1 2 0
-1 1 -1 1

1 2 -1
1 0 1

Ik

Hence (2,1,1) itself is on the plane and %(1,2, —1) + %(1,0, 1y=i{21,1)

1



2. Do Problem 27 from Section 4.2.

Solution. The vector Az is in the nullspace of AT. Az is always in the column space
of A. To be in both of those perpendicular spaces, Az must be zero. E

3. Do Problem 30 from Section 4.2.

Solution. (a) Column space of A is spanned by one vector a = [3,4]7. The projection

matrix
aaT 1 9 12
12 25 |°

““dTa 25

(b) The row space of A is spanned by one vector b = [1,2,2]7. The projection matrix

T 1
it

[ SO I

2 2
4 4
4 4

B = P,AP, = A. Since P, projects each columns of A to themselves, P,A = A.
Similarly, P,AT = AT and A = (P,AT)T = APT = AP,. Hence P,AP, = A.

|

4. Do Problem 31 from Section 4.2.
Solution. p is the projection of b onto the subspace spanned by aq, - - - ,a, if and only
if b — p is perpendicular to the vectors ay,--- , an. O

5. Do Problems 1 & 3 from Section 4.3.

Solution. Problem 1
We have

S

Il
== =
=W = o

4 81. [ 36
8 26 |7 | 112

by substituting this matrix to the normal equation AT Az = ATv. Hence

D1 1 el -1
- 1 o P2 5 ()] 3
HEE— A = = = =
v [ 4 ] 2= 4 i Rt S =5

The minimum value E = e? + €2 + e} + € = 44.



Problem 3 Since eA = 0, e is perpendicular to both columns of A. The shortest
distance ||e|| from b to the column space of A is v/E for the F in Problem 1. Hence

it is v/44.
a

6. Do Problem 26 from Section 4.3.

Solution. We would like to minimize the error in the equation of the form Az = b
given by

1 1 0 0
16 1 g |t
t =1 0 2] |3
1 0 -1 4

Although this equation is not solvable, we solve a new equation of the form AZ =
p, where p is the projection of b to C(A). Recall that p = A(ATA)"1ATH =
(1/2,1/2,7/2,7/2). Solving AZ = p then yields & = (2, -1, -3/2).

Then our plane of best fit is given by the equation 2 — = — %y = 0, and at the centre
of the square (i.e. £ =y = 0), the plane passes through (0,0,2). 2 is the average of
0,1,3,4.

O

7. Do Problems 4 & 14 from Section 4.4.

Solution.
Problem 4
10 100
(a) Take Q=| 0 1 |.ThenQQT=| 0 1 0 | #1.
00 000

(b) (0,0) and (1,0) are orthogonal since their dot product is zero. But they are not
independent.

(c) One possible set of orthonormal basis including g is
@ =(1,1,1)/V3
g2 = (11 '—1’0)/\/§
g = (1,1, _2)/\/6'
Problem 14

B = b — za should be orthogonal to a, with z = %TTE =2, s0 B = (2,-2). Then
@ = J5(1,1) and g2 = 575(2, ~2) = (1/v/2,-1/v/2). Then

or=(13 ) (% 2a)-(1 )

3



8.

10.

Do Problem 7 from Section 4.4.

Solution. We normally solve AT A% = ATb to get the least squares solution . Now,
if Q is an orthonormal matrix, we have QTQ = I, so that we just get £ = QTb. O

Do Problems 18 & 24 from Section 4.4.

Solution. Problem 18
Note that we are only looking for orthogonal vectors, not orthonormal ones. So we
have

A=a=(1,-1,0,0),

B = b — projection of b onto A = (1/2,1/2,-1,0),

C = ¢ — projection of ¢ onto A — projection of ¢ onto B = (1/3,1/3,1/3,—1).

Problem 24

(a) A possible basis is given by (1,-1,0,0),(1,0,-1,0),(1,0,0,1).

(b) Since S contains solutions to (1,1,1,—1)Tz = 0, a basis of S is given by
(1,11, <1).

(c) Split (1,1,1,1) = by + by by projection onto S* and S: by = 1/2(1,1,1,—1) and
by =1/2(1,1,1,3).
O

In this exercise, we use MATLAB for learning about Gram-Schmidt.
Suppose the 4 x 3 matrix A has 1’s when i = j and —1’s when i = j+1 and otherwise
Ai; = 0. From the MATLAB command

[Q,R] = qr(4),

find the Gram-Schmidt orthonormal basis for the column space C(A). Renormalize
those basis vectors to contain nice fractions by dividing by the diagonal entries of R.
Now the vectors are orthogonal, not orthonormal.

Guess what the pattern you see here is, and use this to find a 4th vector in R1
orthogonal to these three columns of @ (and of A).

Solution. >>A = [1 00; -1 10; 0 -1 1; 0 0 1]

A =

=
= O
o O



o O
=

>>[Q,R] = qr(4)
Q=

-0.7071 -0.4082 -0.2887 0.5000
0.7071 -0.4082 -0.2887 0.5000
0 0.8165 -0.2887 0.5000
0 0 0.8660 0.5000

R:

-1.4142 0.7071 0
0 -1.2247 0.8165
0 0 -1.1547
0 0 0

So an orthonormal basis of C(A) is given by (—0.7071, 0.7071,0, 0),(—0.4082, —0.4082, 0.8165, 0),
and (—0.2887, —0.2887, —0.2887, 0.8660).

—1.4142 0 00 1 -1/2 0
_ 0 —-1.2247 0 0 0o 1 2/3
From R = 0 11547 0 0 0 0 1 , the orthogonal ma-
0 0 00 0 0 0
1 1/2 1/3 1/2
trix is given by QD = =L 443 L& L2 . where D is the 4 x4 diagonal matrix

0 -1 1/3 1/2
0 0 -1 1/2
with the diagonal entries being (—1.4142, —1.2247, —1.1547, 1).

If we were to find the fourth vector orthogonal to all the columns of @), we would
guess (1/4,1/4,1/4,1/4). One can check that this is indeed perpendicular to all the
columns.

Remark 0.1. When we use the qr command, MATLAB always returns a square
matrix @ with orthonormal columns (in our case, we only needed three orthonormal
vectors in R4, but MATLAB finds a fourth vector that is orthonormal to the first
three, and returns it as the last column of @). In order to avoid this issue, you could
have used the command [Q,R] = qr(4,0). Then it would return:

Q:
-0.7071 -0.4082  -0.2887

0.7071 -0.4082 -0.2887
0 0.8165  -0.2887



0 0 -0.8660

R =
-1.4142 0.7071 0
0 -1.2247 0.8165
0] 0 -1.1547

Sorry about the confusion!
O

18.06 Wisdom. On problem sets and exams, always try to think of ways to check your
results. It both assists your own learning, when you reflect on and relate to what you've
worked through, plus you avoid loosing points!
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18.06 Spring 2012 — Problem Set 6

This problem set is due Thursday, April 5th, 2012 at 4pm (hand in to Room 2-106). The
textbook problems are out of the 4th edition. For computational problems, please include a
printout of the code with the problem set (for MATLAB in particular, diary(’filename’)
will start a transcript session, diary off will end one.)

Every problem is worth 10 points.

1. Do Problems 9 & 15 from Section 5.1.
2. Do Problems 18 & 22 from Section 5.1.
. Do Problems 8 & 9 from Section 5.2.

. Do Problem 20 from Section 5.2.

v e W

. Do Problem 29 from Section 5.2.

(®2]

. Do Problem 34 from Section 5.2.

7. Do Problems 4 & 8 from Section 5.3.
8. Do Problems 20 & 25 from Section 5.3.
9. Do Problem 1 from Section 6.1.

10. Use MATLAB to "prove" all the facts you remember (or may not remember?) about
determinants. First define the following matrices to test on (copy paste into MATLAB
- retyping is time- and patience-consuming):

%Two random 4 x 4 matrices:
A = rand(4,4);
B = rand(4,4);

%An elementary subtraction of rows (by left-multiplying. Of columns if you right-)
E=1[1-3 0 0;

0 1 0 O0;
0 0 1 0;
0 0 0 1];

%An "odd" permutation:
Podd=1[1 0 0 O0;

o © o

1 0
0 0 1
0 1 0];

%An "even" permutation:
Peven=[0 1 0 O0;



El

o O O
= O O
= O

B

o

%#Another 4 x 4...almost, the 1st row is missing:
C = rand(3,4);

%Two random row vectors
al = rand(1,4);
a2 = rand (1,4);

%Two matrices having the a_1, a_2 as 1st rows

D1 = [al;
c]
D2 = [a2;
c]
%Matrix with sum as 1st row
D = [al + a2;
¢ 1

Now, using these matrices do the following tests. We've slipped in a couple of false
ones - to make it more exciting (take a guess before you hit < enter >).

(a) det(D1) + det(D2) = det(D)

(b) det(A) + det(B) = det(A + B)

(c) det(10 % A) = 10 * det(A)

(d) det(E=*A) =det(A) =det(A*E)

(e) det(P_odd x A) = —det(A)
det(P_even % A) = det(4)

Which ones in (a)-(e) are correct, and which are false?

18.06 Wisdom. Enjoy your spring break!
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D:\Users\Michael\Documents\MIT Junior\18.06\ps6.py

>> A = rand(4,4);

>> B = rand(4,4);

> E=1[1-30 0;
010 0;

0010;

0.0 0 1)

>> P odd = [1 0 0 0;
010 0;

000 1;

0 010];

>> P even = [0 1 0 0y
11 0 0 0y

000 1;

[0 o i A 0 3

>> P even = [01 0 0;
100 0;

000 1;

00101,

>> C = rand(3,4);
>> al = rand(1,4);
>> a2 = rand (1,4);
>> D1 = [al;

C ]

D1 =
0.1869 0.4898 0.4456
0.2769 0.8235 0.9502
0.0462 0.6948 0.0344
00971 03171 0.4387

>> D2 = [az2;

C 1

D2 =
0.7094 0.7547 0.2760
0.2769 0.8235 0.9502
0.0462 0.6948 0.0344
0.0971 03174 0.4387

>> D = [al + a2;

C 1]

D =
0.8962 1.2445 0.7216
0.2769 Q8235 0.9502
0.0462 0.6948 0.0344
0.0971 10 Jr [y 0.4387

o O O O

O O O O

o i

.6463
.3816
.7655
1952

.6797
.3816
. 7655
. 7952

.3260
.3816
. 7655
1952

Thursday, April 05, 2012 2:41 AM



D:\Users\Michael\Documents\MIT Junior\18.06\ps6.py Thursday, April 05, 2012 2:41 AM .
>> det (D1) + det (D2) == det (D)

ans =
0
>> 1 == 1
ans =
1
>> 1 == 2
ans =
0
>> det (A) + det(B) == det (A + B)
ans =
0
>> det (10*A) == 10*det (A)
ans =
0
>> det (E*R) == det (R)
ans =
0
>> det (A) == det (A*E)
ans =
0
>> det (P_odd* A) == det (A)
ans =
0
>> det (P_odd* A) == -det (A)
ans =




D:\Users\Michael\Documents\MIT Junior\18.06\ps6.py Thursday, April 05, 2012 2:41 AM

1
>> det (P_even*Ad) == det (R)
ans =

1

A



18.06 Spring 2012 — Problem Set 6

This problem set is due Thursday, April 5th, 2012 at 4pm (hand in to Room 2-106). The
textbook problems are out of the 4th edition. For computational problems, please include a
printout of the code with the problem set (for MATLAB in particular, diary(’filename’)
will start a transcript session, diary off will end one.)

Every problem is worth 10 points.

1.

Do Problems 9 & 15 from Section 5.1.

Solution. Problem 9
det(A) = 1: exchange row 1 and row 3, and then row 1 and row 2.
det(B) = 2: subtract rows 1 and 2 from row 3 then columns 1 and 2 from column 3.

det(C) = 0: the rows are equal. (Note that C = A + B, but det(C) # det(A) +
det(B).)

Problem 15

The first determinant is zero: subtract row 2 from row 3, and row 1 from row 2, to
get a matrix with two equal rows.

The second determinant is (1 — %)% = 1 — 2t> + t*: subtract ¢ times row 2 from row
1, and ¢ times row 3 from row 2, to get a lower-triangular matrix. O

Do Problems 18 & 22 from Section 5.1.

Solution. Problem 18

1 a a® 1 a a? 2 o

1 b b:) =10 b* a bg - (12 = bﬁ 3 b-z . (1'-2

1 2 9 2 cC—a C" —/Q
¢ ic 0 c—a c"—a

where to reach the 2 x 2 determinant, we eliminate a and a? in row 1 by column
operations. Now factor out b — a and ¢ — a from the 2 x 2 determinant:

1 b+a

b=ae=a)|; .44

=(b—a)(e—a)(c-0).

Problem 22

det(A) = 3, det(A™!) = 1/3, det(A — AI) = A2 —4A +3 = (A — 1)(A — 3). The
numbers A = 1 and A = 3 give det(A — AJ) = 0. d

3. Do Problems 8 & 9 from Section 5.2.



(2]

Solution. Problem 8

Some term a4, ag;, . . . G4, in the big formula is not zero. Move rows 1,2,...,n into
rOWS 41, 99, ..., in. Then these non-zero a’s will be on the main diagonal.

Problem 9

There are 6 terms in the big formula, all £1. Thus, the determinant must be an even
integer.

To get +1 for all the three product terms corresponding to the even permutations,
the matrix needs to have an even total number of —1 entries (this is easy to see in this
3 x 3 situation, where 3 - 3!/2 = 32 happens to hold, so each matrix entry shows up
exactly once somewhere in the 3 product terms coming from the even permutations).
On the other hand, to also get +1 for all the product terms corresponding to the odd
permutations, the matrix would need to have an odd total number of —1 entries.

Thus at least one term in the big formula must be a —1, and the maximal determinant
is +4. Namely, this is attained for example for the matrix:

L. 4 &
I -1 1
L 1 =l

. Do Problem 20 from Section 5.2.

Solution. Go = —1, G3 = 2, and G4 = —3. We guess that G, = (=1)"1(n-1). O

. Do Problem 29 from Section 5.2.

Solution. There are five non-vero products, all +1. Here are the (row, column) coor-
dinates of the terms, and the signs:

+(L1)(2,2)(3,3)(4,4)
+ (1,2)(2, 1)(3,‘1)(‘ 3)
- (1,2)(2,1)(3,3)(4,4)
= (L,1)(2,2)(3,4)(4,3)
- (1,1)(2, 3)(3,2)(4, 4)
Total: —1. O

. Do Problem 34 from Section 5.2.

Solution. (a) Consider the 3 by 5 matrix formed by the last three rows of A. It has
only two non-zero columns, and so it has rank at most 2. Therefore, the last three
rows of A are linearly dependent.



(b) Consider a term in the big formula for det A; it is a product of entries of A, one
entry in each row and column. Consider the entries coming from the last three
rows of A; there are three of them, and at most two can be in the last two columns
of A. Therefore, at least one entry falls in the 3 by 3 block of zeroes, and so the
whole term of the big formula is 0.

O
. Do Problems 4 & 8 from Section 5.3.

Solution. Problem 4

(a) We get the familiar formula z; = |b ay az|/ det(A)

(b) We use linearity of the determinant in the first column:
|:L‘1£11 + xoag -+ x3as3 ap El3| = Illa; as as| + xs]as as a3| + Iﬂglag as ag
The last two terms are zero because two of the columns are the same.

Problem 8 The cofactor matrix is

C

I
(V]
—

|
—

Then ACT = 31 so det(A) = 3. If you change that 4 to 100, det(A) is unchanged
because the corresponding cofactor is 0.

O
. Do Problems 20 & 25 from Section 5.3.

Solution. Problem 20 The rows of the Hadamard matrix generate a 4-dimensional
hypercube with side length 2. Therefore det(H) = +16. It turns out that the rows
of H are in such an order that in fact det(H) = 16.

Problem 25 An n dimensional cube has 2" corners, n2"~! edges and 2n (n — 1)-
dimensional faces. The cube in R™ generated by the rows of 27 has volume 2".

O
. Do Problem 1 from Section 6.1.

Solution. The eigenvalues of A are 1 and 1/2; the eigenvalues of A? are 1 and 1/4;
the eigenvalues of A are 1 and 0.

(a) If we swap the rows of A, the resulting matrix has eigenvalues 1 and -1/2

(b) A matrix has a zero eigenvalue if and only if it has a non-trivial nullspace. The
nullspace of a matrix is not changed by the steps of elimination; therefore, a zero
eigenvalue is not changed by the steps of elimination.



|

10. Use MATLAB to "prove" all the facts you remember (or may not remember?) about
determinants. First define the following matrices to test on (copy paste into MATLAB
- retyping is time- and patience-consuming):

%Two random 4 x 4 matrices:
A = rand(4,4);
B = rand(4,4);

%An elementary subtraction of rows (by left-multiplying. Of columns if you right-)
E=1[1-3 0 0

0 1 0 0
0 0 1 0;
0 0 0 1];

%An "odd" permutation:

Podd=1[1 0 0 O0;
0 1 0 0
0O 0 0O 1;
0 0 1 0];

%An "even" permutation:
P_.even = [0 1 0 O;

1 0 0 0
0O 0 0 1,
0 0 1 0];

#Another 4 x 4...almost, the 1st row is missing:
C = rand(3,4);

%Two random row vectors
al = rand(1,4);
a2 = rand (1,4);

]

%Two matrices having the a_1l, a_2 as 1st rows

D1 = [al;
(o0 |
D2 = [a2;
Cc1]

YMatrix with sum as 1st row
D = [al + a2;
G



Now, using these matrices do the following tests. We’ve slipped in a couple of false
ones - to make it more exciting (take a guess before you hit < enter >).

(a) det(D1) + det(D2) = det(D)

(b) det(A) + det(B) = det(A + B)

(c) det(10 = ) = 10 = det(A)

(d) det(E = det(A) = det(A % E)

(e) det(P_odd *A) = —det(A)
det(P_even = A) = det(A)

Which ones in (a)-(e) are correct, and which are false?

Solution. (a) True
(b) False

(¢c) False

(d)

(e)

True

True

18.06 Wisdom. Enjoyed your spring break? True!

ct



) | 17,00 allation Y3
bw\ Q\M@V 5%5[10:\ )f\mL
D@Jf@/m’lmwb
M e

ML‘\

0”1‘[ b ot G Gy waHey  Axn
Dolobates  ae 629@& Ay o T oy
Made by fo Glums  of Do matriy

f

M CM/\ pw”{l%gw
Vel B comphe by (e

(216 1)
R

Wite a9 Mr/ly/ bl dof

w5 o)




b

pes ]Wezmlﬁ)

_/_///\—///

ot A =t A
"l/wi h [D/M, W/ fé/mtflﬁ(

fb‘)r Ck@d W/ ,ozalf//ﬂ
/J‘\/D)f A fﬁhl’;rm &F ﬁo/c{,[(ﬁ[&gﬂm

e

[

‘"(l{/‘k dre l\«Qa/ n @’5 an /0y
Ql@l Xa, '|+ 71) C;\’L = *C;L,,
VR I

e | B ey -4

\ *iJ a“ (

W{‘ +"h‘> ﬂ;(fuﬂf{

&, (M)




Wk b e a

T@M iy

;K ’ﬂl ‘U; HO# ;Vl-/(’f”}%wﬁ
ot =0

e

U AB < dot o dot §



v I
@%E\C Q p thwgﬁaaf,} b Q .

JMM’CJ@\L AT <t T=A

~ N‘M @’L

| +
66) QlQWL Q < -—i
/'/[’1—1‘/;7\ ) i\;; é’ﬂnyﬁl\t/j
: TRy N
0
"’ = Xl ~ K

€9 m(tﬂw \)e ol o gk s il Dy [U)
v hatdun thy - % gt e it



&)

Fe A - \léﬁ
4 7
5’%OJ

O\Q (0"1@\/*9 %luw) m ‘(Q\Lg fmﬂwla,“

- \m\/o\v% pe/mﬁwﬁm
-t ol 3x? Pt ma,h(jtﬂ)

3= 30k
Z]'@ P;q Lll\]
\\\ ‘] 1‘17 L' }J

(Omp\nLQ leL él(g@

i }’\OW MG
oows Swippd b, T

—an ()



M - |
oy 00 A BiIG

169 W ke

\ !
NOJW. (an ()nl»i Sudy d/d/j g(\)z Ql\z
i and Lok ot a/ij’ 4

~bM rob LY whn U o
Now (nple  Cest of The Jomus

M@ Oy @)
L6 (9 ) (g
U\VH‘Lp\1 o ol togohe
+0 % —(
) 4|7 ~%

g\/h/\ 9 (2,



bots 4o (andhaaled o0 Un Y

C/ A/ ;J (\)L/'\ﬂ

TGk Al (o

q
YV e b gl o oy

62
he it

dot A ,
O @lge Wl
A ¢ 8 0 _ __’5
i
Ny - ol [, l ";",L
o



C\ Vhat 5 m (otachor matl 5 C(:

( _ [ J@\LO »de}() J’er Cl £9
— k() diH) ~ () e
(MC) o) JeFQ

T%fl@nj M‘,Q O (/\"“JQ{L)WJ



TG B - ()
ok (2) —det () dob (14 )

S et A (R
Tl A | pupee of B
% =0 L 1y fud e %‘/“ch’/

Doy g
(o (
A-l _C_L W [T
JefA L
14k 4

) What & e wl of b x whie ¢l -
Mo b o 1% =

(
_/'(L/_ [M Ly C[’U(/\w
Con Tnd b o By,

! /
wor = oy (A /ew‘ﬁt/f{m,



P(/dp@ W M

y b |
D%g 3 w el A p ¢ "
(5 oM non-20 vehe X suh ﬁw{

Ax= o\ x edgnat

T(i\tgm vl
X (Qa 1 bQ O
U[ﬂ ‘r} Cl{f(/[e,
i

D"

Mafe\y ﬁ%c)f /90111?[5 0y ﬁt Cz”"Lt
Somewhy e gl

Mhat B IM«@ﬂ ot D uml
\/f‘&@f m Gw\d(oq }Vl

!
C 0 [6



W
Wi
) ) )( ¥
ﬂ(m e hotte 7
basts b o4 Ax <, X, <X,
‘—6 7\6*'4 s ol unge iy ot
5%4% b by o fody o5



vOﬂ\"P (MNL 'h; \oe, Q/ﬂ’wnﬂ/ma/t



.06 1/
T

:f
Q\vﬂ/‘(ﬂf EIV‘LL? L)\'
e Méfuy [ "
e b

@yfm[
Ff Yl” Q/’J W)AM (j(’awow/

E{,o:} A 27‘(, X’L o T x’\ i
vy ]H c L
v Vv }1‘]
A

j\/ﬁ’ noed o Chack it



mcﬂuﬂ VVD
(Ql‘)

Ay = g M
M“:J\hyw
-
A%

’ @100& \\
thlf"lL '
Z l/v(l,\tj ;j\ /’J’lqbg,”l%
5 73

(‘ I[/@l (
T)L

Sl\

' W

/ﬂ



\/H {’k\/, ELC‘V :0
C onshuk coft i e

(Wgwhe,  Coom 19.63 (& hafey T g[w)
{OOZL foe Q&pﬂm/ﬁzd} q
Yo g
Pluj A }4
@c .y -u) QM: [

T

60 C{Vﬂd' U{ “/ ) (907]5 /expawb

Tot gl L 4l
ot

ei’l, ‘f-
\Qai (as



4

@l QQ(&‘ P(oh{@m ’0 (QPWJ-

XA

p—

e R

Spose Laoled (000, P gt e mait A
f\tayﬂy hat Qlenge(/@obé ace pen[eof “é)f!

VM AIUOO QLo 60}@ 0/{'{{11(34(@ %
/(\_@f dif{?/%hq{

Lir fA Uy
Voad 4ty
6ﬁlf+ W/ (/LO 6[\4&‘
éo qalvtion A ”“At; U,

éé (rﬁ/ ?(4/

For  differdlial eq L{(j’) - @jA q(p) ém@






wa JO We {;Aé F

Lao

/‘
(

b‘(’s S g fu m}) 4

A

M@d 73 Sjmpfc Jf‘zc(,
- \ }:Ml
ﬂ Fﬂ]
wr mJQf (oyﬁm W/ Ve
%W,WA; )infl s | | ?jn”
Farl ) 0 Fﬂj

W oy polleq
ab b ode



O w1
Wt 1 e 00,4 oF s mabin
1 _ | 1T
A ‘“é]“ ol] [ 1 lj

B 12)

b b e i ey v
(W, wF dwe P Yo 0o m%/
A= )x



(0 loks ),
~f
=W -h-) s
5 ik Fany ~Fan Tt
CClbiichis e

(0 e (adafic ol S e
J(z.- “Lﬂ ;_tm 2
h *T5 /4
| £ 7286

[ 2

(\

H

A e

HQW {cuﬂL Q?/aej Dgib%b/ow/‘
LQOlk CML Z

g est 61964 /il

.6!§

T MW ore om s







i
(/{/lﬁl :ﬂ (/LL{\
e 2 F S
N\ sheble |
Thoom A% o) & koo IF
OLU Ow , /L S}ceb!f
AU SR g ko TP Undebt
Ing Ay 77

E Notie all Ny ¥
ko, & ope n befuasg Noutyf
Lo Nlwhotf  Mabricey

— oy ‘AV ’I_,
— an Jwe v L |



= /e”)fﬁx\w%
Tﬂk met he ©
e oy per o A

NNL 7\\(% |l Moﬁﬁ WWL/&,Q

Ol



1901

L%}r jf’v\@l C@mpuf@d p@w/; 0( A Mﬁ’u
(/h-\ :A)L Uo

_ 1) k
= (A5 ) u
TQ%VW mabX s
elgabi. by

=A% 6y,

(lm@mmb\t | d

Nl CL&W?{JLOG

l
le AT hme VVW{‘H[)]( (S]L Qz‘ﬂeq\/w@/
(/{b\ = C{ Qtl)k X{ e X P;ﬂce !

CzQu)k X2 €Y pie +
v §
C“ Q"]k%

(
Cﬁ Care. {m’“ 6Plé H (/Lj U(’) (rn/][o Q;gem/a}ﬂa






9
Mwe i dy lﬂ,)?l Y, >
£ al [J\{l<1 Vs >
/@fj o bebuent Cap

)\1 S TRV VY
A =]

éomeww 97%}{ (4

ML rC[J\f\ TR SN Cm /L,'Lk‘)c,(
W b bl & go ak m fhe
Ohe PWIL) 4o ,%OW)

/\\ 5 |
G i = G X

L LILM npoctuak



Hod5y
T w T, = %
7 jane
o <X,
Iwe

Toome hdH\l«ﬂle, ﬁap“f?

Mokl mab } e of ot b 4
Cﬁﬂ 84@1:0 7()

lM’P Y[OJM/\ {1xed ~peple 2o ealf Jessl-
Db paop/e vl W‘N”d Ia/v

I(JL i .
Aot ki

A [ Uil ]
m‘t - Uodsile Mt

Nl



0

6% ‘571“7 pm‘[% g (1

J}
Li U "ﬂf My lfzﬁl be 7‘7]
(§ (/L()Jbul@/qn e () Updee 1t 1 ’

zZoda |
%’Q %Maﬁw Qltﬂ; i

G oaf AR 10

Pl ol vulie of
KR
A= ] €t mulogr bt

K

AZ = L & f/uce
Uk ol deb ()

e 6%5'{% d/ﬁ(

“ L)

= 0> =Tk 457 (ol o

fm%



{j 0 L@ﬁqueu%/‘;

-|1T  A=7T
4 B g L)
4] ( A L2/ e
sl Sl
| .
18wl
Vedo./) euffw

% f w Skt w| 200 ¥y eeaple o M

0 n U5
) J\z@]
%l < ﬁ 18100 £i]« 60 | HO
e po o+, 90 - Y3
Tnate fo{‘oo{ 41%{ 30
\/LL = €+('

Bt U s



Wiy BF it ghal o A
L)
(/é?v f[ 2(5()?
T“@itﬁ(}%“wfﬂr é"‘/@g q N

(T T Gnanly ko)
on L?J)j

I\l al SO0 Pesple ohd i A

\,511('” [‘ng] / ho Cka%g!
T
How dg g g, e £k o sfuble  cere
k,ng MWLM{[ Maxﬁ‘\x/( A

g ¢ \/66[%
P«\D)ﬂ@ Qi

Y 0] e bk wle o ¢
\1(1 ‘13({ !j bt B st gel
O | 9‘@%%(&, of i



pY T == lg ()

.

(

u(@% =() atinx 6 5;%\/10(/
(ols J@&a

HO«/ e e ot it
AL @ gt O Sl b sl
&n(wr(f, (ol m’i fo |

_‘___—__./

‘LCH nu\] 50(“(

T =44
0 W\l ]
%OW ‘ML (0[»5 (ML CZEP

o (aho 0t rons p(OJ/w U o

é@ { Ok /anh, 2]






@
s by o
5 o ngtuabe )\ <
g

M &
LGl S @

2. & Dch L]
O<h ]

Cm& é CW@) LD sed
aod o Thos

HQ c_{o ey EC@LS =0




(’Zmlq (m(@)
i= zw %LM
U f
%_;% L

CWI wile 4l 4wy

h=e™ |
Tl’vltd‘b T&LQXPI)/M%[ dL A M&\k
VSe e\Lﬂe,wf/@_s

:\ge/\* 5“[ (/{(O)
o A <EAGP
Rqs

wsorlied bl
( ga#tk 20 gugedy Go- L{W]

== il if dﬁ(t T sem o W (n ebkn)tk)ém kwf'ﬂff\ 94{ I(“"‘



@
W‘«\&\L T GMT €X§) |
L mas] ettt ?(MB Calids f)(a[wccsq

de  _of
Ty
o <efe}
QK:/-I'-IE!‘Jr%aL%f-*”"L%
-y o

L5 Can *{‘4[% 'I(I]ﬂt ([0:‘/
C e X how a mal?

ﬁ_ UA(HL . (ﬁj}q
—’-fjir'ulf“‘ﬂ"#ﬁ f”f
" &4 Seripy
mk Ar A
L,,E_FT A’Q
0 A A A

T ’L/i Cn “l) |



&
J
by ki

atiice

efhf& e | %(AT@) +(}4;%ﬁ: 'ﬁfz%@rﬂ%g?

KB N

C ¢ (T*Af”lq )(M& 182 )
= A4 B

Nowr o B 4o {4”5
I eud i 1,
. 0 (}ﬁ } ): €A)h€/éhlz

ijr W haen T felly chon hou b a,oﬁ/é&/zj b



@ﬁi UP 7(0 é\’

— b ths ({3)
(O (l;agonlw }04(&,2)
“Wowll b fal an egnbe (étl)

gcgflﬂ((ﬂj of (o ekl

1 | &
\/‘/[f‘\‘(/l'\ Wb%(taej a M%’VLLWMLI

Al

o Onlnz ']\lﬂﬂf "L/

- P(Oje(;l }@!\ ﬂ 0

}41‘5 Pb= P
)D>Mf} T,(A[)“IAT

1ol of A e
o hogs for he shepug

Cugpurdus of P



s o Poal b (fy

A=
-

J becjaw@
JL% P={b
Bt od all 4 we 4

()%ﬁ \)\:0
LHBBM(7
& C,/ )

Dumdatian  Nahi
‘Ma&hﬂ%t p:ﬁ\j
l+a W ingi05¢ P I pT .



A [50 0\“ Q/ﬂeﬂawl MML/(!M) 62
4q =L
-0

b famirad

- —

ll UQUJ @‘WOT? |
). Vs Co(au‘ﬂﬁ - %L“My /.\(,L/J@ T

P4 % fdﬂwla = A’l v’wy

RN TRy Y SHE®
0\ 2 | 0 1)
0 020 &2
50 ()
%11:91 49*[(&(2,’] 37<3
0 3¢



Cﬁhg RS
di
Oﬁgr{ e S

Co
ot A+ Ay Cu T A C:z T ay Ciﬁ * CM

= () + 05+ :

—_—
—_—

T Bl hen Fint ol m i
50 A’_i:— C a2 /6’L n s Vi ese
P A







X )
(AN,
S
ndt

:
en
ﬂ/;r
_ g£
/&
e fo
ot
T

i
o5t
ot
“
Lk
P
1

Kl(
t [
/

%
=
}
ngmg%
J) V[XL
5
Ve
Y
£
d
Q7
70
"

-1
¢ |



0

o
W Tpt Lo el

P=A%
4 oo a5 Yoo cin Q@YL b
VG(AL@/ [/

S\g Convect 4| ? of e ideay
Fﬂ— A 5‘#&%{” “M

bs

Jift %L *‘3 _k,q
Cond by D Y A, QWHZ
M Can g&{‘ da%!

1) | =
A"(l ﬁ?ﬁ% L
I k[ b




y
T
%
AT
i
r\\/TUJFt)
bl

ﬂﬂ%ﬁ/
/Dc(é
7/
(-~ 04&5
;An\fo

{a
al0r
18

n
javectul
A

{
f
s
ol
Gls



f 566 Yuabition

W (hia P(OWL % 4 heares (

‘; zs AN 6L9W/6b€

oy 01 ]
roblem N
P(O()v) (omple ~ (lot [I 3[ |
10
(3 W%vB 1{9 Fp(ﬂ[«/lq
*(oxccuﬂ[or

="l



ok pey
B P/O)) €{£m

o Ix

L]
L7

|1y
T/J%L

L ot



~0 lin F({o (ol 4o 0k ks s{,<
L Qt@ fomdl fos ]N{J 5 Y =1
(Q(aoﬁix /00%,19
k(ﬂlﬁz \/vl\(f\ R \mlr o(i 0>

JG Ow dpb
é/b—hwlt (ow] < Cow'] */0“/)

(Owg — (0w} '(04/’
(0w ov § —/au



o o doa DT

= ] '(,“ t O.CZ[ QO'Q[ 006%{

Cé{n b Mmag any 6l o (ow
| gﬁ N O w/ 7 M%Oﬁ ¢ ”'(!Cﬁ

lﬁ[ow’ )
LB (40
4y

Compe o lefort

= /Y
\
(j)mmon mistale o M@.ﬁ

) ? -
W5 (1)
£ 5t (2) Wioh

= deb (I Y




@ S ()(Q@\\t(:[ de aly Wh ot f by
‘Fa&@f Ofk COr\ﬁMJ’ (ow L)Y W2

{_ 2 -'( "mfl 0\* (0ngl)
-G dr | S g b pwr o

he n=1
G % T oaded wd 4 BYU of Do %&\h

GO/ m"/(OU arn. =

“Shll (afnf
CX Wl\fbjr 5 ()I(J) Q,LJ(/T s 81



éo (Jq)l 25
I+q 7
: ("U Je ( ¥ ¢)
gl
-} 7
= 4
T
hotou

% whion ({veeft o = Joble. 7

01
6 bt b [1) A (oz 15)
. l’ - I =
Fid  pojdion of b b ((4)

MRty oy £3
‘?/ﬂreh@ (0{9 /i
LR ) s) <



o (10
60 (¥ JL] %- (9{1 (g) (M/ malx e cqt/m%ﬁ

Nl)u p@ea%m ‘é)/WL\

P= B §(prp) b7
St b

Orample of mddly Pt

lo—jl 0

= |7 @
Io[o \O!}J (Um]f%
/4

%\( %@
v W@i b 6‘1‘/1 MWU]
[ B W 10 .

i3

l
d

@ﬂi

) ﬂm PW f@bf Q



¥
B bt \‘5_ he Least Sqares Mopox

&lo) i
01 |* < l)
~10 |

b g
\/VI‘QV\ We ]oob\ M‘ Gl plc
N

e
Wy vl ofdy T p(w
OUK Z Veb’ﬁ}’ﬁ (;C{n"} C@mb'w_ é’f L(Q(A f/@fg,

ﬁ SIACQ //\aﬂL an (h\L Pu/‘ﬂ
BJ* CAm ﬂ{opmg‘(wf



@WM s e pogfin o ( ) ((g)=7
R 1 ( ()J 7[/0:% put- )

é \/\/lwL afe 717@ 5}«5}@/7 e s ot e re t’éo/@

L0 }
7 =
)0
V k- )
Flet hlf of Semgly

0‘:‘\1 netd il ()
é(/lo( bt o e P’%&H@q

(0

NO]L@\ N@)L V"“Z 5 h{ Sund  veds

(/(/L Spve, \07 {?/(lmmq/ w,,

e



0

Dot g T A b i
AT 0y o, AT g
o ARk <A}

20 9
) W\L P booco/o/z ( ’5) b (ol Py
Z

(o&oo 0
G
~L

Cﬂﬁ md



5 b St

HCW(’, q \/QJW 5

R A ‘
A~ (0) e (}) e ¢
6 | 0

bt gl (of 1t ) b

)[Jrlwazs St w/ a

‘/Pd\ it fo oy JoF basy
b=,

iy Fid ba, oM

C?

)\Ol

”30“‘{/} 7[9 WL,

o

=









(1y

b b b 00 L0t
“ U

Yy

Il v 3

‘ Yrh

o YN
TM{ g@]\ ?(Odtfﬂl

4

e —

&d(/ ﬁL &gﬁ/m\(mqf
Wt ()

\/\/lﬂuﬂt ‘(9 @Q&&l%\t My P, @Jz\m r(‘? VP e }ﬂ,‘mz}/[w FO/A]

_ | 6100
= Q[@/)L (0 1 d 0( t/m’g:/mZM,/
00 2

e w4 P Z‘jfow((
e

(an + Glua (ows ]: Y



0 Gl At
Lol & via Lofuters
Oc gl

— HMHH . @@% Wﬁ’w@t{ ok,
B @ oglot bt ok 4 A
Ale OTM@MM{

R O S D

4 oo ohogal



(y

C@mp\efr@ Do W] waty A
G Thal (s @\tgwai«ts i L

N afler what £
ﬂF\‘ (0: lﬂ)
y ‘

b e = A+ =)
A+ (21 = )
B el
oo ot = A g =
UE
S

poJa
.



EXAM 2 REVIEW

JENNIFER PARK

This is an unofficial summary of topics we have covered so far in class, and what I think
is important for the upcoming exam. Please do NOT take this as a complete list of things
to study, but rather a rough guideline on the things that you absolutely must know for the
exam. The exam is on chapters 1-5, 6.1 and 8.2. Note that although this review
sheet only covers chapters 4-5 and 6.1, the exam is cumulative!

1. DEFINITIONS

Make sure you can define these things correctly for the exam:
e The four fundamental subspaces of a matrix is...
e Two vectors v and w are orthogonal if... Two subspaces V' and W of R" are
orthogonal if...
e Of the four fundamental subspaces, which spaces are orthogonal?
e The orthogonal complement of a subspace V' is...
e The projection of a vector b onto a subspace V is... When the subspace is 1-
dimensional, the definition simplifies to...
e The vectors vy, - - - v, are orthonormal if...
If P is a permutation matrix, the sign of P is...
The (7, j) cofactor of a matrix A is given by...
The eigenvalue of the matrix A is the constant A\ such that...
The eigenvector x of the matrix A is... (can z be zero?)
The incidence matrix of a directed graph is...

2. COMPUTATIONS

Make sure you can do the following computations:

e Projection of a vector onto a subspace.
e Least squares approximation.
e Fitting a straight line? Parabola?
e Gram-Schmidt process. Can you get an orthogonal basis from a given basis? Or-
thonormal basis?
e What is the inverse of the matrix ) whose columns are orthonormal?
e A = ()R factorization.
e det A for square matrices A via: products of pivots, "big formula”, cofactors.
e Solving a system of equations using Cramer’s rule.
e Finding A~! using cofactors.
e Computing the volume of a parallelopiped ("a box”) using determinants.
e Finding eigenvalues and eigenvectors.
E-mail address: jmypark@math.mit.edu
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18.06

Your PRINTED name is:

Professor Johnson

Please circle

(RO1)
(R02)
(R03)
(R04)
(RO5)
(RO6)
(ROY)
(RO8)
(R09)

M2
M3
i |
T11
T12
T12
71
T1
T2

2-314
2-314
2-251
2-229
2-251
2-090
2-284
2-310
2-284

Quiz 2

April 1, 2009

bw{p Rdﬂoﬂ

your recitation:

Qian Lin

Qian Lin

Martina Balagovic
Inna Zakharevich
Martina Balagovic
Ben Harris

Roman Bezrukavnikov
Nick Rozenblyum

Roman Bezrukavnikov

Grading

Total:



1 (20 pts.) (a) If P is the projection matrix onto the null space of A, then Py —y,
for any y, is in the /OV\/ space of A. /"f Wf—F

(b) If Ax = b has a solution x, then the closest vector to b in [V gAT) is
! 100 g ({'/)ﬁ@(‘ (best answer). O

(c) If the rows of A (an m xn matrix) are independent, then the dimension

of N(ATA)is M *"  \\_m -

(d) If a matrix U has orthonormal rows, then I = _U_U,_ and the pro-
jection matrix onto the row space of U is _(LTL (Your answers

should be the simplest expressions involving U and U7 only.)

m

. & 1 Lot got ay of Py
Why
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2 (30 pts.) The matrix

1 21 =7
A=|2 41 -5
1 2 2 —16

is converted to row-reduced echelon form by the usual row-elimination steps,

resulting in the matrix:

4 d
1 =2 0 2 .
R=1001 -9 //'9107/ L{f’{ ﬁ/%[_/:
000 O

(%) The minimum number of columns of A that form a dependent set of
vectors is L The mazimum number of columns of A that

forms an independent set of vectors is /2/—

\ \
/L V"MW( () Give an orthonormal basis for the row space of A. (Careful: be sure

( Q\ @Ub : LL \0 ( ou start with a basis for the row space, not containing any dependent
Al n s vectors.) Your answer may contain square roots left as v/ some number.

o L
P
LOO (#) Given the vector b = (2 5 =9 3) , compute the closest vector p
to b in the row space C(AT)? (Hint: less calculation is needed if you
use your answer from ¢.)
(V) In terms of your answer p to é# above, what is the closest vector to
b in the nullspace N(A)? (No calculation required, and you need not

have solved #: you can leave your answer in terms of p and b.)

b’P Oh dub

_ 2
\1‘ G | LW)‘ f/(/f‘“ '

;Jf\ ,___\‘_\‘\
(1
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3 (20 pts.)

You are told that the least-square linear fit to three points (0,b;), (1,b2),
and (2,b3) is C + Dt for C =1 and D = —2. That is, the fit is 1 — 2¢.

at the coordinates ¢t = 0,1, 2.

In this question, you wil rom this fit to reason about the

unknown values b = (bl by b3

(i) Write down the explicit equations that b must satisfy for 1 — 2¢ to be
the least-square linear fit. (The points do not have to fall exactly on

the line.)

(i) If all the points fall ezactly on the line 1 — 2¢, then b =

Check that this satisfies your equations in (i).

(i) More generally, if all the points fall exactly on any straight line, then

b is in the space of what matrix? (Write down the

matrix.)

A .
Gl o
LlIL G
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18.06 Spring 2009 Exam 2 Practice

/€
(A

Exam 2 covers the first 18 lectures of 18.06. It does not cover determinants (lectures 19 and 20). There will also be no
questions on graphs and networks. The topics covered are (very briefly summarized):

1.
2

All of the topics from exam 1.

Linear independence [key point: the columns of a matrix A are independent if N(A) = {0}], bases (an indepen-
dent set of vectors that spans a space), and dimension of subspaces (the number of vectors in any basis).

. The four fundamental subspaces (key points: their dimensions for a given rank r and m x n matrix A, their

relationship to the solutions [if any] of Ax = b, their orthogonal complements, and how/why we can find bases
for them via the elimination process).

. What happens to the four subspaces as we do matrix operations, especially elimination steps and more generally

how the subspaces of AB compare to those of A and B. The fact (important for projection and least-squares!)
that ATA has the same rank as A, the same null space as A, and the same column space as A7, and why (we
proved this in class and another way in homework).

. Orthogonal complements S for subspaces S, especially (but not only) the four fundamental subspaces.

. Orthogonal projections: given a matrix A, the projection of b onto C(A) is p = A% where £ solves ATA% = ATh

[always solvable since C(ATA) = C(AT)). If A has full column rank, then AT A is invertible and we can write the
projection matrix P = A(ATA)~'AT (so that A% = Pb, but it is much quicker to solve AT A% = AT b by elimination
than to compute P in general). e = b— A% is in C(A)* = N(AT), and I — P is the projection matrix onto N(AT).

. Least-squares: £ minimizes ||Ax — b||? over all x, and is the least-squares solution. That is, p = A% is the closest

point to b in C(A). Application to least-square curve fitting, minimizing the sum of the squares of the errors.

. Orthonormal bases, forming the columns of a matrix Q with Q" Q = I. The projection matrix onto C(Q) is just

QQT, and £ = QTb. Obtaining Q from A (i.e., an orthonormal basis from any basis) by Gram-Schmidt, and the
correspondence of this process to A = QR factorization where R = Q7 A is invertible and upper-triangular. Using
A = QR to solve equations (either Ax = b or ATA% = ATh). Q is an orthogonal matrix only if it is square, in
which case T = 0.

. Dot products of functions, and hence Gram-Schmidt, orthonormal bases (e.g. Fourier series or orthogonal

polynomials), orthogonal projection, and least-squares for functions.

As usual, the exam questions may turn these concepts around a bit, e.g. giving the answer and asking you to work
backwards towards the question, or ask about the same concept in a slightly changed context. We want to know that

you have really internalized these concepts, not just memorizing an algorithm but knowing why the method works and
where it came from.



Some practice problems

The 18.06 web site has exams from previous terms that you can download, with solutions. I've listed a few practice
exam problems that I like below, but there are plenty more to choose from. (Note: exam 2 in several previous terms
asked about determinants; we won’t have any determinant questions until exam 3.) The exam will consist of 3 or 4
questions (perhaps with several parts each), and you will have one hour. You can find the solutions to these problems
on the 18.06 web site (in the section for old exams/psets). On the last page I give practice problems for orthogonal
functions and orthogonal projections of functions.

1. (Fall 2002 exam 2.) (a) Choose c and the last column of Q so that you have an orthogonal matrix:

1 -1 -1 ?
i favid it g o
Sl S G
=l =1 1 3

(b) Project b= (1,1,1,1)7 onto the first column of Q. Then project b onto the plane spanned by the first two
columns. (c) Suppose the last column of this matrix (where the ?’s are) were changed to (1,1,1,1)7. Call this
new matrix A. If Gram-Schmidt is applied to the 4 columns of A, what would be the 4 outputs g1, g2, g3, g4?
(Don’t do a lot of calculations...please!)

2. (Fall 2008 exam 2.) [The parts of this question are independent and can be done in any order.] (a) P is the
projection matrix onto C(A), where A has independent columns. Q is a square orthogonal matrix with the same
number of rows as A. In its simplest form, in terms of P and Q, what is the projection matrix onto the column
space of QA? (b) The vectors a, b, and ¢ are independent. The matrix P is the projection matrix onto the span of
a and b. Suppose we apply Gram-Schmidt onto the vectors a, b,and ¢ to produce orthonormal vectors g;,q2,and
g3. Write the unit vector g3 in simplest form in terms of P and ¢ only. (c) The vectors a, b, and ¢ are independent,
and the matrix A has these three vectors as its columns. You are given the QR decomposition of A, where Q is
orthogonal and R is 3 x 3 upper-triangular as usual. Write ||c|| in terms of only the elements of R, in simplest
form.

3. (Fall 2008 exam 2.) Suppose we have obtained from measurements n data points (#;,5;) and you are asked to
find a best least-squares fit function of the formy = C+ Dt + E(1 —t). Are C, D, and E uniquely determined?
Write down a solvable system of equations that gives a solution to the least-squares problem.

4. (Fall 2008 exam 2.) (a) If A is invertible, must the column space of A~! be the same as the column space of A?
(b) If A is square, must the column space of A2 be the same as the column space of A?

5. (Fall 2005 exam 1.) Suppose A is m x n with linearly dependent columns. Complete with as much true informa-
tion as possible: (a) The rank of A is .....7 (b) The nullspace of A contains .....7 (¢) The equation ATy =bhasno
solution for some right-hand sides b because ......7 (more words needed)

6. (Fall 2005 exam 1.) Suppose A is the 3 x 4 matrix

A=

W N =
RSV I ]

3 4
4 5
56

(a) A basis for C(A) is .....7 (b) For which vectors b = (bl,bg,b3)Td0cs Ax = b have a solution? (Give specific
conditions on b 2 3.) (c) Explain why there is no 4 x 3 matrix B for which AB =1 (3 x 3). Give a good reason
(the mere fact that A is rectangular is not sufficient).

7. (Spring 2005 exam 1.) Suppose the columns of a 7 X 4 matrix A are linearly independent. (a) After row
operations reduce A to U or R, how many rows will be all zero (or is it impossible to tell)? (b) Assume that no
row swaps were required for elimination. What is the row space of A? Explain why this equation will surely be
solvable: ATy = (1,0,0,0)7.



10.

11.

12.

13.

14,

15.

16.

(Fall 2005 exam 2.) The matrix Q has orthonormal columns gy, g2, g3:

0.1 05 a
07 05 b
2=101 -05 ¢
07 -05 d

(a) What equations must be satisfied by the numbers a, b, ¢, d? Is there a unique choice for those (real) numbers,
apart from multiplying them all by —1? (c) Suppose Gram-Schmidt starts with those same first two columns
and with the third column a3 = (1,1, 1, I)T. ‘What third column would it choose for g3. (You can leave a square
root as /- - if you want to.)

. (Fall 2005 exam 2.) Our measurements at times ¢ = 1,2,3 are b = 1,4,b3. We want to fit those points by the

nearest line C + D¢, using least-squares. (a) Which value for b3 will put the three points on a straight line?
Give C and D for this line. Will least squares choose that line if the third measurement is b3 = 9? (Yes or no.)
(b) What is the lienar system Ax = b that would be solved exactly for x = (C, D) if the three points do lie on
a line? Conllpute the projection matrix P onto the column space of A. You can use the 2 x 2 inverse formula
[ i 2’ = ﬁ _dc —ab . (¢) What is the rank of that projection matrix P? How is the column space
of P related to the column space of A? (You can answer this part without your answer from b.) (d) Suppose
b3 = 1. Write down the equation for the best least-squares solution X, and show that the best straight line is
horizontal in this case.

(Fall 2006 exam 2.) Suppose we take measurements at the 21 equally spaced times t = —10,-9,...,9,10. All
measurements are b; = 0 except that by; = 1 at the middle time t = 0. (a) Using least squares, what are the best
C and D to fit those 21 points by a straight line C+D¢? (b) You are projecting the vector b onto what subspace?
(Give a basis.) Find a nonzero vector perpendicular to that subspace.

(Fall 2006 exam 2.) The Gram-Schmidt methods produces orthonormal vectors qi, g2, g3 from independent
vectors a;, az, as in R3. Put those vectors into the columns of 5 x 3 matrices Q and A, respectively. (a) Give
formulas using @ and A for the projection matrices Fp and F4 onto the column spaces of Q and A, respectively.
(b) Does Pp equal P4, and why or why not? What is PpQ? (c) Suppose a4 is a new vector, and ay, a,
a3, a4 are independent. Which of the following (if any) is the new Gram-Schmidt vector 4?7 1: ”J;Qaj .2
T T T
_agay  azdy 4543
|I---same vector---|| * = las—Paayll

(Spring 2004 exam 2.) We are given two vectors a and b in R*, a = (2,5,2,4)" and b = (1,2,1,0). (a) Find the
projection p of the vector b onto the line through a. Check(!) that the error e = b — p is perpendicular to....what?
(b) The subspace S of all vectors in R* that are perpendicular to this a is 3-dimensional. Compute the projection
g of b onto this perpendicular subspace S. (It doesn’t need a big computation!)

(Spring 2004 exam 2.) Suppose that gy, g2, and g3 are 3 orthonormal vectors in R". They go into the columns
of an n x 3 matrix Q. (a) What inequality (< or >) do you know for n? Is there any condition on n required in
order to have QT Q = I? Is there any condition on n required to have QQT = I? (b) Give a nice matrix formula
involving b and Q for the projection p of a vector b onto the column space of Q. Complete the sentence: p is
the closest vector ....... (c) Suppose the projection of b onto that column space is p = ¢1q; +c¢2q2 +¢3¢3. Find a
formula for ¢; that only involves & and g, (possibly using dot products).

(Spring 2005 exam 2.) If the output vectors from Gram-Schmidt are: g, = (cos 8,sin8)7 and g2 = (—sin 8, cos 8)
for some 8, describe all possible input vectors a; and as.

(Spring 2005 exam 2.) If @ and b are nonzero vectors in R”", what number x minimizes the squared length
b — xa||>?

(Spring 2005 exam 2.) Find the projection p of the vector b = (1,2,6)7 onto the plane x+y+z = 0 in B3, (You
may want to first find a basis for this 2-dimensional subspace, perhaps even an orthogonal basis.)



17. (Spring 2005 exam 2.) You are given the matrix

— O M) —
B = = O

Suppose P is the projection matrix onto the 1-dimensional subspace spanned by the first column of A. Suppose
P is the projection matrix onto the 2-dimensional column space of A. After thinking a little, compute the
product P2 P;.

None of the first two exams in previous terms covered orthogonal functions—these are in the standard 18.06 syllabus,
especially Fourier series, but previously weren’t covered until later in the term, after eigenproblems. A couple of
problems about orthogonal functions appeared on your last problem set, which you should review, and a couple more
practice problems on this topic are:

1. Suppose you are given three functions a;(t), ax(t), and b(t) for 0 <t < 1. Define dot products of any two

functions f(t) and g(¢) by f(t)-g(t) = fo )g(t)dt (hence, ||f(1)]| = \/fol f(t)2dr). Suppose we want the
“best-fit” function p(t) = Cay(t) + Dax(t) that minimizes ||p(r) — b(t)|| over all possible C and D. Give an
explicit formula for p(t) in terms of some integrals and other expressions involving a; (1), a2(t), and b(r) only.

2. The functions g (t) =sin(t)/ /T, g2(t) = sin(2t)/\/ﬁ and g3 (I) = cos(r)/\/_ 7 are orthonormal if we define dot
products of any two functions f(r) and g(r) by f(t)-g(t) = fo (1)g(t)dt. (a) Write the function b(z) =1t as
the sum of two functions, one in the span of gy, g2 and g3 and one perpendicular to q, g2 and g3. You should
write your answer explicitly in terms of integrals ezc., but you need not evaluate the integrals (this isn’t 18.01).
(b) If you were to do Gram-Schmidt on the set of four functions q1,42,4¢3,b, in that order, what would you get?

Solutions:

1. This is just a least-squares problem. There are a couple of ways to do this, but the way we learned in class
is to first find an orthonormal basis by Gram-Schmidt: ¢, (t) = a1 /||ai|| = a1 (t)/ fo ay(t)?dt, q2(t) = (a2 —
1
ailgr-a)/--Il=la2—a1 Jy a1(t)az(t)ele]/ || - |l Then p(s) = g1 (q1-b) +42(q2-b) = 41 (¢) fyy @1 (¢)b(t" ) +
1
q2(t") Jo a2(¢")b(¢")dr’.

2. (a) We are just writing b(t) = p(t) +e(t), where p(t) is the orthogonal projection and e(¢) = b(t) — p(t). Exactly
as for vectors, we can write the orthogonal projection as:

2 H 2T 27
) ):q,(q, = [ sin(:')f'd:’qu@ f sin(z:’)z'd:w@ ] cos(t')dt’,
0 0 0

and thus e(t) =1 — p(t) is perpendicular to g, ¢z, g3. (b) g to g3 are already orthonormal, so they wouldn’t be
changed by Gram-Schmidt. When you do Gram-Schmidt on the last function b(t), you would subtract off the

projection and then normalize...but this is precisely the function g4(t) = e(t)/||e(t)|| = e(t)/ Jo e(t')2dr’.
The key point that I want you to understand is that you just do exactly the same steps as you would for vectors, and

the “only” change is that the dot products become some kind of integral (depending on what the function dot product
was chosen to be).



18.06 Quiz 2 April 7, 2010 Professor Strang

Your PRINTED name is:

Your recitation number or instructor is

1. (30 points)
(a) Find the matrix P that projects every vector b in R® onto the line in the direction of

a= (2.1,3).

(b) What are the column space and nullspace of P? Describe them geometrically and also

give a basis for each space.

(c) What are all the eigenvectors of P and their corresponding eigenvalues? (You can use
the geometry of projections, not a messy calculation.) The diagonal entries of P add up

to



2. (30 points)
(a) p = AT is the vector in C'(A) nearest to a given vector b. If A has independent columns,

what equation determines T 7 What are all the vectors perpendicular to the error

e =b— AT 7 What goes wrong if the columns of A are dependent?

(b) Suppose A = QR where @ has orthonormal columns and R is upper triangular invertible.

Find 7 and p in terms of @ and R and b (not A).

(c) (Separate question) If g and g, are any orthonormal vectors in R®, give a formula for the
projection p of any vector b onto the plane spanned by ¢; and g» (write p as a combination

of ¢ and qz).



3. (40 points) This problem is about the n by n matrix A, that has zeros on its main

diagonal and all other entries equal to —1. In MATLAB A, = eye (n) — ones (n).

(a) Find the determinant of A,. Here is a suggested approach:
Start by adding all rows (except the last) to the last row, and then factoring out a

constant. (You could check n = 3 to have a start on part b.)

(b) For any invertible matrix A, the (1,1) entry of A™! is the ratio of
So the (1,1) entry of A7' is

(c) Find two orthogonal eigenvectors with A3z = z. (So A =1 is a double eigenvalue.)

(d) What is the third eigenvalue of A3 and a corresponding eigenvector?
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18.06 Quiz 2 Professor Strang April 6, 2011

Your PRINTED name is
Your Recitation Instructor (and time) is

Instructors: (Pires)(Hezari)(Sheridan)(Yoo)

Please show enough work so we can see your method and give due credit.

1. (8 pts. each) Suppose a; and as are orthogonal unit vectors in RS.

(a) What are the requirements on a matrix P to be a projection matrix? Verify that

P= alarf + azag satisfies those requirements.

(b) If ag is in Rs, what combination of a; and as is closest to as?

(c) Find a combination ¢ of a1, as, ag that is perpendicular to a; and as. If possible,

choose ¢ # 0. Describe all cases when ¢ = 0 is the only possibility.

(d) Show that a; and as and c are eigenvectors of P (if ¢ # 0) and find their eigenvalues.



. (7 pts. each)

2 3 4
6 7 8
0 9 10
0 11 12

o o g =

(a) Find all nonzero terms in the big formula det A = 3 +a1, a2 a3, ass and combine

them to compute det A.

(b) Find all the pivots of A.

(c) Find the cofactors Cy;, Cia, Ci3, Ci4 of row 1 of A.

(d) Find column 1 of A~



3. (8 pts. each) Suppose A is a 2 by 2 matrix and Az = z and Ay = —y (z # 0 and
y #0).

(a) (Reverse engineering) What is the polynomial p(\) = det(A — AI)?
(b) If you know that the first column of A is (2, 1), find the second column:
g 1
A:[ ]
1 2

(c) For that matrix in part (b), find an invertible S and a diagonal matrix A so that

A= S5AS71.

(d) Compute A, (If you don’t solve parts (b) -(c), use the description of A at the start.

In all questions show enough work so we can see your method and give due credit.)

(e) If Az =z and Ay = —y (with = # 0 and y # 0) prove that z and y are independent.

Start of a proof: Suppose z = ¢z + dy = 0. Then Az = (follow from here.)



.On..m(/ o= OUUL
[Ty == = o

.
e
...u.Pﬁ_ am 4 M:u v = ,\

wae).) wml uwl. 1 n.._ 220G : .wo

cw_.. "v'gdL.m. _En.z.mab ....;..Am. iz
I
T o= 2
L2y pev p ro* .VP.__.E!G__.H Eﬁ_n__ 24 w5t 2 H ] i
’ - i =
“imc.r:u.u —tp = fwd—%v e

Tty Tp) —
b (*0) P

=

- Ty Te L 0 Fafey2 2 :
- Ty by v) £ 10 (4 0) od  si wepempue Meg 2l 0
L
| & om @
| = ( Wi+ ') n
wlo= o [ tb)+ ool L
. n.\ s mfrnt ?:.P.w“t \F.JL.T.. Ty ..l‘_._..g 1.+
.Lu._..:unqlf v 1o nL

o T
= : _l, T € o=7%p 'P Duy
pal” g (2 PEgy Slp PR Tge R R B .un_
—t— 7 I T (Y} = ]
e i o, Wl s s o 3b Th :.“.1 T, tp oy piw =
b5 bl T b teT Tl £ PR, PP f1 L (] R
L L :
3oud
d-d )
[
vm.a _mw ..:.:.?\_LD&Q— _.u\w.__nmu.:m:mu .\w _...u,_.fun.mme T ﬁ_ T

“son[eauasia naty puy puw (0 # 9 /1) 4 Jo s10909AuaS1a 218 9 pun o pue 1o jeyy moyg (p)

“Kymiqssod A[uo 1y 81 ) = 9 ualm SA5EI [[B AqUIISA(T () # O 2500YD

‘@jqissod f1 -To puw To o3 remorpuadiad st juy3 ©v ‘%o ‘To jo o uopEUIqWIOd ® puly (o)
4% 03 1595000 81 T puT Ip Jo UOJJBUIMOD JEYM ‘A UI 81 ED J] (q)

’ 1 =
sjuatualtnbaz asoyy 59Qs1yes .munu + hcnu =d

oY AjmaA jxuyew uorjosford v aq 09 4 X{Mwwr v uo sjuswalnbal ey are jeyp (v)

"¢ U1 5109004 U [vuoFoy3I0 18 o pue p esoddng (owe syd g) T

“JIpa1d anp 9A13 pue PoYew INOA 898 UBD 9A 08 JIoM Y INOUS MOYS Bsea[J

(00A ) (uuppieyg)(11ezey )(se11d) :s10%onnsU]

‘e
'z s| (auri} pue) I0)ONIISUT UOJE}0DY INOK
i s} aureu qQULNTHJ Inox

110z ‘9 (dy gue1yg 10ss9jo1 g zmd) 90°81



36 o
M no oo @
= V =] <
- 2 2 @
z | @ o
o= MQ_ a @
F & 9
iy i o
g\ = M\E B ©
% &g
Mw. I
zl- = 19 b
g &
’ .vmﬂ... Ny, L = ¢ e ) .,..du.a& oyt 2}
\m..ﬂl c o o
. 2 «] o o3 u\»u.uwud»
-3~ 4= e
A \
4 :b._.,.u,._%.w._
ULy )

g = (1ol -ab)a) g~ (et

1t

M._wwul = H\

_Na (;
= e

"=V Jo 1 uwmoo pury (p)
¥ 10 T M01 Jo Fy 1y 1y 1Ty s10708j00 angy puig ()
¥ 30 ssoard 8y [[E purd (q)

't 19p 8jndwod o3 waty
BUIqUOD pue #p “6p Uiy Plpx T = |/ 10p v[nuuio) J1q oY) uj SUIIS) 0IAZUON [[8 putg (v}

ELIL 0 0
Y Jore oo
g L og| ¥
a0l @ ..J. Ve oz
(yoeo 's3d 1) -z
e
(%wﬁ ¢ 0
¥
—



. .V.:

o= Ap-X2 = m_u;

t\.@b :_.“ L.M..uuen_w Ty A
Q= Ay +¥ uu%

7
4 %
e X = Oﬂ%ol UOJf

: QHX CY AN

S

- hp- X2 =

ik s L

lpy+Xyo= (Ap+ 222 Y =2V
o= m(_ wb«:.u 2m ©=Z s

- 0 . 0
e umu_.«.ﬁ .vtm_éufn e m..._o “QIJ\. yeyd N

- V¥ 289 Y @ra o wad

W= sVS 5 5 VS =y

v.?.cc_ Jw Ul

" - i ah
.Mrrm __ =g Peay? uy> 2 és ﬁfau = k 294
T , M; -
- =3 Jo asypandlia we A ,i. 3" ¥l =
: PYRE CUE IS N
_u/ fo o panwafia ue X rouy  vdy 24 § 2
- \
' = o
t- % ¥ S
v Bl e —_ = TNy — 2y T ..ll.<u.01
© g =Tly .utmu:w,m v— 4
.%sﬁ_.\ l:,.—:s My wo e == (=71 = Y »uT
puey awp Lo .?Si. 20U M Zlp ,%...mw of

"=ty mmey Ty, = VAL _.uﬁ

ﬂ#nﬁ ‘& -ﬂf\ .U.Sﬁ’ 1 M._ ..v:_GS Lu_ﬁnmo QJ.T up
o T o T!;.__.._ = VAL tf. mouy M

- = EX-m) (-1 = 00d

u.cT.»f.

|

Y

R

l

("o101] w0y moqjog) = 2y weyy, 0 = fip + 2 = z ssoddng :jooid ® Jo JIwIg

‘Juapuadapui axa fi prre T qun saoxd (g # I puv g # 2 m) fi- = Ay pur T = zy J] (@)

(*1pa12 anp 2413 pue porpgant moA 9vs ULD em 0s I0M YEnoud Moys suopsanb [[ u]

31838 813 92 7 Jo uondirosap ety esn ‘()- (q) sred sAfos 3,uop nok J1) * o #3ndwo) (p)

=-SVS =V
83 08 Y XUjBW [auoSelp v pue g a[qipeauf we puy ‘(q) jred ur xijuw joug dog (@)

dée T
LT ¥
{UWNed puodas M3 puy (T g) St i Jo uwn{oed 181y oy} e} Mouy nok (q)

4(r¢ = ¥)19p = (y)d ermousiod ayy st jeq (SupeowSus ssmasy) (v)

(0#a
pue 0 # z ) i— = fiy puw = = T}/ pwe xuew g Aq g ¥ 1 ¥ asoddng (yowa rsyd 8) ¢



18.06

Your PRINTED name is:

oW

Professor Strang Quiz 2

April 11th, 2012

Grading
1

Please circle your recitation:

2
3

r01
r02
r03
r04
r05
r06
r07
r08
r09
r10

T11
T 11
T12
12
T4
T1
T1
T2
T 2
ESG

4-159
36-153
4-159
36-153
4-153
4-159
66-144
66-144
4-153

Ailsa Keating ailsa
Rune Haugseng haugseng
Jennifer Park jmypark
Rune Haugseng haugseng
Dimiter Ostrev ostrev
Uhi Rinn Suh ursuh
Ailsa Keating ailsa

Niels Martin Moller moller
Dimiter Ostrev ostrev

Gabrielle Stoy gstoy




1 (40 pts.)

(a) Find the projection p of the vector b onto the plane of a; and as, when

—_ O O

ay =

Solution. Observe that aTa, = 0. Thus

‘4
_ab

P=—=F-a

al al

1

T
ayb

Gg a2

ag =

£
100

B N

O

(b) What projection matrix P will produce the projection p = Pb for every vector b in R*?

Solution. Let A be the 4x2 matrix with columns a;, a. P is given by P = A(ATA)~1AT.

Notice that

100 O

ATA =

0 100

(a1 and ay are orthogonal and of same length.)

Thus

i

1

100

T

1
100

(2 0 0 14
0 98 14 0
0 14 2 0
14 0 0 98]
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()

What is the determinant of I — P 7 Explain your answer.

Solution. I — P is the matrix of the projection to the orthgonal complement of C/(A),
i.e. N(AT). In particular, I — P has rank the dimension of N (A7), which is 3. Thus
I — P is singular, and det(] — P) = 0. O

What are all nonzero eigenvectors of P with eigenvalue A =17

How is the number of independent eigenvectors with A = 0 of a square matrix A con-

nected to the rank of A7

(You could answer (c¢) and (d) even if you don’t answer (b).)

Solution. The non-zero eigenvectors with eigenvalue A = 1 are all the non-zero linear
combinations of a; and a,, i.e. all the non-zero vectors in the plane spanned by a; and

ag.

Suppose A is a n X n matrix, with rank 7.

# independent zero-eigenvectors of A = # independent vectors in N(A)

= dimension of N(A) =n—r

Page 3 of 9



2 (30 pts.)

(a) Suppose the matrix A factors into A = PLU with a permutation matrix P, and 1’s on
the diagonal of L (lower triangular) and pivots dy, ..., d, on the diagonal of U (upper

triangular).

What is the determinant of A7 EXPLAIN WHAT RULES YOU ARE USING.

Solution. Use

det(A) = det(P) - det(L) - det(U)

where we make two uses of the rule det(MN) = det(M)det(N), for any two n x n

matrices M and N. We will compute each of the determinants on the right-hand side.

The determinant of a triangular matrix is the product of its diagonal entries; this is true

whether the matrix is upper or lower triangular. Thus
det(L) =1 and det(U) = dl 2 d2 " 5 EEt dn-
The determinant changes sign whenever two rows are swapped. Thus

+1 if Pis even (even # of row exchanges
det(P ) = ges)
—1 if Pis odd (odd # of row exchanges)

and so

det(A) ::f:dldgdn
where the sign depends on the parity of P.

a

(b) Suppose the first row of a new matrix A consists of the numbers 1,2, 3,4. Suppose the

cofactors Cj; of that first row are the numbers 2,2, 2, 2.

(Cofactors already include the = signs.)

Which entries of A~ does this tell you and what are those entries?

Page 4 of 9



Solution. Using the cofactor expansion in the first row gives

det(A) = anCi + a12C12 + a13C13 + a14C14
= 1xX24+2x24+3x2+4+4x2
= 20

As At = C7 / det(A), where C is the cofactor matrix, this data gives us the entries of
the first column of A~'; they are all 2/20 = 1/10. O

Page 5 of 9



(c) What is the determinant of the matrix M (z)? For which values of z is the determinant

equal to zero?

= =
|
i
(&)
8

Solution. Solution no. 1.

From, for instance, the ‘Big Formula’, we know that det(M) is a cubic polynomial in z.
Say
det(M) = az® + bz® + cz + d.

We can calculate d by setting z = 0. Using the cofactor expansion in the last column,

we get that
1 -1 2 1 -1 2
d=-11 1 4|/=-0 2 2[=-12.
1 -1 8 0 0 6

We will determine the other coefficients of det(M) by finding three roots for it. z is a
root of det(M) if and only if M(z) is a singular matrix. Now, notice that -

(1,1,1) = (z,2%,2%) forz=1
(1,-1,1) = (z,2*2% forz=-1
(248) = (5,5%e%) forz=2.

Thus M(z) is singular for z = 1, —1 and 2; moreover, this implies that
det(M) = a(z — 1)(z + 1)(z — 2).
As d = 2a, we must have a = —6. Thus
det(M) = —6(z — 1)(z + 1)(z — 2) = —62> + 122% + 6z — 12.

Page 6 of 9



The values of z for which M(z) is singular are 1, —1 and 2.

Solution no. 2.

1 1 1 1 1 1 1 1 1 1 1 1
1 -1 2 z 0 -2 1 z-1 0 -2 1 z-1
1 1 4 z? 0 0 3 z2—-1 0 0 3 z2-1
1 -1 8 23 0 -2 7 z2-1 0 0 6 z°—2
-2 1 z-1
3 z2-1 5 5
=0 3 z2-1|=-2 = —62° + 122% + 62 — 12
6 2 -z
0 6 z°—z

In the first step, subtract the first row from the second, third and fourth rows. In the
second step, subtract the second row from the fourth. For the third and fourth steps,

use the cofactor expansion in the first column.

We factorize det(M) by guessing roots, trying small integers; we find that 1, —1 and 2

are all roots, which gives
det(M) = —6(z — 1)(z + 1)(z — 2).

The values of x for which M(z) is singular are 1,—1 and 2. O

Page 7 of 9



3 (30 pts.)

(a) Starting from independent vectors a; and ap, use Gram-Schmidt to find formulas for two

orthonormal vectors q; and ¢y (combinations of a; and as):

Solution.
451
@ =
|||
az — (a3q1)q (a5 a1) (a5a1)
G2 = = (a2 — a1) [ ||ag — ——=a||
= Mo = @aaall ~ ol )M~ arg,
O
(b) The connection between the matrices A = [a; ag] and Q = [ ¢o] is often written
A = QR. From your answer to Part (a), what are the entries in this matrix R?
Solution. Re-arranging the expressions above gives
a1 = qu|ay|
az = (a31)q1 + |laz — (a§ 1) au |2
and thus
B afqr a3q = |laa| a3 ¢
aigy a3 0 laz — (a5 q1)al|
O
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(c) The least squares solution Z to the equation Az = b comes from solving what equation?

If A= QR as above, show that RZ = Q7.
Solution. T comes from solving ATAZ = ATb.
Suppose we have A = QR. Notice that:
e QTQ =1,s0 ATA=(QR)TQR = RTQTQR = R"R.
e As a; and ay are independent, R is invertible. Thus R” is also invertible.

Thus we have

ATATZ = ATp
& RTRZ = RTQTb
& Rz = Q7.

Page 9 of 9
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18.06 Professor Strang Quiz 2 April 11th, 2012

) . . ' Grading
i m CC”Q'{} p(”’(‘ 1/¥
Your PRINTED name is: [ /LUAY sl ¢
2720
3 (CS
Please circle your recitation: S 6
r01 T 11  4-159 Ailsa Keating ailsa
w2 L1 96153 BameMaugsens  haugseng
103 T12 4-159 Jennifer Park jmypark ™
104 T 12 36-153 Rune Haugseng  haugseng
0 T1 4-153 Dimiter Ostrev ostrev
r06 T1 4-159 Uhi Rinn Suh ursuh
r07 T 1 66-144 Ailsa Keating ailsa
108 T2 66-144 Niels Martin Moller  moller
r09 T 2 4-153 Dimiter Ostrev ostrev
rl0 ESG Gabrielle Stoy gstoy
A ! J\ TA -; 1 A4 ~ ‘ D/ .' .‘
@ 2 IL'. \“\} B ), 1 \(J L_f (5-‘: Hf
) | ! | N i ]' W L2
1 @7y
" - S i 7
l— b ;m‘I V=2
{ £y
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1 (40 pts.)

(a) Find the projection p of the vector b onto the plane of a; and as, when
’—_‘_‘——___,_;

hax
1 1 -1 | ~1
o| | : AT 7
' b= a1 = , Gy = . |
n q-)l) 0 1 1 1 -7
P’; a}( - a M _1- -7_ -_7_‘
:A BT "IATE A”q‘: —-l 7 l__7 ‘ | \‘. |
A =R IR S /f T ygv =49 [a s m“'?f
L e VR RV RS RN A )
T ?j | /
C?/ - lo o

Pf Py Pﬂf,fj( :

b) What projection matrix P will produce the projection p = Pb for every vector[_g_i_n_lRi_‘f, ?

eSO
RG] e e

_ Vo N A I o T T !
“‘lQ}OOO T -7 __‘/oo Yoo 10 |
O 7//% 7/ G0 GJ
gy ’f\’ T
oo Yo | -7 Yos + ) / Yoo U
Yoy 7 /{0 I Bl / ol L,f/f:; ({/9;30 7;00:7//00
Yioo Y _71//00 ﬂ// Yoo 1 7y, g:; H;[w
i 5]
LR A

DN
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(c) What is the determinant of / — P ? Explain your answer.

~ 0 '3 . N
i A iy ]% ) | . ol —91?{ ¥1,l{)0 )
0 l‘t =] 0 = B ¢ 98-97 J
9% - J [0 &
loo ] O
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(d) What are all nonzero eigenvectors of P with eigenvalue A = 17 wa shod
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How is the number of independent eigenvectors with A’ =0of an n x n square matrix A ‘\.“ -
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(You could answer (c¢) and (d) even if you don’t answer (b).)
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2 (30 pts.)

(a) Suppose the matrix A factors into A = PLU with a permutation matrix P, and 1’s on

the diagonal of L (lower triangular) and pivots dj,...,d, on the diagonal of U (upper
triangular).

What is the determinant of A ? EXPLAIN WHAT RULES YOU ARE USING.
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(b) Suppose the first row of a new matrix A consists of the numbers 1,2,3,4. Suppose the

cofactors C;; of that first row are the numbers 2,2, 2, 2.
_‘%

(Cofactors already include the + signs.)

Which entries of A~! does this tell you and what are those entries?

A— ) % . (:
3

ro :Pr'che5of10
dfl h- Gm of g (o oF (faddars » O gindl vales
24204 31 4.7 =
= z s {G* 8 - 26






(c) What is the determinant of the matrix M (z) ? For which values of z is the determinant

equal to zero?
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3 (30 pts.)

(a) Starting from independent vectors a; and a,, use Gram-Schmidt to find formulas for two

orthonormal vectors gq; and ¢, (combinations of a; and ay):

(b) The connection between the matrices A = [a; az) and Q = [q1 qo] is often written

A = QR. From your answer to Part (a), what are the entries in this matrix R ?
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(c) The least squares solution Z to the equation Az = b comes from solving what equation?

If A= QR as above, show that RT = QTb.
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