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Midterm 2 — Spring 10

6.01 Midterm 2: Fall 2010

Name: /1., ff/_/'é’f)'/‘fg?v'ﬂr‘ Section: |

Enter all answers in the boxes provided.

During the exam you may:

e read any paper that you want to

e use a calculator
You may not

e use a computer, phone or music player

For staff use:

1. \H 4
2 \({ /16
3. ]’/") /13
4. /5 /16
5. Q /14
6. \3 /15
R \ /12
total: <1®/100
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Midterm 2 — Spring 10

Analyzing Circuits (14 points)

Determine the indicated parameter for each of the following circuits. Write your answers (either
a number or numerical expression) in the box provided. For partial credit, you may also provide

a brief explanation of your reasoning.
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Midterm 2 — Spring 10

Op Amps (16 points)

Determine the indicated parameter for each of the following circuits. You may assume the ideal
op-amp model. Write your answers (either a number or numerical expression) in the box pro-
vided. For partial credit, you may also provide a brief explanation of your reasoning.
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Midterm 2 — Spring 10
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Designing Circuits (13 points)

Determine the indicated parameters for each of the following circuits. Write your answers (either
 anumber or numerical expression) in the box provided. For partial credit, you may also provide

a brief explanation of your reasoning.

Part a. Determine values of Ry, Rz, R3, R4, and R5 so that V; = 1V, Vo, = 2V, V3 = 4V, and
V4 = 8V. The answer to this part is not unique. You will get full credit for any valid solution.
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Midterm 2 — Spring 10

Part b. Determine values of R; and R; so that Vj = 6V and V; = 4V.
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Pole Position (16 points)

Consider eight poles located at the following locations in the z plane. The plots below show the
unit-sample responses of eight linear, time-invariant systems. Match them with the dominant
pole for each system (remember thta the system may have more than just one pole).
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Midterm 2 — Spring 10 7

5 System functions (14 points)

Let Hy represent a subsystem that is part of the larger system shown below.

Xp —b@—b Hy > Y[

l—‘.‘_Rq_

The system function for the larger system can be written as

Yo H
Xo 1 + KoRH; *

Hp =

Assume that Hy = Hyg = %L as shown below.
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Ho = Y - “-\(—————f,— '
[ 7\04? - )‘/lﬁ\g#ﬁ]@z / ]
R e ey

Xo n—_ﬁ)_—-— C(f) :
== / - \ \{\; (
I R
]\ L[:JLW. J ( [ / m 7’ QZ




Midterm 2 — Spring 10 8

Under what conditions on Ko and Kg is this system stable? Explain.
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Under what conditions on Ko and Kg does the unit-sample response decay monotonically?
Explain.
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6 State machines (15 points)

You are going to design a state machine that takes a string of characters as input, and outputs
at each time step the largest number of times a character is repeated in a row in the sequence as
observed so far. The state variable will have the following form:

[lastCharacter, timesSeen(w, beﬁt]/ , | ' /
S (G k Jhovn

that is, the state will be a list of the previous input character (except for the first time step, see

below), the number of times that character has occurred consecutively up to this point, and the

length of the longest sequence of repeated characters observed so far.
— e

Complete the following definition:

Class SubSeq(sm.SM):
startState = None
def getNextValues(self, state, inp):

if state == None: {"_ Py | ) sy
#part 1 e S (M"f’u‘(ﬂ 'r/l ; ), I/ |
elif state[0] == imp: L Foor A4 {/}
#part 2 L) f! /’”c!f([’(/'.- ;
else: Lpdeal ! L
#part 3 frf L {_ tA ()/‘ ] fﬁ’ff/_ﬁlﬂ
: - Tioes Setn (ongpad vty =15+
_so that it has the following example behavior: - 5 S T
/l e 1 r ,’
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>>> test = SubSeq() A if v
>>> test.transduce(’abaabcdcccec’) ’ _ /
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Midterm 2 — Spring 10 10
Supply the code for part 1:
(P ([ np, 1, {U, /i) ) 33
Supp‘y the code for part 2:
\Lmb JOQA(Oﬂé(’((/ILruP / = JW({ :_{
5"@#[%
h% Qe@n&)nsp(uh/é/; < 1 imgs Soon (onecll wely +] Uq
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b!"j‘ - )/M’fﬁ LR (x}%m/g/f’/f
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'Supply the code for part 3:

best = State [27
b (Ling, 41 e, be)
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Midterm 2 — Spring 10

Equivalent Circuits (12 points)

Find the Thevenin and Norton equivalent circuits for the circuit shown in the lower left panel,
looking into the port labeled n+ and n—. Determine values for V1, R, Iy and Ry in terms of Vy
and Ry. For partial credit, you may also provide a brief explanation of your reasoning.
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Midterm 2 Solutions — Spring 10

6.01 Midterm 2: Fall 2010

Name: Section:

Solutions: Not correct for the make-up exam.
Enter all answers in the boxes provided.

During the exam you may:

e read any paper that you want to

e use a calculator
You may not

e use a computer, phone or music player

For staff use:

1. /14
2. /16
3 /13
4. /16
5. /14
6 /15
7. /12
total: /100
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Analyzing Circuits (14 points)

Determine the indicated parameter for each of the following circuits. Write your answers (either
a number or numerical expression) in the box provided. For partial credit, you may also provide
a brief explanation of your reasoning,.

b= 1A

r ™
Reasoning;:

The voltage across the resistor is 2V, making the current through the resistor 2A. Applying
KCL at the top node leads to I, + 1A=2A.50 1, = 1A.

+
.
( Vo = 8V
v, 4\
10V

Reasoning:
Label the node at the center-right as Vs, then:
+ KCL at top-right node: {V, — 10} +{V,

s KCL at center-right node: {Vy -V

Sofve to find that Vo = 8V and vV = &V

A\

0)+ V) =0,
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Op Amps (16 points)

Determine the indicated parameter for each of the following circuits. You may assume the ideal
op-amp model. Write your answers (either a number or numerical expression) in the box pro-
vided. For partial credit, you may also provide a brief explanation of your reasoning.

102
10 ;
W Vo
V. 10 10 V; 4
7 —A\——AMA = = \
Vo
R s
~
Reasoning;
Tha ideal op-amp model determines V. = 0, because Vi = { and there is no voltage
differenc \1‘..-_;&\';:911 these nodes. Then the node between Vi and V. is V, = =V, by
applying KCL at the negative inpui o the op amp. Anpi‘rim}; KCL at that node yields
Vy = Vi) + (Vi = Vol + Vi =0, which shows that V, = —4V,
- ~
Vi
1Q
mé Vo 8
V'L 4
AR -
10
Q%
N
Reasom‘ng:

Label the :‘103(‘ ‘rjf‘iw sen V. and ground as V.
e KL at Vo
@ KCL at V. :”'
Solving yields V.. =

i Thus Vi, = 2V,
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Designing Circuits (13 points)

Determine the indicated parameters for each of the following circuits. Write your answers (either

a number or numerical expression) in the box provided. For partial credit, you may also provide
a brief explanation of your reasoning.

Part a. Determine values of Ry, Rz, R3, Ry, and Rs so that V7 = 1V, Vo = 2V, V3 = 4V, and
V, = 8V. The answer to this part is not unique. You will get full credit for any valid solution.

+10V -
R5 = 2
Ry = 4Ky
Ry = 2Ky
Re = Fa
Ry = Ha
.. -

Reasoning;:

Because the resistors are In serles, the resistance between successive rodes will be propor-
Honal fo the voltage between the nodes. Thus Ry o« Vy = 1V, Rz o« Vo —V: = 1V,
Ryoce V3=V =2ViRy ax Vi — Vi = 4V Re ox Vg — Vg = 2V,
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Part b. Determine values of Ry and Rs so that Vi =6V and V; = 4V.

+10V +10V

[Se]
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Ro
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/

Reasoning;:

KCL at the feft-center node determines that a 1A current flows rightward through Ry, To
make Vy — ¥ = 2V, it follows that Ry = 208

KCL ab the right-venter node then determines that a 3A current flows downward through Ry.
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Pole Position (16 points)

Consider eight poles located at the following locations in the z plane. The plots below show the
unit-sample responses of eight linear, time-invariant systems. Match them with the dominant
pole for each system (remember thta the system may have more than just one pole).
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System functions (14 points)

Let Hy represent a subsystem that is part of the larger system shown below.

Xo -——a-@-———-»- Hj » Yp

The system function for the larger system can be written as

Yo H;

£ L P i [N
0%=%s 1= K RH;

Assume that Hy = Hjg = Y1 as shown below.

Xi
Xl «@@

¥

R & Y

Kpisgwi R japed

What is the system function for Hyg?

T
e,

1B= 8 - KpR2

Determine the system function Hy for the larger system when Hy = Hip.

Ho =

Yy

i’
Qo
! R

| WU——
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Under what conditions on K¢ and Kg is this system stable? Explain.

[ o be stable, the poles should all have magnitued less
than 1. Thus the system is stable if Ky — Kof < 1.

Under what conditions on Ko and Kg does the unit-sample response decay monotonically?
Explain.

-

mmennen

None. For monotonic convergence, both poles must have magnitudes between O and 1 (since
there are two poles of equal magnitude). I Ky < Kp then the poles have non-zero imaginary
parts, and the response oscillates. If Ky > Kg then one pole is on the positive real axis and

one is on the negative real axis. The pole on the negative real axis causes the unit sample
response to alternate, Thus there are no values of Ko and Kg for which there s monotonic

decay.

"
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State machines (15 points)

You are going to design a state machine that takes a string of characters as input, and outputs
at each time step the largest number of times a character is repeated in a row in the sequence as
observed so far. The state variable will have the following form:

[lastCharacter, timesSeenConsecutively, best]

that is, the state will be a list of the previous input character (except for the first time step, see
below), the number of times that character has occurred consecutively up to this point, and the
length of the longest sequence of repeated characters observed so far.

Complete the following definition:

Class SubSeq(sm.SM):
startState = None
def getNextValues(self, state, inp):
if state == None:
#part 1
elif state[0] == inp:
#part 2
else:
#part 3

so that it has the following example behavior:
>>> test = SubSeq()

>>> test.transduce(’abaabcdcccecc?)
(1, 1, 1, 2, 2, 2, 2, 2, 2, 3, 4, B]
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Supply the code for part 1:

10

e

Y
£ i a
rovarn {{inp, 1, 1), 1)
-y
N
Tate 2}
statalil+l, stateiil+1), statalil+id
4+ [ N ey 4 " 37
atateiil+l, statei2l), state(d])
7

Supply the code for part 3:
'd

|
!
|
H
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Equivalent Circuits (12 points)

11

Find the Thevenin and Norton equivalent circuits for the circuit shown in the lower left panel,
looking into the port labeled n+ and n—. Determine values for V7, Ry, In and Ry in terms of Vy

and Ry. For partial credit, you may also provide a brief explanation of your reasoning.

m—.—mﬂn_

<3

Original Thevenin Norton

Reasoning;:

Open circuit equations

V=T Tig ~Th.. E R 1 T The
\‘-’1) = == . 5 ai‘.d . R e %

5 -.-u. ‘“’ . i X N .‘L.- oL i '\/'_)
Solving these equations leads to ditference betwern ny and n. of <.

Closed circuit gives current of 5>, since only one path in circuit.

Selva linear equation between two points, {ind siope is Jq s0 reciprocal is resistance of

73

3
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Week 10 November 9, 2010

J6.01: Introduction to EECS I

Discrete Probability and State estimation

Week 10 November 9, 2010

Reading: Chapter 8

p[aﬂﬂ}nﬂ

PCAP Framework for Managing Complexity

Python:

e procedures are abstractions that combine primitive operations
to capture common patterns

e classes are abstractions that associate data (attributes) and pro-
cedures (methods) that are related

Signals and Systems:

e signals are abstractions that collect all of the samples at different
times into a single object

« system functions are abstractions that combine operations (de-
lays, gains, and adders) to capture common patterns

Circuits:

« Thevenin and Norton circuits are abstractions that reduce com-
binations of resistors and sources to simpler structures

All of these abstractions suppress detail, and prowde elements that

behave in a determlmstlc way. 4/ (Av WOG‘}({,‘M “Laf M.:’a/,;

Worll s gt ceraln

"h)=]

How can we look ahead
when we don’t know where we are? havf_ s0m0 anvv]P[{
Cqn Strge H\L q_dl
on't

e Driving in Boston — how do I get to Next House, when I
?
know where I am 7 IU\W l/'i’\‘ﬁ

e Uncertainty in results of actions 1
actus YoV
ot 1LDOL
e Uncertainty in results of sensing: What do we know when

sonar number 2 returns a reading of 1.27

Important ideas

PCAP:

e Combine individual pieces of noisy information into a bigger pic-
ture that improves over time.

¢ Combine simple probability distributions to make more complex
ones (HW 4).

Lx;ﬁ - fﬁbog(

befﬂ'ﬁ all QM{]L9 e Cm{’fo{/ﬁf
Nw bff;\dtn P(/@!{' tf\l'C? (Of\f’m”e(

Motivation: Tradifional approaches try to design robust controller,
under expectation that designer can plan for all contingencies.

Modeling: Better solution: Put a model of the plant inside the con-
troller. The system reasons about the outside world: provides a way
for planning under uncertainty, by incorporating noisy observations.

HAS éoﬂﬁf’lfﬁj [15~1:2%

\ 1 -
If"luH-t?le fead‘njs ~ Mp (& Hub!“

Let’s make a deal

Probability

whald g Grpeded  bpllef s
state ol fi, Syohln t

ot ek lowy form

Probability theory lets us

e Make precise statements about uncertainty — assign numerical
estimates of uncertainty to events

e Combine uncertain information to reach consistent (uncertain)
conclusions — do “calculus" on uncertainties to deduce informa-
tion about the state of the system

e Win bets OL)JQ/{/D(HOK‘j h@’p fEEEI{J, bC“(’Fb

Subjective view of probability as personal belief:

e Probability is not restricted to long run frequency of events;
e Probability can provide a framework for capturing beliefs about
the state of the world.
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Week 10 November 9, 201

0

Elements of probabilistic reasoning

Types of State Spacgs,: .|

e Need to define the set of variables that describe the world being
modeled [\ €d E 1

¢ Need to define%ﬁe range é}“ values those variables can assume —
state space

e Need to describe the probability of events occuring in state space

¢ Need ways of deducing information about variables, even if they
cannot be directly observed

£ o4,
(anSvggwee (o7
e Atomic: states don't have any further detailed structure.
— A state space described by one value from a list, e.g.
(’closed’, ’closing’, ’open’, ’opening’).
— A state space described by a single integer.
— A state space described by a single real number (infinite).
e fg&’
e Factored: astate is described by values of more than one (state)
variable.
— A state space described by a seconds variable in {0,...,59}
and a minutes variable in {0,...,59}.
— A state space described by X position and Y position (may
be infinite). 'l .
Toant he eatsy descrzbe?tl
£ ( /
(( {

Iy

State Spaces —Z]_

Events

¢ Single coin flip (atomic):
{1, T},

e Sequence of three coin flips (factored — 3 variables):

{HHH, HHT, HTH, HTT, THH, THT, TTH, TTT} 0}) ﬁ.tt t‘: téuhye

+ Randomly generated document (factored — 1000 variables):
all strings of 1000 words drawn from a particular dictionary.

¢ Robot navigating in a city (atomic):
set of intersections in the city.

¢ Robot navigating in a city (factored — 2 variables):
GPS coordinates (longitude, latitude).

=

An evenf is a subset of the sample space U (the state space) con-
taining zero or more atomic events (atomic states).

e An event in the three-coin-flip space:
there are at least two heads: {HHH HHT HTH. THH}

e An event in the robot navigation space:
the robot is within one mile of MIT.

e An event in the document space:
the document contains, in sequence, the words '6.01" and 'rules’.

4 fak(
£pasd

oMy

Axioms of probability

Conditional Probability

A probability distribution Pr assigns numbers to events. It satisfies
the following axioms: ’

W Mg B paee oy
b 5 Pr()=0 o #

Pr(Ey U Eg) = Pr(E1) + Pr(E2) — Pr(Ey N Ea)

Sum of the probabilities assigned to the atomic events must be 1.
e A probability distribution will be very valuable in enabling us to
reason about a system;
o However, decisions about how best to describe probability of
events is critical, as they can influence the model's accuracy
~ empirical -€ﬁf)q,’;”‘{.3
— theoretical model
— physical intuition

- Pr(Ey1n Ez)
Pr(f5)

Pr(E) | Ep) =

Restrict attention to Es
Ask: In what fraction of Eg is E; true?

h/-l }\Ow +0 l)-/t\[d/i
T]M‘s is a” how 0 man}ﬂu[qf@
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‘i Check Yourself

Random variables

[ ™

greater than 3, given that it will be odd?

q

[ What is the conditional probability of getting a die roll

N I 1 =
@l = L=

5. none of above

LG,

T, v
D Yip V2

el
3

Some states more easily described in factored form (e.g,. 10 coins
SRl T
each heads or tails rather than all 219 possible sequences).

Similarly, may want to de_sc_r,i_b&robability distributions over one or
more variables.

A random variable, V, is specified by:

e a domain, Dy, which is the set of values, v;, it can take on
—

e a probability distribution, Pr(V = v;), which specifies the proba-
bility of it taking on any of its values

3 Pr(V=u)=1 Lt sum (5|

vie Dy

A probability distribution over one state variable.

et 1 7‘ "
Lo prob fiqt
Mays 71" vl be odé
do L

Notation

Example random variables

e A: capital letters stand for random variables

—_—

e a: small letters stand for possible values of random variables; o
& — =
is an element of the domain of random variable A

o A=a: the@that random variable A has value a

e The number of students who will come to software lab

e The license plate number of the car in spot 12 of the Stata
Garage

e The outcome of some die roll

e The amount of rain we'll have today

(’{ on 27 W

Joint probabability distributions

(] ]
Conditional Probability Distributions a4l (nfomuliy,

A joint probability distribution
-

¢ Defined over two or more random variables;
eg., Vand W

¢ Written Pr(V,W), where V and W are random variables

¢ Domain is cartesian product of D, and Dy

{(v,w) | ve& Dy, we Dy}
* Probability is assigned to (v,w) pairs

e The sum of the probabilities must be 1
™we are generally interested in dependent variables, not independent
e

variables. Q(J:{‘C “(m 6‘0(’!'
Pet prav)P(w) ¢ indgpadent

A conditional probability distribution
o e
e Written Pr(V | W), where V and W are random variables,

e Is a function from values, w, of W, to probability distribytions
e CUEl ULl
onV.

Pr(V | W) = Aw.Pr(V | W = w)

where A is the Python lambda for creating functions.

l'/\now:mﬂ NV gre Wﬁontwl'éfﬁ, oA U
b Y pab dbp far VT
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Conditional Probability Python Representation L

. ) class DDist:
Consider two random variables: P
def __init__(self, dictionary):

e D, which has values: disease, nodisease NP
self.d = dictionary
e T, (a test result) which has values: pos, neg def prob(self, elt):
if self.d.has_key(elt):
Efficacy of test is specified by Pr(T"| D) return self.d[elt]
a conditional distribution on the test results given whether a person else:
has the disease. i return 0
‘Llcalb@ ney e
pr(TID)={{DC'S:O-Uﬂ,negzﬂ.[ll} if D = disease dist.DDist({(0, 0) : 0.5, (0, 1): 0.2, (1, 0): 0.1, (1, 1): 0.2})
pos : 0.001, neg : 0.999} . if D = nodisease
/p def TgivenD(D):
W d,‘{'\ ¢ E,(.Ldﬂ J if D == ’disease’:
_Ld'\‘“o' frob A‘O return dist.DDist({’pos’ : 0.99, ’neg’ : 0.01})
elif D == ’nodisease’:
return dist.DDist({’pos’ : 0.001, ’neg’ : 0.999})

N diiee do Yl Tt il Tl

Operations on Distributions Dental distribution

5 S sl an i e (. cavity: Do ={T,F}
e Constructing a joint distribution

: i e A: toothAche: Dy = {T,F}
(P50 &bf’uu’ l [W S g o domain: Dg x Dy = {(T,T),(T, F),(F.T),(F, F)}
Awey otk

e Marginalization _

¢ Conditioning

.
Soal, [l
[[AF ()= PCHTP(A Fe=4)
1 6— U l - 33
"f
Constructing a Joint Distribution Check Yourself
e o PC=T)=015 Prob Of cavity :
[\ ]
£ f
o a distribution Pr(V) and e PA=T|C=T)=03333 At bpafnae WP LWE (avify
a conditional distribution Pr(W |V
. iti istribution Pr(W | V) o Pr(A=T|C=F)=0058 y 6_,1(, A0 Caul“?
Produce a joint distribution by computing, for every pair of values r .
v in the domain of V and w in the domain of W, a product of the
two factors. (hL f"'lfﬂg r c
T F
Pr(V=o,W=w)=Pr(V=0)Pr(W=w|V =uv) 4 '(”{'WJ ICU/QG{' J =
A 5y |01) Iéf |20
similarly - ‘?” lﬂ
!’ l A——
Pr(V=o,W=uw)=Pr(W=w)Pe(V=v|W=uw)

]

FlA<t ,CA)

A=) Pla-A] €=A4)
O mst™ s iy = 33 = 105

beuh % pach A < Ple-B)p(pe Hest)
00581 il ~wtl o i e =00

i
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]

Marginalization Check Yourself
Given s .
e 2 joint distribution o
¢ index of one of the random variables
i3 F

Produce a marginal distribution over the chosen random variable
by summing over all assignments to the other random variables in A
the joint distribution.

T | 005 | 0.05 |1l
F | o1 | o8 ¥
Som U0 )5 [\ET
Pr(A=a}:ZPr(A:a,C=c) 1‘3‘1&4

TWA , \4 A
Fill in the marginal distributions. IL l/mﬂ r 'h‘_ l"‘ﬁdfﬂj

NOT INDEPENDENT
‘h——-—-_._._...___?_‘_'__,_/

Pr(C=c)=) Pr{A=a,C=¢)

(1 shold hae a meh et kit
Lense of {15)

Conditioning Conditional Dentistry

Given C
e a joint distribution

¢ index of one of the random variables
e a value for that random value T 0.05 0.05 0.1

F 0.1 0.8 0.9

4" Produce a conditional distribution over the other random vari-

able(s) conditioned on event that the specified random variable has 0.15 0.85
the specified value.

for all posibe cases

Pr(A=T,C=T) Pr(A=T,C = F) \/_P_:i_d
Pr(A=T) ' Pr(A=T) one ymj
This is a distribution on C. /‘G\ ” ' [
0

PC1A=T)s/ Yy that
Z!/Z Jngb (= F

For example

Pr(C|A=T)={

e WhatisP(C=T|A=T)? '?.?; =
© WhatisPr(C=F|A=T)? gz 5
L2 =,

Total Probability Bayesian Reasoning

¢ A random patient walks in to our dental practice

Given Pr(C=T) =015
e a distribution Pr(V) and e She says she has a toothache.
e a conditional distribution Pr(W | V) A=T
e What's the probability that she has a cavity (given A =T)7
Produce a distribution over Pr(I¥) Pr(C=T|A=T)

b Al
Pr(W) = MarginalizeOut(Joint(Pr(V), Pr(W | V)), V) £ ﬁu /J dow{ e We know:
Pr(A=T|C=T)=.333 and Pr(A=T|C =F)=.059

] b]
That is, for each w in domain Dyy m“ Iﬂﬂ[ﬂn(/lul‘?t Form the joint distribution:
Pr(W=w)=> Pr(W=w|V=0)Pr(V =v) o Pr(C, 4) = Pr(4 | C) Pr(C)

v Condition: e
_ Pr(A | C)Pr(C)
PN Pr(C|A=T) “PA=T)
Lookup:

Pr(C=T|A=T)

Thitd N fable. (does sumt fulag )
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Graphical Bayes

What about the bet?

Cc
T F

AL
\qu Pr(a=T|C=0) 1333 63
g [

05 105

|
divide by sum P(A=1T) \
\

Pr(C =¢)

Pr}or 0”5’}

Pr(A=T,C =)

normalize

P(C=c|A=T)| 5 |, &

Total number of legos in the bag =4
Random variable IR: number of red legos in the bag.
Domain Dp Jf@/’ 2 G tB
Assume uniform pnor on R (all values equally likely): /f 1 Z
Random variable Lg: color of first lego we draw out of the bag
Observation model:
Pr(Ly =red | R =n) =7

Pr(Lg = white| R=n)=1-Pr(Lgp=red | R =n)
We want to know:

Pr(R =n | Ly = whatever color we observed)

Bayes!!

What do we know after first Lego draw?

Wwhat do we know after second Lego draw?

L

Number of Red Legos Number of Red Legos
1 0 1 2 3 4 Lc({/}/ 0 1 2 4
'PW%&\ g 1 [ RE Sy LTI T
s (0 pitta=to m=n ' i gyl | T Pm=uirthew [l b BT Ly
q, 7 Is %”’\ i -rin=uin=n § 47 47
Pr(Lo=lo, R :?)| |L0§| i |. b Pr(leli,R:r|Ln:lg)|O ng;’l / | 22 Y l
normalize | 'dIVIdB bysum%r‘)ﬁ—? wﬂUlcl @M"’!’ normalize l |dividB]bysum 75 |
ad L L A Picla v '
lego | cefuct PI(R-TiLu,—e’iu) 01| o284 led Pr(R=r|Lo=l,Li=0)| () | ¢33]123],3 1537
" ba
n & 3 Puffd L ?54,« /ed (ed
a Twith 4t P‘wL\ /: Lo now what s P(E, rr&é[ Lo=ed (-~ /gc() 305
Le(f fwd 13+ wus 3 U AQF rrf__li-f. - i

Hidden Markov Models

W oyl !
Hidden Markov Models d )0@0,‘6/‘

System with a state that changes over time, probabilistically.
e Discrete time steps 0,1,...,¢

¢ Random variables for states at each time: Sp, S1,52,...

e Random variables for observations: Op, 0y, 0s,...

State at time t determines the probability distribution:

over the observation at time ¢
over the state at time ¢+ 1

v»/ 7
System with a state that changes over time, probabilistically.
e Discrete time steps 0,1,...,¢

¢ Random variables for states at each time: Sy, 51, So,... p\,"{h &y

e Random variables for observations: Op,01,03,...

« Initial state distribution: Obsrgtiong
Pr(Sp = s)

« State transition model: Clox/ }'D

Pr(Spp1 =885 =1)
Observation model:

%

.....

PI‘(O: =0 | S; = .'i)
Inference problem: given actual sequence of observations oy
compute

Pr(Se41=s| 0o =o00,...,0t = 0t)

Ohsou
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Bayes Jargon Are my leftovers edible?

o Dg, = {tasty,smelly, furry}
e Pr(Sy = tasty) = 1;Pr(Sy = smelly) = Pr(Sp = furry) =0
e State transition model:

e Belief — a probability distribution over the states
e Prior — the initial belief before any observations

St+1
T S F

T 0.8 0.2 0.0

St S 0.1 0.7 0.2

F 0.0 0.0 1.0

e No observations
e What is Pr(Sy = s)?

State transition update This Week

Pr(Spp1=9)= 3 Pr(Ser1 =55 =r)Pr(S, =1) SO SSERSEaD
reDg Midterm 2:
e Tonight!! 7:30—9:00PM:
— Abdussabur to Hernandez in 32-141;
— Honickman to Sepp in 32-155;
- — Simon to Zelko in 56-114
¢ Any printed material okay; calculators okay
¢ Computers, cellphones, music players not allowed

Design lab: None due to Institute holiday
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Week 11

6.01: Introduction to EECS I

Bayesian estimation, etc.

November 16, 2010

Reading: Chapter 8

(iory Sttn 0P P lowe hos oo
Cle“iﬁ/mhb (c

vt gl o il LIt
}\olvllng more  Conar vaﬂ/e): More (o/l”l@ml

What did we see last time?

/‘(\Mé Q mpJe[ of Tl /OLWL i e ity
fo bt ys ewsan abat tum

We introduced fundamental concepts from probability

We saw an example of using Bayes reasoning to refine our belief
in the state of a system

We are going to briefly recap that discussion, then use these
tools to reason about systems that operate under uncertain in-
formationn which changes over timme

/ gg

Important ideas

Probability

Motivation:
under expectation that designer can plan for all contingencies.

PCAP:

Combine individual pieces of noisy information into a bigger pic-
ture that improves over time.

Combine simple probability distributions to make more complex
ones (HW 4).

Traditional approaches try to design robust controller,

Modeling: Better solution: Put a model of the plant inside the con-
troller. The system reasons about the outside world: provides a way
for planning under uncertainty, by incorporating noisy observations.

Probability theory lets us

Subjective view of probability as personal belief:

Make precise statements about_uncertainty — assign numerical
et e —
estimates of uncertainty to events

Combine uncertain information to reach consistent (uncertain)
conclusions — do “calculus” on uncertainties to deduce informa-
tion about the state of the system

Win bets

Probability is not restricted to long run frequency of events;
Probability can provide a framework for capturing beliefs about
the state of the world.

hoe abod  beliefs

Basic elements

Conditional Probability

Given a set of one or more variables that describe system:

— determine the domain of each variable (set of possible values)

— determine state space (set of all possible values for variables)

An z?:s__nt is a subset of the state space

— it describes a subset of the space of all possible states of the
system

A probability distribution Pr assigns numbers to events.

isfies the following axioms:

{
Pr({})=0
Ao dobly
Pr(Ey U Eg) = Pr(E1) + Pr(Eg) — Pr(Ej N Eg)
Sum of probabilities assigned to the atomic events must be 1.

Calculus of probability distributions will allow us to reason about
states of system

It sat-

C(Mf': A ﬂ

What is probability of event Eq, given that we know event E» is true?
Pr(El N Es3)
- Pr(Ez)

Restrict attention to Es
Ask: In what fraction of Fs is E; true?

Pr(Ey | Ea) =

9wen (7 ) éor"e'h‘ﬂﬂ

i'/u‘t_
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Random variables 1 ! ;
FRandom vnables| L ety ooy et sfitey
Some states more easily described in factored form (e.g,. 10 coins
each heads or tails rather than all 21° possible sequences).

Similarly, may want to describe probability distributions over one or
more variables, rather than over space of events.

A random variable, V, is specified by:
e a domain, Dy, which is the set of values, v;, it can take

e a probability distribution, Pr(V = v;), which specifies the proba-

bility of it taking on any of its values
'Fab{'or/ Qf_pmilht (QVS

'_l’\“"‘i [O Coin FH‘B
-2 reslk

A probability distribution over one state variable.

Z Pr(V=uv)=1

veDy

i g

Joint probabability distributions

iiﬁ'f/ldvﬂ”f
golhj /M i{A
onLe

¢ Written Pr(V,W), where V and W are random variables

t
A joint probability distribution {(\1:/] 1',"0!,[

e Defined over two or more random variables;
e.g., Vand W

¢ Domain is cartesian product of D, and Dy
{(v,w) | veE Dy,w e Dy}
e Probability is assigned to (v,w) pairs

e The sum of the probabilities must be 1
We are generally interested in dgp_t_a_:ie‘n_t‘variables, not independent

variables. \ ( n(_?d £7/

>5o logh 0\+ Cah (om md‘-’:[LJYl

il
“if ladp Can sopettt Y S pue At

Conditional Probability Distributions

Conditional Probability

A conditional probab:llty distribution
w

o Written Pr(V | W)j V(ﬁere V' and W are random variables,

e Is a function from values,
onV.

w, of W, to probability distributions

Pr(V | W) =Aw.Pr(V | W =w)

where X is the Python lambda for creating functions.

Consider two random variables:
¢ D, which has values: disease, nodisease

e T, (a test result) which has values: pos, neg

Efficacy of test is specified by Pr(T | D):
a conditional distribution on the test results given whether a person

has the disease. { d(‘ﬂlr{,bVH’}’lj

{pos : 0.99, neg : 0.01}
D) =
ExT2) { {pos : 0.001, neg : 0.999}

if D = disease
if D = nodisease

Often we are interested in inferring the other conditional probability
(i.e. probability of having disease, given test result Pr(D | T)).

To derive this, we will typically use Bayes reasoning, for which we
need a set of operations on distributions.

Operations on Distributions

Constructing a Joint Distribution

e Constructing a joint distribution
e Marginalization

e Conditioning

6o Can “h\‘mk Baezlm\r

Given
e a distribution Pr(V) and
e a conditional distribution Pr(W | V)

Noad $a Jo lﬁﬂf 2

Produce a joint distribution by computing, for every pair of values

_— S ———
v in the domain of V and w in the domain of W, a product of the
two factors.

\
P of ol
Pr(V =v,W=w) =Pr(V=v)Pr(W =w |V =v)
similarly
Pr(V=ov,W =w) =Pr(W =w)Pr(V =v | W =w)

=
~

Lf“’ Brvey PLV=y =) = PV )R]V
iy =)
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Check Yourself

Marginalization

¢ Pr(C=T)=015

o Pr(A=T|C=T)=03333

Pr(C = F) = 0.85

Pr{A=F | C =T) = 0.6666

Given
e a joint distribution
e index of one of the random variables

¢ Pr(A=T|C=F)=0.0588 Pr(A=F|C = F)=09412
- Produce a marginal distribution over the chosen random variable
by summing over all assignments to the other random variables in
c the joint distribution.
/& F
i T | 005 | 0.05 |, I Pr(A=a) = ; Pr(A=a,C=¢)
F|l o1 | o8 |{
= Pr{C=c)=" Pr{d=1,C=0)
( !S 85 a
Check Yourself Conditioning
( Given
c e a jgjﬂt._@tﬁri_pution
¢ index of one of the random variables
T F e a value for that random value
T 0.05 0.05 0.1 e
A P 0'1 is 0.9 Produce a conditional distribution over the other random vari-
i i ) able(s) conditioned on event that the specified random variable has
0.15 0.85 the specified value.

\

Here are the marginal distributions.

NOT INDEPENDENT
- — ———

V%
Notice that Pr(A=T,C =T) #Pr(A=T)Pr(C =T) for example.

For example
. PA=T.C=T) P(A=T,C=F)
PGl A=) =511 PrA=T) )

This is a distribution on C.

0re_ Coareeted  2omols, "
PW tof /ﬁu\{@
Conditional Dentistry Total Probability
C Given
T P e a distribution Pr(V) and
e a conditional distribution Pr(W | V)
A T | 005 | 0.05 | 0.1
F 0.1 0.8 0.9 Produce a distribution over Pr(W)
0.15 0.85 Pr(W) = MarginalizeOut(Joint(Pr(V), Pr(W | V)), V)

e Whatis Pr(C=T|A=T) 7 0.05/0.1 = 0.5
e WhatisPr(C=F|A=T)? 0.05/0.1 = 0.5

Note that this is just normalizing the row for A = T (dividing by

Pr(A =T) so that the entries sum to 1).

That is, for each w in domain Dy,

Pr(W =w) =3 Pr(W=w|V =v)Pr(V =v)

69{3 l/.: J’(ALL -{'g beﬁjr‘?
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Oral AIDS Test: OraSure (OMT)

Oral AIDS Test: OraSure (OMT)

http://www.bmc.org/hiv-aids/services/testingandcounseling.htm

This test is performed by collecting a sample from your mouth and
sending it to the lab for processing...

The OraSure test has 98.6% sensitivity and 97.7% specificity.
If the OraSure test comes back positive, your counselor must draw
your blood for confirmation.

C = Disease A = Test
Sensitivity: P(A=T|C =T) = 0.986

Specificity: P(A=F |C=F)=0.977 JUM Yo 4 Pfa‘ }Gof ¢
_F\lote point of Bayes: we may know P(A =T |C =1T), but we

really want to know P(C =T|A=T)

" that aofuwlly hae disease  yboq s

alm hare Ard,, prob Test (o

Prevalence of AIDS in US Population 2006
1.1 million case in 298 million people

Sl lor probibility of di
Tean Wock ot 1 f 7o deeee

T
Pr(C =¢) |o0.0037 | 0.9063

Pr(A=T|C=¢)

Pr(A=T,C =)

normalize  divide by sum P(A=T)

me=cla=n[ [ ]

Cores bacl 4

Oral AIDS Test: OraSure (OMT)

Oral AIDS Test: OraSure (OMT)

Sensitivity: P(A=T|C =1T) = 0.986
Specificity: P(A=F|C = F)=0.977

T F
(C:C)

Pr(A=T|C=c) o886 0023=1-.0977

6“’“""'\)’0;:1{'

divide by sum P(A=1T)

PA=T,C=¢)

normalize

PH{C=c|A=T)

Compute Joint Distribution:
Pr(A=T,C=T)=Pr(A=T|C=T)Pr(C=T)
Pr(A=T,C=F)=Pr(A=T|C=F)Pr(C=F)

C
T F

Pr(A=T|C=c¢) o988 002

Pr(A=T,C=¢)

dlwde by sum P(A=T)

C=clA=T @ 2

normalize

Oral AIDS Test: OraSure (OMT)

Remember our bet from last time?

Conditioning (by normalizing)

PA=T)=Pr(A=T,C=T)+Pr(A=T,C=F)

T F

r(A=T|C=c) o986 0.023

divide by sum P(A=T)

Pr(C=c|A=T)
F ot ot all thet weh]

normalize

e Total number of legos in the bag =4
¢ Random variable R: number of red legos in the bag.
¢ Domain Dg = {0,1,2,3,4}
e Assume uniform prior on R (all values equally likely):
¢ Random variable Ly: color of first lego we draw out of the bag
e Observation model:
Pr(Lg=red | R=n) = L

Pr(Lg = white | R =n) = 1—Pr(Lg =red | R = n)

e We want to know:
Pr(R =n| Ly = observed color, L; = observed color)

TﬁmHm on what e o

Bayes!!

of Cort> balll @ oni
l‘*CM’, HP C'ﬂcwg pf

QHW, I\(J,n% }}IDS
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What do we know after two red trials?

What do we know after one red and one white trial?

hapengd

—
—_— _‘,
4

Number of Red Legos Number of Red Legos
0 1 2 3 [ab,}; 0 1 3 4
PR =1) ! 2 | 25 5 l g % | }vee({ ExfR =) I 2 l 2 2 I 2 I 2 I
T T T T T T T T T T
Pr{l,=red [R=r) 1] 25 5 75 1 Pr{l=red |[R=r) Q 25 5 s 1
v ¥ v ¥ DI T T T
Prily=red,R=r) 0 05 | a1 | A5 l 2 l Sum=.5 Pr(lg=red, R=r) 1] .05 1 l A5 l 2 | Sum=.5
normalize l l l £ l normalize J L 1 l 1
Pr(R = r|Ly= red) I [ l .1 l 2 I 3 A4 | Pr(R =r|Ly= red) o A ‘ 2 3 l A |
T T T T T T T T T T
v Pr{l,=red |Rsrl;=red) 0 25 5 75 1 Pr{L,=white [R=rl=red) 1 75 5 .25 0
ﬂtﬁ}&“‘- - = Pr{l= red|Rsr) = Pr(L= white|R=r)
r PriL,= red R=r|L = red) [} .025 1 215 4 Sum=.75 Pr(L;= white,Rsr | Ly=red] 075 b | 075 ] Sum =.25
(hat
-\' normalize ¥ ¥ v v ¥ normalize v ¥ ¥ ¥ -
YW PriR x|l redlered) | O |.0333 | 1333 l 3 |53 PriRerleredlowhite)| 0 | 3 | 4 | 3 | o |
(’aw-(,
g £y oFmatls
Nt OT Nisfoly U0 N
What do we know after one white and one red trial?{/ What do we know after two white trials?
Vet
Number of Red Legos Number of Red Legos
1] 2 3 4 o 1 2 3 4
PriR=1) ‘ 2 I 2 ZJ 2 I 2 I B | 2 | = 4 I 5 I 2 l
T J I T T T T | 1 T
Pr(L,= white|R =r] : | 75 5 .25 0 Pr(Lg=white|[R=r) 1 75 5 25 0
¥y ¥ ¥ 4 ¥ PN S T S )
Pr{l,= white, R =r) I 2 a5 i .05 I o I Sum=.5 Pr{ly=white, R =r) 2 15 l 1 I .05 I ] Sum=.5
normalize l L l l l normalize
PriR = r|Ly= white) | L] | 3 l 2 ! a1 l o Pr(R =r|Ly= white) 4 3 2 1 [}
T T T T T T T T T T
Pr(L,=red|R=rL=white] [} 25 5 75 1 Pr(Ly=white| Rer,L;=white) 1 a5 5 25 o
= Pr{ly= red|R=r) " = Pr{Ly= red|R=r) +* ¥ . ' *
Pr(Ly=red,R=r| Ly=white}| g 075 I 1 1 075 l 0 Sum=.25 PriL,=red,Rer|L=white) | 4 225 | a1 025 ] I Sum =.75
normalize ¥ ¥ v ¥ ¥ normalize ¥ ¥ v v 3
Pr{R=r|L,=white,L;=red) | O ! a3 I A 3 0 I Pr(R=r|Ly=white,L,=white) I 5333 | a 1333 | 0333 I 0
L
So how safe was our bet? Hidden Markov Models f)lak M( 5\/,5]%’,\ }()K&r_{ "'G{lwa
i System with a state that changes over time, probabilistically. W{‘E
n mber of Red i i
G‘DJM*& i Nlu czﬂe Lezu; . ' e Discrete tlmfa steps 0,1,...,t - We{e l
ho < we Qﬂ/{ﬂm ¢ Random variables for states at each time: Sp, Sy, S2,...
N RN e Random variables for observations: Og, 01,0, ... bv
Priferilomredlysred) | O 0333|1333 | 3 |.5333 State at time t determines the probability distribution:
f{Ret [Ly=red,L=white) | 0 3| 4| a3 0 e over the observation at time ¢
e over the state at time t+ 1
Pr{Rer|L,=white,L=red)| O 3 A 3 1]
PriR=r|L=white,L=white) | 5333 | 3 |.1333 |.0333 | o § | ?l C_h
Prily=red|LyL,) = Pr{L;=red |R=0)Pr(R=0]L,L,) + ..+ Pr(L,=red|R=4)Pr(R=4 | L L,) C P4 ) F
~ Inourcase, thiswas 0°0 + .0333%.25+.1333%.5 + .3%.75 + .5333°1 = 8333 Oan be Le .kan e)
p ; | . chdg
Was  Cospnab™ fo do f1 ot "
1 ¢ /
ol bo L - ’ bl e —sur fybot fo alua
0 n would he 5450 hor di/aus TR = Dur (pbol (s qlutys Moy

7
{

34)
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Hidden Markov Models

Are my leftovers edible?

System with a state that changes over time, probabilistically.
e Discrete time steps 0,1,..., t

o Dg, = {tasty,smelly, furry}
o Pr(Sp = tasty) = 1; Pr(Sp = smelly) =

Pr(Sp = furry) 3{2{{@

e Random variables for states at each time: Sp, 51,52, ... o wode“
¢ Random variables for observations: Og,0y,0a,...
« Initial state distribution: St+1
Pr(5p = s) T s | F
¢ State transition model:
P[‘(Sg,*_} =7 | St = S) T 0.8 0.2 0.0
¢ Observation model: S 01 | 07 | 02
= =~ # ny \ |
Prc=olSc=a) TF T ot "ty bsentHipn
L ‘}2 : F |00 ] 00| 10
Inference problem: given actual sequence of observations og,....04, /
t
ISRTRATES p Yals e No observations
1(St41=58|0p = 0p,...,0t = o) Ut
° m‘[ﬁu = 8) fl’lf [
o \ i i pomdl MugfE mgly (
o l(mw shie /J |
sy (hst week ﬁﬁq))
CUf (on |
( 2 =

Copy Machine

State transition update 0” n{ ﬁ{ prwjfj
et

Pr(Si1=8)= ) Pr{Syy1=23|5=r)Pr(5;=7)
reDg

W dMy Wiy
Task, ()"
Slly ()%, #8207 (T 20)"

sy vy

f/f% e SQM( 5]€9L

E/ﬂf (1'8)13‘/2”? t lfﬂ?‘,?‘bfl J”’B‘l?‘.Z'

—_—

5
good

Initial state distribution

bad

Mihl U
piaary Stakt

R
i Lo [0

State transition model

Observation model

PO, = 0[S, = good)

[

perfect smudge black

o]
P(O, = 0|, = bad) m

) ) R '/ﬁ
n f&d )ie ~m’2§{’ shegvation / Y le [ 442

041

§
good  bad

have P08 state +/ﬁwhgas
//\Qed b hald Conc[ff""‘ﬁ

(

ohaf Wk maghe

s n

A perfect copy! K,

L]

A perfect copy!

Step 1: Bayes Evidence:
Build joint distribution:

Pr(So, Oo) = Pr(00|So) Pr(So) O])M]L(IM . "n :fw!

o
perfect smudged black
s good 0.72 0.09 0.09
bad 0.01 0.07 0.02

Condition on actual observation Oy = perfect
B _ Pr(Sp = good, Oy = perfect)
Pr(Sy | Og = perfect) = { Br(Op = perfect)

Pr(Sy | Op = perfect) = {good : 0.986, bad : 0.014}

-}

T we ﬂjbf
A pe:(af

0[/'51L0‘(
Shake o

Pr(So)

Pr(O¢ = perfect | S)

Pr(So | Qo =

(O‘DV / Pr(Qo = perfect aqd So)

perfect)

Wy ——

0.9

T
0.8

¥

0.72

0.01 I

divide by 0.73

T

.986

.014
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Time passes Time passes
Step 2: Total Probability: ﬂ
good  bad
Build joint distribution:
Pr(So | Op = perfect) | .986 | .014
Pr(Sp, S1 | Og = perfect) = Pr(51|Sp) Pr(Sp | Oy = perfect) < —
03 0.1 ’
s Pr(Sy | So) o_*',r )& 0+9
good bad (Db ‘Vﬂ{» Pr(Sy | Op = perfect) | .692 | .308
good 0.690 0.296
S it € fhabos, A 1n Nedt
bad | 0001 | 0.012 GIL _hg h o/ Pf 0b W {ZHL bn
aTls (e s

Marginalize out Sp: = jfﬂ 5}?'0 [HMM [5/— COP7 i rﬁ’ﬁ[f)

Pr(S) | Og = perfect) =y Pr(Sp = 5,51 | Op)
8

Pr(S; | Og = perfect) = {good : 0.691, bad : 0.308}

A smudged copy, another day Stochastic State Machine
There are no actions in a Hidden Markov Model. ! ]L
s n,
good _ bad A Stochastic State Machine is like an HMM with actiops. The state
Pr(S | Op = perfect) E transition model now involves an input, that is, an action.

oS

Pr(Oy = smudged | $1) 041 07 gejl w 51““}«4 Pr(Sp41 \Sa-i)

The initial state distribution and observation model are like an HMM.

Pr(0y = smudged und Sy | Op = perfect) E ATLe % ; A
It's the probabilistic generalization of a State Machine.
divide by 0.285

Pr(Sy | Op = perfect, 0y = smudged)

Pr(S2151)

Pr(S2 | Op = perfect, 0y = smudged)

LS ot soally JH s i .04

Python Model Python SSM
initialStateDistribution = dist.DDist({’good’: 0.9, ’bad’: 0.1}) class StochasticSM(sm.SM): Jgt? d [{ 2 le
def observationModel(s): def __init__(self, startDistribution, transitionDistribution,
i-f_—sh?f’good’ H observationDistribution):
return dist.DDist({’perfect’ : 0.8, self.startDistribution = startDistribution
’smudged’ : 0.1, ’black’ : 0.1}) self.transitionDistribution = transitionDistribution 9b
else: self.observationDistribution = observationDistribution/
return dist.DDist({’perfect’ : 0.1,
‘smudged’ : 0.7, ’'black’ : 0.2}) def startState(self):
def transitionModel(i): : return self.startDistribution.draw()
def transitionGivenI(oldState):
if oldState == ’good’: def getlNextValues(self, state, inp):
return dist.DDist({’good’ : 0.7, ’bad’ : 0.3}) return (self.transitionDistribution(inp)(state).draw(),
else: self. observatlonDlstrlbutlon(state) draw())
return dist.DDist({’good’ : 0.1, ’bad’ : 0.9})
return transitionGivenI . US/AL'ﬂ p{@}g@&h}.}’ i(ij‘hﬁf&h@\g in 4‘{@ A SM

Oven Y1 m«uh}m =
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Copy Machine Machine

Python State Estimation

copyMachine = ssm.StochasticSM(initialStateDistribution,

transitionModel, observationModel)

>>> copyMachine.transduce([’copy’]* 20)
[’perfect’, ’smudged’,
’smudged’,

'perfect’, ’perfect’,
'black’,

'perfect’,

'perfect’, ’perfect’,
’black’,

’smudged’,

'perfect’, ’smudged’ ,

’black’,

'smudged’ ,
'perfect’,
'black?’,

‘perfect’, ’smudged’ ,

?smudged’]

(dn 5:mu(ar‘€ (opy M madhine

P(o#ﬂbf o (o agdin W)l b ofomt

class StateEstimator(sm.SM):
def _(self, model):
self.model =
self.startState = model.startDistribution
self.obsD =
self.transD =

¢ M
__init_ Stk
model

self.model.observationDistribution
self.model.transitionDistribution
def getlNextValues(self,
(o, i) = inp

sGo = dist.bayesEvidence(state, self.obsD, o)
dSPrime = dist.totalProbability(sGo, self.transD(i))
return (dSPrime, dSPrime)

state, inp):

Note that we're making the state estimator be a state machine as
well.

Where am I7

One-dimensional localizer

e Mapping: Assume you know where the robot is. Build a map
of objects in the world based on sensory information at different
robot poses.

e Localization: Assume you know where the objects in the world
are (the map). Determine the robot's pose.

¢ SLAM: You know neither the location of the robot or of the
obstacles. Do simultaneous localization and mapping.

f oo Wl ol s ~cold )o(/r‘uL
AP of world

bt dffen v don t b el vere
N e o what warl] ook e

[T PP I [ W

/I—»'—' _,_»—"’“FP,

o

—

e State space: discretized values of x coordinate along hallway

e Input space: discretized relative motions in =

¢ Output space: discretize readings from a side sonar sensor

=S SLAIT ok b

Transition model

Observatlon model F 1)

Pr(Si+1 =4'|Se =8) =Pr(Spp1 =5 | S*(s) = s+ A)

= Tri(s’; 5+ A, hwy)
¢ Infer a nominal action based on the robot’s odometry.

. NLOA(DM pod

.%d “}NH IQI\ o{ PW*’M’/@) NL@
o ultow

+—4a

e Let x; be the robot’s observed x coordinate at time t
¢ The nominal action that the robot took at time ¢ is

A=
where w is width of a state bin.
¢ Assume nominal distance is all that matters; new state distrib-

ution is a triangular distribution, with half-width hwg, centered
on the nominal displacement.

round((xt — x¢—1)/w)

f\h__(‘b

4 That g8t i d dMM 7
=d|S = s) = Pr(0 = d|D*(8) =

= Tri(d; d*, hwy)

! |
o sis arobot state and d is a sonar reading (¢ &PHP -/’0:’9@ =
Calculate Nominal sonar distance: d*(s
: TGy approy

Pr(0 J len Coredl bt

¢ Assume nominal distance is all that matters; observation distri-
bution is a triangular distribution, with half-width hwy, centered
on the nominal distance.
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Mixture distributions

Gaussian:

1 (d-d*)?/20
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Mixture of Gaussians:

i (] be o dik

Discrete error distributions

Localization = State Estimation

Primitive distributions:

Sa(x; lo, hi) Tri(x; center, hw, lo, hi)
Mixture distributions:

nI:l;;:(u:) =pPr(Dy=x)+ (1-p)Pr(Da =1z)

Must still sum to 1.

Define Stochastic State Machine

Apply standard state estimation algorithm.

Cureeat

. Aey 0.
LEIGAAIIEIIEY Ary 60545999710
leadtaliaisii avy 8.9065 10403808
L1i8n TS Ay
4275 avg

m
431327
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Extending to multiple dimensions

Full localizer: without and with angles

e Stateis z,y,0
¢ Have to handle coordinate transforms instead of simple Az
¢ Use all 8 sonars

°
Simulator Pr(0S) Pi(S)
o
N

1N

pite
e, i
Simulator Pr(0]5) Pr(S)
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Applications of Bayesian Estimation

Spam filtering

¢ spam filtering

e speech recognition

¢ medical diagnosis

¢ tracking aircraft on radar
e robot localization

~or Ham.

Given an email message, m, we want to know whether it is Spam

Make this decision based on W(m), the words in message m (could
also use features based on typography, email address, etc.).

If ﬂu(' 5 pam
Pr(Spam(m) = T | W(m)) > Pr(Spam(m) = F | W(m))

then dump it in the trash.

Learning

Spamistic words

We'd like to estimate Pr(Spam(m) | W(m)) from past experience with
& A ""_‘——_.___——-
email. But we'll never see the same W twice!

Use Bayes' rule:

eya _ Pr(W(m) | Spam(n)) Pr(Spam(m))
Pr(Spam(m) | W(m)) = Be(W (m))
We can estimate Pr(Spam(m)) by counting the proportion of our mail

that is spam.
. pg thak
Pr(W(m) | Spam(m)) seems harder...

Cwont 2N Spo omu] 1

i

Given our assumptions:  / 5-{;,,[} st Wy fn/e
e Order of words in document doesn’t matter
e Presence of individual words is independent given whether the
message is spam or ham
Pr(W(m) | Spam(m)) = H Pr(w | Spam(m))
weW(m)
And now, we can count examples in our training data:
num spam messages with w

Pr(w | Spe =

' |iSpaii(ra)) total num spam messages

Assume: num non-spam messages with w
: Pr(w | Ham(m)) =

e Order of words in document doesn’t matter total num non-spam messages

e Presence of individual words is independent given whether the

message is spam or ham
Pr(spam given word) for an example message This Week

madam 0.99
promotion 0.99

republic 0.99

enter 0.9075001
quality 0.8921298
investment 0.8568143
valuable 0.82347786
very 0.14758544
organization 0.12454646
supported 0.09019077
people's 0.09019077
sorry 0.08221981
standardization 0.07347802
shortest 0.047225013
mandatory 0.047225013

Software lab: Transition and observation models

Design lab: Writing code to update state estimation models for
your robot.

het by obilbd mo] of Spam
= gt (Da{@ at ))/bbawm&)

10
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Step 1.

6.01 SL11: Hallway World — Fall 2010 1

Software Lab 11: Hallway World

Hallway World

We are going to work with an abstract simulation of a robot moving up and down a one-
dimensional hallway made up of a fixed number of rooms.

e The robot starts out knowing how many rooms there are, but not knowing what room it is in.
e The robot knows a probability distribution over what observations it will make in each room.

e The robot can attempt to move in each direction in the hallway; it will not always move com-
pletely reliably. If it is up against the left end of the hallway and tries to move to the left, it will
stay in the leftmost room; similarly for moving right when it is in the rightmost room.

The goal of the robot is to determine what room it is in. We will approach this problem using state
estimation.

Start idle with -n, and load the file s111Work. py and run it. (We will not be using Soar. This is a
stand-alone piece of software). Now, type

p = makePerfect ()
p.run(10)

At this point, p is an instance of a little application that both simulates the robot moving in the
world and shows the estimated belief state.

Each square corresponds to a room in the world. Each room has a “true” color, which determines
the distribution over the observations that the robot will make in that room. The room’s true
color is shown in the outer rim of each square. The robot cannot “see” the room’s true color; the
robot’s observations are some “corrupted” color (whose distribution generally depends on the
true color).

The robot’s belief state is a probability distribution over which room it is in. In the window, the
current belief state is displayed in the colors of the inner squares in each block, with brighter red
values closer to zero and brighter blue values closer to one. The color black is assigned to the
probability associated with the uniform distribution (in this case 0.2). Note that these “colors” are
just a way of encoding the probabilities visually; they have nothing to do with the room’s actual
or perceived color. The probability assigned to each room is also printed in each square.

In fact, p is a combination of a stochastic state machine that simulates the behavior of the robot-
world system and a state machine that does state estimation, based on the robot’s actions and
observations, to compute a new belief state on each time step.

The way this complex machine works is the following:
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e When pisinitialized, at the beginning of each call to p.run:

1.

2.

The state estimator initializes the belief state to the starting belief state which, in this case,
is the uniform distribution over the rooms.

The simulator selects an initial starting location for the robot at random from the starting
distribution. Note that the state estimator does not know this true location; it is just used
inside the simulation. It is also not displayed in any way in the window or the printed
output.

On every step of p:

1.

The simulator generates an observation, drawing from the distribution of observations that
is associated with the room that the robot is currently really located in. This observation is
a color name, like ‘white’ or ‘green’.

The simulator prompts the user for an action that the robot should take. The action must
be an integer between -4 and 4, inclusive.

The simulated robot moves a number of rooms that depends on the specified action; but if
the robot’s motion model is noisy (we will discuss what that means in detail, later), then it
won't necessarily be the exact number of rooms commanded. In addition, it will not move
past either end of the hallway. An action of 0 will cause the robot to try to stay in its current
location.

The state estimator does an observation update of its belief state, based on its old belief
state and the observation. The update depends on the observation model, which specifies
the probability distribution over observations for each state. This belief state is printed out.

The state estimator does a transition update of its belief state, based on the belief state that
resulted from the observation update and the specified action. The update depends on the
transition model, which specifies the probability distribution over next states, given the
previous state and action.

The squares are redrawn with colors and numbers that reflect the probabilities in the new
belief state.

If you enter quit as an action, the whole machine terminates. It will stop after 10 steps unless
you call run with a larger numeric argument.

If you want to run the machine again, it’s best to create a new instance; it's okay if you call
run again on the old instance, but the initial belief display will be incorrect until it does one
update.

—

Check Yourself 1. Move the robot around in the perfect simulator. Be sure you understand

what the colors representing the belief state mean and that the numbers
being printed out in the Python shell make sense. Feel free to ask a staff
member for clarification.
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The world you just created has perfect motion and perfect sensing. You can create and run one
with noisy motion and sensing as follows:

n = makeNoisy()
n.run(20)

Check Yourself 2. Move the robot around in the noisy simulator. Be sure you understand
what the colors mean, and have a basic idea of what might be going on.
Feel free to ask a staff member for clarification.

The observation model
Section 8.6 of the readings may help with understanding the next sections.

The observation model is a conditional probability distribution specifying a what color the robot
sees given what room it is in: P(Oy = 0¢|S¢ = s¢). In our case o ranges over

(’black’, ’white’, ’red’, ’green’, ’blue’, ’purple’, ’orange’, ’darkGreen’,
’gold’, ’chocolate’, ’PapayaVWhip’, ’MidnightBlue’, ’HotPink’, ’chartreuse’)

and s ranges over all the possible rooms the robot could be in.

If there are m possible observations and n possible locations, then it will, in general, require m-n
numbers to specify the observation model. In this problem, we make an assumption that makes
the model much more compact: the robot’s observation only depends on the actual color of the
room it’s in. That is, all rooms that are actually white have the same distribution over possible
observations and all rooms that are actually green have the same distribution over possible ob-
servations (which will generally be different from the observation distribution for rooms that are
actually white). Given this assumption, we only need to specify P(observedColor | actualColor),
and then we can find the probability of observing each color in any room, as long as we know the
actual color of that room:

P(O¢ = observedColor | Sy = si) = P(Oy = observedColor | ActualColor = actualColor(s¢)) .
The conditional probability distribution
P(O+ = observedColor | ActualColor) ,.

which specifies a distribution on the observed color given the actual color of the robot’s room,
is called the observation noise distribution. We can specify an observation noise distribution in
Python as a procedure that takes an actual color as input and returns a distribution on observed
colors. Here is a very simple example that always observes the true color.

def perfectObsNoiseModel (actualColor):
return dist.DDist({actualColor: 1.0})
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Now, given an observation noise distribution obsNoise, such as perfectObsNoiseModel, we
can construct the entire observation model (a conditional probability distribution on observed
colors given robot location) as shown below:

def makeObservationModel(hallwayColors, obsNoise):
return lambda loc: obsNoise(hallwayColors[loc])

Here, hallwayColors is a list specifying the true color of each location in the hallway, loc is
an integer representing the location of the robot, and obsNoise is a conditional distribution of
observed color given actual color. This procedure returns a conditional probability distribution,
which is a procedure that takes a location as input and returns a distribution over observed colors.

The example world we have been using is specified with
standardHallway = [’white’, ’white’, Jgreen’, ’white’, ’white’]
Given these procedures, we can specify the observation model for perfect observations with:

perfectObsModel = makeObservationModel (standardHallway, perfectObsNoiseModel)
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Step 3.
s ~
Wk.11.1.1 Do this tutor problem on defining observation models.
L /
- ™

Check Yourself 3. Just to be sure you understand these models, consider a world with two
rooms: room Ry is actually green and room R; is actually white.

e With a perfect sensor, what is the probability distribution over obser-
vations for each room?

green white green white

Pr(obs | RO)| | O d ( |PrlobsIR1)

o With whiteEqGreenObsDist, what is the probability distribution over
observations for each room?

green white green white

Priobs IRO)|, " | | & & | (G |Priebs1R1)

o With whiteVsGreenObsDist, what is the probability distribution over
observations for each room?

green white green white

Pr(obs 1 RO)| (] ( [ O Pr(obs | R1)

o

Step 4. Now consider a bigger test world, called testHallway. The rooms on each end have true color
‘chocolate’. The others are either green or white.

Try out your whiteEqGreenObsDist and whiteVsGreenObsDist and see what happens to the
belief state. Paste your definitions of those procedures from the tutor into your s111Work. py file.
Use the perfect motion models, as shown below. Be sure that you use something like whiteEq-
GreenObsDist as the third argument below. (The variables actions, standardDynamics, and
perfectTransNoiseModel are already defined for you in s111Work. py).

w = makeSim(testHallway, actions,
<your observedColor given actualColor model>,

standardDynamics, perfectTransNoiseModel)
w.run(50)
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Checkoff 1. How do whiteEqGreenObsDist and whiteVsGreenObsDist compare
to:
e A perfect sensor model
e A sensor that always reads ‘black’ no matter what room it is in

Explain your answers to a staff member.

The state-transition model

The state-transition model is a conditional probability distribution over the state at time t + 1,
given the state at time t and the selected action a. Thatis, P(S¢y1 = s¢+1/St = st, At = at). The
next state of the system depends both on where it was before and the action that was taken. If
you were to write this model out as a matrix, it would be very big: if n is the number of states of

the world and m is the number of actions, then it would have size mn?.

Often, the transition model can be described more sparsely or systematically. In this particular
world, the robot can try to move some number of rooms to the right or left, or to stay in its current
location. We'll assume that the kinds of errors the robot makes when it tries to move in a given
direction don’t depend on where the robot actually is (except if it is at the edge of the world), and
we'll further assume that the transition probabilities to most states are zero (there’s no chance of
the robot teleporting to the other end of the hallway, for example). This will allow us to describe
the transition model more compactly.

We will start on defining the transition model by first defining a dynamics procedure, such as
standardDynamics below. The dynamics is a procedure which returns the nominal new loca-
tion resulting from taking action act in location loc, in a hallway with hallwayLength loca-
tions. This will be useful in other problems. The possible actions that the robot can take are:
—4,...,-1,0,1,...,4. So, we can just add the robot’s action to its current location to get its nom-
inal new location, except we have to be sure it doesn’t move off of the edges of the world, so we
use util.clip to keep the value from going below 0 or above hallwayLength - 1.

def standardDynamics(loc, act, hallwayLength):
return util.clip(loc + act, 0, hallwayLength-1)

Next, we define a noise model, which is independent of location. It returns a distribution over the
possible resulting locations given the nominal location that results from an action under the given
dynamics. The simplest noise model assumes that transitions are perfect, so that the resulting
location will be the nominal location. :

def perfectTransNoiseModel(nominalLoc, hallwayLength):
return dist.DDist({nominalloc : 1.0})

Ultimately, we need to make a full transition model, which is a conditional probability distribu-
tion of the form Pr(S¢;1 | S¢,A¢). Because it is conditioned on two variables, we will represent
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Step 6.

Step 7.

6.01 SL11: Hallway World — Fall 2010 7

it using nested procedures (representing conditional distributions). So, we’ll think of it as some-
thing like Pr(Sy41 | St | At), or, as a procedure that takes an ay and returns a procedure that takes
an s; and returns a distribution over S 1.

Here is the basic form of the transition model that takes two procedures, a dynamics procedure
and a noise model, and an integer indicating the length of the hallway.

def makeTransitionModel (dynamics, noiseDist, hallwayLength):
return lambda act: lambda loc: noiseDist(dynamics(loc, act, hallwayLength),
hallwayLength)

A perfect transition model for our standard hallway under the standard dynamics is constructed
as follows:

perfectTransModel = makeTransitionModel (standardDynamics, perfectTransNoiseModel, 5)

Wk.11.1.3 Do this tutor problem on defining transition models.

Now consider a test world that has only white rooms, and has noisy transitions and observations.
We will initialize the state estimator with an initial belief state that assigns probability 1 to location
7 (and, of course, probability O to all other locations). The variable sterile specifies a hallway
made up of 16 white rooms. You can create this world and state estimator with:

w = makeNoisyKnownInitLoc(7, sterile)
w.run(50)

Experiment with selecting action 0 several times in a row. What happens? What happens when
you drive the robot around?

Checkoff 2. Demonstrate the world with noisy dynamics to a staff member and explain
why it does what it does.
Wk.11.1.5-6 Do these two tutor problems on implementing joint distributions and op-

erations on conditional distributions.
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