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K latie En e

il The 4 by 6 matrix A has all 2’s below the diagonal and elsewhere all 1’s:

(11111 1]
1
1
1

| J

(a) By elimination factor A into L (4 by 4) times U (4 by 6).

NN N e
]
—t
i
e e T o S

(b) Find the rank of A and a basis for its nullspace (the special solutions would be
good).

2 Suppose you know that the 3 by 4 matrix 4 has the vector s = (2,3,1,0) as a basis

for its nullspace.

(a) What is the rank of A and the complete solution to Az = 07

(b) What is the exact row reduced echelon form R of A?

a8 The following matrix is a projection matriz:

1 2 =4
1
P_i-l_ 2 4 -3

-4 -8 16
(a) What subspace does P project onto?
(b) What is the distance from that subspace to b = (1,1,1)?

(c) What are the three eigenvalues of P? Is P diagonalizable?



5 Suppose the 4 by 2 matrix @ has orthonormal columns.

(a) Find the least squares solution Z to Qz = b.
(b) Explain why QQT is not positive definite.

(c) What are the (nonzero) singular values of Q, and why?

4 (a) Suppose the product of A and B is the zero matrix: AR

= 0. Then the (1)
space of A contains the _(2) _space of B. Also the

(8) _space of B containg
the _(4)

space of A. Those blank words are

) &

(3)

(4)

(b) Suppose that matrix A is 5 by 7 with rank r, and B is 7 by 9 of rank s. What

are the dimensions of spaces (1) and (2) ? From the fact that space (1)
space (2), what do you learn about r 4 57

contains

1 5
Let .5 be the subspace of R® spanned by | 2 | and 4
2 =2

(2) Find an orthonormal basis 41, @3 for S by Gram-Schmidt.

(b) Write down the 3 by 3 matrix P which projects vectors perpendicularly onto S.

(c) Show how the properties of P (what are they?)

lead to the conclusion that P b
is orthogonal-to b — Pb.



7 (a) If v1, vy, v; form a basis for R® then the matrix with those three columns is

(b) If v1,vs, 3, v4 span R3, give all possible ranks for the matrix with those four

columns.

(c) If g4, g4, g5 form an orthonormal basis for R®, and T is the transformation that

projects every vector v onto the plane of ¢; and g,, what is the matrix for 7" in

~ this basis? Explain.

8 Suppose the n by n matrix A, has 3’s along its main diagonal and 2’s along the

diagonal below and the (1,n) position:

-

(300 2
2300
0230
002 3|

2
[

Find by cofactors of row 1 or otherwise the determinant of A4 and then the determi-

3

nant of A, for n > 4.

9 There are six 3 by 3 permutation matrices P.

(a) What numbers can be the determinant of P? What numbers can be pivots?

(b) What numbers can be the trace of P? What four numbers can be eigenvalues
of P?

10 Suppose A is a 4 by 4 upper triangular matrix with 1,2,3,4 on its main diagonal.
(You could put all 1’s above the diagonal.)

(a) For A — 31, which columns have pivots? Which components of the eigenvector

x3 (the special solution in the nullspace) are definitely zero?

(b) Using part (a), show that the eigenvector matrix S is also upper triangular.



RN
\% ) ok

1 2 1 7
1.1et =12 4 1 10].
1 13
(a) Find the reduced echelon form R of A.

(b) Find a matrix £ which is a product of elementary matrices and such that
A= ER.

(c) Give a basis for the null-space N'(A).
(d) Give a basis for the column-space R(A).

(e) Give a factorization A = LU, where
L is a lower triangular matrix with 1’s along the diagonal
U/ is an echelon matrix.

1 2 4
2. Write a;, as, a3 for the three columns of the matrix A = lO 0 5].
0 3 6

(a) What is the orthonormal basis determined by a;,a;,a3 by the Gram-
Schmidt process?

(b) Write down the factorization A = QU where

@ has orthonormal columns,

U is square upper-triangular with positive entries along the main diago-
nal.

(c) What is the matrix of the projection to the span of the first two columns
of A?
3. The parts of this problem are not related to one another.

(a) Using the inner product (f,g) = [, f(z)g(z)dz, what is the polynomial
of the form mz + b which is nearest to 37

(b) What is the matrix, with respect to the basis {1, z,z*?}, of the operator
on the vector space of polynomials of degree at most 2 which sends f(z) to
z f'(z)?

(c) Give an example of a 3-by-3 matrix with real coefficients and eigenvalues
0,7, and —i (where i = v/—1).

F;\AQS\



(d) Write a list of all 4-by-4 Jordan matrices. (You need not include both
of two similar Jordan matrices.) Then say how many linearly indendent
eigenvectors each one has.

4. (a) Let A =

1 -1 0
1 0 ] and v = [1 } What is the point p of the
1 1 8

column-space R(A) nearest to v?

(b) What are the coordinates of p with respect to the basis of R(A) given by
the columns of A?

(c) For what values of b and m does y = mz + b best fit the data given in
the table below?

z| -1 0
1

1
y| 0 8

5. I am thinking of a 3-by-3 matrix A with real entries and eigenvalues 1, 1,
and 3. For each question below, give an answer and a reason for your answer;
or else respond with “can’t say” and give two such matrices giving different
answers.

(a) Is A diagonalizable?

(b) What is det(A? — 3I)?

(c) What is the rank of AT — 217
(d) Is (A — I)? diagonalizable?
(e) Is A orthogonal?

(f) What is tr ((AT)?)?



6. Let A= [3 4]

1 0f
(a) Find the eigenvalues of A.

(b) For each eigenvalue find a nonzero eigenvector, and write down a diag-
onalizing factorization A = SAS~!. (You need not compute S~!, but be
explicit about your choice of S.)

(c) Consider the difference equation u, = Au,_;. For what initial vectors ug
does the sequence u, stay bounded?

: an . ;
(d) Write u, = a+1 , and express the difference equation u, = Au,_; as

n
a difference equation for the numbers a,,.

(e) For what initial values ag, a;, does the sequence a, stay bounded?

7. Consider the quadratic form ¢(z,y) = 9z% — 4zy + 6y°.
(a) Write down the associated symmetric matrix and find its eigenvalues.
(b) Find the eigenspaces, and sketch the level-set ¢(z,y) = 10.

8. Let A be a general skew-symmetric n-by-n matrix (so AT = —A) with
real entries.

(a) Explain why det A = 0 if n is odd.

(b) Explain why all the eigenvalues of A are purely imaginary. [State a
relevant theorem if you like; checking it (for a general such A, of course) will
win you more credit.]

(c) Explain why det A > 0 for all n.



18.06 Spring 2012 — Problem Set 10 (not handed in/not graded)

This short extra problem set is not to be handed in. The problems are meant to help you
learn about linear transformations. The textbook problems are out of the 4th edition.

1. Do Problem 30 from Section 7.1.
2. Do Problem 31 from Section 7.1.
3. Do Problem 27 from Section 7.2.

4. Do Problem 32 from Section 7.2.

18.06 Wisdom. Get as ready as you can for the finals, by doing as many old exams as
you have time for (found on the 18.06 website under "Past Courses"). Strive to master the
concepts and techniques of Linear Algebra - you will need it, both here and beyond.



18.06 Spring 2012 — Problem Set 10 (not handed in/not graded)

This short extra problem set is not to be handed in. The problems are meant to help you
learn about linear transformations. The textbook problems are out of the 4th edition.

1. Do Problem 30 from Section 7.1.

Solution. The radius vectors of the circle are (0,1) and (0,1) and these vectors go to
the vectors (v/3,1) and (—%, @) O

2. Do Problem 31 from Section 7.1.
Solution. A rectangular can be considered as a set

R = {(z0,y0) + c(z1,41) + d(z2,92) : 0 < ¢,d < 1}

where(zo,%0), (z1,¥2) and (z2,y2) are the vertices of the rectangular and (zo,yo) is
in between the other two vertices (z1,y1) and (z2,y2). The image T'(R) of R is

T(R) = {T(zo,y0) + cT'(z1,y1) + dT(z2,92) : 0 < ¢, d < 1},

which is a parallelogram or a line (with the assumption T' # 0). The set T(R) is a
line iff T is not invertible.

3. Do Problem 27 from Section 7.2.

Solution. There is a linear transformation S such that S(w;) = v; and S is the inverse
of T'. Hence T is invertible. O

4. Do Problem 32 from Section 7.2.

Solution. False. If these n vectors are linearly dependant, there is a vector w which is
not a linear combination of these n vectors and T'(w) is not determined by T'(v). O

18.06 Wisdom. Get as ready as you can for the finals, by doing as many old exams as
you have time for (found on the 18.06 website under "Past Courses"). Strive to master the
concepts and techniques of Linear Algebra - you will need it, both here and beyond.



