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« Intersymbol interference
* Deconvolution
« Stability & noise, approximate deconvolvers
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Convolution sum: “flip and slide”
o _

T T erapEeany
x[n] o [ [ At N [ e
y 30 )
1of- SRR -
hln] 1| RIS | T S i
flipped .| o hlbl h[O]
& slid saf---oo ‘1,”, P

y[28] = x[28]h[0] + x[27]h[1] + ... + x[22]h[§]
==

Visual representati%% cﬁ‘ convoﬂftlon sum: do a horizontal flip of

the of graph of h[n], then slide along under x[n]. ———

Tt e o

To compute y[m], slide flipped h[n] until h[0] is under x[m], then

compute sum of element-by-element product of the two

sequences.

lide #3
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Transmission Over a Channel ;
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2[n] xhy [n] at 4 samples/bit
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Inters mbol Interference (ISl Y ttnclion
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0 e b o e e Issue: 5ﬁ)r€a& o
1 o e iT‘ I If we send a small nl:lmber of Ne t\iﬂ"’l
! 1 samples/bit, the active
= 13 30 portion of h[n] may cover
04 l : i more than one bit cell when
02} ERE sl doing convolution sum.
0of Lol e f bt
30 p7) 28 %6 iz‘s 30 Result: ;‘g._)
: . . y[n] values for a particular bit
g : i cell include contributions %ﬁ
b § : i from neighboring cells. i
06} - : i S
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5 02f : 1 I L voltage received for the “0” bit, V&
00} .w.m ' T but includes contributions (;3
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Given h[n], how bad is ISI?

Recipe:
1. Compute B, the number bits “covered” by h[n]. Let N =
samples/bit

length of active portion of h[n] +2

2. Generate a test pattern that contains all possible combinations

of B bits — Warrtall possible combinations of neighboring cells.

If B is big, randomly choose a T of combinations.

3. Transmit the test pattern over the channel (2¥*B samples)
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Eye Diagram Example

Using hy[n] and samples_per_bit=4: N=3

Eye diagram: h[n], 4 samples/bit

3 Lan

o 20 40 ©0 w0 -
000 100010 110 001 101 011 111

z[n] xhy [:.z]

4. Instead of one long plot of yTn], plot the response as an eye
diagram: e

a. break the plot up into short segments each containing
2N+1 samples, starting at sample 0, N, 2N, 3N, ...
b. plot all the short segments on top ;im—

6.02 Spring 2611 Lecture 5, Slide 55
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Both pln‘fs Wewidth” of Eve | pitdll \

Worst-bEEa¥* /‘-\ Botﬁ plots sh! w the same yfn]

Worst-case “07 \J
To maximize noise margins:

Pick the best sample point — widest point in the eye wid
Pick the best digitization threshold — half-way across width \ ‘

“width” of eye
(as 1n uc, 1Wldt, open”)

)au}f (.UL
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: Choosing Samples/Bit
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Eye diagrams make it easy to find the worst-case
signaling conditions at the receiving end.
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Given h[n], you can use the eye diagram to pick the
number of samples transmitted for each bit (N):

Reduce N until you reach the noise margin you feel
is the minimum acceptable value.

( 6.02 Spring 2011 ’M\(



Example: “fast” channel
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Example: “ringing” channel
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Example: “slovfchannel”
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Can We Recover Fromm
\-—\——.

xz[n] 20 s/b

Cecloall, mech heffer

O\,i— h{ na % ‘/M[ After all, in a perfect world (no noise), no information has been
: lost, only spread out over many samples.

~ ot \D/L‘j pf
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x[n]!
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~—————___ Given y[n] and h[n], can we develop an estimate w[n] for the
actual input waveform x[n]? We could, 6T course, easily receive



Difference Equation for w[n]

If w[n] was a perfect estimate of x[n], it would satisfy:
yln]=w[n]h[0]+w[n-11A[1]+w[n -2]A[2]+...+ w[n - K[ K]

Simplifying assumption: h(K] is last non-zer rk\]

Let’s solve this for wn]: ‘Ffmh {@1 jml

wln]= ;[-E(y[n] wln=11A[1]+w[n-2]A[2])+...+w[n - K]h[K])
1 i]= i<Qori>K
Given y[n] and h[n], we can wl0] =m(y[0]) :-{j]}-% 0j<0 !
incrementally compute
sequence w(n] using a A _
straightforward “plug and e h[O ]( i W[O]h[l])
chug” approach:
w[2] -m( y[21-wl1]A[1]-w[0]A[2])

o (popes Jo Wy Very Al

Deconvolution Example

PP
(hint: see slide #10)
6.02 5prie "™ {'rum%—cd af 1_‘._‘_[625, Slide 15

Se g dies wab [t

What if h[0]=0?

1
wln] = m(y[n] wln—=11A[1]+w[n-2]A[2]+...+w[n - K]h[K])
Oops! Division by 0 isn’t a good idea...
Zeros at the beginning h[n] represent a channel with a delay: m
zeros would mean a m-sample delay. We can eliminate the

delay without affecting our estimate for x[n]. So

1. Count the number of zeros at the front of h[n] =
2. Eliminate the first m elements of h[n], and
eliminate the first m elements of y[n]
3. Now use the equation above on the shortened h[n] and y[n]

M@ mews | S amph el
T o, ghitt get rd of t

Sensitivity to Noise

Let’s consider what happens if some_sgall amount of noisFﬁ~
is added to the first sample of the response (y[0]): '

Estimate \\ {vHQ Error
0]=—— O
w01= 21 “W
%
[1]——[‘—I(y[u wlOJA[1]) —— :{[(1]]]
i & ':[2] d()r when ratls

P o B CLER(AIITYE . e are
wi2] hm](ym wllIA[1]- wlO1A[2]) h[m(h[m) Tl C bigoer

vk h[f'j & spal W L

Question: is the error growing as we compute more w’s?
Answer: depends on h[0] and the ratios h[m]/h[0]. Small
values of h[0] and (h[m]/h[0]) > 1 are troublesome...

.02 Spring 2011 Lecty gl 14
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i i Stability Criterion ) .1
Noisy Deconvolution Example bility (04}94&/8 (ol
The notes have a derivation of the following sufficient (very

conservative) condition that will ensure the stability of the
deconvolver operating on a noisy y[n]:

z[n] 10 s/b

oE 20 30 60 80 100 120 140 ‘ 2 h{m] <1 or, perhaps more usefully Elh[m]l < Ih[0]|
add 0.5111\1'/01' randomn noise o h[0] =

What if my h[n] doesn’t meet this criterion?

Make a new “approximate” h[n] that does! Combine samples
at the beginning of h[n] to make a bigger h[0].

HOOOHLN
ourouciro

d@ COﬂuDL‘]{%”rka/ﬁwﬁ u/i’ })Lﬁ 'l/‘mL-

6.02 Spring 2011 Lecture 5, Slide #17 6.02 Spring 2011 Lecture §, Slide 5138
Example Approximate hg ow[n] (Less) Noisy Deconvolution Example
hin approximate h[n]
v.030} - ‘ : : : 0,030 ' : : : 3‘[”] 10 s/b

0025} - - - 0.025

10 120 140
same 0.5mV of random noise

0,020 o.020 - Jifibh

0,015} 0015}
0.010 - -yl 0.010
it o6 approx:mate w[u;
= PR iR S S SR
——20 e '.ZZZ;Z‘ZZZ'C,II;Iff"',j"iii'
30 100 120 140

A ti bine fi ;? m'QIW 6#])1 m)([ §(M
pproximation: combine first 5 samples of 'hg; qw[n] h 0_} 1'4(4, “ _h\ % :
mfj Ou i j)a"d d"t ]lﬁ ‘/]0«!«.?;9' 5, Slide 420
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6.02 Spring 2011: PS2 https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi?_assignme...

To save your work, click the SAVE button at the bottom of this page. You can revisit this
page, revise your answers and SAVE as often as you like.

To submit the assignment, click the SUBMIT button at the bottom of this page. YOU

CAN SUBMIT ONLY ONCE. Once the assignment has been submitted, you can continue
to view this page but will no longer be able to make any changes to your answers.

6.02 Spring 2011: Plasmeier,Michael E.

PSet PS2

Dates & Deadlines
issued: Feb-09-2011 at 00:00
due: Feb-17-2011 at 06:00 (Feb-22-2011 at 06:00 with extension)

checkoff due: Feb-22-2011 at 06:00

Help is available from the staff in the 6.02 lab (38-530) during lab hours -- for the staffing
schedule please see the Lab Hours page on the course website. We recommend coming to the
lab if you want help debugging your code.

For other questions, please try the 6.02 on-line Q&A forum at Piazzza.

Your answers will be graded by actual human beings, so your answers aren't limited to
machine-gradable responses. Some of the questions ask for explanations and it's always good
to provide a short explanation of your answer.

Problem 1. Digitization Thresholds (3 points)

Consider three different channels (each of which happen to be linear and time-invariant,
though you will not really need that fact to answer this question). The three channels are
denoted, perhaps unoriginally, as channel one, channel two, and channel three. The input to
each of the channels is a voltage sample sequence associated with transmitting bits using five

voltage samples per bit, and the channel output voltage samples are shown in the three plots
below.

10of12 2/10/2011 12:42 AM
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20f12

Channel One Samples

Samplg Number

Channel Two Samples
. o .

S f"@"“m}““s"'" 3

Sampl4 Number
Channel Three Samples

Voltage

&@

Sample Number

Note: the voltage samples of channel one's response never rise above 0.6 volts; there are
several cases where channel three's response is ~0.8 volts mles in a row. Please
use these plots to answer all the parts of this question, and please keep in mind th@
voltage samples are used to represent each bit.

A. What thesho)d voltage should be used for each of the channels?

! Cm (0~ Y
;(L(Mﬂél O 3 \/
Twy ‘L( v
Theree— Y

LA S { |

(points: 1)

B. What 14-bit sequence is being transmitted (the sequence is the same for each channel)?
Enter your answer as a sequence of 0's and 1's.

I

| 067G 6 || 006 -

\

(points: 0.5)

C. For each of the channel output sequences, please select a good set of five sample
indices to use for detecting the first 5 received bits. For this case of a short sequence of
bits, please assume that the distance between bit detection sample indices is equal to
the number of samples per bit fWhich is five in this example). Please note that for each
channel, there are several sets of bit detection sample indices that will lead to correct
bit identification. However, it is a good strategy to use bit detection samples that are
half-way between potential rising or falling transitions between bits (as seen at the

\f\;hd! Bld?) g W/O'{Q [N

MG rmegn ( 2/10/2011 12:42 AM
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receiver). That way, even if there are small timing errors, bits will stil be identified

correctly. ol ]
Oh - mdde

Appropriate sample indicies for Channel 1: |

£

(points: 0.5)

Appropriate sample indicies for Channel 2:

@, 6[1 W Al n c[«\a«w[ v
J F@QMV 7@1{5 fo Cud tranm Ay

/

. el )
(points: 0.5) { Can N&e N0 (avbql ~ r
005 N [
Appropriate sample indicies for Cf){a\nnlg&aéfztv Wee ‘{7‘/ € ILMI fion 5

Ul want ofesst il
P! w
’ e whan Ctcduing Trave
W (& Cosses Ta H‘%ﬁaéd i

(points: 0.5)

Problem 2. Clock recovery (3 points)

The symbol rate of a transmitter specifies how quickly successive symbols of the message are
transmitted. For example, if the symbol rate is 1,000,000 symbols/second, each symbol would
be transmitted for 1 microsecond. Typically the Ef_@l}g}_ rate is fixed.

The receiver can deduce some information about the transmitter's symbol rate from the
incoming waveform. Specifically, each tr%nsition in the waveform marks the start of a new

symbol -- so each transition of the incoming waveform adds another clue to what the symbol
rate must be.

In the following plots of received waveforms, the transmitter is sending sequences of binary
symbols (i.e., either 0 or 1) at some fixed symbol rate, using OV to represent 0 and 1V to
represent 1. For each of the waveforms, indicate the slowest possible symbol rate that's
consistent with the transitions in the waveform. The horizontal grid spacing is 1 microsecond
(1e-6 sec). Your answer should be a number with the units of symbols/second: Using that
symbol rate, decode the waveform into a sequence of Os and 1s; ignore partial symbol

3of12 2/10/2011 12:42 AM
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transmissions (if any) at the beginning and end of the plot.

A.

...................

...................

Slowest symbol rate and decoded bit string:

1,000,000 bif fsec
LO 16 (61010

(points: 1)

Slowest symbol rate and decoded bit string:

500,000 gl foec
100 (I

(points: 1)

......................

A /?l (G ; ﬂ;(ﬁ Of 4 o l

Slowest symb)/\) rate and %ecoded bit strmg

[ 110000 ]

(points: 1)

Problem 3. Differential encoding (1 point)

40f 12 2/10/2011 12:42 AM
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Some versions of Ethernet use an ML7-3 (Multi-Level Transmit) encoding that transmits one
of three voltage levels (-1, 0, +1). MLT-3 cycles through the voltage levels in the sequence
-1,0,+1, 0. To transmit a "1", the sendere voltage at the beginning of the clock
cycle; to transmit a "0" it maintains tho tage. Thus the information to be transmitted
is encoded by differences (or lack thereof) in the voltage, not by the absolute voltage level
itself. For example the +1 voltage may represent either a "0" or a "1" depending on whether
the voltage changed at the beginning of the clock cycle or not Using differences to transmit

More information can be found in the MLT-3 Wlkmedla article. We encourage you to use the
web to read up on the various technologies we mention in 6.02.

Please list the first 10 bits that can be decoded from the following MLT-3 waveform. The
vertical grid lines show the beginning of each clock cycle.

,O S I oo v g 7”01 [’(ﬂ[ﬁ_l f Cf;}w'/'/"

..................................................

First decoded 10 bits:

ffo 110010 (/]
nt Jti‘tsmgt/m\

https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi?_assignme...

(points: 1) bﬂq&, timaf! [& M w/Mg

Python Task 1. Clock and data recovery (8 points)
Useful download links:

PS2 tests.py -- test jigs for this assignment
PS2 1.py -- template file for this task

Your goal for this task is write a Python procedure that processes a sequence of received
voltage samples to produce a  sequence of received bits. The procedure is given
samples_per bit, the number of voltage samples the transmitter generated for each bit:

In a perfect world, it would be a trivial task to find the voltage sample in the mdjlgo&ch
bit transmission and use that to determine the transmitted bit. Just start the sampling index at
samples_per_ bit/2, then increase the index by samples per bit to move to the next
voltage sample, and so on until you run out of voltage samples.

Alas, in the real world things are a bit more complicated. Both the transmitter and receiver

2/10/2011 12:42 AM
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use an internal clock oscillator running at the sample rate to determine when to generate or
acquire the next voltage sample. And they both use counters to keep track of how many
sa_gpjgs there are in each bit. The complication is that the frequencies of the transmitter's and
receiver's clock may not be exactly matched. Say the transmifteris-sending 5 voltage samples
per message bit. If the receiver's clock is a little slower, the transmitter will seem to be
transmitting faster, e.g., transmitting at 4.999 samples per bit. Similarly, if the receiver's clock
is a little faster, the transmitter will seem to be transmitting slower, e.g., transmitting at 5.001
samples per bit. This small difference accummulates over time, so if the receiver uses a static
sampling strategy like the one outlined in the previous paragraph, it will eventually be
sampling right at the transition points between two bits. And to add insult to injury, the
difference in the two clock frequencies will change over time.

The fix is to have the receiver adapt the timing of it's sampling based on where it detects
transitions in the voltage samples. The transition (when themﬁtwmnmalf-way
between the chosen sample points. Or to put it another way, the receiver can look at the
voltage sample half-way between the two sample points and if it doesn't find a transition, it
should adjust the sample index appropriately.

The following two figures illustrate how the adaptation should work. The examples use a
low-to-high transition, but the same strategy can obviously be used for a high-to-low
transition. The two cases differ in value of the sample that's half-way between the current
sample point and the previous sample point. Note that a transition has occurred when two
consecutive sample points represent different bit values.

e

Half-way sample Case 1: the half-way sample is the same as
A Current sample the current sample. In this case the half-way
Previous sample it Rl o sample is in the same bit transmission as the
= = % B p current sample, i.e., we're sampling too late in
| the bit transmission. So when moving to the
| Samples/it - | next sample, increment the index by
samples_per bit - 1tomove "back".

Half-way sample Case 2: the half-way sample is different than
Current sample the current sample. In this case the half-way
Previous sample s - Sl sample is in the previous bit transmission
s w(a)s als) from the current sample, i.e., we're sampling
| too early in the bit transmission. So when
| samples/bit "l moving to the next sample, increment the
index by samples per bit + 1 to move

e —

"forward". | | . -
e L now o @ sy | 0w ’) e ] 74 Nt ber

yw nmH { {
If there is no transition, simply increment the sample index by samples per bit to move to

provides the information necessary to make the appropriate adjustment.

If you think about it, when there is a transition, one of the two cases above will be true and so
we'll be cg_r_l_s_t_aﬂtly adjusting the relative position of the sampling index. That's fine -- if the

https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi? assignme...
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relative position is close to correct, we'll make the opposite adjustment next time. But if a
large correction is necessary, it will take several transitions for the correction to happen. To
facilitate this initial correction, in most protocols the transmission-ef message begins with a
training sequence of alternating 0- and 1-bits (remember each bit is actually
smt voltage samples long). This provides many transitions for the receiver's
adaptation circuity to chew on.

Please write a Python procedure data recovery that takes a sequence of digitized voltage
samples (i.e., voltage samples that have already been compared against a threshold and
converted to "0" or "1") and returns a sequence of received bits. The procedure is also given

e
samples_per bit.

PS2 1.py is a template file for this task. The calls to Ps2_tests.taskl test(...) invokes
your data recovery function on several different digitized bit sequences. The first one is
"perfect” in the sense that the receiver and transmitter clocks have exactly the same
frequency and phase. The last two test sequences are more challenging, with the two clocks
slowly drifting with respect to each other. To successfully recover the message bits your code
must continually use the adapatation procedure described above.

# PS2 1.py -- template for task #1
import PSZ tests

# this routine simply samples periodically and does not

# do adaptation using the transitions.

def naive data_recovery(digitized samples, samples per bit}:
1 = len{digitized samples)

result = [} # accumulate message bits here [ 7} f‘
ﬂ (/l/f:!f 'iv""ij. [0
# start in middle of first message bit £ 2

index = samples per bit/2 Lirg

# iterate through samples until end
while index < 1: U
current = dlgltlzed_samples[lndex]é//b Gw'ﬂ¢ /ﬂ{ddfo
result.append(current)
# move to middle of next bit & % f :
index += samples per bit ‘NOT same A5 (AT o0t /j; /
f‘ : [ ] ] .5

return result

return sequence of message bits given sequence of received
digitized samples and the number of samples transmitted
for each bit. Handle the case where the receiver's clock
is slightly faster or slower than the transmitter's.

def data_recovery(digitized_samples, samples per bit):

# ***% YOUR CODE HERE ***%*

return []

e e e T

bA 09 [oop

# testing code. Do it this way so we can import this file E
# and use its functions without also running the test code. ' ]]
if _name == ' main °':
| ( ) :
‘F |/,5J(_ 0“‘ | } ﬁ" VOV WA / o (1 L O e

7of12 Movteg doo much ~ d o T follow wopoefinss 200201 1242 am
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# which function to test (-’ 0 Jf') Maovine ] -/,-;»r;

oy ] L ! - o’
ftest = naive_data_ recovery ¢ M R iy
#ftest = data recovery
# start with a short test, no clock drift L] P ot i
PS2_tests.taskl_test(ftest, 'same’', debug=True,nbits=16) A !/h “‘-f,‘,- }f ___,}
# clocks are drifting (’l . ') Aoond)
PS2_tests.taskl_test(ftest, 'fast') AU ’f 2(5

PS2_tests.taskl_test(ftest, 'slow')

When you're ready, please submit the file with your code using the field below. 1T ) T, ‘e "
N
ile to upload for Task 1: Browse... F Nog¢ } | : ;}, 0 { } 0
et vt ins s ceven e e e besiasd I: gi/ j s }' i
(points: 8) TS

Python Task 2. 8b/10b decoding (11 points)

v

y
T(ﬁl,{ﬁtf.;‘,j {){)fl;{ ( {“

\/

Useful download links:

PS2_2.py -- template file for this task

This task investigates a digital signaling protocol that is used by many high-speed digjtal O ) l } | l l ]

transmission systems (PCle, Firewire, USB 3.0, SATA, ...). This protocol was developé.d to

help address the following issues: ' \ L 0ce /'f SR O
e If the transmitter is sending bits continuously and the receiver starts listening at sé')!me T 540 4 Y
_point-in-the transmission, there's no way to locate the start of multi-bit symbols unless ~ e f’

there's a long pause in the transmission that the receiver can interpret as "no data" and ‘, / -
thus synchronize with the data stream. Vo 1

‘I\‘-. N } ) i (0 [l‘( L 1;(5.1

e For electrical reasons it's desirable to maintain DC balance on the wire, i.e., that on the . i
average the number of 0's EE‘JE?L‘Q the number of 1's. | ( ),h?( 010

S \ el '
e Transitions in the received bits indicate the start of a new bit and hence are useful in | b‘('ﬁ{{" Sinte o
synchronizing the sampling process at the receiver -- the better the synchronization, the f(ﬁ :— C
faster the maximum possible symbol rate. So ideally one would like to have frequent ‘A
transitions. On the other hand each t@l_l_sj_tiqr_l_gpnsumes power, so it would be nice to o ({J z’)‘ 71
minimize the number of transitions consistent with the synchronization constraint and, i a U5 pow
of course, the need to send actual data! In a signaling protocol where the transitions arft
determined by the message content may not achieve these goals. \ P A5¢ 0 d }
FAV S
ll

(

To address these issues we can use an encoder at the transmitter to recode the message bits \
into a sequence that has the properties we want, and use a decoder at the receiver to recover |
the original message bits. Many of today's high-speed data links (e.g., PCI-e and SATA) use

8of 12 2/10/2011 12:42 AM
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9of 12

an 8b/10b encoding scheme developed at IBM. The 8b/10b encoder converts 8-bit message ﬁ ]—f
symbols intg_l_(l}_r_@nsmiﬁedhbits. There are 256 possible 8-bit words and 1024 possible 10-bit | ¥ z
transmit symbols, so one can choose the mapping from 8-bit to 10-bit so that the the 10-bit are (eoql ’!-,'
transmit symbols have the following properties: ‘ /
ﬁ* (0= muot

e the maximum run of 0's or 1's is five bits (i.e., there is at least one transition every five
bits). . L T
) i ‘(« {“" g.;lf"f P

e at any given sample the maximum difference between the number of 1's received and /) ¢ oy i
U ol tag
the number of 0's received is six. ' /

e special 7-bit sequences can be inserted into the transmission that don't appear in any
consecutive sequence of encoded message bits, even when considering sequences that
span two transmit symbols. The receiver can do a bit-by-bi for these unique
patterns in the incoming stream and then know how the 10-bit sequences are aligned in
the incoming stream.

Here's how the encoder works: collections of 8-bit words are broken into small groups of
words (16 words/group in this task) called a packet. The last packet is padded with NULLs if
the message doesn't happen to be an exact multiple of 16 symbols. Each packet is sent using
the following wire protocol:

e A sequence of alternating O bits and 1 bits are sent first (recall that each bit is multiple
voltage samples). This sequence is useful for making sure the receiver's clock recovery
machinery has synchronized with the transmitter's clock. These bits aren't part of the
message; they're there just to aid in clock recovery.

e A 7-bit SYNC pattern -- either 0011111 or 1100000 where the least-significant bit
(LSB) is shown on the left -- is transmitted so that the receiver can find the beginning
of the packet. Note that the SYNC patterns are transmitted least-significant bit
(LSB) first.

|

e The sixteen 10-bit transmit symbols are sent -- the packet data. Each 10-bit transmit , , 1Y ad
synibol is determined by table lookup using the 8-bit word as the index. Note that all{ L,

10-bit symbols are transmitted least-significant bit (LSB) first. on(e
Multiple packets are sent until the complete message has been transmitted. Note that there's — C[_/
no particular specification of what happens between packets -- the next packet may follow 2%
immediately, or the transmitter may sit idle for a while, sending, say, training sequence /)Q‘ ey 1(
samples. o 5

\ _/I‘L_"-'? aeni yoer to vl &
On g8

Write a Python procedure receive that takes a single argument -- a sequence of bits such as
might be output by your code in Task #1 -- and returns the sequence of characters that were
contained in the packet(s). Here's how to proceed:

* To determine where a packet starts in the received bit stream, look for instances of the
SYNC patterns. You'll have to search bit-by-bit to detect where in the bit stream the
packet starts. Once you've located an‘instanee-of the SYNC patterns, the next bit

2/10/2011 12:42 AM
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/ - |

\L ! (‘O'\ [’l‘ﬂl N E')

following the pattern is the ' LSB of the first 10-bit transmit symbol which encodes the

first 8-bit message symbol in in the packet. Don't forget that the SYNC patterns are

appearing LSB first in the received bit stream.

* To decode each of the 16 data symbols, use PS2_tests.bits_to_int to convert each
10-bit sequence into an integer (first bit of tmleast-signiﬁcant bit of
the integer) and use it as index into the list .table_10b_8b to retrieve the integer {
representation of the original 8-bit messag bol. If the table entry contains None r dn 7/0 (onvelf

just ignore that particular 10-bit symbol, otherwise use Python's built-in chr () function fo 'l
tArépd/
to convert the 8-bit integer into a character which can be appended to a list that 1s Y,
accummulating all the received characters. P g ,Z
e Once 16 data symbols have been decoded, the packgt processing is done, so restart
your search for a SYNC pattern, looking for the start of the next packet. C B /1 3/,] m pc

(
e The number of message bytes being transmitted is not necessarily multiple of 16. [) ii
Please trim off the NULL bytes that might appear at the end of the last packet.
o e

PS2 2.py is a template file for this task. The call to Ps2_tests.task2 test(...) invokes ’}g’ ’ M{.O/-ﬂl
your receive function with an array of bits resulting from encoding a given message using an {

8b/10b encoder. dﬂ ol he [(q,
# PS2 2.py -- template for task #2 @Iq i[? d((
import P52 tests
. : L\/{ 01! UJ
# These are the two 7-bit sync patterns, LSB first
syncl = [0,0,1,1,1,1,1]
sync2 = [1,1,0,0;70;0,0] [ﬂ&v

def receive 8blOb(received bits,packet size=16): ; vjofL{

Convert a sequence of bits transmitted by a 8b/10b encoder into T

sequence of message bytes. The received bit sequence is made up | |
of 16-byte packets preceded by one of the two 8bl0b SYNC WOW g
seguences. There may be other bits between packets (e.g., bits
serving as a clock training sequence) -- these should be ignored ‘}O (\0 /Wkw
by your function.
oy §P AChet
# *%** YOUR CODE HERE **** ( .,-f":"‘iéfﬁ
return [] f/‘
(D) %ﬁ
# testing code. Do it this way so we can import this file \Q{fyjﬁﬁ= /!&f
# and use its functions without also running the test code. 7, _
if name == ' main_ ': _h’ Fotng
# short message is just the word "test" : ';k v 6%/

PS2 tests.task2_test(receive_8blOb,PS2_tests.short_message)

( ofs a{j
(/f( ) (’
10 of 12 271072011 12:42 AM
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# now try a longer message with multiple packets
PS2 tests.task2 test(receive 8blOb,PS2_tests.long message)

......................................................................

When you're ready, please submit the file with your code using the field below.

File to upload for Task 2: Browse u

b/ ?[5
A. If the channel can support, say, a transmission rate of four million samples/second,
what's the rate at which 8-bit symbols are produced by the receiver?

M"éﬁ@: Loﬁi (/{_{ U’{f,u// {L/t/ J - ? (’/%
| 7557

(points: 8)

(points: 1)

B. What are the pros and cons of increasing the frequency at which sync patterns (the
special 7-bit sequences discussed in step 3 above) are embedded in the transmit
stream? One factor to consider: how does the rate at which sync patterns are inserted
affect your answer to the above question? ‘:{( (e i ge,

------ | !'{#rg_,m

1’/1

(points: 1)

C. Suppose that a burst of noise corrupts the bit stream so that one of the bits is received
incorrectly, e.g., a bit transmitted as 0 is received as 1. What effect does this have on
the decoding process? Consider corrupted message bits separately from corrupted sync
patterns bits.

E(points:l) | s
\j rf};f.lmm‘i %’Qk

You can save your work at any time by clicking the Save button below. You can revisit : /
this page, revise your answers and SAVE as often as you like. Z l'\ff

11 of 12 2/10/2011 12:42 AM
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Save

To submit the assignment, click on the Submit button below. YOU CAN SUBMIT ONLY
ONCE after which you will not be able to make any further changes to your answers.
Once an assignment is submitted, solutions will be visible after the due date and the

graders will have access to your answers. When the grading is complete, points and
grader comments will be shown on this page.

S bl

12 of 12 2/10/2011 12:42 AM
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6.02 Spring 2011
Lecture #6

* Mean, power, energy, SNR

* Metrics for random processes

¢ Normal PDF, CDF

* Calculating p(error), BER vs. SNR

Lecture 6, Slide #i

Definition of Mean, Power, Energy

x[n]

r’f%fu‘l il

Slides 3-16
Some interesting statistical metrics for x[n]: geofg’e?gm";
Wik .02 slides by
al/Mean: .u =_2x[n] D(/ &1/5 { 1*‘ U%l’ l‘M:ke Perrott
 vile Ca ¢Sl
Power: P, —-—Ex[n] B =1_v'2 (xln]- ,ux
n-l ) s n=1 % m&n
Energy: E, = E.Jt[n]2 E = E(X[n] -, )2
n=l1 n=1 .

6.02 Spring 2011

In analyzing our systems, we often use metrics
where the mean has been factored out. Lecture 6, Slide 73

{
Bad Things Happen to Good Signals

Noise, broadly construed, is any change to the signal from its
e'icp=e5E’ed value, x[n]*h[n], when it arrives at the:l 1}—zefexver

' 0
We'll look at additive noise and assume he I\i/cnse in our
systems is independent in value and timing from the nominal
signal, y,({n], and that the noise can be described by a random
variable with aicw_egpbab hty dlstnbutlon

ﬁwfn Chaenge(

We’ll model the received s:gnal as y[n] ¥ noise[n].

“noisy” signal

YndD] yln] =
receiver must

“noise-free” signal

at receiver, i.e., process
x[n]#*h[n]
' q—* noise[n]
Independent random noise
‘—'_"—-4?
.02 Spring 2011 - Lectine &, Slide 42

, ot :
5&(1%*@ Titectaore ‘mégnc/zden]‘ i 0or | gl

L Pralog TV o ]yi-patn MU

Signal-to-Noise Ratio (SNR) "~ iocoo000o00
90 1000000000
80 100000000
The Signal-to-Noise ratio (SNR) is useful in & et
A — 60 1000000

judging the impact of noise on syst

performance: M bt ecor ra? Chq/?c jg : 1:’::;?

= 30 1000
SNR = Ps:gnaf O ‘ 20 0 100
P 10 10

noise .

0 : 1
SNR is often measured in decibels (dB): -10 0.1
i : 200 ooy
g P -30 0.001
SNR (db) = —M) Mo i 0.0001
Rw"se : -50 0.000001
“. -60 - 0.0000001
Q"r O [;&’g g-F M | 70 0.00000001
Qsﬂr‘h/& -80  0.000000001
50 0.0000000001
/1/ 2100’ 0.00000000001

3db is a factor of 2

6.02 Spning 2011 Lecture 6, Slide &4
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SNR Example
LL Pedks

h:}tf

il

SNR=20.4d8

noise[n]

§yr;=1r:7 dB {a"h‘f of CO

{-JEE (Oecmw@ CL&M{
h‘l"t rw‘bﬁ

Changing the amplification factor
(gain) A leads to different SNR values:
* Lower A — lower SNR
« Signal quality degrades with
lower SNR

€.02 Spring 2011 tecurre ¢, Slide 5

) Pragecties
Stationary and Ergodic Random Processes

_noisefnjfirial=1]
Stationary
statistical behavior is h‘flé . h”?
independent of shifts in
time in a given trial. Implies(val I,en{‘
noise[k] is statistically

indistinguishable from
noiSeMFN] sl

-
el
Ergodic )
statistical sampling can be
performed at one sample .\ _____: . ol
ti}'nf: (i.e., n=k) across £ Of J Ua 5
different trials, or across
different sample times of the
same trial with no change in (g NlDl 3

the measured result T‘»L H m&; L

: T e :
JQQ),‘ 4

("\dage w\QfQ b ‘L'J rm PFG)CE’)&

_naiselnjirial=3]

Analysis of Random Processes

nolzefn) (Trial 1)

L W

noiss[n] (Trial2) !

» Random processes, such as noise,
take on different sequences for
different trials

— Think of trials as different
measurement intervals from the
same experimental setup (as in lab)

* For a given trial, we can apply our
standard analysis tools and metrics
—mean and power calculations, etc...

* When trying to analyze the ensemble
(i.e., all trials) of possible outcomes,
we find ourselves in need of new tools
and metrics

1"6/!@1?1 /hﬂ,flﬂ ma,f{,} to
ﬁ’mf“wlfp’i ab“ ﬁt

(‘uLS

Experiment to See Statistical Distribution

Hislogram of 100 samples

notesin]. (Tvial= 1)

___sample:
“value |
:

Histogram of 1,000 samples

'
'
'
L d of
1 % sample ) -
[ ""J'"'""valuea
'

Experiment: create histograms Histogram of 10,000 samples

of sample values from trials of
increasing lengths.

Assumption of stationarity
implies histogram should
converge to a shape known as a
probability density function
(PDF)

6.02 Spring 2011

( oneeedis
I Urmal



Formalizing the PDF Concept

Histogram

Define x as a random
variable whose PDF has
the same shape as the
histogram we just

obtained. h{]n M | _‘

Denote the PDF%X as Jpu 1fx(x)
f,(x) and scale f,(x) suchée UDPDF ;

sample
value

that its overall area is ( ue
1.
[ rx=1 "
& m st
6.02 Spring 2011 Lecture §, Slide 59

Example Probability Calculation

EfX(X) — This shape is
; S referred to as a
12 | - &
uniform PDF.
00510 2 X

Verify that overall area is 1:
‘ ¥ i
| fi(x)dx = fo 05dx=1

Probabilit%r that x takes on a value between 0.5 and 1:

st indeote
# I p(05<x=<1.0)= f 0.5dx = 025
P

€.02 Spring 2011 Lecture 6, Slide £11

(Om.

seed B

Formalizing Probability

The probability that random variable x takes on a value in the
range of X, to x, is calculated from the PDF of x as;
——

plxysx=sx,)= f:zﬁ(x)dx

x(x) Nt
LG[A ['LOM’ L2l &:4 /9 (4{

1

= nf tﬁ- —
Note that probability values are always in the range

6.0Z Spring 2011 Lechure 6, Slide #10

Examination of Sample Value Distribution

X

Fﬁ'ﬂ

naisle[k} =x

Assumption of ergodicity implies the value occurring at a given
time sample, noise(k], across many different trials has the
same PDF as estimated in our previous experiment of many
time samples and one trial.

Thus we can model noise[k] using the random variable x.

%.G1 Sprirg 2011 Lecture 6, Slide 212



Probability Calculation

noisefn] ,# TTTTTTTTTT

'

a

[
LR
'

¥

noise[k] = x

In a given trial, the probability that noise[k] takes on a value in
the range of x, to x, is computed-as
——

p(x, sxsx2)=f:ﬁ((x)dx

6.02 Spring 2011 2 Lecture 6, Slide 513

Visualizing Mean and Variance

Changes in mean of x : Changes in variance of x
Hx(x) § A fx(x)
' Smaller :  Smaller ;

Mean » Variance

X: X
+fx(x) !
' Larger Larger ;
Mean v Variance :
AT - : %
0 @ : Hx
Changes in mean shift the Changes in variance narrow

center of mass of PDF or broaden the PDF (but

area is always equ}ai to 1)
ecture 6, Stide 71%

Mean and Variance

X

"
"
"
'
"
0
'
|

Hx
The mean of a random variable x, p,, corresponds to its average
value and computed as:

o= [ f DA Mo glall (1 for

not

%

The variance of a random variable x, 0,2, gives an indication of

its variability and is computed as: .
Compare with
/‘\/ power calculation

ol = [ (x-p) f.(x)dx

6.C2 Spring 2011 Lecture &, Slice 214

Example Mean and Variance Calculation

Hfx(x)
112 }
0 2 y
Mean:
i 21 122
=| xf(x)dx=| x—dx=—x"| =1
o= x fode= [xode=— 0
Variance:

2

o? =f_u;(x—‘ux)zﬁc()c)abc=foz(;»c—l)z—;—abc-—-é(x—-l)3

6.GZ Spnirsy 2011 Lecy Slide 516
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Noise on a Communication Channel The Normal Distribution
The net noise observed at the receiver is often the sum of many [ h‘mm” Diwib.}mm = ,,.,?, R
small, independent random contributions from the electronics o } =
and transmission medium. If these independent random P e bt I S - i WA
variables have finite mean and variance, the Central Limit Vatinsice o Tids 5 DDR H @ =20
Theorem says their sum will be normally distributed. described by
The figure below shows the histograms of the results of 10,000 QD‘F nol md,l o
trials of summing 100 random samples draw from [-1,1] using g 1 e
two different distributions. ) - «(x)= A

The normal distribution with
u=0 and o02=1 is called the
“standard” or “unit” normal.

00F - %=

Uniform =t 05

-3 =7 0 ] 4
1

6.02 Spring 24.‘.11-1 b/+ 5.{\” +€4(!,§ '}“0 i l.i}.v_u.t.:,‘ Slide #17 .02 Spring 2011 T Lecture: &, Slice 18
bo pomal distrible ¢ all O ment

Cumulative Distribution Function(b ®(x) = CDF for Unit Normal PDF

Unit Normal PDF (u=0), o =1)

When analyzing the effects of Gaussian noise, we'll often want to Most math libraries don’t o4
determine the probability that the noise is larger or smaller than provide ®(x) but they do have a o} -

a}@_ﬁaﬂ%g From slide #10: related function, erf(x), the a2} -
2 o error function: o1}
N e /N -, ’
XsXy)=| ——ce = X : g s o0
P 0 —o0 21’[’0’2 wo 0 ( : X crf(x) = ﬁfﬂ e ! dt

-4 -2 o 2 4

% M
-(x-,u) s a L #(r) = CDF for Unit Normal PDF

p(xzx,) = f J— dx=1-®,,(x,) A For Python hackers: tof feeir oy - '
L . X - ] S TGN TR £ Il‘lflm?t.x) I

H X from math import sqgrt i H H : :

f ipy.speci o8

Where @, ;(x) is the cumulative distribution L L E R | .

H 0.4 RS 0§ e
function (CDF) for the normal distribution x—-u # CDF for Normal PDF. = : BRk

with mean p and variance ¢2. The CDF for (x)=® o il f“;ﬁ:(?i'gui}%';?‘;;g*sqrtm,, et b : '
the unit normal is usually written as just ®(x). L - return 0.5 + 0.5%t SR RER e oo 5 il i

' -3 -2 a 7 4

Gonverf for

6.02 Spring 2011 Lecture 6, Slide #15 | + 6.2 Spring 2011 Lecture b, Slide 520
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B?t Error Rate %@u‘fm J{ # e 6; B p(bit error)

Now assume the channel has Gaussian noise with p=0 and
The bit error rate (BER), or perhaps more appropriately the bit : n 6 Y variance 02. And we’ll assume a digitization threshold of 0.5V,
error ratio, is the number of bits received in error divided by the We can calculate the probability that noise[k] is large enough
total number of bits transferred. We can estimate the BER by that y[k] = y,dk] + noise[k] is received incorrectly:
calculating the probability that a bit will be incorrectly received

due to noise. & 1-®, (0.5) = &, (-0.5)
plerror | transmitted “07): fﬁ((—OO.SS—(;)/U)
Using our normal signaling strategy (OV for “0”, 1V for “17), on X haie

a noise-free channel with no ISI, the samples at the receiver b 05 Plots of noise-free voltage
are either OV or 1V. Assuming that 0’s and 1’s are equally ?,4(0.5) + Gaussian noise
probable in the transmit stream, the number of OV samples is . wim. = OU05-1)/0) =
approximately the same as the number of 1V samples. So the plerror | transmitted “17): = ¢(-0.5/q) : S
mean and power of the noise-free received signal are ; b : X
o X s ) 14 P/D e

o ”Fn},;y'*’["]'ﬁ?‘i ,{7, m}. p(bit error) = p(transmit “0”)*p(error | transmitted “0”) +

L 1 IV 1&1Y 1N 1 p(transmit “17)*p(error | transmitted 13

Rw =E2(y"1[n]'-§') =_[V—E(E) =‘A_JZ=Z C(\m(\ [’(D‘f@ - O.5*¢(—0.5/O‘) + 0.5*(0(_0.5/0-)

=l n=|l

.02 5pning 2001 ¢(‘0-5f0')

6.02 Spring 2011 Lecture §, Slide 221 Leclure 6, Slide 427

BER (no ISI) vs. SNR

Bit Error Rate vi. SNR

We calculated the power of the
noise-free signal to be 0.25 and *
the power of the Gaussian noise i
is its variance, so G
}3. 10°*
SNR (db) = 10]og(.’L"‘”] - 101og(°'—2;5)
o

noise

Given an SNR, we can use the
formula above to compute g2
and then plug that into the ™
formula on the previous slide

to compute p(bit error) = BER, io?

%

The BER result is plotted to the
right for various SNR values.

6.02 Spring 2011 Lecture g, Slide 723
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Lecture #7

« ISI and BER
* Choosing Vy, to minimize BER

6.02 Spring 2611

Yo [ A
X[n] 5] hln) *—ﬂé[_'za Y[ﬂj

nﬂm[ﬂj pot exackhot
p(bit error) L"QEH‘"““-'W” -

avs “an
Now assume the channel has Gaussian noise with p=0 and O
variance 2. And we’ll assume a digitization threshold of 0.5V,

We can calculate the probability that noise[k] is large enough

that y[k] = y,{k] + noise[k] is received incorrectly:
Goat l\o%@ o 1-0, ,(0.5) = &, ,(~0.5)
L“LH M’L plerror | transmitted “0”): - o(°0.5-0/0)
= ®(-0.5/0)
X

@ 0'5

Plots of noise-free voltage

MDWM

OF
VE Ba po

M,,6(0.5) + Gaussian noise
l bQ on = 9((0.5-1)/0) =
l plerror | transmitted “17): = ®(-0.5/0)

Marside
6f el
p(bit error)

————

= p(transmit “0”)*p(error | transmitted “0”) +
p(transmit “17)*p(error | transmitted “17)
= 0.5*®(-0.5/0) + 0.5*®(-0.5/0)
= #(-0.5/0) e
e

€.02 Spring 2011 Lecture 7, Stde 53

A

Var =67
fle S Lake of MI%+ Tells v

Bit Error Rate

The bit error rate (BER), or perhaps more appropriately the bit
error ratio, is the number of bits received in error divided by the
total number of bits transferred. We can estimate the BER by
calculating the probability that a bit will be incorrectly received

due to figise. T——

Using our normal signaling strategy (OV for “0”, 1V for “17), on,
a noise-free channel with no ISI, the samples at the receiver 1 54

are either OV or 1V. Assuming that 0’s and 1’s are equally -h,\m H}
probable in the transmit stream, the number of OV samples is
approximately the same as the number of 1V samples. So the

mean and power of the noise-free received signal are

e =N
PV 1IN
P:’WQF — (ynf[ n]- —) F;(E) =F'4—_=Z

.02 Sprivg 2011

Bt mare
m'k*’ to {“QJ

F(natse (g« e J
ISI) vs. SNR

811 Ervor Rate v, SNR

noise-free signal to be 0.25 and
the power of the Gaussian noise
is its variance, so

P 1w’}
SNR(db)—IU[og( s-gm) 10]0g(025)

noise 10t

Given an SNR, we can use the @“,
formula above to compute g2

and then plug that into the -
formula on the previous slide

to compute p(bit error) = BER. ot

The BER result is plotted to the =
right for various SNR values.
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Intersymbol Interference

Consider transm1tt1ng a digital signal a@samp es/bit over a
channel whose h[n] is shown on the left below. 6 a(,h

Exampﬂhﬂ) “: , y[5]=0.0V
- ” ; |yls]=0.3V
I y[5]=0.7V
| T he
O gt AR
sl - i R R g M
aca ! l h[n]]?\lpped;slld ) (_‘]AJDIL/thJ\

1 1 1

/7

)()

The figure on the right shows that at end of transmi ing each
bit, the voltage y[n] corresponding to the last samplé in the bit
will have one of 4 values and depends only on the ¢urrent bit
and previous bit,
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The first twc bits determine the starting voltage, the third bit is
the test bit. [The plots show the response to the test bit. All bits
transmitted [at 3 samples/bit.
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Test Sequ?'nce to Generate Eye Diagram
A mace (Wfltx Cos

If we want to explore every possible transition over the channel,
we’ll need to consider transitions that start at each of the four

voltages from the previous stide; followed by the transmissionof

a “0” and a “1”, i.e., all patterns of 3 bits.
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G Stk o o of each dfer
Plot the Eye Diagram

Eye diagram for y[n]

To make an eye diagram, 1}1 f
overlay the eight plots in a ‘& “‘ié, )"
single diagram. 110 }[ﬂ% =0.2*0 +0:211 + 0.3*1+.0.8*1 ‘-"’/ Couy|
0s}01.1 '
We can label the plot with ) : > Sum
the bit sequence that 010 =
generated each line. oof L RplE
SV
= b
The widest part of the eye : g
comes at the first sample in  *[ ;|
; 101 ¢
each bit. ]
Using the convolution sum  *'[100 : i1, e
we can compute the width 001 y(n]uo.z*} . 042502;0'3:'0 *0.%0
of the eye = 0.8-0.2 = 0.6V, Al -
| 000 ;
0.0 0s 1.0 15 0 5 EX)
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What ace o b for £ 4 p(bit error) with IS|

1
|
POF for sl w10

From the diagram on the previous slide, if we sample at the

widest point in the eye, the noise-free signal will produce one p(error | 11) = ¢((0.5-1.0)/0)
of four possible samples: = ®(-0.5/0) !
5 oo DP 1.0 15
1. 1.0V if last two bits are “11” ‘ vosronin 08
2. 0.8V if last two bits are “10” plerror l 10) = $((0.5-0.8)/0) :
3. 0.2V if last two bits are “01” = ®(-0.3/0)
4. 0.0V if last two bits are “00” g . ,, ” -

POF for ynl.y =02
H

Since all the sequences are equally likely, the probability of

observing a particular voltage is 0.25. plerror | 01) = 1-9((0.5-0.2)/0)
=®(-0.3/0)

Let’s repeat the calculation of p(bit error), this time on a

channel with ISI, assuming Gaussian noise with a variance of

o2 (from now on we’ll assume that Gaussian noise has a mean plerror | 00) = ®((0.5-1)/0)

of 0). Again, we'll use a digitization threshold of 0.5V. = $(-0.5/0)

6.02 Spring 2011 Lecture 7, Slide 59 6.02 Spring 2011 Lecture 7, Slide 210

Wit Theshhs 4 1o woinize eror fuft

p(bit error) with ISI cont’d. - Choosing Vy,
: . : 5 Cye We've been using 0.5V as the digitization threshold - it’s the
p(bit error) = p(11)*p(error | 11) + p(10)*p(error | 10) + i e T]{ voltage half-way between the two signaling voltages of OV and

p(01)*p(error | 01) + p(00)*p(error | 00) . 1V. Assuming that the probability of transmitting 0’s and 1’s is
0.25%0(-0.5/0) + 0.25(-0.3/0) + f\ml 13 W]‘{S the same, this choice minimizes the BER. Let’s see why...

= 0. -0.5/a) + 0. -0.3/0
0.25*®(-0.3/0) + 0.25*®(-0.5/0) LU)]{ Suppose noise has a triangular distribution from -0.6V to 0.§V:

= 0.5*¢(-0.5/0) + 0.5*0(-0.3/0) Y eﬂW

Suppose 0=0.25. Compare the formula above to the formula on bib (e“ﬂ o -+ A ' =iin e
slide #3 to determine what ISI has cost us in terms of BER: ‘Nﬂ)ﬂ,ﬁ bl{ [ R A i ) i Tt Gt

p(bit error, no ISI) = ®(-0.5/0.25) = ®(-2) = 0.023
p(bit error, with ISI) = 0.5*®(-2) + 0.5*®(-1.2) = 0.069 70{0 g

Bottom line: a factor of 3 increase in BER ’3 « walt 8 Mq
|

6.02 Spring 2011 - Lecture 7, Slde #11 6,02 Spring 2011 Lecture 7, Slide #12




(Kcﬁi’.s{-‘wiy mﬂ"’l%j 'hwwj-. t Formles

Yol Pol
+ Minimizing BER. .

Shaded a}r'ea p(bit error) with V= 0.5V
14 P [ i e i ; i

1
1
v
3
i
1
T
I
i
i
]
0
"
i
'
1
]
U

Now move V,, slightly. What happens to BER?

cmeemmada

i p(bit dcor) |
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Channel Model Summary &aﬂ mtzo oo

yin] 60\VS¢IWT 0 hewr ot aff
= Pob Jubguls Smelles

Typically: Gaussian
with variance g2, p=0

My

——

Noise PDF

X[Il] ——>

hchan[n]

il n exp(if}m}s
N lab

e ‘t “‘M"
}(Pe;l?gmr mak
madels

The Good News: Using this model we can predict ISI and
compute the BER given the SNR or o. Often
referred to as the AWGN (additive )fv\hite

Gaussian noise) model. (« ;
Areq il of erenty

Unbounded noise means CB&ER #0,ie., we'l
have bit errors in our received message. Ho
do we fix this? Our next topic!

The Bad News:

6.02 Speing 7011 Lecture 7, Slide 15
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PJF “f‘ﬂé wl.efe P ”MJ

P Not =

(o
Minimizing EER when p(0)=p(1)

<2/3and p(0)= 1/3: -

Suppose p(1)

22--0.556

-0 =16

s g
. L 0.4§ 06— |
If we leave V,;, at 0.5V, we can see that p(bit error) will be larger
than if we moved the threshold to a lower voltage. p(bit error)
will be minimized when threshold is set at intersection of the two
PDFs.

Question: with triangular noise PDF, can you devise a signaling
protocol that has p(bit error) = 0?

J{‘émd mhe. {L > A,L'/i o lecien!

bett o iy |,
infersect
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~ Coul 44 math 5
Noi b['&e (V‘J it
. se-free channels modeled as LTI systems

* LTI systems are completely characterized by their unit
sample response h[n]

* Series LTI: h,[n]*h,[n], parallel LTI: h,[n]+h,[n]
* Use convolution sum to compute y[n]=x[n]*h[n]

* Intersymbol interference when number of samples per bit is
smaller than number of non-zero elements in h[n)]

In a noise-free context, deconvolution can recover x[n] given
y[n] and h[n]. Potentially infinite information ratel

With noise y[n] = y_[n]+noise[n], noise described by Gaussian
distribution with zero mean and a specified variance

Bit Error Rate = p(bit error), depends on SNR

* BER = ¢(-0.5/ 0) when no ISI

* BER increases quick with increasing ISI (narrower eye)
* Choose V;, to minimize BER

.
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6.02 Spring 2011: PS3 https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi? assignme...

To save your work, click the SAVE button at the bottom of this page. You can revisit this
page, revise your answers and SAVE as often as you like.

To submit the assignment, click the SUBMIT button at the bottom of this page. YOU
CAN SUBMIT ONLY ONCE. Once the assignment has been submitted, you can continue

to view this page but will no longer be able to make any changes to your answers.

6.02 Spring 2011: Plasmeier,Michael E.

PSet PS3

Dates & Deadlines
issued: Feb-16-2011 at 00:00
due: Feb-24-2011 at 06:00 (Mar-01-2011 at 06:00 with extension)

checkoff due: Mar-01-2011 at 06:00

Help is available from the staff in the 6.02 lab (38-530) during lab hours -- for the staffing
schedule please see the Lab Hours page on the course website. We recommend coming to the
lab if you want help debugging your code.

For other questions, please try the 6.02 on-line Q&A forum at Piazzza.

Your answers will be graded by actual human beings, so your answers aren't limited to
machine-gradable responses. Some of the questions ask for explanations and it's always good
to provide a short explanation of your answer.

Each question in this problem set deals with a causal linear time-invariant (LTI) system. We'll
be working with discrete time samples and the index for the sample sequences is always an
integer. For each question, assume that:

e The sequence x[n] is the input to a causal LTI system and x[n] = o0 forn < 0.
e The sequence h[n] is the unit-sample response of the causal LTI system.

e The sequence y[n] is the output of the causal LTI system described by h[n], with
x[n] as the input.

One
e 5[n] is the unit-sample sequence: 5[n] = 1 whenn = 0, and zero otherwise.
05 Uff
e u[n] is the unit-step s€quence: u[n] = 1 whenn = 0, and zero otherwise.

You may find it helpful in solving the problems to sketch out the sequences described
mathematically below. O/-_—_ U"H 5@,1 PL? . ’

* 400 9

' ._9 E____ = ! 8 a a4
1 of I5 2/19/2011 11:28 AM
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6.02 Spring 2011: PS3 https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi?_assignme...

Problem 1. (2 points)
LW ho! dogs 7 MG /\p
Suppose h(n] = &[n-N],ie.,h[n] = 1forn = N and ze [hervmse How will an eye
diagram for this system change with increasing N? dp ¢l

g
\LL\\H\‘W W: O )q O?\ J"[/} rf‘/ N {}
(of\m {\i{'g l’.i'!' }?f \,‘\- '“3(7

L (e ) el
J '1.\ \! { 1
(points: 1)
VeV T7 '_‘;I} § ? ,’, f £
‘\:
Problem 2. (1.5 points)
Suppose i ( 5%( f
i
x[n] = u[n] and
hin] = nforo < n s 4, and zero otherwise n
N :
( H9 ¢ ;m,ff ’J © BN e —
Determine y(2], y[3],and y[20]. | jpps ) /

AN G
et | %6 , 0]

o

(points: 1.5)

Problem 3. (1.5 points)

Consider the following three eye diagrams generated by applying a random sequence of 200
bits, thhﬁples/blt to three different causal LTI systems:

Eye Diagram A >< >< 3

2of 15 2/19/2011 11:28 AM



6.02 Spring 2011: PS3 https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi? _assignme...

Eye Diagram B

Eye Diagram C

The unit sample responses for each of the three causal LTI systems are given below, in some

order: L}\ ‘!b _fn d LL n

Unit-sample Response 1

i
|
i
|
|
£ 11 J
» *
|
oas i

3ofls 2/19/2011 11:28 AM



6.02 Spring 2011: PS3 https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi?_assignme...

Unit-sample Response 2 W L
N 1 Sfow
a1 ;‘
onk (j i 1 [.
G

— : Z /‘ 3 )
ay S ——

Unit-sample Response 3 ol ‘

oo

EEI.

&
LS, T

i

ol iy g

A. Which unit sample response goes with eye diagram A?

(points: 0.5)

2 6 0 0

B. Which unit sample response goes with eye diagram B?

(points: 0.5)

C. Which unit-sample response goes with eye diagram C?

W, eyefuttorn

Now ’hv(

{
daq!
40f15 {ja’q 2/19/2011 11:28 AM
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50f15

<

(points: 0.5)

Problem 4. (1 point) Y
(A v‘}

Suppose the only nonzero values of :[n] are:

< () ’l\j #e i

x[0] = 2
S E N
x31 - 2 LR 012 39 .-

Ifhin] = (1/2)*forn = 0, what is the maximum value Of}éi_,n] and for what value of n
does y [n] achieve its maximum? —

60 b COWO({/HM —%ep pap
YU < 24 v 2k 470 =38

(points: 1)

Problem 5. (1 point)

Suppose
x[n] = (1/2)*forn 2 0,
y[0] = 4,and
y[1l] =1

If the LTI system is causal, what are the values of h[0] and h[1]?

1
=1

(points: 1)

Problem 6. (2 points) Suppose the only nonzero values of a unit-sample response are

h{0] =1
h{l] = 2
h[2] = -1
h[3] = 1/2

https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi?_assignme...

2/19/2011 11:28 AM
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h[4] = 1/2
h([n] 0 for n > 4

Il

A. What are the values of the unit-step response s [n]?

oo pu?

(points: 1)

B. Suppose the unit-sample response is altered, and only h (5] is changed. If the value of
the unit-step response in the limit as n-= is 5, what is the value of h[(5]7?

E(points: 1)

Problem 7. (1 point)

Suppose the unit-step response, s [n], is given by

& o T Y Qg nb@
dh s fe @
s[2] = 0.5

S5 =0 7 N

SEI:H = (]?g for n &g3; 4 4\—0 U&-h)

Determine h[n] foro < n < 10.

boe Ot

(points: 1)

Problem 8. (3 points)
Suppose a linear time-invariante channel has a unit sample response:

h[n] = 0.5 nom 0, 2
h[n] = 0 otherwise

If the output of the channel is

yv[n] =1 = 0k L

6of 15 2/19/2011 11:28 AM
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L
gﬂw“ﬁ (QW hit

Please determine the value of the first three voltage samples of the input to the channel:
x[0], x[1],and x[2].

y[n] =0 otherwise

see  Shf

(points: 3)

Python Task 1: Unit Sample Response of a Channel (1 point)

Useful download links:

PS3_tests.py -- test jigs for this assignment
PS3_1.py -- template file for this task

In lecture we saw that the unit sample response completely characterizes the effect of a
channel on sequences of samples that pass through the channel. So, determining the unit
sample response of a channel is a handy way to model a channel. The unit sample response is
also useful in figuring out how to engineer the receiver to compensate for a channel's less
desirable effects.

There is a small complication: formally, the unit sample response (USR) extends for an
infinite number of samples. For all practical purposes, the USR will be so close to zero after a
‘modest number of samples, that a USR-based model of a channel will still be quite accurate
even if we truncate the response to a finite number of samples (as long as the samples beyond
the truncation point are sufficiently close to zero). To find a reasonable point to truncate a
USR, note that you'll need to start with a USR that is much longer than the truncated USR.

For this task, write a Python function unit sample response that returns a truncated
sequence of samples that corresponds to the unit sample response of the specified channel:

f uin( 0{/16

response = unit_sample_response (mychannel,max length=1000,tol=0.005)

‘D(, Jélf,bﬁ The mychannel argument will be a channel instance which you can call like a finction,

passing in a sequence of voltage samples representing the input sequence. It will return
—?/\6 PW\' a sequence of voltage samples representing the channel's response to that input.

max_length=1000 sets an upper limit on the number of samples to be used to represent

a unit sample response. TH 8 q/d d e H’[’/L /-tq! !7' /,

tol=0.005 sets the accuracy criterion us d for truncating the unit sample r¢sponse. To
perform the truncation, we first need determine the largest magnitude sample in the

response, call it h h_max. If tol > 0, the response sequence should be truncate { ( tr f'lw
h[0:K] (using Python slice notation) if the magnitude of every sample in h [K: ] (the
part of h we're eliminating) is smaller than tol*h max and the magnitude of h[k-1] is

\/VIIW+ ‘Uo l& .

7of 15 2/19/2011 11:28 AM



6.02 Spring 2011: PS3 https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi? assignme...

> tol*h_hax. If tol = 0, the response sequence should be of length max length.

PS3_1.py is a template file for this task: m
[‘6'{1///]
# template for PSet #3, Python Task #1 bd,(”‘/ (;[Q.S{‘](M"e
import numpy
import matplotlib.pyplot as p beqled
import PS3 tests

arguments: Mﬁ anfd&

channel -- instance of the PS3 tests.channel class Xﬁﬁw’%ld
max_length -- integer '

#
#
#
Aolaie el /\t’WL ~regd 1, Pééb(
#

return value:

a voltage sequence of length max le@gth or less UF
def unit sample response (channel, max_le[gth 1000, tol= 0.005):14,
Returns seguence of samples that corresponds to the unit-sample
response {USR) of the channel.
"-‘——-=-

channel is function you call with anp input sequence of voltage
samples. It returns a sequence of yoltage values, which is the
response of the channel to that inpyt.

max_ length sets the length of the test waveform to be sent througb

the channel.
YWhal & s

The @ﬁ?gg;é sample SeqUéEEE;EESEE?EPtlHq the unit sample response !
should truncated to the smalrt ength such that the maximum :

magnitude of the truncated samples are smaller than tol times the !
value that is the largest magnitude sample in the unit sample :

response. Please make sure that if tol=0, the return USR should

:i:fe length equal to max length. OACQ NL lef L\Q&JW ﬂLD

pass # Your code here.

IE - name £ S==TEamanns
# Create the channels (noise free)
channelO = PS3 tests.channel (channelid='0")
channell PS3 tests.channel (channelid="1"}
channel2 = PS3_ tests.channel (channelid='2"}

# plot the unit-sample response of our three virtual channels
PS3 tests.plot_USR(unit_sample_response(channel0},'0")
PS3 tests.plot USR{unit_sample_response(channell}, '1l")
PSB:tests.plot_USR(unit_sample_response(channelZ),'2')

p.show () WO/‘M L;{* \/g/r SZ(M/

' (,C[ [m [ 1
The test code uses your function to compute the unit sample response of o ee glanne Is /V( ~ ot
and plots the result. If your function is working correctly you should see somethmg like A5 G \/q/*v[;bk

'l 4!’?/&&3 o SZOF" hm‘)( w(,d\

8 of 15 (Xﬂ& how V‘WOh 65&/ I /V(ﬁl(lf, :# 2/19/2011 11:28 AM
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Unit-sample response of channel o Unit-sample response of channel 1 Unit-sample response of channel 2

ot | Al —
1 [t b 1{1 o
i : : ‘ 6605 [i

3
Sampte ranier Sargie ramber Samgte rarber

LT T

Please save and upload the three plots of the unit sample responses. To save a plot, click on
the floppy disk icon in the plot window and in the dialog box that pops up, enter a name to
use for the saved image.

https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi?_assignme...

Upload figure for USR of channel 0: / Browse...
(points: 0.33)
Upload figure for USR of channel 1: / Browse...
(points: 0.33)
Upload figure for USR of channel 2: : Browse... |
e
(points: 0.34) et ‘

meases e e

\/)mmunication engineers would call Channel 0a "fast" channel, Channel 1 a "slow" channel

and Channel 2 a "ringing" channel, referring to the shape of the channel's unit step response.
Looking at the unit sample responses that you graphed, briefly describe what it is about the
response that causes the channel to be fast, slow or ringing.

W[a tfl{ O\O\J'tovb S

g(points: 1)

Python Task 2: Predicting channel response using h[n] (1 point)

Useful download link:
PS3_2.py -- template file for this task

We also saw in lecture that given the unit sample response we can compute the response of

the channel for an arbi input by performing the appropriate convolution sum.

2/19/2011 11:28 AM
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For this task, we've already written a Python program that compares a prediction made using
the unit sample response against the actual output of the channel. The program uses a test
message (10101010) transmitted with the specified number of samples per bit.

The program produces a figure with three subplots: a plot of the computed output, a plot of

the predicted output and a plot showing the the difference between computed and predicted
for each sample.

PS3 2.py is the file for this task:

# template for PSet #3, Python Task #2
import numpy

import matplotlib.pyplot as p

import PS3 tests

from PS3 1 import unit sample response

# create some plots showing how prediction of the
# response using the convolution sum compares with
# the actual response from the chann
def compare usr chan(channel,samples per bit}):

# Get channel's unit sample response

h = unit sample response(channel)

# send test message through channel
bists¥=i*1%.050, 0,1,0,1,0]
test samples = PS3 tests.transmit(bits, samples per bit)

ut_samples = channel (test samples) L/don\-} Aqve 'h Lv( ld (m‘/‘az.

\Nkﬂﬁ‘ ; # make prediction of result using unit-sample response
-tjout_conv_samples = numpyﬂggevolve(numpy.array(test_samples,,
chﬂﬂﬂv numpy.array(h))
0‘ # only compare as many samples as in the shortest output
Y P i P

num_compare = min{len(out_samples), len{out_conv_samples))
out_conv_samples = out_conv_samples|[:num_compare]
%,,out samples = out samples[ num_compare]
(,WW L’o v

# plot the results
max_ot = max([max{test_samples),

max {out_samples),

max {out_conv_samples)])
min ot = min([min({test samples),

min{out_samplesj,

min{out conv_samples)])
delta = max_ot - min_ ot :
plot_max = max_ot + 0.1 * delta # avoid samples at the edges of ﬁlot
plot min = min_ot - 0.1 * delta :

p.figure ()
p.subplots_adjust {hspace = 0.6}
cname = "Channel " + channel.id

p.subplot (311)

10 of 15 2/19/2011 11:28 AM
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p.plot (out_samples)
.title{cname+" Output")
.axis ([0, num_ compare, plot_min,plot_max])

Lo lie}

.subplot (312}

.title(cname+" Prediction")
.axis ([0, num compare,plot _min,plot_max]

o6 800 o i o)

.subplot {313)
.plot (out _conv_samples - out samples)
p.title(cname+" Error")

T 'O

if name == ' main_ ':

# plot the unit-sample response of our two channels
compare_usr_chan(PS3_tests.channel('1'},100)
compare_usr_chan(PS3_tests.channel('2'),50)

# interact with plots before exiting.
p.show()

.......................................................................................................................................................

Looking at the Error plots for each channel, we see that the error is zero for a while, but at
some point becomes non-zero, although not very large (look at the vertical scale for the Error
plot). We wouldn't expect any error at all if the convolution sum produced a perfect

prediction. Explain where the error comes from and why it's zero for a while. What's "magic"
about the sample at which it becomes non-zero?

—l/w} M?ﬁ fﬁt O\c:anrM "“M*afé

I P A R e
\’.eo*u’\@/‘ ~Nope - wlu '] 6fc{(l‘bd ﬂﬁcfé‘%/

(points: 1) . [(0 @/MLHZC

Python Task 3: Deconvolver (8 points)

|
|
|
1
1

Useful download link:
PS3_3.py -- template file for this task

In lecture we talked about deconvolution, an approach to reconstructing the signal at the
input to the transmission system by looking at the transmission channel's output, v [n], and
using the channel's unit sample response, h[n].

S0 L/\? for X

In particular, we showed that the sequence w[n] would be a reconstruction of the input

sample sequence x [n] if w(n] safisfied the Tifference equation @(& 6 - “LL j
/ ‘

yIn] = h{0lwln] + h{1]w[n-1] + ... + h(K]w[n-K]. d/‘(f[ QU/I'@F

where y[n] is the sequence of channel output samples and t Einit sample respanse h[n] is

—

https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi?_assignme...

\ .
.plot (out_conv_samples) l/‘//lﬂ/j‘ [é }% F/gifjé//ﬂﬂ /

"

WP Jomy

r

o

E 7%

Con »&:ﬁﬂn
Vi
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zero after some number of samples, i.e., h[n] = 0 whenn > k. O
A , 1.e., e / 5(

We can rearrange this equation to solve for win]: d’%
¢ C({/

w[n] = - (L/0[0]} {wh), - hiB¥W[a-1] - ... = h[K]wln-K])..

Since you are given y[n], and since you know w(n] = 0 forn < 0, you can solve the above
equation for w[0] given y[0], then for w(1] givenw([0] and y[1], and so on:

S
(1/h[0]) (y[0]) h"LI dud gho

w[0] =
wil] = (1/h[0])(y[1l] - h[1]w][O])
wl(2] = (1/h[0]) (y[2] - h[1l]w[l] - h([2]w[O])

Remember to modify this simple "plug and chug" strategy when the leading values of h[n]
(h101, h([1],..) are zero. In fact the unit sample response for one of the channels has leading

o Chop T oft Lk Jegdye .

PS3_3.py is a template for this task:

# template for PSet #3, Python Task #3
import numpy, random

import matplotlib.pyplot as p

import PS3 tests

from PS3 1 import unit_sample_ response

# arguments:

# y -- sequence of received voltage samples

# h -- sequence returned by unit sample response

# return value

# sequence of deconvolved voltage samples

def deconvolve(y,h):
mmn
Take the samples that are the output from a channel (y), and
the channel's unit-sample response {(h), deconvolve the
samples, and return the reconstructed samples. Be sure the
length of the reconstructed samples is the same as the length
of the input samples.

Your code should handle the case where some number of
the leading elements of n are zero.

i L

pass # your code here
if name == ' main__':
# Create two noise free channels
mychannell = PS3 tests.channel (channelid='1l',6noise=0.0)
mychannel?2 PS3 tests.channel {(channelid='2"',noise=0.0)

# Compute the channel unit sample responses of the
# noise-free channels
hl = unit sample response{mychannell)

https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi?_assignme...

2/19/2011 11:28 AM
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deconvolution failed (ie, where the error grew very large as the deconvolution
progressed).

Channel 1: largest noise value where deconvolution succeeded:

Browse...

(points: 0.5)

Channel 1: smallest noise value where deconvolution failed:‘% : % [‘l{ l
Browse... 60 L

(points: 0.5)

Channel 2: largest noise value where deconvolution succeeded:

Browse...

(points: 0.5)

Channel 2: smallest noise value where deconvolution failed:

Browse...

(points: 0.5)

When you're ready, please submit the file with your code using the field below.

File to upload for Task 3: Browse...

kpomts: 4)

In your noise experiments, you should see that deconvolution of Channel 2 is much less
sensitive to noise than deconvolution of Channel 1. Briefly explain why.

gy

(points: 1) |

You can save your work at any time by clicking the Save button below. You can revisit
this page, revise your answers and SAVE as often as you like.

14 of 15 2/19/2011 11:28 AM
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h2 = unit_sample response(mychannel2)

# Generate a seguence of test samples

samples numpy.sin{2*numpy.pi*0.01*numpy.array{range (100)))
samples[0:1len(samples) /2] += 1.0

samples[len{samples)/2:] += -1.0

maxs = max(samples)

mins = min(samples)

samples -= mins # Make samples positive

samples *= 1.0/ (maxs - mins) # Scale between zero and one

# Test deconvolver

PS3 tests.demo. deconvolve (samples,mychannell, hl, deconvolve)
PS3 tests.demo deconvolve (samples,mychannel2,h2,deconvolve)
# interact with plots before exiting

p.show()

There are three parts to this deconvolution task: /\‘ \5{'\0\/ } A lrf”' /zlq\/g a,d d ed Z 9

1. Please fill in the function deconvolve. The function should take a set of channel Wn M (

—

output samples and a unit sample response (from Task #1) and return the reconstructed
input.

. Run ps3_3.py unchanged to demonstrate that your deconvolver is working on a short

sequence of test samples for two noise free channels. Please save and upload the two

lots it produces
it produces:
p p h Z)" Z
Upload figure for demo of channel 1: \/ ”O\/‘/ 0/ L), 2
Browse... ;
/
(points: 0.5) Vi
Upload figure for demo of channel 2: J
Browse...

(points: 0.5)

. Deconvolution is very effective if there is no noise in the transmission system. To

demonstrate the impact of noise, you can add noise to the channel by changing the

value of noise when each channel is instantiated. For example, setting noise=1.0e-5

will add noise with an amplitude of about +1.0e-5 to the output of the channel. e 'h/w h/
Experiment with the noise amplitude (try values at different orders of magnitude

varying from le-10 to le-1) to determine for each channel the order of magnitude for M/L'f_
the largest noise value for which the deconvolution still succeeds. Please save and ]/‘-’61 I
upload two plots for each channel: the plot for the largest noise value where the

deconvolution still succeeded, and the plot for smallest noise value where the

2/19/2011 11:28 AM
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Save

To submit the assignment, click on the Submit button below. YOU CAN SUBMIT ONLY
ONCE after which you will not be able to make any further changes to your answers.
Once an assignment is submitted, solutions will be visible after the due date and the
graders will have access to your answers. When the grading is complete, points and
grader comments will be shown on this page.

150f15 2/19/2011 11:28 AM
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Drawing Eye Diagrams

There are many ways to draw eye diagrams. There is no right approach; it is subjective and
personal. Dr Terman has outlined one technique during the lectures. Here we discuss some ideas.
What you will be typically given:

i) A unit-step response h[n], or the step response s[n].
ii) The number of samples per bit N.
This is what you do.

Step 1: [Figure out the number B of interfering bits.] This can be done by looking at a
diagram similar to Figure 1. Recall the “flip-and-slide” convolutional sum from lecture (or
as I call it “filter-form”). Flip the unit sample response h[n], as shown. The number of
whole bit cells covered by h[—n], plus 1, will be the number B of interfering bit cells.

If you want a formula! to calculate B, we can write
L-1
B=|—— 1

where L is the length (or “active-part”) of h[n| (see Figure 1). Note that [a/b] is the
“ceiling” of the fraction a/b, i.e. the smallest integer that is larger than of equal to a/b.
For example, if a/b = 5/6, then [5/6] = 1. If a/b is an integer, i.e. a/b =2, then [2] = 2.

Step 2: [Get the step response s[n]].

Step 3: [Consider each bit pattern]. There all together 2B bit patterns, because we care
about B interfering bit cells, plus the bit-cell of interest, see Figure 1. For each length-B
bit pattern, we build the sequence of ascending and descending step responses, shown in
Figure 2. Do the following [for each length-B bit pattern.]:

a) Set k= B — 1. Initialize the output sequence y[n] := 0 (i.e. to the all-0 sequence).

IThere is another formula B = [-I%j + 2 given in Lecture notes 5. Both will work just fine (though note they
are not exactly the same - I leave it up to you to think why this is so [but not so important]).

Past B — 1 Bit-cells Bit-cell
that interfere of interest
B >)< o “Flipped”
Length L of hln] /‘ ~ h[—n]
»
Q f T [ ] L] L] T f ;
Time n
—-(B-1)N —-(B-2)N -N 0

Figure 1: How many bit cells B do we need to consider?



always : Bit-cell
fied Past B — 1 Bit-cells Lof jnterest
o 0 T by W
— o—4—o—o |
ot 8 / b, ; i Transition
Bit patt apsition i i ;
redllittiarts i @ h —s[n + N]
from hen‘:\, / s[n x cgﬁi;gmN G.‘I\ i i E descending
H ! Timen
—(B-1)N —-(B-2)N -N 0

Figure 2: Each bit transition is associated with a step transition s[n]. If the bit transits from
0 — 1, it is an ascending transition. If bit transits 1 — 0, the transition is a descending one.

b) Look at the bit-cell boundary at n = —k - N.

— If there is no bit transition between the adjacent bit-cells (that share common
boundary at n = —k - N), do nothing.

— If there is an ascending transition 0 — 1, draw the ascending (shifted) step
response

s[n+ k- NJ.
Set y[n] :==y[n] +s[n+ k- N].

— If there is an descending transition 1 — 0, draw? the descending (shifted) step
response

—s[n+ k- N].
Set y[n| := y[n] — s[n + k - N].

c) Set k:=k—1. If k£ < 0 you are done with this bit pattern, and you will get the
corresponding output sequence y[n]. Otherwise repeat step b).

The idea of draw the transitions is purely for visual effect. Its best to see how this works by
examples.

Example 1. Let us consider Problem 5 of Tutorial “Noise & Bit Errors”.
e Number of samples per bit N = 3.
e Step response (memory length L = 4)
s[n] =0.2, 04, 0.7, 1.0, 1.0, ---
Step 1: We have B=[(L—1)/N|+1=[3/4]+1=2.
Step 2: Already given.
Step 3: We need to consider bit patterns of length B = 2. There are a total of 4 bit patterns, as

seen in Figure 3. The bit pafterns with the corresponding output sequences are given in the
following table.

Bit pattern | Qutput y[n] | Bit pattern | Qutput y[n]
0,0 0 1,1 s[n + 3]
0;4 s[n] 1,0 s[n+ 3] — s[n|

2 really draw it as s[oo] — s[n + k - N], but this will not be important, you can come up with your own way. I
only want to keep track which transitions are descending.
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Figure 3: Example 1.

Example 2. Let us consider Problem 6 of Tutorial “LTI Systems, Intersymbol Interference,
Deconvolution”.

e Number of samples per bit N = 5.
e Step response (memory length L = 10)
s[n] = 0.0, 0.04, 0.12, 0.24, 0.40, 0.60, 0.72, 0.84, 0.96, 1.00,
Step 1: We have B = [(L—1)/N]=[9/5] =2.
Step 2: Already given.
Step 3: We need to consider bit patterns of length B = 3. There are a total of 8 bit patterns, as

seen in Figure 4. The bit patterns with the corresponding output sequences are given in the
following table.

Bit pattern | Output y[n| | Bit pattern Output y[n|
0,0,0 0 N 8| s[n + 10]
0,0,1 sn| 1,1,0 s[n + 10] — s[n]
0,1,0 s[n + 5] — s[n| 1,0,1 s[n + 10] — s[n + 5] + s[n]
0,1,1 s[n + 5] 1,0,0 s[n +10] — s[n + 5]

Remark 1. You might have noticed a pattern from Examples 1 and 2. The two bit patterns in
the same row of the tables, are flips of each other, e.g. in Example 1, the first row pattern 0,0 is
a flipped version of 1,1. The outputs y[n] of these two bit patterns look like flips of each other too.

If I denote the outputs of the left and right (flipped) bit patterns as y[n] and y'[n], respectively,
then they satisfy the relation

Yln] = sfn -+ (B ~ DN] gl
This is really o geometric reflection about the “middle-point™ sin + (B — 1)N].

3Recall that we are only interested in evaluating y[n] for time instants n > 0. Figure 1 actually gives quite a
convincing argument that s(n + (B — 1)N] = s[oo] for all n > 0. So the values s[n + (B — 1)N] that we actually
require, is really some constant s[co]. This observation further simplifies computations.
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Figure 4: Example 2.

In Ezample 1, the bit pattern 0,1 has output y[n] = s[n|, and the flipped bit pattern 1,0 has
output y'[n] = s[n + 3] — y[n| = s[n + 3] — s[n].
This means that we really only need to determine the left bit patterns; the right (flipped) pat-

terns are obtained automatically by flipping the left outputs. This reduces the number of patterns
we need to consider by half.

Remark 2. If you get more used to eye diagrams, you don’t even need to draw stuff in step b).
From the tables, there is an observable relationship between the bit patterns, and the outputs y[n).
With practice, one could directly build the tables very efficiently, and this could be well-suited for
quizzes.

Superimposing all the outputs y[n] on top of each other, will give the eye diagram.

o oi 20500

= Mot S I T 0 ey

\ P 1 -
05 >)<\._ O 1 4 os
04 I - /
: / 4 \\_____ /

15 H 25 3 ) 05 5

25 3 as ‘ 45 5

Example 1 Example 2
Here I only label the left bit patterns.

Another way to generate eye diagrams

Prof. Shah suggested an interesting approach to get eye diagrams. This is done using special
sequences known as deBruijn sequences. A deBruijn sequence is really a code (something similar
to 8b/10b), and has the following properties



e It is a binary sequence.
e It has a parameter m, which determines its length 2™.
o If we periodically replicate the sequences, every possible length-m bit pattern appears.

Example 3. The deBruijn sequences of lengths 2™ = 4, 8,16 and 32 are

m Sequence Unit Steps (N samples per bit)

2 0. 01,1 (;0,0;1;-) u[n — 2N]| — u[n — 4N]

3 0,0,0,1,1,1,0,1 (,0,0,0,1,---) uln — 3N] — uln — 6N] + u[n — 7N]
—u[n — 8N]

10,0,0,0,1,1,1,1,0,1,0,1,1,0,0,1 (,0,0,0,0,1,---) | un — 4N] — wfrs — 8N] + w[rs — ON]
—u[n — 10N] + u[n — 11N] — u[n — 13N)]
+u[n — 15N] — u[n — 16N

5 omitted because I don’t want to write (transition pts (multiples of N ))
a string of 32 bits 4,5,6,7,8,11,12,14,
17,22, 24,26, 27, 28, 30, 31

For the sequence of length 2™ = 4, the first two bits are 0,0, the next two 0,1, the next two 1,1,
and the next two 1,0. Similarly for the sequence of length 2™ = 8, every length-3 bit pattern
(e.g. 0,0,0, and 0,0,1, and 0,1,0, etc) will appear. The length-4 bit patterns appear in the last
sequence of length 2™ = 16. You get the idea.

We can use deBruijn sequences to generate eye diagrams as follows:

Step 1: Get the deBruijn sequence of length 2™ = 25,
Step 2: Transmit this deBruijn sequence (using N samples per bit) and get channel output y[n].
Step 3: Each bit-cell now contains the output corresponding to the length-B bit pattern.

Example 4. The figures below show how we use deBruijn sequences to get all possible outputs
y[n] for previous Ezamples 1 and 2. The nice thing here is that we only need 2 transitions for
Ezample 1, and 4 transitions for Example 2. These are small numbers of transitions.

N=3 B=2] N=5 B=3]
B J \.E i e U ; |
gfﬁ;u 0 : 0 1";2 1-,:‘&0 : 0) chl;”n’c’;“()ioioilifel Q I(OEOEO)
; o EERRERL B!
, FOONE D a
as ‘/ ' E \\ ' os| E i,: ' \ l‘ .i
a [ oy o o J '
& ‘A o & bl \Jt o
[+ / :I .\ : [¥] E 'F.E : L :
- / LA ! o Vi
: . i N
22 =4 bit cells 23 =8 bit cells
Example 1 Example 2

The formula I know for generating these sequences, is non-trivial to evaluate in a quiz setting.
Still you have a crib-sheet for the quiz, and you can copy down the deBruijn sequences if you
want to use them. They are compactly represented using unit-steps. Hopefully I did not make any
mistakes when compiling these sequences.
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There’s good news and bad news...

Eye diaghm

The good news: Our digital
signaling scheme usually allows
us to recover the original signal
despite small amplitude errors
introduced by inter-symbol
interference and noise. An
example of the digital abstraction

doing its jobl

tsanpLE

The bad news: larger amplitude errors (hopefully infrequent)
that change the signal irretrievably. These show up as bit

errors in our digital data stream.
————

&.C7 Spring 2011 Lecture 8, Slide %2

Dealing With Errors: Packets

{f\é)o)f‘?’

To deal with errors, divide message into fixed-sized packets,

message

———

\

which ariaransmxtt d one after another.
unige i pac g _chn®s
1 message, I chk, I 2 | message, I chkq| 3 ’ message, Ichk;,l
!
| Pﬂﬂnd’d P N
Packet = {#, message, chk} Check bits are redundant

information that lets recéiver
verily # and message. Failure?
Ask for packet to be resent. x
Ukt du't b 5 — $ERDS
Packet size: Too small — #/chk overhead is large Cdn ]f ffusf
Too big — p(error) is larger, more to resend
—

y 6.0 Spring 2011 - Lechure 8, ‘»é mL:Q ! 7\({?(—
D P I f3
q"'l{ CLL iﬁf pmg,P

oves e (€s¢q

Sequence number provides
unique identifier for each
packet.



Check bits

Transmitter Receiver
| seq l message | chk , | seq I message l chk I
L Y J Jr | . J
| | ve,
“many bits Stomg
ofewer | f £ | fonfle
“hash

Check bits computed from #
and message. Goal: change a
bit in message — many bits

: 5 True: no errors
change in check bits.

False: errors

6.02 Spring 2011 Lecture 8, Slide 25

Checksums

* Simple checksum
— Add up all the message units, send along sum
— Easy for two errors to mask one anothera’*ﬁ(gg{ each Ont ¥e
* Some 0 bit changed to a 1 1 bit in same position in another
message unit changed to a 0... sum is unchanged
« Weighted checksum
— Add up all the message units, each weighted by its index
in the message, send along sum
— Still too easy for two errors to offset one another
+ Both! Adler-32 /,{ o Lp
— A = (1 + sum of message units) mod 65521
— B = (sum of A; after each message unit) mod 65521
— Send 32-bit quantity (B<<16) + A
— Good in software, not good for short messages

6.02 Sprine 2011 Lecture 8, Slide 57

(

/&ha’it b t‘f"

$0pes don '} ofEt
‘eacé oty s

_:'mrs..\/

‘]I message | 'lth
J

Wdiaﬁ - i
Cat birels

Detecting Errors
Likely

Ijeq I message | chk]

T

Likely errors:
True * Random bits (BER) False
* Error bursts

ring 2011 ectire §, Slide 55

'f?fr on ¢ ﬁr(calj aal ek M

Cyclical Redundancy Check
Example: CRC-16 ‘(I'\nlt ‘%fﬁ l}'nﬂ"'w 7% r(

http:/Awww.erg.abdn.ac.uk/users/gomy/course/dl-pages/crc. html @
B

Input

YR~ pad 2
Sending: Initialize all D elements to 0. Set switch to position A, send
message bit-by-bit. When complete, set switch to position B and send
16 more bits.

Receiving: Initialize all D elements to 0. Set switch to position A,
receive message and CRC bit-by-bit. If correct, all D elements should
be O after last bit has been processed.

CRC-16 detects all single- and double-bit errors, all odd numbers of
errors, all errors with burst lengths < 16, and a large fraction (1-2-16) of

all other bursts, m15 :‘/, {M ({mﬁbj

5.02 Spring 2011 N Lectis @ Siide 58
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{ ¢ \
Approximate BER for common channels How Frequent is Packet Retransmission?

_ e . _ i p(l or more errors) = 1 - p(no errors) = 1 — (1 - BER)k
Channel type . " |Bandwidth 4 ~—— " Packet errors vs. BER and packet length

BERZ Gl

Telephone Landline 2 Mbits/sec 10 to 106 S e e
Twisted pair (differential) 1 Gbits/sec 107 Fllyre
Coaxial cable 100 Mbits/sec 5106 z
Fiber Optics 10 Thits/sec <10 H
Infrared . 2 Mbits/sec 104 to 106 [
3G cellular 1 Mbits/sec 104 g
;
Source: Rahmani, et al, Error Detection Capabilities of g 107 | ...... T :'__ e
Automotive Technologies and Ethermet — A Comparative Study, Y i bermled BRI
2007 IEEE Intelligent Vehicles Symposium, p 674-679 o / = ::1:? — bersle2

Vqr{ (O‘/SL\ &ﬂ’h}u | m‘“'z-‘ :':‘ P 2 2 2 o @ oo 1§' 1:" 2"

packel langth (bits)

With lkbyte packets and BER=1e-6, retransmit 1 every 100.

6.02 Spring 2011 Lectire 8, Slide 49 4.02 Spning 2011 techure 3, Slide 510
Implement Single Error Correction? Digital Transmission using SECC

To reduce retransmission rate, suppose we invent a scheme that = Start with original message

can correct single-bit errors and apply it to sub-blocks of the + Add checksum to enable verification

data packet (effectively reducing k). Does that help? & compute Checksum of error-Iree transmission

@:r more errors) = 1 — p(no errors) — p(exactly one error) UL 0 %1 Q’f ’ L# l message l chk | ../ * Apply SECC, adding parity bits to
= 1 - (1 - BER)¥ - k*BER*(1-BER)¥"! J G @ 4 partition i} de each k-bit block of the message.
) y Number of parity bits (p) depends
; o hed e [ B TR .
w0 W ) § Apply secc FW%‘ ipy OD code.. .
107} — Replication: p grows as O(k)
TS P EC ( "Q(fD( Cof[ (T | ko | kep | kTp | &k | - Rectangular: p grows as O(Vk)
3 L - [ i [} E m”‘s% crrors — Hamming: p grows as O(log k)
é bk e b o ; & ] Lp | ke [fww | 0 | . Atter xmit, correct errors
104} T IR T PR \
' T i IR L o US (3 \T)A— § correct errors * Verify checksum, fails if
T T T T ] x| undﬁtfm/nuﬁﬁ@&ér{or
e e T2 : {-9 <0 ffffji’ 3 Check Checksum Deliver or discard-message
Wt permle- — ber=le-2| "I E # I message 1 chk |
— ber=le-5 '
101 i &

o o e e S e e B

6.02 Spring 20114 packet length (bits)

Lectre 8, Slide 511 .02 Spring 2011 Lecture 8, Slide #12



Todolee and W bits on U-bit bochs

Channel coding
Our plan to deal with bit errors:

Bit stream with redundant
information used for dealing

with errors \/\

Channel | | Digital

redundant bit
stream possibly

with errors

Digital

\/\ Coding Transmitter

Message bit stream

We' 1l add redundant information to the transmitted bit stream (a
process called channel coding) so that we can detect errors at the
receiver. Ideally we'd like to correct commonly occurring errors,

Receiver

Error
Correction

Recovered message bit stream +
uncorrectable error indicator

e.g., error bursts of bounded length. Otherwise, we should

detect uncorrectable errors and use, say, retransmission to deal

with the problem.

6.02 5pring 2011
pe Hamming Distance
il = (Richard Hamming, 1950)

O

Lectyre 8, Slide 513

HAMMING DISTANCE: The
number of digit positions in

which the corresponding digits

of two encodings of the same
length are different

The Hamming distance between a valid binary code word and the
same code word with single-bit error is 1.

The problem with our simple encoding is that the two valid code
words (“0"” and “1”) also have a Hamming distance of 1. So a
single error changes a valid code word into another valid code

word...

“heads”

6.02 Sprine 3011 C (

single-bit error

( (’)”gk}s gt vabe @Q,W

Lecture 8, Slide #15

Error detection and correction

Suppose we wanted to reliably transmit the result of a single coin

flip:

economy.

Heads: “0”

This is a prototype of the “bit”
coin for the new information

Value = 12.5¢
~

Further suppose that during transmission a single-bit error
occurs, i.e., a single “0” is turned into a “1” or a “1" is turned

into a “0".

“heads” o\

&

5.02 Spring 2011

Error Detection

@<

error doesn’ t produce anogther valid

pol” 17 ««»uag:d (€

single-bit e

What we need is an encoding where a single-bit

code word.

e,

If D is the minimum
Hamming distance
between code words,
we can detect up to
(D-1)-bit errors

We can add single error detection to any length code word by
adding a parity-bit chosen to guarantee the Hamming
distance between any two valid code words is at least 2. In

the diagram above, we’ re using “even parity’

" where the

added bit is chosen to make the total number of 1’ s in the

code word even.

%.G2 Spring 2011

A~

J\[ T (P bt e, - §¢ret |




Parity check Error Correction

* A parity bit can be added to any length message
and is chosen to make the total number of “1” bits
even (aka “even parity”).

If D is the minimum
Hamming distance

. . between code words,
* To check for a single-bit error (actually any odd Woa:car earcect Ot
number of errors), count the number of “1”s in the

received message and if it’ s odd, there’s been an

ITI- bit errors

E€rror.

0.1 100,10 1,0.0.1.1 -+ siginal ward with pavisy By increasing the Hamming distance between valid code
01100001001 1 single-bit error (detected) wiords tc? 3, we guara,ntee that the sets of words produced by
011000110011 - 2-bit error (not detected) single-bit errors don' t overlap. So if we detect an error, we

can perform error correction since we can tell what the valid

‘ . e h :
* One can “count” by summing the bits in the word codeizas Refore theepror happened

modulo 2 (which is equivalent to XOR’ ing the bits « Can we safely detect double-bit errors while correcting

1-bit errors?

together). * Do we always need to triple the number of bits?
6.02 Spring 2011 ? Lectnre 8, Ride #17 65.02 Spring 2011 Lecture 8, Slide 513
Niwming  ¢leak
W iy Slag
Single Error Correcting Codes (SECC) ortor W epde Checking the parity
Basic idea: * Transmit: Compute the parity bits and send them

— Use multiple parity bits, each covering a subset along with the message bits

of the data bits. _ * Receive: After receiving the (possibly corrupted)
message, compute a syndrome bit (E;) for each
parity bit. For the code on previous slide:

E,=By®B,®B;® P, .
S1adt | B < B @ By® B.® P, S &"6%4
2 b ‘

Suppose we check the
dul parity and discover that Pl lﬁ YLS E B @bB‘G') B3 @ P

A?d!: i and P2 indicate an error? — ; §¢rﬁp 5 M Lg{,;.,y

aaatiion, bit B2 must have {lipped : 3 W e l

aka XOR + If all the E; are zero: no errors! Lo ‘{1 Ma 3
Wity onlyT2rndicates * Otherwise the particular combination of the E; can e

P = B(,@B @B, P2 itself had the error! be used to figure out which bit to correct.

B,®B,®B,

B,®B,®B,

€.02 Spring 2011 Lectire 8, Stide #19 .07 Spning 2011 Lecture 8, Slide 20

— No two message bits belong to exactly the same
subsets, so a single error will generate a unique
set of parity check errors.



(4 net e oo abebon lt o )

Using the Syndrome to Correct Errors

Continuing example from previous slides: there are
three syndrome bits, giving us a total of 8 encodings.

001
010
011
100
101
110
111

BB B,
000 -

Smﬁle I‘n Or Cnrrectmn

PO has an error, flip to correct

P1 has an error, flip to correct

BO has an error, flip to correct

*B2 has an error, flip to corrcct

B1 has an error, flip to correct

-BQ has an error, flip to correct .

B3 has an error, flip to correct

What happens if
there is more than
one error?

pL

The 8 encodings indicate the 8 possible correction actions: no
errors, error in one of 4 data bits, error in one of 3 parity bits

£.02 Spring 2011

Lecture 8, Slide #21

A simple (8,4,3) code

P, is parity bzr

Idea: start with rectangular & 0; b1y
array of data bits, add parity B B P

checks for each row and B , g ‘—E
column. Single-bit error in

data will show up as parity B, | Bs | Py

errors in a particular row

and column, pinpointing the Py, | Py

bit that has the error.

011 011

110 100

10 10
Parity for each row Parity check fails for
and column is row #2 and column #2
correct = no errors => bit B; is incorrect

e P; is parity bit
Sfor column #2

1
1

el =]
Ot

Parity check only fails
for row #2
= bit P, is incorrect

Can you verify this code has a Hamming distance of 3?

6.02 Sprine 2011

(

\

Lecture 8, Slide 523

65.02

(n,k,d) Systematic Block Codes

Split message into k-bit blocks
Add (n-k) parity bits to each block, making each block n b1ts

long. Kk i @

A A
- - ~ N

Message bits Panty bifs:-

~— _~ The entire block is called
—v “ ” .
e » ___ a “code word" and this
is an (n,k) code.

Often we'll use the notation (n,k,d) where d is the minimum
Hamming distance between code words.

The ratio k/n is called the code rate and is a measure of the
code’s overhead (always = 1, larger is better).

Spring 2011 Lecture 8, Slide 522

How many parity bits to use?

Suppose we want to do single-bit error correction

— Need unique combination of syndrome bits for each
possible single bit error + no errors

— n-bit blocks — n possible single bit errors
— Syndrome bits all zero — no errors

Assume n-k parity bits (out of n total bits)
— Hence there are n-k syndrome bits
— 27k — 1 non-zero combinations of n-k syndrome bits

So, at a minimum, we need n < 2™k - |

— Given k, use constraint to determine minimum n needed
to ensure single error correction is possible

~ (n,k) Hamming SECC codes: (7,4) (15,11) (31,26)

The (7,4) Hamming SECC code is shown on slide 19, see the Notes for
details on constructing the Hamming codes. The clever construction
malkes the syndrome bits into the index needing correction.

i 2011 Lecturs 7 Slide 424



QOZ @%\M;Dﬂ

/E{M’} } (\)!31/\ s

I—,P(/S (led el Juble oot

| i %Eﬂf’f’mp\f
flffmas Codg
L 2V Cp({e
LT Ll Thot, vl f
ULt amle Gugnaf
~ (onvplion
. “’(lé’/@n ) fuﬁﬂn
5 t EYB J,ECLUQIM
G Hisc
a 3b/16,

i, gatio

.
.

HalRSON N

(40 TG0 vt b chs ~30f e o e vy i)

é*‘f }\w/@ P(‘gb J ol dhe il L.
C e 3
v ghie n

5% v 1y l065 i P@b»b‘gfiff‘e%

1
Q'Eomé 'L_QL fﬂ@zé 4%@9’!? f_é\lz%?? =

“y ﬁﬂgz

AL

D\ltg s T m{n}mvm t L Yo symbd o b
(\Wecagy ( N 4k poab ) of each |, gcader

i
2



Y
[U@,,J hake & Hoffun %(BQ
I %L T 5 ';—
S \/

' S

1L

(g
q {

0

1% 5 A\

R
S
oo oo ot Mo\l

lﬂm/g ﬂ)ﬂL ]{,,ﬂ[mt

So I3 MZQMM
2 T % 'l /J\( 4~1m,ﬂ)a{ /)(DJ)



B/
o
MCSXL.ﬂe‘* On(e Uf)Oﬂ A Tine A (af afe Tii Dog

i. et ned 4ymbal
Skt Gyt & Tobl 0

Y%z an ?W 61%13 t Smba
0. er {‘ﬁ bfe, [ 5'}/;/\17)
@ﬂj = §7mbo(

(S

OApt Tt (st

Tl

F[\‘ﬁjr Sawe‘ Culries w/ @J
t we wc{( s?MﬁZEFY

e ol
(\ () 7] Fi Iz

fhaef pr 6’/04Jei



QMQ Upan o F‘NJ car CU"Q ﬁ€ C/¢j

U

Sl =0 Ot Tabe
$eing = ¥ ¥
Y |
SFrag 0 0

N
b

6’}[‘!49 -N

OV =4

=y .
e (U s |6

g\mw =( N

Y
Gy <
N deale:

¥ - DO /\Dn\\lmj
=0
) = N

Lald OV fo falle

i qjmt 6%1%1}43 whre oo T lowr Tl lod offer
T it s fle Cab foffer of he shio
20k he ¥ =2



)
m@ofﬂms exﬂgloff e shrae of @ problem
e, behag
e
COV\(/Q)U"J'{M

yla] ‘}iﬁ X [a-Wh[k/



y

= D]mgmfvg
N < Samp,é / '
M W@mory of "I depgﬂbs 0n l\ o Cl’la/u»r/{
Nj a
Fud o poséefbk (anbo
I/V 3 09 \/"Sﬁaﬂ?w Volag e h A
sy 00l ‘
5 B9 0L be
. I Quém(
[ f ’“ ﬂ
( > 3 3 el

VO ”—1{{3& R 'ﬁ%



C‘OZ Rea, Gsion

—-—'—'__—'—‘—-—-—__________‘__'_

hE’ﬂ“lL:TUfa}al Hoblpms
Bk o pgle gy 3 br 4

O(S }%@Q JWJ“, LJF és OKH Wﬂ\«v muck Ms 01( 1‘4{0 (LJ({. She. j@(’

Co 3 b #
0 >7
S0 half lo ewen, odd
S Y § hd
L{ Lﬂ/\"/ ¢ e 9F p(ob
Jogn quta ﬂ%l (%) i fomgfin
= i
@ BOL ]LD rm]r o) ‘93@ of 9
S0 not 3¢

0 & indded as gl

3



/2‘ lﬁmow X !'5' ? . L”L ‘L;aog #
g ¥ s in ] bdt
Jr lw muoh o gw\“(’f\ ahot X F‘

oyl
oy [%—‘—j S b

’D% W ‘
# of pofbuﬂ\bl\tﬂ@ l'é% 5le Can ée



7

/g, '@@CW&‘R{{(/\(QJQA E Smbols
Epress 6 & oGl for 4 g bl

é{) ‘z{ 6’@1[ SJ((eam @6 AALAA . l\@w’ Moy
b(an 'lD 5@/&1?

OJM Tablo

| 2% Ko
257 qa

0 4

A%

|

50 E[Efl

7. “T an lud ot {;3‘”"’3 fhis oot

Y. Decder
L\h“ 6\L/€ P@@u&o COAQ On  Qxan”
FJ}/@'} QLO :r(\ (009 Q

ek que- o Coodittgn



v,

P jot o oo Mol ol fiot Lot of roxt~ bk

ﬁ: 67( §a~1p\€5 per })HL

L@Ol\ @\L mi,\ wedth Olﬁ Bl'ﬁer l or 0 5@9[/

L 3

59 ,oolk (n m;(LU% gwﬁ @VQ/Z Za%?rm[ 0{— 3
M Yangtan i




¢

b> )’)'}'\11
' )
HW‘“’T\—W
|

oo oo

—

f(\ | o
Tk 4 sauplef

§ ) MLW d@\es nk WU
0 ‘FCY/“ JOWQ ]Lo ) Sdfﬂflﬂ/bif-

YhI0

M

Zﬁh \oy/ [& ;
P whee  packt™ bega
ho]l clad ( Q(over\/;\wi P s

_ﬂwlaL was That spead \/P/ low dowr /md('/zj
va[;ﬂ}i\ 5‘“4}}2“3 (atea
~ o very gl ol ls |
.U aﬂgmulm‘@ I . O“‘/ z
gl’]@ (| Q\W@\JJ& 60 1%@@%015 (‘,L Thert

Tﬂ dﬂ@ﬁ /\OYL }f(now @Z@arfhm lID Go o /0 bt
~ Lok gk ke i



0
QAT syten
HOV £ C\/‘QI!& '(() A LTI leeafl/'

\;ng =) X[”j +3

g - Wy < 2] 13
t:'[”] = Y] ALY
LR R S S PR
= ZCX,[@,TW[W,L;’
| o ot o |iear 97&%: b3 wi
Mk it o on tnb)
Chede for  fire Lyatont
<Lr “hf Vot < ) xZn*r\o] ¢9
| - Y{n*r@

(5 ero, f\f\.(/qfl‘ ut
-



ﬂ“] = X['ﬁ
?@; vl on oy, In)
; ] £ \{Q[HF SN oYy [’1]
] = X} X (17
B Yooy < n ([ "ol
| : \/[L"‘] *WL@

s linear SysTen

N
MESES Yod =h y[nny
#yLrn]
) G‘ 'ho) xlr\"m]

A] N
_b_:_r }tn{ \m,./ oreonf



<] b b oyt
}\U‘] = LVO vaik cespme o syd ¢

. | ( O
ML
ol 2

g@ meL \% wh)m\p‘ y[w]
USQ iy C@n\/oldﬁﬂ/‘

Yla] :ZO (K7h )

Note  Thak X[\(]#O/ Lﬁio

L‘[“‘W ! 0, a~l »y

T2 xid bl
)






0

§

g 5&mp[€5 /bl+
rli‘131lf7?‘}l’|‘[l\3"ti1‘f-*>

‘ 4 1S |
w@&iﬁl———/&ura l Y, ¢ 1717
%tL]:

Oglﬁ%g-QY?q

\A/omjr 'b lJ“\tm’ ,f\"\'/ Maﬂy }MB ’Wﬁ@aﬁ W/ 'Ya CU//@L{' MLA

Lao(a\ at Ryt Jlaafaﬂ\ €;;e Size

~daY el ol b to 56&(&

§ T
g() 29 40 2 l)HfS }q Tz‘“@

/ L Curceat
Tl ‘,w (JWQV‘IM b}h

Ca;f\ d/l&o ffli €‘r€ Stft w(,Hl In dnd 54/1}9/1‘5 /é;F



0
v
Fid bt o TXT
Wl bt ye Lub
/3/{ bt full T
S b gl patfens of 3 bifs

000
00]

010
L0O
O
LO |
110
L]

(1: T\W'ML\ jhlts (zs (onl(vélmﬁ e mo/@)
Do M Gl 4 o

MURRUOINOR
S

X[0) h127
| how 66‘1L caglt ﬂ‘[ (g %[/@
H{ Clti wrd éila\fj[}nj ;43{7"




@

L e diss T max posb‘t)ﬂe

[ %wlm\ of ¢ye



