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6.02 http://web.mit.edw6.02/www/currentsemester/info.shtml

Prerequisites 8.02, 18.03, 6.01.
The labs require familiarity with Python.

Units 4-4-4

Requirements satisfied: 1/2 Institute Lab, 6 Engineering Design Points.
Lectures MW 2-3 pm in 34-101.
Recitations Time | Room |Instructor

#

1{TR 10|24-402|Shah
2|TR 11|24-402|Shah
3|TR 12|38-166|Lim
4

5

TR 1 |38-166{Sun
TR 2 [38-166{Sun

Help The course staff has office hours in the afternoons and evenings in the 6.02
lab, 38-530. The staffing schedule is posted on the Lab Hours page on the
course website. The lab has 100 debathena workstations (or bring your own
laptop); hours are posted below.

Hours Days
0900 - 2330{Mon - Thu
0900 - 1700|Fri
closed Sat
1300 - 2330{Sun

There are special hours during holidays and breaks -- see the schedule posted
in the lab for more details.

You can also try email to 6.02-help at mit dot edu, although it's hard to debug
Python code via email :)

If you are having access or technical problems with the on-line system, please
email 6.02-web at mit dot edu.

Staff Duties Name Email at mit.edu| Office | Phone
Lectures |Chris Terman |cjt 32-G790|x3-6038
Fabian Lim  |flim 38-266 |x4-4913
Recitations|Devavrat Shah|devavrat 32-D670|x3-4670
John Sun johnsun 36-680D|x4-5287
Sidhant Misra |sidhant -- --
Chen Sun sunchen - -
TAs v -
Xiawa Wang |xiawaw - -
Grace Woo  |gracewoo -- -

Weekly There are weekly on-line problem sets, posted on the website most
PSets Wednesdays, which are due at 6am the following Thursday morning. Solutions
will be available after the due date once you have submitted the assignment
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Quizzes

Grading

http://web.mit.edw/6.02/www/currentsemester/info.shtml

on-line.

Some of the problems will involve writing Python functions, so be sure to
leave time to debug your implementation before the due date. There is a
10-minute checkoff interview each week whi ust be scheduled with your
assigned staff member within five days after tﬁimtw-the

end of Monday). {_ ‘)

After grading, your score and any comments from the grader can be viewed
on-line by browsing the pset.

You must complete the interview for each pset as a prerequisite for
passing the course. A missing interview will result in a failing grade;
incompletes will not be given for missing interviews.

Late policy: Your grade will be multiplied by 0.5 for late submissions. Late
submissions will be accepted for 5 days after the due date. You can extend the
submission deadline by 5 days, avoiding the late penalty, for up to two psets
during the term -- see your On-lines Grades page. Note that an extension
eliminates the late penalty but doesn't change the 5-day deadline.

If you have a note from Student Support Services, please see your TA. For all
other circumstances (interview trips, sporting events, performances,
overwork, etc.) you may use your extensions.

Collaboration policy: The assignments are intended to help you understand
the material and should be done individually. You're welcome to get help from
other students and the course staff but the work you hand in must be your
own. Copying another person's work or allowing your work to be copied by
others is a serious academic offense and will be treated as such. We do
spot-check your submissions for infractions of the collaboration policy so
please don't tempt fate by submitting someone else's work as your own; it will
save us all a lot of grief.

There are three quizzes, scheduled as follows:

Quiz 1: March 3, 2011, 7:30-9:30, Room 50-340
Quiz 2: April 12, 2011, 7:30-9:30, Room 26-100
Quiz 3: During final exams week, not yet scheduled

Your final grade will be determined by a weighted average of the following:

Quiz 1: 16%
Quiz 2: 17%
Quiz 3: 17%
10 PSets: 5% each, for a total of 50%

To review your current scores use the "On-line grades" link in the nav bar to
the left.

2/6/2011 12:41 PM
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Week of Jaauary 31, 2011

+ This week's to-do list:
© Wed: First Lecture
© Thu: First Recitation

* Next week's to-do list:
@ Mon: On-fine questions due
o Wed: PSet 41, lab questions due
© Thu, Fri; Lab checkoff with your TA

+ The first meeting of 6.02 will be at 2p in room 34-101 on Wednesday,
2/2. Consult the Course Calendar for a detailed schedule of lectures,
recitations, labs and quizzes, Recitation meetings start Thursday, 2/3.

* Recitation assignments: As a starting palnt, please attend the section
ONLY ONE 1p SECTION. If you were assigned a 1p section and can make
one of the other section times (10a, 11a, 12n, 2p), that would help keep
the 1p section from overcrowding. Thanks in advance for any scheduling
flexibility you may have.
mechanics and policies.
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Internet: 1021 bytes/year by 2014!
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Information Resolves Uncertainty

Measuring Informati%n Content
O.ct..5

In information theory, information is a
mathematical quantity expressing the probability
of occurrence of a particular sequence of symbols

as contrasted with that of alternative sequences.

logz( 1 J
p(seq)

The unit of measurement is the bit (binary digit: “0” or “17).

Information content of a sequence increases as
the probability of the sequence decreases - likely
sequences convey less information than unlikely

sequences.
1 bit corresponds to p(seq) = 4, e.g., the

probability of a heads or tails when

We’re interested in encoding information
flipping a fair coin.

efficiently, i.e., trying to match the data rate to the

information rate. We’ll be thinking about:
: This lines up with our intuition: we can

encode the result of a single coin flip
using just 1 bit: say “1” for heads, “0”
for tails. Encoding 10 flips requires 10
bits. .

* Message content (one if by land, two if by sea)
* Message timing (No lanterns? No message!)
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Expected Information Content: Entropy%0 matoh }a{a Okay, why do we care about entropy?

(0 4‘!_ d, Entropy tells us the average amount of information that must

Now consider a message transmitting the outcome of an event be delivered in order to resolve all uncertainty. This is a_lower

that has a set of possible outcomes, where we know the _! ' bound on the number of bits that must, on the average, be used
probability of each outcome. ( Ow l/l‘lU(,Cl i "i[O to encode our messages.

Mathematicians would model the event using a discrete rgndoncl 0 I Gl If we send fewer bits on average, the receiver will have some
variable X with possible values {x,, ..., X} and their associated 4% uncertainty about the outcome described by the message.

probabilities p(x,), ..., P(Xy,)- 50 d

: A 70\./ If we send more bits on average, we're “wasting” the capacity of

The entropy H of a discrete random variable X is the expected % + the communications channel by sendirEEn:'T\ve don’t have to.

value of the information content of X: (d/ﬁlﬂﬁ[{f “Wasting” is in quotes because, alas, it’s not always possible to
find an encoding where the data rate matches the information

OU"}COWQ, rate.
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Suppose we’re in communication about an event where all N We're drawing cards at random from a standard 52-card deck:
outcomes are equally probable, i.e., p(x) = 1/N for all i. (/A[fﬂff\
Q. If I tell you the card is a &, how many bits of information

N 1 3 .
Hypor (X) = E(%)lo& (ﬁ)@ - have you received?
. i=l

A. We've gone from N=52 possible cards down to M=13 possible
cards, so the amount of info received is log,(52/13) = 2 bits.

C 1
H(X)=E((X))= Y p(x)log, | —— |
; "\ p(x) (qupahf? e gn

If you receive a message that reduces the set of possible
outcomes to M equally probable choices, the entropy after the

receipt of the message is W\'lﬂ'f A3 :{' ‘[Gv S-H ” This makes sense, we can encode one of the 4 (equally probable)

(1 1 ¢ suits using 2 bits, e.g., 00=0, 01=0, 10=&, 11=0,
H,,_,,,,(X)-E(H)logz(m]-logl(M) dﬂf\ “(n aw

i=l

The information content of the received message is given by the Q. If instead I tell you the card is a seven, how much info?
change in entropy:

M = el = = = i = = 1 ‘
Hm,,,,,(X)-H,,,ﬁ,,—H,ﬂ,,=logl(N)—logz(M)-{logz(N!M)S how megh i Nazalirrsg Il =log(Ra/A) ~{eEil0) @
s

\
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in Mo
6.02 Spring 2011 da(@% Lechre |t Slide #i1 JQ’ 6.GZ Spring 2011 Lecture 1, Stide ‘_-13(0 q

—  Posde
Goumg._ ;@fﬁ(@ﬁ} m(g@;‘aj



Example (cont’d.)

Q. If I tell you the card is the 7 of spades, how many bits of
information have you received?

A. We've gone from N=52 possible cards down to M=1 possible
cards, so the amount of info received is log,(52/1) = 5.7 bits.

Note that information is additive (5.7 = 3 + 2.7)!

But this is true only when the separate pieces of information are
independent (not redundant in any way).

So if I sent first sent a message the card was black (i.e., a & or
&) — 1 bit of information since p(® or &) = ¥ - and then sent the
message it was a spade, the total information received is not the
sum of the information content of the two messages since the
information in the second message overlaps the information of
the first message.

6.02 Spring 2011 Lecture 1, Slide #13

Improving on Fixed-length Encodings

choice; 2 log,(1/p) W{M/M
“p" 1/3 | 1.58bits
“g" 1/2 1 bit
e 1/12 | 3.58 bits
“pn 1/12 | 3.58 bits

The expected information content in a choice is given by the
entropy:
= (.333)(1.58) + (.5)(1) + (2)(.083)(3.58) = 1.626 bits

Can we find an encoding where transmitting 1000 choices
requires 1626 bits on the average?

The “natural” fixed-length encoding uses two bits for each choice,
so,transmitting the results of 1000 choices requires 2000 bits.

6.02 5pgd "1 Lecture 1, Slide 715
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Fixed-length Encodings

An obvious choice for encoding equally probable outcomes
is to choose a fixed-length code that has enough sequences
to encode the necessary information

* 96 printing characters — 7-bit ASCII
* Unicode characters — UTF-16
* 10 decimal digits — 4-bit BCD (binary coded decimal)

Fixed-length codes have some advantages:

* They are “random access” in the sense that to decode
the n'™ message symbol one can decode the nth fixed-
length Sequence without decoding sequence 1 through
n-1.

» Table lookup suffices for encoding and decoding

6,02 Spring 2011 Lecture 1, Slide 514

Variable-length encodings

X (David Huffman, MIT 1950) )

¥/ Use shorter bit sequences for high probability choices,
longer sequences for less probable choices

EC A BA D
choice, 2 encoding 011010010111 Expected length
e =(.333)(2)+(.5)(1)+(2)(.083)(3}
A 1/3 10 = 1.666 bits
B
e 2 Transmitting 1000
“o” 1/12 110 choices takes an
average of 1666 bits...
“D” 1/12 111 better but not optimal

6.C2 Spning 201

Huffman Decoding Tree
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Another Variable-length Code (not!)

Here’s an alternative variable-length for the example on the
previous page:

Letter Encoding

A 0
B 1
C 00
D 01

Why isn’t this a workable code?

The expected length of an encoded message is
(.333+.5)(1) + (.083 +.083)(2) = 1.22 bits

which even beats the entropy bound ©

Jon [l heow whee To shp

1N [(;};_i‘.,-_-.} L}

.02 Spring 2011

Huffman Coding Example

+ Initially S = { (A, 1/3) (B, 1/2) (C, 1/12) (D, 1/12)}
» First iteration
— Symbols in S with lowest probabilities: C and D

AR =C
Ab=0

Lecture 1, Slide 717

: cD
— Create new node ° ,9’ \

— Add new symbol to S = { (A, 1/3) (B, 1/2) (CD, 1/6)} c

« Second iteration ACD
— Symbols in S with lowest probabilities: A and CD
— Create new node

— Add new symbol to S = { (B, 1/2) (ACD, 1/2)} c
* Third iteration 9/\1\
- Symbols in S with lowest probabilities: Band ACD 5 @
- Create new node ' A 0
— Add new symbol to S = { (BACD, 1) } c
* Done :

6.02 Spring 2011

1

D

Lectire 1, Slide #19

4.02 Spring 2011
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Huffman’s Coding Algorithm

Begin with the set S of symbols to be encoded as binary strings,
together with the probability p(s) for each symbol s in S. The
probabilities sum to 1 and measure the frequencies with which
each symbol appears in the input stream. In the example from the
previous slide, the initial set S contains the four symbols and their
associated probabilities from the table.

Repeat the following steps until there is only 1 symbol left in S:

~ Choose the two members of S having lowest probabilities.
Choose arbitrarily to resolve ties.

- Remove the selected symbols from S, and create a new node of
the decoding tree whose children (sub-nodes) are the symbols
you've removed. Label the left branch with a “0”, and the right
branch with a “1”.

— Add to S a new symbol that represents this new node. Assign
this new symbol a probability equal to the sum of the
probabilities of the two nodes it replaces.

Leciure 1, Slide #1838

Huffman Codes - the final word?

Given static symbol probabilities, the Huffman algorithm
creates an optimal encoding when each symbol is encoded
separately. (optimal = no other encoding will have a shorter
expected message length)

Huffman codes have the biggest impact on average message
length when some symbols are substantially more likely than
other symbols.

You can improve the results by adding encodings for symbol
pairs, triples, quads, etc. From example code:

Pairs: 1.646 bits/sym, Triples: 1.637, Quads 1.633, ...
But the number of possible encodings quickly becomes
intractable. .
Symbol probabilities change message-to-message, or even
within a single message.

Can we do adaptive variable-length encoding?
= Tune in next timel

Lecture 1, Slide 20
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MIT 6.02 DRAFT Lecture Notes

Fall 2010 (Last update: November 29, 2010)

Comments, questions or bug reports?
Please contact 6.02-staff@mit.edu

Reud 23/

CHAPTER 1
Encoding Information

In this lecture and the next, we’ll be looking into compression techniques, which attempt
to encode a message so as to transmit the same Information using fewer bits. We’ll be
studying lossless compression where the recipient of the message can recover the original
message exactly.

There are several reasons for using compression:

o Shorter messages take less time to transmit and so the complete message arrives
more quickly at the recipient. This is good for both the sender and recipient since
it frees up their network capacity for other purposes and reduces their network
charges. For high-volume senders of data (such as Google, say), the impact of send-
ing half as many bytes is economically significant.

e Using network resources sparingly is good for all the users who must share the
internal resources (packet queues and links) of the network. Fewer resources per
message means more messages can be accommodated within the network’s resource
constraints.

e Over error-prone links with non-negligible bit error rates, compressing messages be-
fore they are channel-coded using error-correcting codes can help improve through-
put because all the redundancy in the message can be designed in to improve error
resilience, after removing any other redundancies in the original message. It is better

"to design in redundancy with the explicit goal of correcting bit errors, rather than
rely on whatever sub—/o_&alredundancies happen to exist in the original message.

Compression is traditionally thought of as an end-to-end function, applied as part of the
application-layer protocol. For instance, one might use lossless compression between a
mmuce the number of bits sent when transferring a collection of
web pages. As another example, one might use a compressed image format such as JPEG
to transmit images, or a format like MPEG to transmit video. However, one may also ap-

ply compression at the link layer to reduce the number of transmitted bits and eliminate
redundant bits (before prlying an error-correcting code over the link). When



2 CHAPTER 1. ENCODING INFORMATION

applied at the link layer, compression only makes sense if the data is inherently compress-

ible, which means it cannot already be compressed and must have enough redundancy to
extract compression gains.

B 1.1 Fixed-length vs. Variable-length Codes

Many forms of information have an obvious encoding, e.g., an ASCII text file consists of
sequence of individual characters, each of which is independently encoded as a separate
byte. There are other such encodings: images as a raster of color pixels (e.g., 8 bits each
of red, green and blue intensity), sounds as a sequence of samples of the time-domain
audio waveform, etc. What makes these encodings so popular is that they are produced
and consumed by our computer’s peripherals — characters typed on the keyboard, pixels
received from a digital camera or sent to a display, digitized sound samples output to the
computer’s audio chip.

All these encodings involve a sequence of fixed-length symbols, each of which can be
easily manipulated independently: to find the 42"¢ character in the file, one just looks at
the 42" byte and interprets those 8 biwcter. A text file containing 1000
characters takes 8000 bits to store. If the text file were HTML to be sent over the network in
response to an HTTP request, it would be natural to send the 1000 bytes (8000 bits) exactly
as they appear in the file.

But let’s think about how we might compress the file and send fewer than 8000 bits. If
the file contained English text, we’d expect that the letter e would occur more frequently
than, say, the letter z. This observation suggests that if we encoded e for transmission
using fewer than 8 bits—and, as a trade-off, had to encode less common characters, like z,
using more than-8-bits—we’d expect the encoded message to be shorter on average than
the original method. So, for example, we might choose the bit sequence 00 to represent e
and the code 100111100 to represent z. The mapping of information we wish to transmit
or store to bit sequences to represent that information is referred to as a code. When the
mapping is performed at the source of the data, generally for the purpose of compressing the
data, the resulting mapping is called a source code. Source codes are distinct from channel
codes we studied in Chapters 6-10: sour&)’d?s—nT ove redundancy and compress the data,
while channel codes add redundancy to improve thWof the data.

We can generalize this insight about encoding common symbols (such as the letter e)
more succinctly than uncommon symbols into a strategy for variable-length codes:

Send commonly occurring symbols using shorter codes (fewer bits) and infre-
quently occurring symbols using longer codes (more bits).

We’d expect that, on the average, encoding the message with a variable-length code would
take fewer bits than the original fixed-length encoding. Of course, if the message were all
z’s the variable-length encoding would be longer, but our encoding scheme is designed to
optimize the expected case, not the worst case.

Here’s a simple example: suppose we had to design a system to send messages con-
taining 1000 6.02 grades of A, B, C'and D (MIT students rarely, if ever, get an Fin 6.02 Z).
Examining past messages, we find that each of the four grades occurs with the probabilities
shown in Figure 1-1.
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SECTION 1.1. FIXED-LENGTH VS. VARIABLE-LENGTH CODES 3

Grade | Probability | Fixed-length Code | Variable-length Code
A 1/3 00 10
B 142 01 0
C 1/12 10 110
D 1/12 11 111

Figure 1-1: Possible grades shown with probabilities, fixed- and variable-length encodings

With four possible choices for each grade, if we use the fixed-length encoding, we need
2 bits to encode a grade, for a total transmission length of 2000 bits when sending 1000
grades.

Fixed-length encoding for BCBAAB: 01 10 01 00 00 01 (12 bits)

With a fixed-length code, the size of the transmission doesn’t depend on the actual message
—sending 1000 grades always takes exactly 2000 bits.

Decoding a message sent with the fixed-length code is straightforward: take each pair
of message bits and look them up in the table above to determine the corresponding grade.
Note that it’s possible to determine, say, the 4ond grade without decoding any other of the
grades —just look at the 42" pair of bits.

Using the variable-length code, the number of bits needed for transmitting 1000 grades
depends on the grades.

Variable-length encoding for BCBAAB: 0110 010 10 0 (10 bits)

If the grades were all B, the transmission would take only 1000 bits; if they were all C’s

and D’s, the transmission would take 3000 bits. But we can use the grade probabilities

given in Figure 1-1 to compute the expected length of a transmission as
,——— e —

1000[(%)(2) o1 (%)(1) i (%)(3) 3 (%)(3)] - 1000[1%1 — 1666.7 bits

So, on the average, using the variable-length code would shorten the transmission of 1000
grades by 333 bits, a savings of about 17%. Note that to determine, say, the 42"¢ grade we
would need to first decode the first 41 grades to determine where in the encoded message
the 42"¢ grade appears.

Using variable-length codes looks like a good approach if we want to send fewer bits
but preserve all the information in the original message. On the downside, we give up
the ability to access an arbitrary message symbol without first decoding the message up to
that point.

One obvious question to ask about a particular variable-length code: is it the best en-
coding possible? Might there be a different variable-length code that could do a better job,

i.e., produce even shorter messages on the average? How short can the messages be on the
average?
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B 1.2 How Much Compression Is Possible?

Ideally we’d like to design our compression algorithm to produce as few bits as possi-
ble: just enough bits to represent the information in the message, but no more. How do
we measure the information content of a message? Claude Shannon proposed that we de-
fine information as a mathematical quantity expressing the probability of occurrence of a
particular sequence of symbols as contrasted with that of alternative sequences.

Suppose that we're faced with NV equally probable choices and we receive information
that narrows it down to M choices. Shannon offered the following formula for the infor-
mation received:

log, (N/M) bits of information (1.1)

Information is measured in bits, which you can interpret as the number of binary digits
required to encode the choice(s). Some examples:

one flip of a fair coin
Before the flip, there are two equally probable choices: heads or tails. After the flip,
we've narrowed it down to one choice. Amount of information = log,(2/1) = 1bit.

roll of two dice
Each die has six faces, so in the roll of two dice there are 36 possible combinations for
the outcome. Amount of information = log,(36/1) = 5.2 bits.

learning that a randomly-chosen decimal digit is even
There are ten decimal digits; five of them are even (0, 2, 4, 6, 8). Amount of informa-
tion = log,(10/5) = 1 bit.

learning that a randomly-chosen decimal digit > 5

Five of the ten decimal digits are greater than or equal to 5. Amount of information
= log,(10/5) = 1bit.

learning that a randomly-chosen decimal digit is a multiple of 3
Four of the ten decimal digits are multiples of 3 (0, 3, 6, 9). Amount of information =

logy(10/4) = 1.322 bits. .
= Med fo sfv,%r 4{7(06655

learning that a randomly-chosen decimal digit is eve&\, > 5and a mu eof3
Only one of the decimal digits, 6, meets all three criteria. Amount of information
= logy(10/1) = 3.322 bits. Note that this is same as the sum of the previous three
examples: information is cumulative if there’s no redundancy.

We can generalize equation (1.1) to deal with circumstances when the N choices are not
equally probable. Let p; be the probability that the i** choice occurs. Then the amount of
information received when learning of choice 7 is

Information from i choice = log,(1/p;) bits (1.2)

More information is received when learning of an unlikely choice (small p;) than learning

of a likely choice (large p;). This jibes with our intuition about compression developed

in §1.1: commonly occurring symbols have a higher p; and thus convey less information,
A‘—-_-_-__—-l—._
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so we'll use fewer bits when encoding such symbols. Similarly, infrequently occurring
symbols have a lower p; and thus convey more information, so we’ll use more bits when
encoding such symbols. This exactly matches our goal of matching the size of the trans-
mitted data to the information content of the message.

We can use equation (1.2) to compute the information content when learning of a choice
by computing the weighted average of the information received for each particular choice:

Information content in a choice Z piflogs (1/p;) (1.3)

This quantity is referred to as the information entropy ot Shannon’s entropy and is a lower
bound on the amount of information which must be sent, on the average, when transmit-
ting data about a particular choice.

What happens if we violate thls(ower boun i.e., we send fewer bits on the average
than called for by equation (1.3)? In € the receiver will not have sufficient informa-
tion and there will be some remaining ambiguity — exactly what ambiguity depends on the
encoding, but in order to construct a code of fewer than the required number of bits, some
of the choices must have been mapped into the same encoding. Thus, when the recipient
receives one of the overloaded encodings, it doesn’t have enough information to tell which
of the choices actually occurred.

Equation (1.3) answers our question about how much compression is possible by giving
us a lower bound on the number of bits that must be sent to resolve all ambiguities at the
recipient. Reprising the example from Figure 1-1, we can update the figure using equation
(1.2):

Grade | p; | loga(1/p;)
A | 1/3 | 158 bits

B | 1/2 | 1bit
C | 1/12 | 358bits
D | 1/12 | 3.58bits

Figure 1-2: Possible grades shown with probabilities and information content

Using equation (1.3) we can compute the information content when learning of a particular

grade: \
wﬂm& AW

Zp, 10g2 )(1 58) + (= 2)(1) + 112)(3.58) . (1—12)(3.58) — 1.626 bits

So encoding a sequence of 1000 grades requires transmitting 1626 bits on the average. The
variable-length code given in Figure 1-1 encodes 1000 grades using 1667 bits on the aver-
age, and so doesn’t achieve the maximum possible compression. It turns out the example
code does as well as possible when encoding one grade at a time. To get closer to the lower
bound, we would need to encode\ggg&gggrades — more on this below.

Finding a “good” code — one where the length of the encoded message matches the

information content - is challenging and one o has to thi tside the box. For ex-
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ample, consider transmitting the results of 1000 flips of an unfair coin where probability
of heads is given by py. The information content in an unfair coin flip can be computed
using equation (1.3):

prlogy(1/pu) + (1 — pu)logs(1/(1 — p))

For py = 0.999, this evaluates to .0114. Can you think of a way to encode 1000 unfair coin
flips using, on the average, just 11.4 bits? The recipient of the encoded message must be
able to tell for each of the 1000 flips which were heads and which were tails. Hint: with a
budget of just 11 bits, one obviously can’t encode each flip separately!

One final observation: effective codes leverage the context in which the encoded mes-
sage is being sent. For example, if the recipient is expecting to receive a Shakespeare son-
net, then it’s possible to encode the message using just 8 bits if one knows that there are
only 154 Shakespeare sonnets.

B 1.3 Huffman Codes

Let’s turn our attention to developing an efficient encoding given a list of symbols to be
transmitted and their probabilities of occurrence in the messages to be encoded. We'll use
what we’ve learned above: more likely symbols should have short encodings, less likely
symbols should have longer encodings.

If we diagram the variable-length code of Figure 1-1 as a binary tree, we’ll get some
insight into how the encoding algorithm should work: R

Figure 1-3: Variable-length code from Figure 1-1 diagrammed as binary tree

To encode a symbol using the tree, start at the root (the topmost node) and traverse the
tree until you reach the symbol to be encoded — the encoding is the concatenation of the
branch labels in the order the branches were visited. So B is encoded as 0, C is encoded as
110, and so on. Decoding reverses the process: use the bits from encoded message to guide
a traversal of the tree starting at the root, consuming one bit each time a branch decision
is required; when a symbol is reached at a leaf of the tree, that’s next decoded message
symbol. This process is repeated until all the encoded message bits have been consumed.
S0 111100 is decoded as: 111 — D, 10 — A, 0 — B.

Looking at the tree, we see that the most-probable symbols (e.g., B) are near the root of
the tree and so have short encodings, while less-probable symbols (e.g., C or D) are further
down and so have longer encodings. David Huffman used this observation to devise an
algorithm for building the decoding tree for an Mf variable-length code while writing

(I ety flofeb)
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a term paper for a graduate course here at M.I.T. The codes are optimal in the sense that
there are no other variable-length codes that produce, on the average, shorter encoded
messages. Note there are many equivalent optimal codes: the 0/1 labels on any pair of
branches can be reversed, giving a different encoding that has the same expected length.
Huffman’s m51ght was the build the decoding tree bottom up starting with the least-

probable symbols. Here are the steps involved, along with a worked example based on the
ng‘m’ Wb variable-length code in Figure 1-1:
g Pﬂc 1. Create a set S of tuples, each tuple consists of a message symbol and its associated

probability.
Example: S + {(0.333, A4), (0.5, B), (0.083,C), (0.083, D)}

2. Remove from S the two tuples with the smallest probabilities, resolving ties arbitrar-
ily. Combine the two symbols from the tuples to form a new tuple (representing an
interior node of the decoding tree) and compute its associated probability by sum-
ming the two probabilities from the tuples. Add this new tuple to S.

Example: 5 + {(0.333,4), (0.5,B),(0.167,C A D)} (] 7]

3. Repeat step 2 until S contains only a single tuple representing the root of the decod-
ing tree.
Example, iteration 2: S + {(0.5, B), (0.5,AA (C A D))}
Example, iteration 3: S < {(1.0,BA (AA(C A D)))}

Voila! The result is the binary tree representing an optimal variable-length code for the
given symbols and probabilities. As you'll see in the Exercises the trees aren’t always “tall
and thin” with the left branch leading to a leaf; it’s quite common for the trees to be much
“bushier” ~,n (ta T ! }“Jﬂ?

With Huffman’s algorithm in hand,'we can explore more complicated variable-length
codes where we consider encoding pairs of symbols, triples of symbols, quads of symbols,
etc. Here’s a tabulation of the results using the grades example:

Size of Number of | Expected length
grouping | leaves in tree | for 1000 grades

1 4 1667
2 16 1646
3 64 1637
4

256 1633 A~ Ccqn g b@f/@f

Figure 1-4: Results from encoding more than one grade at a tlme

t@ adts  Cdadom
We see that we can approach the Shannon lower bound of 1626 b1ts or 1000 grades by

encoding grades in larger groups at a time, but at a cost of a more complex encoding and
decoding process.

We conclude with some observations about Huffman codes:

e Given static symbol probabilities, the Huffman algorithm creates an optimal encod-
ing when each symbol is encoded separately. We can group symbols into larger meta-
symbols and encode those instead, usually with some gain in compression but at a
cost of increased encoding and decoding complexity.
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¢ Huffman codes have the biggest impact on the average length of the encoded mes-

sage when some symbols are subsjgr&allw probable than other symbols.

e Using a priori symbol probabilities (e.g., the frequency of letters in English when

encoding English text) is convenient, but, in practice, symbol probabilities change
message-to-message, or even within a single message.

The last observation suggests it would be nice to create an adaptive variable-length encod-
ing that takes into account the actual content of the message.'\’l"h—iETs the subject of the next

lecture.

b ekt sud aloy ey /g

Exercises

Solutions to these exercises can be found in the tutorial problems for this lecture.

1.

. The following table shiows

Huffman coding is used to compactly encode the species of fish tagged by a game
warden. If 50% of the fish are bass and the rest are evenly divided among 15 other
species, how many bits would be used to encode the species when a bass is tagged?

. Several people at a party are trying to guess a 3-bit binary number. Alice is told that

the number is odd; Bob is told that it is not a multiple of 3 (i.e., not 0, 3, or 6); Charlie
is told that the number contains exactly two 1’s; and Deb is given all three of these
clues. How much information (in bits) did each player get about the number?

X is an unknown 8-bit binary number. You are given another 8-bit binary number, Y,
and told that the Hamming distance between X (the unknown number) and Y (the
number you know) is one. How many bits of information about X have you been
given?

In Blackjack the dealer starts by dealing 2 cards each to himself and his opponent:
one face down, one face up. After you look at your face-down card, you know a total
of three cards. Assuming this was the first hand played from a new deck, how many
bits of information do you have about the dealer’s face down card after having seen

three cards? 70
0-0@'1/ ({%9‘1 € pososible (emalm‘l ol 61-3 =Y¢

e undergraduate and MEng enrollments for the School
of Engineering.

Course (Department) | # of students | % of total
I (Civil & Env.) 121 7%
IT (Mech. Eng.) 389 23%
III (Mat. Sci.) 127 7%
VI (EECS) 645 38%
X (Chem. Eng.) 237 13%
XVI (Aero & Astro) 198 12%
Total 71X 100%
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(a) When you learn a randomly chosen engineering student’s department you get
some number of bits of information. For which student department do you get
the least amount of information?

(b) Design a variable length Huffman code that minimizes the average number of
bits in messages encoding the departments of randomly chosen groups of stu-
dents. Show your Huffman tree and give the code for each course.

(c) If your code is used to send messages containing only the encodings of the de-
partments for each student in groups of 100 randomly chosen students, what’s
the average length of such messages?

6. You're playing an on-line card game that uses a deck of 100 cards containing 3 Aces,
7 Kings, 25 Queens, 31 Jacks and 34 Tens. In each round of the game the cards are
shuffled, you make a bet about what type of card will be drawn, then a single card
is drawn and the winners are paid off. The drawn card is reinserted into the deck
before the next round begins.

(a) How much information do you receive when told that a Queen has been drawn
during the current round?

(b) Give a numeric expression for the information content received when learning
about the outcome of a round.

(c) Construct a variable-length Huffman encoding that minimizes the length of
messages that report the outcome of a sequence of rounds. The outcome of a
single round is encoded as A (ace), K (king), Q (queen), ] (jack) or X (ten). Spec-
ify your encoding for each of A, K, Q, ] and X.

(d) Using your code from part (c) what is the expected length of a message report-
ing the outcome of 1000 rounds (i.e., a message that contains 1000 symbols)?

(e) The Nevada Gaming Commission regularly receives messages in which the out-
come for each round is encoded using the symbols A, K, @, J, and X. They dis-
cover that a large number of messages describing the outcome of 1000 rounds
(i.e., messages with 1000 symbols) can be compressed by the LZW algorithm
into files each containing 43 bytes in total. They decide to issue an indictment
for running a crooked game. Why did the Commission issue the indictment?

7. Consider messages made up entirely of vowels (A, £, 1,0, U). Here's a table of prob-
abilities for each of the vowels:

! pe | loga(1/pi) | pulogs(1/pi)
A 0.22 2.18 0.48
E 0.34 1.55 0.53
I 0.17 257 0.43
@] 0.19 2.40 0.46
U 0.08 3.64 0.29
Totals | 1.00 12.34 2.19

(a) Give an expression for the number of bits of information you receive when
learning that a particular vowel is either J or U.



10 CHAPTER 1. ENCODING INFORMATION

(b) Using Huffman’s algorithm, construct a variable-length code assuming that
each vowel is encoded individually. Please draw a diagram of the Huffman
tree and give the encoding for each of the vowels.

(c) Using your code from part (B) above, give an expression for the expected length
in bits of an encoded message transmitting 100 vowels.

(d) Ben Bitdiddle spends all night working on a more complicated encoding algo-
rithm and sends you email claiming that using his code the expected length in
bits of an encoded message transmitting 100 vowels is 197 bits. Would you pay
good money for his implementation?
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To save your work, click the SAVE button at the bottom of this page. You can revisit this
page, revise your answers and SAVE as often as you like.

To submit the assignment, click the SUBMIT button at the bottom of this page. YOU
CAN SUBMIT ONLY ONCE. Once the assignment has been submitted, you can continue
to view this page but will no longer be able to make any changes to your answers.

6.02 Spring 2011: Plasmeier,Michael E.

PSet PS1

Dates & Deadlines

issued: Jan-29-2011 at 00:00
due: Feb-10-2011 at 06:00 (Feb-15-2011 at 06:00 with extension)
checkoff due: Feb-15-2011 at 06:00

Help is available from the staff in the 6.02 lab (38-530) during lab hours -- for the staffing
schedule please see the Lab Hours page on the course website. You can also try an email to
6.02-help@mit.edu, although it's hard to debug code by trading emails!

Problem 1. Quickies (3 points)

2/3 A. Irandomly select a letter from the 26-letter alphabet and tell you that my letter is not
X, Y, or Z. How much information have I told you about my letter? Give the number of
e bits to 3 decimal places. Note that you can use Python to calculate the log base 2 of an
& _ argument x: math.log(x,2).
e
2
e 79 clan C!;{pl’tq = At 0lduced
e Q 13) (P mainn
S, | Wi9(23%2) = leal (.67
I 1) B

N ' o |
(points: 1) _H//’—:——*) ((*05 [%]

—

B. You are trying to guess a card picked at random from a standard 52-card deck. Sam
tells you the card is a spade; Nera-tells-you it's not ap ace: Rita tells you its a seven.
What is the total amount of information about the card given by Sam, Nora, and Rita?
Give the number of bits to 3 decimal places.

/ot spades

Oxact cod  fom §)
&
{ ’(fom 5"2 i zpﬂ 652/ Z) ! 700

1of18 2/2/2011 10:20 PM
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https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi?_assignme...

(points: 1)

C. You need to send a message listing the flip-by-flip results of 1024 independent flips of
an unfair coin with p(heads) = 0.9 and p(tails) = 0.1. Based on the entropy of this
distribution, what is a lower bound on the number of bits the message must contain?

Please round up to the nearest integer. Note that there may not necessarily be an
encoding that achieves this lower bound.

i nates
G logr [ %) A Los ()
~ Med 0
Gois (140 747 £ ol do 8‘”“10""5”

Problem 2. (2 points)

Consider the five 6-leaf binary trees shown below, each of which diagrams a particular
Huffman code for message sequences composed from six symbols A, B, C, D, E, F . Each
symbol has an associated probability p(A), p(B), p(C), p(D), p(E), p(F).

Tree #1 Tree #2 Tree #3

2/2/2011 10:20 PM
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A. Which tree or trees are consistent with a Huffman code where p(A) > 0.5?
—_—

{ trl/e}:P '{emc
/ V y 7

(points: 1)

B. Which tree or trees are consistent with a Huffman code where all six of the
probabilities are equal?

Ancoem

bty fo gpad ok
ARt beot-

(points: 1)

Problem 3. (3 points)

The Hogwarts Registrar encodes the results of the O.W.L.s using the variable-length code
shown below, next to the table of showing the probability that a student will receive a

particular grade.
OW.L code
Grade p(Grade)
O - outstanding 0.10
E — exceeds expectations 0.15
A —acceptable 0.40
P - poor 0.21
D — dreadful 0.09
T —troll 0.05

A. Decode the following OWL-encoded message from the Registrar:

11_?_11 léft{lllﬂlalolll%_ll

‘(points: 0.5)

B. What is the number of bits of information received when learning that a particular
grade is passing (i.e., one of O, E, or A)? Please give your answer to three decimal

___3_ - ﬁ zpoys;fot‘f/”e)

o
30f18 e é 3 W e wfo 0n
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places.

)

(o T E
%/({IH Y = (éz/

(points: 0.5)

C. The Registrar is encoding a message containing 1000 O.W.L. grades.

1. What is the length in bits of the shortest and longest encoded messages that

miﬂbe produced? M ﬂ/ﬂ
et all fols 5l -

[angest

thoted 6l A Lolwg +
(points: 0.5) 1 P
£ n W ‘ /
2. What is the expected length of tthe enchtd message? 5%7(/\9 Hie 6;;‘)[(/5’ ]mul( 2
‘{ foﬂZ(:i)'}l,g'g%?/(%ﬁ') f{(( el _\]ﬂ'\av“w

(points: 0.5)

D. Consider the optimal Huffman code for encoding O.W.L. grades (which may or may
not be the one shown above). For each grade, give the length of its encoding in the
optimal Huffman code. For example, if the encoding for P was "10", you'd give 2 as the

length of its encoding. (-3__121‘__07@ %\ i

So—ert—edhe W‘:"g = h B
6‘/é\l (/\ N
(points: 1) E P O Ua/\‘r

“&

Bk

10 l\/}]
T
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Python Task 1: Creating Huffman codes (8 points)

Useful download links: (CM C["ﬂﬂ[\ (’1( E)ﬂﬂ’@f

(/5 P%l:;esc‘;j.(p}j -- test jigs for this assignment + Gls_ . ,l n 2})9% i (l 09/7 ‘05) .-(i{

40f18 2\ 37 mﬂ' much %{’/H”!' -ZZLZS(; 2/2/2011 10:20 PM
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PS1_1.py -- template file for this task % é

The process of creating a variable-length code starts with a list of message symbols and their
probabilities of occurrence. As described in the lecture notes, our goal is to encode more
mable symbols with shorter binary sequences, and less probable symbols with longer
binary sequences. The Huffman algorithm builds the binary tree representing the variable-
length code from the bottom up, starting with the least probable symbols.

of bulling one

: \ )
Please complete the implementation of a I‘)"}ﬁﬁon lflfl&ﬁgn to build a Hdffman code from a list
of probabilities and symbols:

(encoding_dictionary, tree) = huffman(plist) ‘J
Given plist, a sequence of tuples (prob, symbol), use the Huffman algorithm to
build the binary tree representing an optimal variable-length code for messages
consisting of the listed symbols. Use instances of the Tree class to represent leaves and
interior nodes of the tree. '

After the tree has been constructed, perform a recursive walk of the tree to build an

encoding dictionary that maps symbols to their corresponding Huffman code.
h\__._——-——-\_—__._

Return a tuple containing the encoding dictionary and a Tree instance representing the
root of the binary tree.

The template includes code for the Tree class and a start at the huffman function. You
should complete the definition of the function by repeatedly processing the list of Tree
instances, t1list, until tlist contains only a single instance -- the root of the Huffman tree.
On each pass, remove the two TQ?cinDstances that have the smallest probability, construct a
&leﬂ(ﬂ new Tree Instance representing an interior node of the tree with the two instances as its
[ﬂfl children, computing the appropriate probability for the interior node, and add this new
y

instance back into t1ist. 5/% /Lt /Cdcl‘

(
The Python module heapq implements a pr_igr_ithe that is particularly 77
efficient at letting you repeatedly select the minimum element of the list. A heap queue is a
list whose elements are organized so that removing the minjmimum element is fast, taking
constant time independent of the size of the list. Adding a new element takes an amount of
time that is logarithmic in the size of the list.

—

heapg.heapify(list) can be called to reorganize the elements of 1ist so that they
(\e{ & J(9 form a heap queue. Just the order of the elements is changed, the list is still a list after

the call to heapify.
[NJ-"(’ M\_ € Call 10 heapify

Va‘;dﬂ]e e heapq.heappop (1ist) removes the minimum element from 1ist and returns it.
5
-~
h .h hidist, adds item to the 1ist.
eapqg.heappush(list, item) xl em is ( dfl(-_( [@w/,‘s

The heap queue operations use the "<" operator to compare list elements, so we've defined ,648'1[7
how "<" works on Tree instances by addinga 1t method to the Tree class. @B‘@l fo (64(/

2/3 ] inall flol-
r o now or J math dig.ﬂog,ft‘c [st Code)
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PS1 1.py is the template file for this problem:

# template file for PS1, Python Task 1
import heapg
import PS1 tests

# an object representing a node in a Huffman tree.
class Tree:
def init (self,p,left,right=None):

self.p = p # probability associated with node
self.left = left # left child (any Python value if leaf)
self.right = right # right child (None if leaf) :
# depth ensures the algorithm prefers to combine shallow E ;
# trees when selected items of equal probability 6—309({ lﬁ/ ﬁfﬁ’[@/
self.depth = 1 if right is None \ e

else 1 + max(self.left.depth,self.right.depth) Gdbés

compare two tree nodes, sorting first by probability then
by depth of tree. This is the low-level function called
by min or the less-than operator when the arguments are
instances of Tree.
def 1t (self,other):

= (bt

M ¥ S 9

return self.p < other.p or(\ afreri
{(self.p == other.p and self.depth < other.depth)

# return True if this instance is a leaf of the tree
def isLeaf(self):
return self.depth ==

# recursive procedure to construct encoding dictionary
# by walking the tree to find all the leaf nodes.
def walk(self,encode dict,prefix): IR
if self.isLeaf():
encode_dict[self.left] = prefix
else:

\
self.left.walk(encode dict,prefix+[0]) SIM‘)ZQ aﬂA
self.right.walk(encode dict,prefix+[1]) (}ZC (6‘/t

Vil

# arguments:

# plist -- sequence of (probability,object) tuples

# return:

# (dict,tree) where

# dict is a dictionary mapping object -> binary encoding
# tree is the Huffman tree built by the algorithm.

def huffman(plist):
# initialize set of tree nodes as leaves of the tree

tlist = [Tree(p,obj) for p,obj in plist] e‘@dpﬁ objeq[ (l& q ]L
; ee

# Build Huffman tree by processing tlist until there is only a
# single tree object left in the list (ie, the root of the

# Huffman tree). Consider using the heapg module. You can

# make a new node in the Huffman tree by calling

# Tree(probability,left child,right_child).

60f18 . 2/2/2011 10:20 PM



6.02 Spring 2011: PS1

if name == ' main :

............
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# trwxdan YOUR CODE HERFE;... *¥kiss

# walk the Huffman tree, adding an entry to the encoding
# dictionary each time we find a leaf

root = tlist[0]

encoding dict = {}

root.walk(encoding dict, [])

# return (encoding dictionary,huffman tree)
return (encoding dict, root)

1 T

# test case 1: four symbols with equal probability
PS1 tests.test huffman (huffman,
# symbol probabilities
((0.25,"A"), (0.25,"B"), (0.25,7C"),
(0..25,'D"}),
# expected encoding lengths
((2,'A"), (2,'B"}, (2,'C"),(2,'D"')))

# test case 2: example from section 22.3 in notes
PS1_tests.test huffman (huffman,
# symbol probabilities
({034, 'A' ) ; {05 "B' ), {0:08;C%)y
(0.08,'D")},
# expected encoding lengths
((2,'2"),(1,'B"), (3,'C"), (3,'D")))

# test case 3: example from Exercise 5 in notes
PS1 tests.test huffman (huffman,
# symbol probabilities
({0.07,"1"}),{0.23,"I1"),40.07,"TIT*),
(0.38, "VI" ), 00,13 1 X" ) 2t 0LE20 BRI )
# expected encoding lengths
{04 T ) (3500 ) (i DL )
(L,'VI'), (3,'K"),(3,'XVI'})))

# test case 4: 3 flips of unfair coin
phead = 0.9

plist = []
for £lipl din ("H",.'T"):
pl = phead if flipl == 'H' else l-phead
for flip2 in ('H','T"):
p2 = phead if flip2 == 'H' else l-phead
for £1ip3 4an ("H Y, T ).
p3 = phead if flip3 == 'H' else l-phead

plist.append{(pl*p2*p3, flipl+flip2+flip3))
expected _sizes = ( (1, 'HHH'"), (3, 'HTH'), (5,'TTT"))
PSl_tests.test_huffman(huffman,plist,expected_sizes)

The testing code in the template runs your code through several test cases. You should see
something like the following print-out (your encodings may be slightly different, although the
length of the encoding for each of the symbols should match that shown below):

7of18
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Huffman encoding:

B = 00
D = 01
A =10
c =11

Expected length of encoding a choice = 2.00 bits
Information content in a choice = 2.00 bits
Huffman encoding:

A =00
D = 010
C = 011
B =1

Expected length of encoding a choice = 1.66 bits
Information content in a choice = 1.61 bits
Huffman encoding:

IT = 000

I = 0010
ITT = 0011
X = 010
XVI = 011
Vi =1

Expected length of encoding a choice = 2.38 bits
Information content in a choice = 2.30 bits
Huffman encoding:

HHH = 0

HHT = 100
HTH = 101
THH = 110
HTT = 11100
THT = 11101
TTH = 11110
TTT = 11111

Expected length of encoding a choice = 1.60 bits
Information content in a choice = 1.41 bits

When you're ready, please submit the file with your code using the field below.
/

File to upload for Task 1: ~ Browse... /

Python Task 2: Decoding Huffman-encoded messages (8 points)
Useful download links:
PS1_2.py -- template file for this task

Encoding a message is a one-liner using the encoding dictionary returned by the huffman
routine -- just use the dictionary to map each symbol in the message to its binary encoding
and then concatenate the individual encodings to get the encoded message:

— h‘ '
€, Simle (ode
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def encode (encoding dict,message): Lffcébf dic£.

return numpy.concatenate([encoding dict[ob]j]
for obj in message])

Decoding uses the Huffman tree, also returned by the huffman routine: use the bits from the
encoded message to guide a traversal of the tree starting at the root, consuming one bit each
time a branch decision is required. When the traversal reaches a leaf of the tree, that's the
next decoded message symbol. This process is repeated until all the encoded message bits
have been consumed.

il

Please write a Python function to %)d/e’an encoded message using the supplied Huffman
tree:

decoded message = decode (huffman tree,encoded message)
encoded message is a numpy arrary of binary values, as returned by the encode , M
function shown above. huffman_tree is a Tree instance representing the root of the ( e
binary Huffman tree. For non-leaf nodes in the t tree, the instance slots 1eft and right WVq ’IN"
access the two descendents of the node.

The isLeaf () method can be called to determine if a Tree instance represents a leaf
of the Huffman tree, in which case the 1eft instance slot holds the value of the leaf
symbol.

Return the sequence of symbols representing the decoded message.

PS1_2.py is the template file for this problem:

# template file for PS1, Python Task 2
import numpy, random

import PS1 tests

from PS1 1 import huffman ~

Uots pf’Eu:'OfS anguel f \ifw CWy

# arguments: E 9T

# encoded message -- numpy array of 0's and 1's \ § {qhBWT

# huffman_tree -- instance of Tree, root of Huffman tree \ Pt

# return: f(M{(\{ ﬂm{
# sequence of decoded symbols ©q

def decode (huffman tree,encoded message) : g A\

result = [] \

W‘MLwM ‘”Mm Qf

i\ l&ng ']’(
%D fﬂﬂuﬂq i

90of 18

: # Use successive bits from encoded message to guide
tﬂ? # traversal of huffman tree until a leaf is reached. ; P(ocgéjqb(f—
# The value of the left slot will be the next symbol
# to be appended to result. Repeat until all the (kLU(QB/Q/
# bits of encoded message have been consumed.

e

your code here...

hot fo do Tale < Jm"/‘wi\}

Tfee o

5./&) {//\0{(0/1,5 4 Cluc 95‘4& E-ga[l, hﬂ l\f
C [Aﬂch W\wu\ Wy (\C [e«cf aeomm {hat
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# return the result sequence
return result

if name == ' main_':

# start by building Huffman tree from probabilities
plist = ((0.34,'A"), (0.5,'B"), (0.08,'C"'),(0.08,'D"))
cdict,tree = huffman(plist)

# test case 1: decode a simple message
message = [TAlp=LBlaBtor S ornry
encoded_message = PS1 tests.encode (cdict,message]
decoded message = decode (tree,encoded message)
assert message == decoded message, \
"Decoding failed: expected %s, got %s" % \
(message, decoded message)

# test case 2: construct a random message and encode it
message = [random.choice('ABCD') for i in xrange (100)]
encoded_message = PS1_tests.encode(cdict,message)
decoded message = decode (tree, encoded message)
assert message == decoded message, \
"Decoding failed: expected %s, got %s" % \
(message, decoded message)

l

print "Tests passed!”

When you're ready, please submit the file with your code using the field below.

File to upload for Task 2: Browse... \/

Python Task 3: Huffman codes in use: fax transmissions (6 points)

Useful download links:

PS1_3.py -- Python file for this task
PS1_fax_image.png -- fax image

A fax machine scans the page to be transmitted, producing row after row of pixels. Here's
what our test text image looks like:
/

10 of 18
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Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Etiam aliquet.
Proin dapibus, lorem id interdum interdum, libero erat consequat risus,
et vehicula eros lacus non nibh. Fusce suscipit, ipsum in porttitor
tempor, odio purus tempor libero, vehicula feugiat nisl tellus eu ante.
Maecenas euismod placerat lectus. Duis quis guam eu elit pellentesque
varius. Etiam non pede a arcu euismod tempor. Etiam tincidunt egestas
nunc. Fusce auctor semper tortor. Morbi dolor diam, condimentum id,
volutpat a, sagittis a, sem. Praesent ac pede ac nisl aliguam varius.
Yivamus lacinia, magna ut bibendum interdum, ligula eros posuere nisl,
at eleifend sapien dui vel enim. Maecenas vitae pede. Praesent
vestibulum elit.

Maecenas justo nisi, ullamcorper id, congue ac, convallis eget,
purus. Fusce vel augue ac velit faucibus fringilla. Nulla quis purus
sed urna cursus euismod. Nullam in leo. Sed aliquet nisi sit amet
lectus. Phasellus blandit accumsan libero. Morbi eros augue, lacreet
ut, blandit non, malesuada quis, purus. Morbi et elit eget elit
consectetuer pretium. Nullam gravida sem vel urna. Fusce lacinia
yvenenatis felis. Quisque tortor lorem, porttitor non, consequat eu,
consequat et, massa.

Vestibulum nisl nisi, ultricies et, volutpat sit amet, tincidunt ac, diam.
Nam vel dolor. Praesent ante neque, tincidunt eu, adipiscing eget,
blandit ac, lacus. Nulla facilisi. In commodo semper mi. Aliquam erat
volutpat. Aenean consectetuer arcu a arcu. Proin aliquet odio ut nunc.
Phasellus vel sem. Nullam nec libero.

Instead of sending 1 bit per pixel, we can do a lot better if we think about transmitting the
image in chunks, observing that in each chunk we have alternating runs of white and black
pixels. What's your sense of the distribution of run lengths, for example when we afrange the
pixels in one long linear array? Does it differ between white and black runs?

l\a/? ot (ﬂ‘t/f‘“‘[ xef

Perhaps we can compress the image by using run-length encoding, where we send the
lengths of the alternating white and black mnsmmg"ﬁle pixel pattern directly.
For example, consider the following representation of a 4x7 bit image (1=white, O=black):

1100111
1 1 4 0 0.4 1
1111001
i A NS A Al Il L

Oh tltendte b,

This bit image can be represented as a sequence of run lengths: [2,2,6,2,6,2,8]. If the receiver
knows that runs alternate between white and black (with the first run being white) and that
the width of the image is 7, it can easily reconstruct the original bit pattern.

It's not clear that it would take fewer bits to transmit the run lengths than to transmit the
original image pixel-by-pixel -- that'll depend on how clever we are when we encode the

lengths! If all run lengths are equally probable then a fixed-length encoding for the lengths
(e.g., using 8 bits to transmit Wen 0 and 255) is the best we can do. But if some
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run length values are more probable than others, we can use a variable-length Huffman code

to send the sequence of run lengths using fewer bits than can be achieved with a fixed-length
code.

'y

PS1_3.py runs several encoding experiments, trying different approaches to using Huffman
encoding to get fhe greatest amount of compression. As is often the case with developing a
compression scheme, one needs to experiment in order to gain the necessary insights about
the most compressible representation of the message (in this case the text image).

Please run PS1_3.py, look at the output it generates, and then tackle the questions below.
Here are the alternative encodings we'll explore: Q/(l
. 4 '- N b

(il |

Baseline 0 -- Transmit the b/w pixels as individual bits { 0% ?

The raw image contains 250,000 black/white pixels (0 = black, 1 = white). We could P / b
obviously transmit the image using 250,000 bits, so this is the baseline against which

we can measure the performance of all other encodings. o ﬂ {3 0 'Ic
Baseline 1 -- Encode run lengths with fixed-length code MU {'0
To explore run-length encoding, we've represented the image as a sequence of 3 50

alternating white and black runs, with a maximum run size of 255. If a particular run is
longer than 255, the conversion process outputs a run of length 255, followed by a run
of length 0 of the opposite color, and then works on encoding the remainder of the run.
Since each run length can be encoded in 8 bits, the total size of the fixed-length
encoding is 8 times the number of runs.

Baseline 2 -- Lempel-Ziv compressed PNG file
The original image is stored in a PNG-format file. PNG offers lossless compression
based on the Lempel-Ziv algorithm for adaptive variable-length encoding described in
section 22.4. We'd expect this baseline to be very good since adaptive variable-length
coding is one of the most widely-used compression techniques.

Experiment 1 -- Huffman-encoding runs
As a first compression experiment, try using encoding run lengths using a Huffman
code based on the probability of each possible run length. The experiment prints the 10
most-probable run lengths and their probabilities.

Experiment 2 -- Huffman-encoding runs by color
In this experiment, we try using separate Huffman codes for white runs and black runs.
The experiment prints the 10 most-probable run lengths of each color.

Experiment 3 -- Huffman-encoding run pairs
Compression is always improved if you can take advantage of patterns in the message.
In our run-length encoded image, the simplest pattern is a white run of some length (the
space between characters) followed by a short black run (the black pixels of one row
of the character).

Experiment 4 -- Huffman-encoding 4x4 image blocks

2/2/2011 10:20 PM
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In this experiment, the image is split into 4x4 pixel blocks and the sixteen pixels in each
block are taken to be a 16-bit binary number (i.e., a number in the range 0x0000 to
0xFFFF). A Huffman code is used to encode the sequence of 16-bit values. This
encoding considers the two-dimensional nature of the image, rather than thinking of all
the pixels as a linear array.

https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi? assignme...

The questions below will ask you analyze the results. In each of the experiments, look closely
at the top 10 symbols and their probabilities. When you see a small number of symbols that
account for most of the message (i.e., their probabilities are high), that's when you'd expect to
get good compression from a Huffman code.

Here's the code for PS1_3.py:

# file for PS1, Python Task 3
import matplotlib.pyplot as p
import numpy, os
import PS1 tests
from PS1_1 import huffman
from PS1 2 import decode
if name_ == "' main_ ':
# read in the image, convert into vector of pixels
img = p.imread('PS1 fax image.png')
nrows,ncols,pixels = PSl tests.img2pixels{img)

convert the image into a sequence of alternating
white and black runs, with a maximum run length
of 255 (longer runs are converted into multiple
runs of 255 followed by a run of 0 of the other
color). So each element of the list is a number
between 0 and 255.

runs = PS1 tests.pixelsZruns(pixels,maxrun=255)

o M e W s

# now print out number of bits for pixel-by-pixel

# encoding and fixed-length encoding for runs

print "Baseline 0:"

print " Dbits to encode pixels:",pixels.size

print "\nBaseline 1:"

print " total number of runs:",runs.size

print " bits to encode runs with fixed-length code:",\
8*runs.size

print "\nBzseline 2:"

print " Dbits in Lempel-Ziv compressed PNG file:",\
os.stat ('PS1_fax image.png').st size*8

# Start by computing the probability of each run length

# by simply counting how many of each run length we have

plist = PS1_tests.histogram(runs)

# Experiment 1: Huffman-encoding run lengths

2/2/2011 10:20 PM
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cdict,tree = huffman(plist)

encoded_runs = numpy.concatenate {[cdict [r] for r in runs])
print "\nExperiment 1:"
print " bits when Huffman-encoding runs:",\
len{encoded runs)
print " Top 10 run lengths [probability]:"
for i in xrange(10):
print " R [ %3028 idalpl st [ 3] (1] splasst:iid [ 00:)

# Experiment 2: Huffman-encoding white runs, black runs

plist _white = PS1_tests.histogram(runs[0::2])

cwhite, tree white = huffman(plist white)

plist black = PS1 tests.histogram({runs[l::2])

cblack,tree black = huffman(plist_black)

encoded runs = numpy.concatenate
[cwhite[runs{i]] if (i & 1) =
for i in xrange(len(runs))])

print "\nExperiment 2:"

= 0 else cblackiruns[i]]

print " bits when Huffman-enceding runs by color:",\
len(encoded_runs)

print " Top 10 white run lengths [probability]:"
for i in xrange(10):

print " %d [%3.2f]1" % (plist white[i][1],

plist white([i] [0])

print " Top 10 black run lengths {[probability]:"
for i in xrange{10):

print " $d [%3.2L1"s% . (plist Black[i][1],

plist black([i] [0])

# Experiment 3: Huffman-encoding run pairs
# where each pair is (white run,black run)
pairs = [{runs{i],runs[i+1l]) for i in xrange(0,len{runs),2)]
plist pairs = PS1 tests.histogram(pairs)
cpair,tree pair = huffman(plist_pairs)
encoded_pairs = numpy.concatenate{[cpair(pair]
for pair in pairsi])

"

print "\nExperiment 3:

print " bits when Huffman-encoding run pairs:",\
len (encoded pairs)
print " Top 10 run-length pairs [probability]:"
for i in xrange{10}:
print " $s [$3.2f]" % ({(striplist pairs[i]l[1]},

plist pairs[i][0])

# Experiment 4: Huffman-encoding 4x4 image blocks
blocks = PS1_tests.pixelsZblocks(pixels,nrows,ncols,4,4)
plist blocks = PS1 tests.histogram(blocks)

cblock,tree block = huffman(plist_blocks)

encoded blocks = numpy.concatenate([cblock[b] for b in blocks])

print "\nExperiment 4:"
print " bits when Huffman-encoding 4x4 image blocks:",\
len(encoded blocks)
print " Top 10 4x4 blocks [probability]:"
for i in xrange(10):
print " 0x%04x [%3.2£]" % (plist _blocks[i][1],
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plist blocks[i] [0])

# make sure we didn't goof somehow => display decoded image
decoded blcocks = decode(tree_block,encoded_blocks)
decoded pixels = PS1_tests.blocksZpixels(decoded blocks,

- nrows,ncols, 4,4)
decoded img = PS1_tests.pixels2img(decoded_pixels,nrows,ncols)
p.figure()
p.title('Image decoded from 4x4 encoded blocks')
p.imshow(decoded img)
p.show()

marn

The questions below include the results of running PS1_3.py using a particular
implementation of huffman. Your results should be similar.

A. Baseline 1:
total number of runs: 37712
bits to encode runs with fixed-length code: 301696

Since 301696 > 250000, using an 8-bit fixed-length code to encode the run lengths uses
more bitm the image pixel-by-pixel. What does this tell you about the
distribution of run length values? Hint: When tuns are longer than 8 bits, the fixed-
length encoding would béshorterthan the pixel-by-pixel encoding.

| [ /R
- avg Stiwy Leep [/ :

—plets

(points: 1) f e _ & {, é \
Vo des {0} S € x Dt
B. Experiment 1: : Luv
bits when Huffman-encoding runs: 111656 . Ldé/
Top 10 run lengths [probability]: 2‘;//
1 [0.39]

2 [0.19] {2/6
3; 10,121
4 [0.12]
5 [0.05]
7 [0.03]
6 [0.02]
8 [0.01]
0 [0.01]
255 [0.01]

How much compression did Huffman encoding achieve, expressed as the ratio of
unencoded size to encoded size (aka the compression ratio)? Briefly explain why the
Huff d ble to achi ion.

uffman code was able to achieve such good compression (v (0 "0 O(dg(

VA
s - 39% Wik <97
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[

(points: 1)

Briefly explain why the er?D

how (0 WlfJ/ Cos i

ability of zero-

probability of runs of length 255.

bils

ength runs is roughly equal to the

o wle

(points: 1)

C. Experiment 2:

—bd Jan't bge b, 1 Assarll,

bits when Huffman-encecding runs by color:
white run lengths [probability]:

Top
2

P o 0w s

8

Top
il

2
3
4
0
5
)
8
9
1

10

[0.
[0.
[0.
[0.
(0.
(0.
[0.
[0.
255 [0.02]
10 [0.02]

10

(0.
[O.
(0.
.03]
[O.
[O.
.01]
[O.
[O.
0 [0.00]

[0

[0

25]
20]
19]
08]
05]
05]
04]
02]

black run lengths [probability]:

73]
13]
07]

02]
01]

00]
00]

85357

Briefly explain why the compression ratio is better in Experiment 2 than in Experiment

% LVlW +e— lg {6 0 ul SE
e ”f%*‘”@““ fer (raitie pug
{'a“ﬂﬂ M(/vw’fc 1’@4— o bladk 6j ald
womsD habe blak Tl sare

aAs

old m,Le
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D. Experiment 3:
bits when Huffman-encoding run pairs: 873
Top 10 run-length pairs [probability]:
(2, 1) [0.20]
{4, 1) [0.15]
(3, 1) [0.12]
(5, 1) [0.07]
(3, 2) [0.04]
{7, 1):0.03]
(2, 2) [0.03]
(4, 2) [0.03]
(1, 1) [0.03]
(6, 1) [0.03]

Briefly explain why the compression ratio is better in Experiment 3 than in
Experiments 1 and 2.

Gdme a5 N A L

(points: 1)

E. Experiment 4:
bits when Huffman-encoding 4x4 image blocks: 71628
Top 10 4x4 blocks [probability]:
Oxff£f [0.55]
Oxbbbb [0.02]
Oxdddd [0.02]
Oxeeee [0.01]
0x7777 [0.01]
0x7fff [0.01]
Oxefff [0.01]
Oxfff7 [0.01]
Oxfffe [0.01]
0x6666 [0.01]

Using a Huffman code to encode 4x4 pixel blocks results in a better compression ratio
than achieved even by PNG encoding. Briefly explain why. [Note that the number of
bits reported for the Huffman-encoded 4x4 blocks does not include the cost of
transmitting the custom Huffman code to the receiver, so the comparison is not really
apples-to-app]?s. But ignore this for now -- one can still make a compelling argument

3 as to why block-based encoding works better than sequential pixel encoding in the case
of text images.|

o~ oE e e {)

(points: 1)
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You can save your work at any time by clicking the Save button below. You can revisit
this page, revise your answers and SAVE as often as you like.

Save

To submit the assignment, click on the Submit button below. YOU CAN SUBMIT ONLY
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i St Example from Last Lecture
L | by
INTRODUCTIOR TG BECS I . D Huffman | Expected
DIGITAL o | 2| 2P| tog(1/p) | encoding | tength
T “Af 1/3 1.58 bits | 0.528 bit 10 0.667 bi
T COMMUNICATION 1;2 e
FATR/ ] I ﬂ‘w% “B" it .5 bits .5 bits
NV T Y WA
i rl'“ i i SUSTEMS o 1/12 | 3.58 bits | 0.299 bits | 110 0.25 bits
D" 1/12 | 3.58 bits | 0.299 bits | ~ 111 0.25 bits
. | 1,626 bits [BE ] 1.667 bit
6.02 Spring 2011 — S = =
Lecture #2 Entropy is 1.626 bits/symbol, ekpected length of Huffman

encoding is 1.667 bits/sym

* Adaptive variable-length codes: LZW How do we do better? 16 Pairs: 1.646 bits/sym
= Perceptual coding 64 Triples: 1.637 bits/sym

256 Quads: 1.633 bits/sym

e Vel ()T
ﬁﬁ,i schoddled lab (lechoft mestew 1 “ff\tawrmﬁ why  anfenf
‘Lab 38630 Qoo Gl C0ld eiady i WJ o @

ﬂ.)fuuj Yo ade pith v Hcﬂman free €or

Huffman Codes - the final word?
el n tons of )Dlacﬂb 2-b

« Given static symbol probabilities, the Huffman algorithm » Algorithm first developed by Lempel o g
creates an optimal encoding when each symbol is encoded and Ziv, later improved by Welch. Now ; ;
separately. (optimal = no other encoding will Eave a shorter commonly referred to as the _ng 2/' 3 2
expected message length) Algonthm /0 W

« Huffman codes have the biggest impact on average message + As message is processed a “string
length when some symbols are substantially more likely than table” is built which maps symbol 252 252
other symbols. ' sequences to an N-bit fixed-length code. 253 253

* You can improve the results by adding encodings for symbol Table size = 2V ::: z:
pairs, triples, quads, etc. But the number of possible M “]-f 53 <L J * Transmit table indices, usually shorter 256 T
encodings quickly becomes intractable— 14 Cooe han the corfésponding string — o7

* Symbol probabilities change message-to-message, or even a Qﬂg @5 (0 “ compression! 258
within a single message. d * Note: String table can be reconstructed 259

+ Can we do adaptive variable-length encoding? 4(\/ P[ | {'hg-, by the decoder based on informatio_n in ::c;

C k *' (n t@ggﬂ_eg_s@_m — the table, while e
an ' (Llp | h((@ CNaa central to the encoding and decoding
\/0‘/ I"M u’ A f—(vf, Vlt process, is never transmitted! A

=0
6.02 Spring 2011 Cq @-U . Lectre 2, Slide 53 6.02 Spring 2091 ;10 A
: gm /7 DH

(OUO f‘fSﬁjf

(

Lechy

Passflo: ;ffa
i (s

el ‘\[lr

tnp

Adaptive Var1able-length (Eodes

First 256 table
| entries hold all

the one}_e = 3&]“1-3

strings.

) Chas o gef
Starked

Remaining
entries are C hﬂﬂﬂ‘t{
filled with

e message. Al e

When full, b’ +
reinitialize (54
table...
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LZW Encoding

STRING = get input symbol
WHILE there are still input symbols DO
SYMBOL = get input symbol
IF STRING + SYMBOL is 1in the string table THEN
STRING = STRING + SYMBOL
ELSE
output- the code for STRING
add STRING + SYMBOL to the string table
STRING = SYMBOL

END : d% [Cﬂ( Sl df/mb
bt fable gg& /a,hwm

END

output the code for STRING

Accumulate message bytes in S as long as S appears in table.

1.
2. When S+b isn’t in table: send code for S, add S+b to table.
3. Reinitialize S with b, back to step 1.

.02 Spring 20M1 From http://marknelson.us/1989/10/01/lzw-data-compression/

Encoder Notes
€edy — it’s designed to find the
tring table before it makes a

The encoder algorithm i
longest possible match i
transmission.

The string table is filled with sequences actually found in the
message stream. No encodinng%@
actually found in the file. _

Note that in this example the amount of compression
increases as the encoding progresses, imm bytes
a1 ComEEE S s s sions,

Eventually the table will fill and then be reinitialized,
recycling the N-bit codes for new sequen(r:hﬂh_e encoder

will eventually adapt to changes in the probabilities of the
symbols or symbol sequences.
g Rl S

[odn Der i read b 4d able

ﬂm( o Only kntus of st ﬂlft’dal; Jicsle i

Lecture 2, Slide 55

CLVIG\&[?,

Example: Encode “abbbabbbab...”

1. Read a; string=a < 4;'7 (1 /‘}5(__7_

2. Read b; ab not in table

256 ab output 97, add ab to table, string = b
257| Dbb| 3. Read b; bb not in table
258| bba output 98, add bb to table, string = b
259 [ 5Bk 4, Read b; bb in table, string = bb

T 5. Read a; bba not in table
260 bbab output 257, add bba to table, string = a
1 6. Read b, ab in tabIé, string = ab

7. Read b, abb not in table

/T output 256, add abb to table, string =b

, 8. Read b, bb in table, string = bb
Zia? | : e
J 9., Read a, bba in table, string = bba
get-, o~ 10.Read b, bbab not in table
rid /@/l output 258, add bbab to table, string = b
6.G2 Spring 2011 Leclure 2, Side &
LZW Decoding
Read CODE
output CODE
STRING = CODE

WHILE there are still codes to receive DO

END

Read CODE

IF CODE is not in the translation table THEN
ENTRY = STRING + STRING[O]

ELSE
ENTRY = get translation of CODE

END

output ENTRY

add STRING+ENTRY[0] to the translation table

STRING = ENTRY

Easy: use table lookup to convert code to message string
Less easy: build table that’s identical to that in encoder

.02 Spring

2011 fmvﬂ (7) L“ti ’h-h(,

o well gzt
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Example: Decode 97, 97, 257, 256, 258 Lossless vs. Lossy Compression
! .. | Source Store/Retrieve Source | ..
256 ab 1. ORS?Su?Z;; ShiATS & bitsyy Encoding a[ Transmit/RcCéive }—' Decoding | PitSour

257| bb 2. Read 98;entry=b

: 3 bb k . . H = ) ! ! 2
222 b: 5 ;utl;u;;—; addt Gk tz;able’ SLEIEE B « Huffman and LZW encodings are [ossless, i.e., we
259 | abb . Rea ; entry = - : ;
ol BBt bbs adhth totablc st = bb can recons original bit stream exactly:

4. Read 256; entry = ab

i} output ab; add bba to table; string = ab — What we want for “naturally digital” bit streams
262 5. Read 258; entry = bba | (documents, messages, d?.tasets, :..) ;
output bba; add abb to table; string = bba * Any use for lossy encodings: bitsy; # bits?
- “Essential” information preserved
— Appropriate for sampled bit streams (audio, video)
intended for human consumption via imperfect sensors
(ears, eyes). ,’L [ Vo)
Q)‘{ ﬂdwdﬂlagc o(c human 3 éilfb‘lh{ l(l’féj
6.02 Spring 2011 Lecture 2, Slide #9 6.02 Sprivig 2011 Lechire 2, Slide #10
Perceptual Coding Perceptual Coding Example: Images
« Start by evaluating input response of bitstream * Characteristics of our visual system

consumer (eg, human ears or eyes), i.e., how => opportunities to remove information from the bit

consumer will perceive the input. &\0\, o0p o pE( (evt f'h'mj_; stream . _ :
— Frequency range, amplitude sensitivity, color fesponse, ... gaiorescnsitivenoichanaes in ance than color

= spend more bits on luminance than color (encode

— Masking effects separately)

* Identify information that can be removed from bit o Mortﬁ S%nsitive to large changes in intensity (edges) than
. . small changes ot e e

stream w1th01.1t perceived effect, e.g., = quantize Sitensity vAlESs

— Sounds outside frequency range, or masked sounds ) — Less sensitive to changes in intensity at higher spatial Le

— Visual detail below resolution limit (color, spatial detail) ' / frequencies . ) e Ilf (Vi %4)

- Info beyond maximum allowed output bit rate o (g,nv\r ;‘XM gt}lﬁi‘ = use larger quanta at higher spatial frequencies d i hqeﬂp/’
+ Encode remaining information efficiently 0

o+ CO’\GHM‘L{' * So to perceptually encode image, we would need: 5 f’ al L vale

— Use DCT-based transformations (real instead of complex) — Intensity at different spatial frequencies

- Quantize DCT coefficients More Seagtive — Luminance (grey scale intensity) separate from color +m Cor( ﬁ)fm'\\l
— Entropy code (eg, Huffman encoding) results (1 P ‘Sk dL‘.’ intensity [
6.02 Spring 2011 ) Lecture 2, Slide #11 ? 1 4.02 Spring 2011 lecthine 2, .ii.f:.!'iﬂ U‘I 0
— lumpeeTl ,mm
i (olor

pdses



JPEG Image Compression st | (olor YCbCr Color Representation
JPEG = Joint Photographic Experts Group i//lf { Mol 45}4,,[ JPEG-YCbCr (601) from "digital 8-bit RGB”

Lenna Sﬁderber Miss November 1972

ng/rot‘e : Comes in Y = 16 + 0.299*R + 0.587*G + 0.114*B

L Cb =128 - 0.168736*R - 0.331264*G + 0.5* B
va’ 3 f‘m J RGB to Groiip inth Cr=128 + 0.5*R - 0.418688*G - 0.081312*B
YCbC " 8x8 :
[(, h F”{ Conversli.on blocks gf pixels All values are in the range 16 to 235
( Ompfmm
Convert to
energy at | | ; | | Entropy | |
different Quan e Encoder DRAGEON.
spatial fregs.
Performed for each 8x8 block of pixels o 8x8 blogk of pixels
4.02 Spring 2011 ] Lecture 2, Slide #13 6.02 Spring 2011 C[ -{'u‘{-znp:ﬂan.)dpia.g.‘wikw{!rch Lect tide 1
f’l{ bandwid
| ; _ q4@wm .
e 2D DCT Basis Functions W®#T Lenna DCT Coeffs fﬂ}omkeach 8x8 block
J Y w0y
Component \ V \/\ W VV\ V\N UW\ @? jvﬁk ng)(g : o

SUEE BT Cof fbss o cmmscam )
ﬁ ﬂ H m M H m m '{U/‘(,hﬂv’\ﬁ of the picture info b\f’“
- E u m m m m m 50 —F/lc! Tng ba&(j Low fre?ls ct?ni'fain
’SEHﬂﬂﬂmb%“w” (nots mare H srid
— . V..)

BB E M o« - -

¥ '.f-' E E ﬂ m :"_' Yh"t{"* P&‘ bf Cmdmb High freqs contain

'(7) @ {__ ffXatcf [ fine detail (eg,

texture of feather)
747 h

6.02 Sprina Y111 VU'\t N“Pf’

(V h(gb\ SPMtW C(?U #i5 ( .02 Spring 2011 l’\O/J +0 sec on f(\f‘M!'ﬁV“(“ <lide 16 tln(:o ‘\d(
lose Cia detot] — hals Cazyek



”)part)

Divide each of the 64 DCT coefficients by the appropriate quantizer

Quantization Example

. ([-231 -148 38 -24 -15 0 4 0] ([-14-13 4 -2 -1 0 O 0]
value (Qy.q for Y, Qg for Cb and Cr) and round to nearest integer = [ 153 -11 -35 -2 -28 14 -2 0] [13 -1 =2 0 -1 0 0 0]
many 0 values, many of the rest are small integers. ¢ [ 3 73 -16 -29 2 8 -4 -3 [0 6 -1 -1 0 0 0 0]
[ -4 28 17 -25 -1 6 -8 -4 [ 0 2 1 -1 0 0 0 0]
[ o 4 5 6 4 4 =2 =51 [ 0 0 0 0 0 0 0 0)
[ 3 -4 2 10 6 0 -6 =31 (0 0 0 0 0 0 0 0]
2 17 18 24 47 99 %9 WY -2 0 -1 6 3 '=1. =5 =5} [ 0o 0o 0 0 0 0 0 0]
16 11 1016 4 40 51 6l _ : [ -3 1 2 =5 0 1 0 01 {0 o 0 0 0 o o 011
12 12 141y 58 60 53 821 26 66 Y 99 99 99 . tl'z d R d dc ff' . t
S GE R e B B o B S DCT Coefficients Quantized/Rounded Coefficients
M7 22 29 51 KT 80 62 47 66 9 W W W W 9} - . . :
Cem™l 0 2 37 S5 e 109 103 77 M e woe w0 wow 00 99 hﬁﬂbfv At T o— Visit coeffs in order of increasing
Sy aT w ElL W) G0N0 CD[N‘ w0 e W % % : Pf 5 spatial frequency = tends to create
M 6 T8 87 103 120 120 101 wow o owowowow ow w| (] lO’}’Qfmfﬂ A A A, i long runs of Os towards end of list:
7292 95 %k 112 100 103 99 9 W W w8 W % W A, [ -14
v A A A -13 13
b . o A 0 -1 4
Note fewer quantization levels in Q. and at higher spatial frequencies. B i i i o T -2 -2 6 0
Change “quality” by choosing different quantization matrices. a7, 7. 7 o o g _f :i {1} '(1) .
5(_@ 6_@/ : 0 0 0-1 0 0 o.

ectire 2, Slide #17 Lecture 2, Slide 518

4.C2 Spning 2011

ez puwa\}w[d,@ {J # l
L 9126 of Tl ulets
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petre quily
pdle ¥ sedflec

fi c/affw He dof
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Entropy Encoding Example JPEG Results

e,\ca (\,e s

f’ie erfor

Quantized coeffs:
14 -13130-14-2-26002-10=-10-1-1100000=-1020 0.
DC: (N),coeff, all the rest: (run,N),coeff

(4)-14 (0,4)-13 (0,4)13 (1,1)-1 (0,3)4
(0,3)6 (2,2)2 (0,1)-1 (1,1)-1 (0,1)-1

(0,2)-2 (0,2)-2
(0,1)1 (5,1)-1 EOB

Encode using Huffman codes for N and (run,N):

1010001 10110010 10111101 11000 100100 0101 0101
100110 1111101110 000 11000 000 001 11110100 1010

Result: 8x8 block of 8-bit pixels (512 bits) encoded as 84 bits

6x compression! - The source image (left) was converted to JPEG (q=50) and then
~ compared, pixel-by-pixel. The error is shown in the right-hgnd
image (darker = larger error). *—IC[' > J %#( [

Lecture 2, Slide 520

To read more see “The JPEG Still Picture Compression Standard”™ by Gregory K. Wallace
http:/Awhite.stanford. edw/~brian/psy22 1/reader/Wallace . JPEG.pdf )
cuxe 2,

6.02 Spring 2011 Lég Slide #19 6.62 Spring 2011

http:/fen.wikipedia.orgiwiki/ JPEG



MIT 6.02 DRAFT Lecture Notes

Spring 2011

Comments, questions or bug reports?
Please contact 6.02-staff@mit.edu

CHAPTER 2
Compression

B 2.1 Adaptive Variable-length Codes

One approach to adaptive encoding is to use a two pass process: in the first pass, count
how often each symbol (or pairs of symbols, or triples — whatever level of grouping you've
chosen) appears and use those counts to develop a Huffman code customized to the con-
tents of the file. Then, on a second pass, encode the file using the customized Huffman
code. This is an expensive but workable strategy, yet it falls short in several ways. What-
ever size symbol grouping is chosen, it won’t do an optimal job on encoding recurring
groups of some different size, either larger or smaller. And if the symbol probabilities
change dramatically at some point in the file, a one-size-fits-all Huffman code won’t be
optimal; in this case one would want to change the encoding midstream.

A somewhat different approach to adaptation is taken by the popular Lempel-Ziv-
Welch (LZW) algorithm. As the message to be encoded is processed, the LZW algorithm
Mg table which maps symbol sequences to/from an __];T_:bit index. The string
table has 2% entries and the transmitted code can be used at the decoder as an index into
the stririg fable to retrieve the corresponding original symbol sequence. The sequences
stored in the table can be arbitrarily long, so there’s no a priori limit to the amount of
compression that can be achieved. The algorithm is designed so that the string table can
be reconstructed by the decoder based on mf(Ln_naﬁon in the encoded stream — the table,
while central to the encoding and decoding process, is never transmitted!

When encoding a byte stream, the first 256 entries of the string table are initialized to
hold all the possible ane-byte sequences. The other entries will be filled in as the message
byte stream is proces?se%%dﬁg' strategy works as follows (see the pseudo-code
in Figure 3-1): accumulate message bytes as long as the accumulated sequence appears as
some entry in the string table. At some point appending the next byte b to the accumulated
sequence S would create a sequence S + b that’s not in the string table. The encoder then

e transmits the N-bit code for the sequence S.

e adds a new entry to the string table for S + b. If the encoder finds the table full when
it goes to add an entry, it reinitializes the table before the addition is made.



2 CHAPTER 2. COMPRESSION

initialize TABLE[OQ to 255] = code for individual bytes
STRING = get input symbol
while there are still input symbols:
SYMBOL = get input symbol 'd | .
if STRING + SYMBOL is in TABLE: ¢ J(TUY] Ylé‘jﬂ"ﬂ/
STRING = STRING + SYMBOL
else:
output the code for STRING
add STRING + SYMBOL to TABLE
STRING = SYMBOL
output the code for STRING

Figure 2-1: Pseudo-code for LZW adaptive variable-length encoder. Note that some details, like dealing
with a full string table, are omitted for simplicity.

initialize TABLE[O to 255] = code for individual bytes
CODE = read next code from encoder

STRING = TABLE [CODE]

output STRING

while there are still codes to receive:

CODE = read next code from encoder !

if TABLE[CODE] is not defined: ‘M“"j{ KEL"'M
ENTRY = STRING + STRING[O]

else:
ENTRY = TABLE[CODE]

output ENTRY

add STRING+ENTRY[0] to TABLE

STRING = ENTRY

Figure 2-2: Pseudo-code for LZW adaptive variable-length decoder

e resets S to contain only the byte b.

This process is repeated until all the message bytes have been consumed, at which point
the encoder makes a final transmission of the N-bit code for the current sequence S.

Note that for every transmission a new entry is made in the string table. With a little
cleverness, the decoder (see the pseudo-code in Figure 3-2) can figure out what the new
entry must have been as it receives each N-bit code. With a duplicate string table at the
decoder, it’s easy to recover the original message: just use the received N-bit code as index
into the string table to retrieve the original sequence of message bytes.

Figure 3-3 shows the encoder in action on a repeating sequence of abc. Some things to
notice:

o The encoder algorithm is greedy — it’s designed to find the longest possible match in
the string table before it makes a transmission.

—_—




SECTION 2.1. ADAPTIVE VARIABLE-LENGTH CODES

al)c abcabeghe « . .

 Clatgy,

S msg. byte | lookup | result transmit string table

_ a _ = _

a b ab not found | index of a table[256 — ab

b C bc not found | index of b | table[257] =

C a ca not found | index of ¢ | table[258] = ca

a b |ab found = = f s 14/
ab C abc not found 256 table[259] = abc

C a ca found - -

ca b cab not found 258 table[260] = cab

b é bc found — -

bc a bca not found 257 table[261] = bca

a b ab found - -

ab e abc found - -

abc a abca not found 259 table[262] = abca
a b ab found - -

ab o abc found - -

abc a abca found - -

abca b abcab | not found 262 table[263] = abcab
b ¢ be found - -

bc a bca found - -

bca b bcab not found 261 table[264] = bcab
b C bc found - -

bc a bca found - -

bca b bcab found - -

bcab C bcabce | not found 264 table[265] = bcabc
C a ca found - -

ca b cab found - —

cab c cabc not found 260 table[266] = cabc
e a ca found - -

ca b cab found - -

cab c cabc found - -

cabc a cabca | not found 266 table[267] = cabca
a b ab found - -

ab C abc found - -

abc a abca found - -

abca b abcab | found - -

abcab C abcabc | not found 263 table[268] = abcabc
C —end- |- - indexofc | —

Figure 2-3: LZW encoding of string “abcabcabcabcabcabcabcabcabcabceabeabc”



4 CHAPTER 2. COMPRESSION

received | string table decoding

a - a

b table[256] =ab €| T\——Qg/éj ,L 7[

c table[257] = be c ° 6&5/@_

256 table[258] = ca ab

258 table[259] = abc ca

257 table[260] = cab bc

259 table[261] = bca abc

262 table[262] = abca abca

261 table[263] = abcab | bca

264 table[264] = bacb bcab

260 table[265] = bcabc | cab

266 table[266] = cabc cabc |

263 table[267] = cabca | abcab o J J .T
c table[268] = abcabc | ¢ (Gl MK r

= vp psit

Figure 2-4: LZW decoding of the sequence a, b, c, 256,258, 257, 259, 262, 261, 264, 260, 266, 263, ¢ | \ I—
sine did too

e The string table is filled with sequences actually found in the message stream. No QO(L;/|
encodings are wasted on sequences not actually found in the file.

e Since the encoder operates without any knowledge of what’s to come in the message
stream, there may be entries in the string table that don’t correspond to a sequence
that’s repeated, i.e., some of the possible N-bit codes will never be transmitted. This
means the encoding isn’t optimal — a prescient encoder could do a better job.

¢ Note that in this example the amount of compression increases as the encoding pro-
gresses, i.e., more input bytes are consumed between transmissions.

e Eventually the table will fill and then be reinitialized, recycling the N-bit codes for
new sequences. So the encoder will eventually adapt to changes in the probabilities
of the symbols or symbol sequences.

Figure 3-4 shows the operation of the decoder on the transmit sequence produced in
Figure 3-3. As each N-bit code is received, the decoder deduces the correct entry to make
in the string table (i.e., the same entry as made at the encoder) and then uses the N-bit
code as index into the table to retrieve the original message sequence.

Some final observations on LZW codes:

e a common choice for the size of the string table is 4096 (N = 12). A larger table
means the encoder has a longer memory for sequences it has seen and increases the
possibility of discovering repeated sequences across longer spans of message. This
is a two-edged sword: dedicating string table entries to remembering sequences that
will never been seen again decreases the efficiency of the encoding.

e Early in the encoding, we’re using entries near the beginning of the string table, i.e.,
the high-order bits of the string table index will be 0 until the string table starts to
fill. So the N-bit codes we transmit at the outset will be numerically small. Some
variants of LZW transmit a variable-width code, where the width grows as the table

S ) |
HJGN{M -np I pows Qw(m* YvaHC gle




SECTION 2.1. ADAPTIVE VARIABLE-LENGTH CODES 5

fills. If N = 12, the initial transmissions may be only 9 bits until the 511*" entry of the
table is filled, then the code exands to 10 bits, and so on until the maximum width N
is reached.

e Some variants of LZW introduce additional special transmit codes, e.g., CLEAR to
indicate when the table is reinitialized. This allows the encoder to reset the table
preemptively if the message stream probabilities change dramatically causing an ob-
servable drop in compression efficiency.

o There are many small details we haven't discussed. For example, when sending N-
bit codes one bit at a time over a serial communication channel, we have to specify
the order in the which the IV bits are sent: least significant bit first, or most significant
bit first. To specify N, serialization order, algorithm version, etc., most compressed
file formats have a header where the encoder can communicate these details to the
decoder.

B Exercises

1. Describe the contents of the string table created when encoding a very long string
of all a’s using the simple version of the LZW encoder shown in Figure 3-1. In this
example, if the decoder has received E encoded symbols (i.e., string table indices)
from the encoder, how many a’s has it been able to decode?

2. Consider the pseudo-code for the LZW decoder given in Figure 3-1. Suppose that
this decoder has received the following five codes from the LZW encoder (these are
the first five codes from a longer compression run):

97 -- index of "a’ in the translation table

98 -- index of "b’ in the translation table

257 -- index of second addition to the translation table
256 —-- index of first addition to the translation table
258 —— index of third addition to in the translation table

After it has finished processing the fifth code, what are the entries in the translation
table and what is the cumulative output of the decoder?

table[256]:
table[257]:
table[258]:
table[259]:

cumulative output from decoder:
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Diagram of a Communication.Channel

i Start ek world
0/
,ll. INTRODUCTIOR TQ EECS Il ][X) ;W Sample clocki samples/symbol '2N1possible
DIGITAL W ot wegy : N Ve
COMMUNICATION g . o] 2 e i sitions e 7] D £ B volbp
. SYSTEMS onpressid -hbngn ‘
Jvuﬂ- fe@’ *-WO/'H fY C f”ﬂL [ﬁdjﬁj

f
$ some

Lecture #3 - Threshold —> a Clockand |_, \essage bits out
{ R _ ata recovery
* Analog woes, the digital abstraction -[-d }{5 df/ ' {—adﬂé T
« Basic digital recipes for sending information i ample clock, samples/symbol
Poolues #
cudes
€.02 Spedng 2011 p Lecture 3, Slide #1 4.02 Spring 2011 Lecture 3, Slide-¥2
Representing information with voltage System Building Blocks

[9 206 Clﬂd &)ﬁ T]/ + First let’s introduce some processing blocks:

Representation of each point (x, y) on a B&W Picture:

1 Y
0 volts: BLACK U'I,‘kfn.&i }'"{
1 volt: WHITE
0.37 volts: 37% Gray
etc.

Representation of a picture:
Scan points in some prescribed
raster.order... generate voltage
waveform’

6.02 Spring 2011 Lecture 3, Slide #3 %.02 Spring 2011 Lecture 3, Slide 44



Let’ s build a system!

(op‘t@sa donT do Q”V%Z’j

——|Copy]

Copy[— |INV

|—' Copy INV

L* Copy|— W

output.
6.02 Spring 2011 Lecture 3, Slide 45
I iy Q f
I Potof frp siqral
Analog Errors Accumulate
(1-Vy)te Vint2e Vint100¢e

* If, say, € = 1%, then result might be 100% off (urkl)
* Accumulation is good for money, bad for errors Cﬁ)m

* As system builders we want to guarantee output
without having to worry about exact internal
details con ?— M/rf' J’Oo Many (o f y

B ; o 5 i 7 4 Glld (/16
— Bound number of processing stages in:series. OR

- Figure out a way to eliminate errors at each processing

stage. So how do we know which part of the signal is
message and which'is error?

W 1 Lecture 3, Slide &7
bk hﬂ% Svmple (

Pouyq :/Lj
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4.02 Spring 2011

Wwhy't
/\)

Analog Woes

|, Expected: 8765432§ e
Actual:  .87??7??77?

on dehal Gomerical

| The actual value of Vo, depends on many factors:. . . CM\,@‘!WM/ )'5

" a - INY
.12345678 —
d ot e Voyr= 1=V

. Manu-facturing tolerance of internal comf) ne s
* Environmental factors (temp, power supply voltage) .

+ External influences (EM effects that affect:voltages)

* How long we're willing to wait |/ bosa- 4™

* How much we're willing to spendeﬂi a4 fiag awf“jé‘, p?/feo)—

' If we call it € maybe f’m/fmrw,,),f

Truth in advertising: Voyp = (1 = V}y) itll seem small © Cﬂ@};{%

I (ga 2 i S {sz QF-‘ g
6.02 Spring 2011 (i\/l()’ a F,Eﬂj Lechure 3, Slice 4 En 5"-9.1 H{?
16 /‘Wlﬂ@ :

Digital Signaling: Transmitting
To ensure we can distinguish signal from noise, we'll encode
information using a fixed set of discrete.values. For example,
in a binary signaling scheme we would use two voltages (VO 6 7
and V1) to represent the two binary values “0” and 17, Cdn ngd Bf
biks ol
O Fing

. voltages near VO would be interpreted as representing “0”
* voltages near V1 would be interpreted as representing 1"

* if we would like our encoding to work reliably with up to +N
volts of noise, then we can space VO and V1 far enough
apart so that even noisy signals are 'ﬁr}terpreted correctly

cj"gw’(x ne

-N +N N - +N
P CLT TR i. .......... > D ST f .......... »

I
Vo _ Vi

T

. ]r' R
5“1 thant’\ﬂ/l:rj% ( o 4ot
LS nolse Emm}b' ~ (o o ?EHE{WL
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Digital Signaling: Receiving We Need a “Mi_d,dgnlgﬂe"
C05f3 P

fo do

We necd to change our specification to include a “forbidden
| zone"” where there is no mapping between the contmuous
input voltage and the discrete output: .

We can specify the behavior of the receiver with a graph that
shows how incoming voltages are mapped to “0”and “1”.

el 609

The boundary between “0” Receiver can output any value

One possibility:

and “1” regions is called the ; when the input voltage is in
threshold voltage, upy this range. :
¢ v . " _ Io————————————e.
“ 1" . i . L3 P .
Seboadin _ “0* - 7 . T ; r volts
0 ' prese=s P . Volts : VO P vi-vo ! VI
VO - VIZVO V1 Poﬁgbk 5
) 2

Now the specification has/some “elbow room” which allows for

It would be hard to build a receiver that met this U Ha‘]' (A/H manufacturing and envirgnmental differences from receiver to

specification since it’s very expensive and time consuming Grlwe

receiver. [
to accurately measure voltages (e.g., those near the ( d 'J' hw
threshold voltage). 0as po :
6.02 Spring 2011 Lecture 3, Slide 49 4.02 Spring 2011 {'0 be P/e(/(bg Lecture 3, Slide #10

‘{’ZL,Ump Can b@_ Ay pheg
U\ fi }M(M[(?,

Digital Signaling: Final Specification Digital Signaifng ins.08 " o &

* In 6.02 we'll represent voltage wa.vefo_rms using

> Wl | J["N,.(“,r(N _____ J[*"‘> sequences of voltage samples
} : ' i volts — Sample rate specifies the number of samples / second and
Vo ! V1 hence the time interval between samples, ‘e.g., 4e6
\ ™ . ' —_ d samples/second (4 Msps) means the time interval between
‘0 ; 1 samples is .25e-6 seconds (250ns).

— Each transmission of a single bit (“0” or “1”) will entail
sending some number of consecutive voltage samples (VO
or V1 volts); we’ll choose an appropriate number of
samples/bit in each application. Goal: smaller is better|

Engineering tradeoffs when choosing F, the width in
volts of the forbidden zone:

Smaller F: allows larger N (better noise-tolerance}, but
receiver is more expensive to build (tighter _ ) )
manufacturing and environmental tolerances). Continuous time

"5 oa LI I ]

Larger F: less noise tolerance, but cheaper, faster

receivers. : ' Discrete time v i vev ey 7 i
3, fﬂ)ﬂﬂ[@} Y il W ..+ . 'sample interval,
€.02 Spring 2011 Lecture 3, Stide 511 .01 Spnng 2011 » tlmﬁ © Lecture 3, Slide
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Transmitting Information

Messageblts LO I 1 ] 1 ] 0 ] 1 1]

Transmit clock IL..I LJ“?J? }m‘LJ E.,

Avsernvneceny

Transmit samples v

EnRenennny LLTTYIIN

W sy ) ogit-of
* Periodic events are timed by a clock signal qfw/ fmf }3 f

= Sample period is controlled by the sample clock
- Transmit clock is a submultiple of the sample clock
* Can receiver do its job if we only send samples and
not the transmit clock?
— Save a wire and the power needed to drive clock signal

6.02 Spring 2011 Lecture 3, Slide #13

Two Issues for Recitation

 Don'’t want receiver to extrapolate over too long an
interval

— Differences in xmit & rcv clock periods will eventually
cause receiver to mis-sample the incoming waveform

- Fix: ensure transitions every so often, even if transmitti
allOsora.llls(keyxdea rec_:_o_czgi_g) ' n]rl“w }’\Ov “L t)

w If recovered message bit stream represents, say,
bit'blocks of ASCII characters, how does receiver
determme where the blocks start?

— Need out-of-band information about block starts

- Fix: use s‘pemm bit sequences to penodlcally synchronize
receiver’s notion of block boundaries. These sync
sequences must be umque (i.e., distinguishable from
ordinary message traffic).

ML o [ whe
6.02 Spring 2011 { J’ L 0 ‘/jM V\/ll“{fe 8[%5 (etRes, stide #15-
( 5 58"’ ""t'ﬁ!’f ble Jvlw

Cncodgd

LSeML a %m puﬂm i H[ob ’ZO’/oawesiﬁ‘/

wtion, by UL 4{'

make  Gure act m‘—

S-SV LY
N-’a W&#‘%@MHEJ
ARl

Clock Recovery @ Receiver

| | Llimg [ o
Receive Samples Lt sert '"U"" Q" 1 !:-@....0
B o Slightty ofe
(iered s egna 7 b |
— it ey bt

Extrapolated clock edges% T : T I : , T T 1

(Sample period)(# samples/bit)
* Receiver can infer presence of clock edge every time
there’s a transition in the received samples

» Using sample period, extrapolate rema:mng edges km,. i
~ Now know first and last sample for each bit po- e "
* Choose “middle” sample to detirmme message bit

e /r

A\
Cza d\ {1 ELOV@I!T 3, slide #14
Mmore ‘}LDF%@’W Mot (g ot by 1(@ "eolf?vg

6,02 Spring 2011

Summary

¢ Analog signaling has issues
— Real-world circuits & channels introduce errors
- Errors accumulate at each processing step

- Digital Abstraction

— Convention for analog 51gna11ng that lets us dzstmgulsh
message from errors; restore signal at each step

— Noise margins and forbidden zones
— Recover digital data by comparing ageunst threshold

* Receiver design ; ‘
—~ We don’t send xmit clock, receiver does.clock recovery
= Determine bit from samples in “middle” of bit cell

%.02 Spring 2011 Lecture ” *E16
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6.02 Spring 2011
Lecture #4

* Inputs & responses
* Linear time-invariant systems
* Modeling communications channels

6.02 spring 2011 Loctuee 4, Slide #1

mer Tiﬂt =
Tnua(m{-

System Input and Response

Vi
input ’{’/Mgm ighlan :;y;g&
N Ehtinng

X[n]l— § |—yn]

A discrete-time signal is described by an infinite sequence
of values, denoted by x[n], y[n], z[n], and so on. The indices
range from —w to +o,

In the diagram above, the sequence of output values y[n] is
called the response of system S to the input sequence x[n).

Message bits in ——

4,61 S

g 2011

(on el et will e ad
b\)l}é mod@ls

Hrea lpoe Vhadels W) ('méghb
Unit Step and Unit Step Response
S{CELM\ (N u]LS - M’p 5 [un Aot 5751(07

A simple but useful discrete-time signal is the unit step, u[n],

{
Today: Modeling Channel Behavior

Sample clock, samples/symbol 2N possible
voltages

bits to ;
digitized sample

=z~

~ channel

Clock and
data recovery

f

Sample clock, samples/symbol

Y

Threshold > —>Message bits out

2~

Lecture 4, Slide &2

defined as
Unit step Unit step response
ali]= 0, n<0 N
) unl— g }— s[n]
‘(Cyngu e._) 1 OFWJQ’}
u[n] uln=3] " \q, Voo Wi
30 H PR " S| TN N [N B .'....‘. i
aﬁ_ : 4 0.6} ’
[ 17 TTRPEPRO TN . E - 04} ‘E .
0.0 L ! 0.0 | o-t-0-—6-0-0-0—4—p—9—0— _gL,
—.5 6 5 =5 (.J 5
5.62 Spring 2011 an Yy ’f(c{asm ;53;{,‘/1 (a’,‘ ))E ,-fmd Lecture 4, Slide 54 (\)
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Unit Sample Unit Sample Response

{ f
Luen Mot pos'C
Another simple but useful discrete-time signal is the unit
sample, d[n], defined as

eCr {
d V@"/ 5% q
Unit sample response

_:@I:“]/V—”‘ Con el

Unit sample

e S[n]
fail el
(e BAL S o !
g | 0, n=0 v Cvery "
oln]="uln]-uln-1]= )
I? h= 0 ahotf}’ t l‘
The unit sample response of a system S is the response of
5 5 £ the system to the unit sample input. We will always
7] {R;"I" J denote the unit sample response as h[n].
Lol e . 1O :
P . .
[ X ! 0.6
0.4} i 04 -
i T 28 R Y
0.0 l 0.0 )
..!5 0 5 —‘5 o 5
6.02 Spring 2611 l.\--:.mrv.- 4, Slide 45 6,07 Spring 2011 Lec e 4, Slide 44
Th (5 94,
tg, ﬂ'ﬁ S S I[?n] Unit-sample m”,. .T:[[III]I.?T'I.T ! Unit-step
1) g fe Pt o _— asfh | ] | ] FH i
Lum 0f Decomposition 2l = Decomposition
= -1 ) 1 ~1.0); S p
a[-2]d[n +2) —_— 0 5 10 I :]5 70 25
— um
i . : : T 0 ST T TR ET Y Digital signaling waveforms are
A discrete-time signal can be decomposed §§ T'I“TH}I RiaARARRARRARARAA] easily decomposed-into time-
into a sum of time-shifted, scaled unit oSl : : St e T S T s steps (each
Samples, : s | ,::1] e transition corresponds to another
. Example: in the figure, x[n] is the sum of ég S e g Siitedocalechunitsiep).
il x[-2]8[n+2] + x[-1]8[n+1] + ... + x[2]8[n-2]. b ST T 5 S0 emmite, =nj s tis
13 e B 1 1 In general: 4 - u[n_Tm] T I ;;amn;:;s/sl;?:l of 1001110 using 4
z[1]8[n 1] dien 5 ST T :
R S i ;ngle (PO :gz TRt setey ”Th ” T ”l ” x[n]=uln]-uln-4]+uln-12]-uln-24]
41 B ; x[n] = x[kjé[n = k] ) s 10 15 F3) P v |
=1 1 S — . [\ | ' ‘
2[2ldln—2] fmen 3 a2l _ (Epreset ar g (fa/ ffwzsmigstm
R Bo . axans B CERY ‘
o] . I -osf i @ ] m O
e ) S50 gt a0 1101 t Scaled rhidles steps
Lectine {idde C rirg 2011 Lectyr * Slide 43
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Time Invariant Systems

Let y[n] be the response of S to input x[n].

If for all possible sequences x[n] and integers N

Can St flitd}HL Or

X[n-N]—{ g }— y[n-N] k& ‘I’\J:d{b ~n0 fane

in the input sequence to S results in an identical time
shift of the output sequence.

€.02 Spring 2014 Lecture 4, Slide 59

Modeling LTI Systems

If system S is both linear and time-invariant (LTI), then we can
use the unit sample response to predict the response to any
input waveform x[n|:

Sumn of shifted, scaled unit samples Sumn of shifted, scaled responses
o -]
Anl= Y dkloln-kl— S —>)lnl= Y xlklhn-k]
km—cx km—c0

CO‘A\/O/U‘, &}/-l S\Jm

Indeed, the unit sample response h[n] completely characterizes
the LTI system S, so you often see
-——-f

x[n]—s| hn] |— yin]

6.02 spring 2011 Lecture 4, Stde 11

f@ql Uﬁ'“

then system S is said to be time invariant. A time shift |}(, Hig

’

f

lkind g

Linear Systems

Let y,[n] be the response of S to input x;[n] and y,[n] be
the response to x,([n].

If

any \igas canbo

ax,[n]+bx,[n]— S > ay,[n]+by,[n]

then system S is said to be linear. If the input is the

weighted sum of several signals, the response is the

superposition (i.e., weighted sum) of the response to
those signals.

~ceal o lds }wpp/)?/ts il

6,02 Spring 2011 &}f{? Py &, )W-e t) bﬂ N E)Vg'), Doss\\é o 4, Siide £10
= On) ﬁ'& - 2! /Vf’)
/ Ongs YOV waqr f\g e

~ ot } ffl!”fm\ \/ng
Properties of Convolution

=]

x[n]*h[n] = z x[kVi[n - k)

k=—co

The summation is called the con h\l‘tion sum, or more simply,
the convolution of x[n] and h[n]. (“+” js the convolution operator.

Convolution is commutative: L§+('L9,-Q for The 5“7'”“0"!5
x[n]*h[n]=h[n]*x[n]
Convolution is associative:
x[n]= (b [n]* hy[n]) = (x[n]+ b [n])* hy[n]

Convolution is distributive:
x[n]#([n]+ hy[n]) = x[n]* h[n]+ x[n]* hy[n]

5.0 Spring 2014 Lecture 4, Slide 212



Parallel Interconnection of LTI Syst'ems

yiln]

Y

h,[n]
K] == y[n]

h,[n]

ya[n]

ylnl=ylnl+y,[n]=x[n]*h[n]+ x[n]*h,[n] = x[n]* (hl[n}+ hzlni)

X[n] — h,[n]+h,[n] —> Y(0]

.02 Spring 2011 Lectime 4, Slide #13

Channels as LTI Systems

Many transmission channels can be effectively modeled as
LTI systems. When modeling transmissions, there are few
simplifications we can make:

« We'll call the time transmissions start t=0; the signal before

Series Interconnection of LTI Systems

x[n]—s{ b [n] 3] h,[n] —> yln]

ylnl=wln]*h,[n]= (x[n} *® iz,[n]) #h,[n] = x[n]* (h][n] * [n])

x[n]— b [nfthy[n] > Y]

X[n]—s  h,[nJ*h,[n] > Y0l

X[n]—> h,[n] F— h,[n] F— y[n]

st 2011 Lecture 4, Slide 214

Relationship between h[n] and s[n]

We're often given one of h[n] or s[n] and would like to
know the other. On slide #5 we saw

o[n]=uln]-uln-1]

the start is 0. So x[m] =0 for m < 0. "y, :
. (e ~ 0.\ ﬂ M'M “ O Which for LTI systems implies
* Real-word channels are causal: the output at any time \
depends on values of the mip'ut at only the present and it h"pm b 9]L0r h[n]=s[n]- é/ tvences L)z“/ (Z Méﬁﬁl{

past times. So h{m] =0 for m < 0.

Mo (ﬂn'hc Ptclwﬁ

These two observations allow us to rework the convolution
sum when it’s used to describe transmission channels:

L T n

SRR ~ AF

02 Spring 2611 start at t=0 causal =n-k) v

) n
y[n]——Ex[k]h[n k=" x[kJhln- k}ﬁx[k]h[n—kl=2x[n—j]h[j]

Wtlng added

Jmoeﬂe/ e g

Samplo

In other words, the unit sample response is the first
difference of the unit step response. Also

s[n]= i hlk]

k=—cc

i 2011

JL "’f‘!d!’{g] (

‘ s y[n] Mo xfa-)nl) H[n Ph(2 ] # e
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h[n] s[n]=u[n]*h[n]

Iy [n] hy[n) _ . uln] xhg[r]
< b ' ' P : 171
! | St ShiFt e et RS NN o !
o ‘. [} - - 06 i T | - ] l
u‘ '}T) f\ﬁq‘i\ 04 | " : E o4 : ! | ‘ i !
| e e 5 SamleS waf L ] L | ||

el ,CQL‘%, il o halr] Uﬁ; ﬂé% 9 1o ﬂ ala] b o
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6.02 Spring 2011 m\%{/ | Lecture 4, Stide 717 f).GI:':;:nw,o}'A/‘;\ S A n : ‘ 1.«:::;:‘,-4, s,*.'uzr--w'
.‘f‘;(’f- IO/ Q{f’sstvg \/ﬂ)l/ej 6\/'/‘\ [/P p/ Cutog /\ l/“/t/ef)
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h[n] s[n]=u[n]*h[n] Transmission Over a Channel

x[n] at 8 samples/bit

1L0p

hg [n) , uln] «hg [n] sl 0.8 i ‘ ' E
18 | e e (3 L
: BAETY D:O‘E : | LY 114 .
I e )
e 2 B CIR IR I J[nl—r[n@y]
-] Cﬁ(ﬁc{:n e S _'_! . 1.0% -y - T -
‘ nd [fr b .TII A hr,_,rll 1, .Tﬂ

.02 Spring 2011 Lectire 4, Slide 519 6.02 Spring 2011 Lecture 4, Slide 52)



_ Receiyi n% e Response Faster Transmission
'a

e O™ z[n] at 4 sgmplgs/bi; |

A, E 1ofr
i
lhd e
| 2k A1l f&[h;'

L L 1 : 1 L
0 1 0 40 50 60 70

+0tb€ m:(’ldje SQAP]E Fectire 4, Stde 221 .02 Spiring 201 Nﬁy@ “ ’\015(. margin? 0.5 — y[28] *

Digitization/fh:'eshold = 0.5V

.02 Spring 2011

“ for ]9 sfll'wf\
Computmg y[28] usmg h,[n]

5

Computing y[28] using s,[n] HHEE

0.0

<0 <0
0 0.0625 0 0.0625
We can use s4[n] to compute y[28] as follows: {ErETe We can use hy[n] to compute y[28] as follows: first 17 058
2 0375 expand convolution sum keeping non-zero hy[n] 2 0.1875
x[n]l=uln]-uln-4]+uln-12]-uln-24]+ u[n - 28] +... e terms (see bottom right, slide #15): W R
So o ylnl=x[n]h,[0]+ x[n - 1], [1]+ x[n - 2]h,[2]+ x[n -3]h,[3]+ * 01876
ynl=s,(n]=s,ln-41+s,n-12]-5,[n-24] +5,[n - 28] +... :o T-sws xn—4lh,[4]+ x[n = 5}h,[ 5]+ xln - 6]h,[6] : 2:;;:5
For n=28 For n=28: £4R0:0
. y[28] =s,[28] - 5,[28-4] +1564[28 —112] - 54([)28 =-24]+5,[28-28]+... V28] = x[281,[0]+ x[27 1, [1]+ x[261h,[2]+ x[25h, [3]+
=f4([)2811-(-]s4£2;] 4(-}35[125] —34([]6]245- 5,[0]+... _ x[24)h,[4]+ x[23]h,[5]+ x[22]h,[6]
=1.0-1.0+1.0-0. +0.
~025 =0.0625+0+0+0+0+0.125+0.0625
: =0.25
So the noise margin is 0.5-0.25 = 0.25V. :
This agrees with the previous calculation. v
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