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Wait! Maybe This Will Work Better...

Suppose we draw the frequency response we Wam;amit\h:n use
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Example from previous lecture: N=196, cutoff at tk=15.
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Dealing With Periodicity Issues
——

Remembering that everything is periodic with period N, is this
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Computing these series involves O(N?) operations — whenmt

large, the computations get ve s 1 o w...

Happily, in 1965 Cooley and Tukey published a fast method for “ 't
computing the Fourier transform (aka FFT, IFFT), rediscovering L
a technique kriown to Gauss. This method takes O(N log N

operations. = 1000, @ 1000000 NlogN = 10000

Caveat: scaling is different for the FFT: the spectral coefficients
aren’t scaled by 1/N - that scaling happens on the inverse
transform back to the time domain.
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» sharing the frequency spectrum
* modulation
» demodulation
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Using Some Piece of the Spectrum

+ You have: a band-limited signal x[n] at baseband (i.e.,
centered around 0 frequency). .

+ You want: the same signal, but centered around some specific
frequency k. (277/N).

+ Modulation: convert from baseband up to k (217/N)
Demodulation: convert from k. (27/N) down to baseband

Refay)

AN . AN AN
| modulation Y ik
H ] ey H H
ilmtan]' . E Im(a,) E
'rd i demodulation P Pl B
an A

Signal centered at 0 Signal centered at k.
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f, frequency, Q and k

Various frequency specifications we’ll use

* f, the sample frequency in samples/sec ~ fad/)a J[Q,ﬂ; 20_/ [ 02, !

* f, the signal frequency in Hz = cycles/sec

S in
+ (), the angular frequency in radians/ sample
s-msQsT

+ k, the spectral coefficient index
«-N/2sksN/2
77? ML Q=2ni=2xk—"
S L

5

3 f Examples: f=1e6 samples/sec, { = 10 kHz, N = 1000
"ip*“ﬁ so Q = .021 and kg = 10
2 - =
k=15,N =100, f, = 1e6
soQ .31 and f= 150 kHz
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Demodulation

cos[k,(217/N)n]
1 &3 1 -2
n]= —e N o4—e ¥
z[n] y[nI[ze 2e }

ik, )—n 1 E j(k—k }2_:1:"

l (enly

J(k+2k }—n ;k—n 1 ke J(k=2k, )2—”:1
ae - — > ae .
k 4 k
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\/ What we want

I 26y

\
wave poinfs

n

Slide 75

\/ Hmm. So z[n] has what
we want at baseband.
but has signal we don't

Example: Modulation (freq)
‘a etral

d-limited x[n]  cos[35(211/N)n] y[n]
i i o
| 44 4]
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Demodulation Frequency Diagram
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Demodulation Frequency Diagram

Relay) Refay)
AT 7 sl S Sl ="
K, Ei—kc K. i+kc
e ma)
---f:q -------------- ':J-i ----- Aj2
L !"J ; 1
yin] cos[k(217/N)n]
' Note combining of signals around 0
/\ results in doubling of amplitude
Re(a,) _.__...----———
P o A me Y orto ) }

“n] ,,, W kbﬁyp
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Example: Demodulation (freq) V(f)gdfun. af\w},«e $
x[n] yln] z[n]

i) ey )

i g
TN
’ a0 U e e =
.
02 HD > -5 L. = o+ i
-5¢ ° £ =50 E 0 w0
Only want these frequencies...
Giay ) ey ) UAea)
o6 - cs
o4 EE - P E o
ol el e, . ]
SﬁL R A FEPY
-0 a et e TR -2 = 1.,
£ » -30 E] £ {‘\' »
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Example: Demodulation (time)

U ‘ \ Lo f‘cﬁ“"d/
I
. | it 1o 35
LTI
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obe ,mq Showing idealized signals SEC IR A
\t N i
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‘Demodulation + LPF

y[n] z[n] —{ LPF —>X(n]
Cutoff @ *k,
Gam 2

cos[k (21/N)n]

before LPF

.02 Spring 2011 Pt’()\ ﬁ% M{}‘{' 1[_9 ﬂ‘hﬂb Lechire 16, Slide 12
choatdde & bac boay - Ely b onl) éqrwl Mn#



degole d

Demodulation with sin[k (2711/N)n]

V"/ Gl ;O)'WQ

y[n] z[n]

'\/ Hmm. So z[n] no longer
has the signal we want
at baseband!

what CM il Vsinfel2rt/Nya)

phas/s

j —jk—n
z[n] = y[n] Y ” +=eg N
W 2
k, 3 2‘114 _" H,.." A __cz_;;"
o 13 Tk {M +ie”‘~]
2::-—1:, k--k 2 2

Joe Mk }2—"n (k-2k)22n
1S 0L 0
3
Kok, ot

6-02 Spring 2611 e Oops. no baseband signall  Lecuwe is, Slide 513
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Demodulation (sin) Frequency Diagram

Re(ay) Re(a,)
i g i '
o ik, K e
Ima) | .
‘JL_J ------------ 1 Lr"\z 1 ---------------- 1 ----- 1/
y[n] sin[271f,n]

Note combining of signals around 0
results in cancellation!

Re(ay)
2k § 2%k,
z[n] : ) Im(ay) :
B e S 1)
N <

) g ﬂ M\ & “d%' \\ e v

CJ‘/C“IW wﬂuu veld B agee wha

)

Demodulation (sin) Frequency Diagram

Re(a,) Re(ay)

| N [ AL 5 |
le, ik, -k, gﬂs J
imfa) | mia) —
------------------- S B bt
| i 1 23
b - : !
: in[2Ttf.n
yIn] sin[21fcn]
j-i=-1 so sign of ay flipped z[n] --j=+1 so sign of a, not flipped

......................................... AN S SRA3 s Michs SO T St S O Y,
e = : % i ol
ok '_"f +2k, 2 “Q}QE l‘" +2k,
Im(a,) 1 Im(a,)

a” [?,dj, 9 (lm Leclure 16, Stide £14

b

Choose bandwidths and {'s so as to
avoid overlap! Once signals combine
at a given frequency, can't be

undone...
(EM]
""" : il AN
:.. :

%x,[n { o —>
a[n] “+" ky -k, kl kl l"? ka

cos[k,(217/N)n]

lay]

cos{i(211/N)
i V“L h L
=R X3[n] Channel = permrmbs 1ddxtum by PA%/’M:’ b\+

combining energies from different Y\O i_ 'f{g

frequency hands.

H
cos[k,(2T1/N)n] — 0wt st be sepert
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_ transmitter - receiver / low Fa—i& L[t fe”

INTRODUCTIOR TG BECS Il
DIGITAL
COMMUNICATION

N1k
TITAA
T W SYSTEMS
it

6.02 Spring 2011
Lecture #17 Q
» mismatch of rcvr’s freq & phase Ub% TUQ’ / .
* quadrature demod y g .
- BPSK, (tgpsé DQPSK 7:30-9:30 cmies -l RN s e e Fille
26-100 1% P L AR . - i ' ﬂ{']
.02 5pring 2011 na )Qd\v'f@ I'VIM Lecture 17, Slide 1 602 Spririg 2

&

Lecture 17, Slide %2

babefmi
Very lov

. freq , \ modeeton
Frequency Error in Demodulator ~only | B .Phase Error in Demodulato

4

! ; ]
| - - - huge antenak | y[n](]'% L, some ¥ mz[n] | s
m{n]——@———@—» LPF — out|n] in[n] LPF — out]| (
C\.goff@ ig:km EU[ Cutoff @ tk;, i
ain Gain = 2 iy
cos[Qn] cos[(Q;f)n] ‘_{' MJh on © o ¢ Fb[ cos[Qn] cos[Qn+] LPF‘ YV

band-limited in{uj

"dbad

band-imited afa] Note misalignment :g‘g H‘ 3 g AN A A St - ' Eﬂ@l
: el : C{ ’ ” cast{n] Wit = o ‘}"‘i d[f(.- ”fp
-20; E+2n ,‘l W : IR SanTEE e
E i Me/e L!“"lb ﬂOﬁ‘d ml)v'i' IOH?fout[n]wluw =x/2 15,0

Baseband &'s not correct
Lombme amplzmdcs from different k's!

6.02 Spring 2011 maée COP ! QS /(] Lactre 17, Slide 53 . Lecture 17, Slide &4
werd plues N




Phase Error Math

Let’s derive an equation for z[n]:

(OJZ{L do mﬁk J,n (ad

z[n] = y[n]- cos[Qn + @] = in[n]- cos[Qn]- cos[Qn + @]
— Ty

=in[n]- % [efﬂn + e—:nn]. % [ejwejﬂn i e'f”e““”] C"eulle,qr H use cmptex

eﬁp

=in[n] vi—[e”’e’m" +e? + e 4 e PP :
Wil (o 22 Juppear
Passing this through the LPF Qvith a gain of 2 eliminates the

high-frequency terms and doubles the amplitude:

4 leff V‘y Jut

So a phase error of @ results in amplitude scaling of cos(ep).

out[n]= in[n]‘%[e““’ +e"""] =in[n]-cos(p)

6.02 Spring 2011 Lecture 17, Slide #5

Fixing Phase Problems in the Receiver

So phase errors and channel delay both result in a scaling of the

output amplitude, where the magnitude of the scaling can’t

necessarily be determined at system design time:

* channel delay varies on mobile devices /
* phase difference between transmitter and receiver is arbitrary

)
One solution: guadrature demodulation [//MOJ?/*L e a,dtq_; sl

\)'\3"‘*@—‘ LPF — I[n] = in[n]-cos(6)
\
BD Cutoff @ 1k, 8 depends on channel 77 W L\\

From ___ cos[Qn] Gain = 2 delay and phase difference
channel between xmit and rev bQ- non

LPF — Q[n] = in[n]-sin(8)
Cutoff @ +k;,

sin[Qn] ©  Gain=2

/!\Co\'{(l. o ﬂpf"lﬂ{(; Eor Q,’elfl\p Lecture 17, Stide 47

6.02 5pri- 011

}
[ ’
Channel Delay © fme of f/{jé/\
Time delay Oﬁ;P_'ngjﬂﬂS

yln] ‘L yp[n] z[n]
in[n] D LPF —> out[n]
Cutoff @ *k;,

cos[Qn] cos[Qn] Gain = 2

z[n] = y,[n]-cos[Rn] = y[n - D]-cos[Qn] = in[n — D]- cos[€(n — D)] - cos[S2n]
. It -0 jon 3 1 -
=1nLn—D]-5[e ,laoe,m +e/Pe ‘Q"]-—i[ejn"-i-e ’n”]

: I __ ‘ B
=1n[n]-z[e D gJj20n | o= KD | gD 4 g0, "m"]

Looks like a phase error
——

Passing this through the LPF:
outfn] = in[n]‘%[e"m +¢"] = in[n]- cos(2D)

Lecture 17, Slide &6

,;%l‘d t:ihmt[ ;1;5[&7 +ft"5@ Brior. > Gamg. lgsue.
on Waqn bl == i) o JW'YL g,}
had ¢, o Oa?’at(l, € dllng : i
Quadrature Demodulation

i ptadd € i
3 |
I Y - x[n]sin(8) -} == ==~~~

6.G2 Spring 2011

If we let e |
f e o7 I
wn] = I[n]+ jQ[n] x[n]cos(6)
then

win]-ToF e €% o8l

= \/x[n]"' -cos? @+ x[n]*-sin* @

Constellation diagrams:

= Jx[nT - (cos* 6 +sin* ) g x[n] ={0, 1}
= x[n] : T‘
Pelt £5ipmdes IUE ol

6.0Z Spning 2091
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Phase Modulation

A sinusoid is characterized by its frequency, amplitude and
phase — one can modulate anyone of these using x[n], which
represents the message to be transmitted.

» Amplitude modulation (AM) — what we've done so far
* Frequency modulation (FM)

* Phase modulation - our next topic thedt (/W% }n le.)ﬂ

Using AM the signal can have zero amplitude, indistinguishable
from no signal at all, which can confound the circuitry that “fine i
tunes” the amplitude and frequency at the receiver.

d,
Using phase modulation, aka phase-sl%ft keying (PSK), the
transmitted signal has constant amplitude; information is
encoded in the phase of the carrier sinusoid.

Q\M‘-Z" oaﬂﬂ’irtj Cos

6.02 Spring 2011 Lecture 17, Slide 59

| opfecent phuse CL“Mge
ulww gy Dealing With Phase Ambiguity ak cevlser
ba.u\'\ pad %b‘b BPSK is also subject phase changes introduced
- by channel delays or phase difference between

&' xmit and rcv: the received constellation will be
/ rotated with respect to the transmitter’s
constellation. Which phase corresponds to
which bit?

The fix? Think of the phase encoding as diﬁerential, not
absolute: a change in phase corresponds fo a change in bit

s it

09 ansoutL
? value. Assume that, by convention, messages start with a single
0 bit, i.e., prepend a O to each to message. Then the first phase
S change represents a 0—1 transition, the second phase change a
6C 1—0 transition, and so on.

Jon ¥t hap which

Wy l.arO

200

Charge in phuse

’ N e,
4 i g
\C ]’ ‘D”” lﬂﬂ-
D L]

Spring 2011

w\m\\ 6.02 5

~tines WLLAQLQMI QoEs iy

6.02

.02 Spring 2011

Nogd {- fell 3 i‘hfn@_g abort  Laves
~mag

\_'Ff&{/
hase. EPSK

In binary phase-shift keying (BPSK), the message bit
selects one of two phases for the carrier, e.g., T1/2
and -11/2.

x[n] 3 S -

iTE 900

150

0 ¥

e T - B i
'] 11| Lo Jra— - g 314111 401 T
‘T; i

(ol phave Gagle — cokd gaapl , gt

Differential PSK : ,
Crany |jofllafons O d«ﬂefﬁh‘a/
Medn

Approach 1: encode bits
— DBPSK - process one message bit at a time
* “0”: phase change is 0
+ “1”: phase change is
- DQPSK - process two message bits at a time
« “00™: phase change is 0
+ “01": phase change is T1/2
* “10”: phase change is 10
* “11”: phase change is 311/2
Approach 2: encode transitions
- DBPSK
* No transition: phase change is 0
+ Transition: phase change is
— DQPSK: assume cyclic order is 00, 01, 11, 10
* No advance in order: phase change is 0
+ Advance one position in order: phase change is /2

* And so on... /\o\ : .
o8 ol ok
-—CU‘E’ i{\,\!'b Nkﬁmfgiﬂj ‘ E ‘

What about 3 bits at
tite, i.e., 8 constellation
points?
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QPSK Modulation

We can use the quadrature scheme at the transmitter too:

Still need band limiting at transmitter

oot Pay

msg[?\:\2]—)| (-1,1) H LPF

Even bits

msg[l:\f]—’l (-1,1) I'—)|7LPF‘

Odd bits

cos[Qn]
sin[(1n]

Map bit into voltage value

When mapping bits to voltage values, we should choose the
values so that the maximum amplitude of y[n] is 1. For QPSK
(also referred to as QAM-4) that would mean ( 71; : 715 J= (707,707)

6.02 Spring 2011 Lecture 17, Siide #13

QAM Receiver

Here’s a simplified diagram of a QAM-16 receiver:

icer quantizes 1/Q using thresholds
chosen 10 maximize noise margins.

LY

Noisy, phase-shifted
constellation

cos[(2n] ghta:te
sin[Qn] chtp €

msgli+2:i+4]

)
AV
Complex multiply needed to rotate
constettation to correct for phase
change from channel delay and phase
offset. ¢ determined by looking at msg

bits. —_—-—Cow&ﬁ \foAS CONL d

— o u+ rl’jM

6.02 Sprir "M Lecture 17, slide 515

msg[i:i+2! du(dh}éjw .

CA;{" When

o l((rn# sfwffd
Calidalad ¥

Quadrature Amplitude Modulation (QAM)

Using more message bits at a time, we can generate larger
constellations using quadrature amplitude modulation. Here’s a
diagram of a QAM-16 system with 16 constellation points:

msgli:i+2] —)| -3.-1,1,3) '—)l LPF

cos[(In]
sin[Qn]

yinl

4 message bits are
encoded into onc of 16
constellation points.

ﬂ.“
L
L
L]

msg[i+2:i+4]—)| (-3.-1,1,3) l—hl LPF
A%

Advance i by 4 after desired
number of samples/symbol

Larger constellations mean points are closer together, so there’s
more sensitivity to noise. Some systems adapt the size of the
constellation to the noise level (QAM-4, QAM-16, QAM-64, ...),
i.e., use 2, 4, 6, ... bits/symbol.

5.02 Spning 2011 Lecture 17, Slide 214

802.11a

* 12 channels in 5GHz band
*+ 20MHz bandwidth (16.6MHz occupied)
— Orthogonal Frequency Division Multiplexing (OFDM)
— 52 subcarriers (48 data, 4 pilot), (20MHz/64) = .3125MHz separation

not used L ”""f" rczsgemes
‘T[III]EIIIZIIIIII[IIHIli'IIHlllIilllllliEilllIIIIIIIREIIIIEIIR F o
4p ;Ps 48 data gnes

E 2 A B T R T
Modulation and channel coding scheme can be chosen to reflect
actual channel capacity (choice based on SNR):

+ BPSK (6Mbps @ rate 1/2, 9Mbps @ rate 3/4, 1 bit)

+ QPSK (12Mbps @ rate 1/2, 18Mbps @ rate 3/4, 2 bits)

+ 16-QAM (24Mbps @ rate 1/2, 36Mbps @ rate 3 /4, 4 bits)

+ 64-QAM (48Mbps @ rate 2/3, 54Mbps @ rate 3/4, 6 bits)
Symbol duration 4us (includes guard interval of 0.8us)

+ ~250k combined symbols per second, 48 data channels

» ~Data rate = (48)(250k)(# bits/symbol)(code rate)
= (12M)(# bits/symbol)(code rate)

&.G2 Sprinsg 2014
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OFDM Transmitter

Constellation
mapping

Tl

© Q_j_' &+ 5

() —.o-—)“ FFT
. R

A

Serial
to parallel

hr!p:n‘n‘enmklpediaAargmviki.'OFDyI

» Signal is interleaved across multiple subchannels
— For bidirectional links, can use some subchannels for each direction

« - Constellation mapping can be chosen separately for each
subchannel: for other than BPSK, X; are complex values

o ]
< e S SR S
v
2| .9
BPSK QPSK

.02 Spring 2011

16-QAM 64-QAM . 17, slide 217

4,07 S

OFDM Receiver

Symeal
detection

FFT £
a2 { Paratel
Yya to serial
Im Yoy m

Need good frequency synchronization at receiver to keep
subchannels orthogonal, need good gain control to keep
amplitudes correct for slicing.

Low-pass filter selects demodulated baseband signal
Symbol detection for each subchannel is matched to
modulation scheme selected by transmitter

U]
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To save your work, click the SAVE button at the bottom of this page. You can revisit this
page, revise your answers and SAVE as often as you like.

To submit the assignment, click the SUBMIT button at the bottom of this page. YOU
CAN SUBMIT ONLY ONCE. Once the assignment has been submitted, you can continue
to view this page but will no longer be able to make any changes to your answers.

6.02 Spring 2011: Plasmeier,Michael E.

PSet PS7

Dates & Deadlines % / 5_

issued: Mar-30-2011 at 00:00
due: Apr-07-2011 at 06:00
checkoff due: Apr-12-2011 at 06:00

Help is available from the staff in the 6.02 lab (38-530) during lab hours -- for the staffing
schedule please see the Lab Hours page on the course website. We recommend coming to the
lab if you want help debugging your code.

For other questions, please try the 6.02 on-line Q&A forum at Piazzza.

Your answers will be graded by actual human beings, so your answers aren't limited to
machine-gradable responses. Some of the questions ask for explanations and it's always good
to provide a short explanation of your answer.

Problem 1. j- ;\U“Q V‘Q(l(’e

Consider an LTI system consisting of two filters hooked in series. The operation of the system ho $o c[o h‘t’f

is described by the equations below. x [n] is the input to the system, w[n] is the output of the {\(PQ 0( ( Obl”")
first filter and input to the second, and y (n] is the output of the second filter. P

.
w[n] = x[n] - sqrt(2)*x[n-1] + x[n-2]
y[n] = wln] - sgrt(3)*w[n-1] + w[n-2]
A. Suppose x[n] = eI®" for all n, For what positive value of g isw[n] = 0 foralln, i.e.,
—_— e—

N . g iQ
for which ¢ is #(e7®) = 0? Hint: for the first filter derive a formula for H(e’**) from the
given h[n]. Then determine for what positive value of Q your formula evaluates to 0.

60 \A/[/f\] = €J%nuﬁm €j'{V\Jr {Jl{"] :O
[Cwl{ ‘LJ,G;qL{

10f10 AT < (/a[va (0( LC 3/31/2011 1:05 AM
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’fl; Gt e

(points: 0.25)

B. Again suppose x[n] = 3" for all n. For what two positive values of ¢ is y[n] = 0 for

all n?
A S oller et |
T |

(points: 0.25)

C. Suppose x[n] = e™ = (-1)"forall n, i.e., X[n] is a complex exponential with
frequency 7. Therefore win] = H(el") (-1)". What is the magnitude of H (e3™)?
= A, h-{
Anen o

Car

(points: 0.25)

D. y(n] and x[n] are related by the unit sample reponse of the combined system. In this
case the unit sample response has 5 non-zero points:

y[n] = Z@m =0 to yh(m]x[n-m]
Please determine the values for h[0] through h(4].
| ~J3 J7
AN

(points: 0.25)

Problem 2.
Consider sequences y and x related by

y[n] = Z(m =0 to 99)x[n-m]

20f10 3/31/2011 1:05 AM
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30f10

Suppose x[n] = e%". Note that x[n] is non-zero for negative indices. What is the smallest
positive value of ¢ such that y(n] = 0 for all n?

Hint: to determine the value of y [n] we need to sum the past 100 values of x starting at
sample n. If x is a sinusoid, a sequence of samples of x will sum to zero only if the sequence
represents some number of complete cycles of the sinusoid (since in a complete cycle all the
positive samples of the sinusoid will exactly offset the negative samples). So the question is
really asking what value of ¢ will ensure that a sequence of 100 samples from x will capture
one complete cycle of the sinusoid.

21
100

(points: 1)

Problem 3.
Consider sequences x and y related by
y[n] = x[n] + Cx[n-1] + x[n-2]

A. Suppose x[n] = e3 ™M foralln, If |y(n]| = sgrt(2) + 0.5 for all n, what is the
value of c?

(= =005 + L?ﬁj '
(= 975¢°

(poinfs: 0.5)

B. Ifc > oand x[n] = 3" for all n, for what value of ¢ will |y[n] | be largest?

('{fO Y:B

(points: 0.5)

Problem 4.

Let x[n] be a sequence that is periodic with period N=11. For each of the following x [n],
please give the corresponding spectral coefficients for the discrete-time Fourier series for

https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi?_assignme...

3/31/2011 1:05 AM
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<

x[n],i.e.,axfor-5 € k < 5,

A. Determine a), for x[0:11]

https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi?_assignme...

¢ g Gomple

(+,90,0,0,0,0,0,0,0,0,0].

@o:!

(points: 0.2)

B. Determine a; for x[n]

1

|

—_—
-~

s

(1SanL 85 efog

(points: 0.2)

C. Determine ay for z[n)

cos (p(2n/11)n) for some integer -5 < p < 5. How does

your answer change if p could be any integer?

- ORN-) € p V)

(points: 0.2)

D. Determine a, for x[n]

cos(p(2n/11)n + ¢) for some integer -5 < p <. 5and

phase offset ¢.
Lf :

L
ap e 2

(points: 0.2)

E. Redo part (D) assuming ¢

-n/2,1.e., x[n]

sin(p(2n/11)n).

—) -
/2/

5

—

L.

4 0f 10

3/31/2011 1:05 AM



_—)/q{g L R N 0y

Al ot
O:(Oﬁw +/\ g‘tq[»{ -/7 ((,051{ ,lj‘&;[f)f[@{/f/lg;nl{

0= 20t 2% 5ol - 5wl
Colwe for Y
4




R TR VA AY
E <
FA_%'@f
Mo 2
T/‘zl{-"@
Y A
Ly Bd o~
i R



and léﬂfgnf [agf /W/f
or b T T X/AVZ]

7

U sume X//fj

0/1 Aa ICJZIL{ Z"/?(ﬁé?
:L \ (CVF’,O/(
0 +(2+2—J’JA

Lot v Ay alt meled L g, foncle #- 11/ )
o T dul fat

b0 el o Gm /;wg pach



1B bob [T Lab
e regponse

Winl= gUn\- 13 SUn-\1 4 30\_’1—}
| - Aié’;m

o 42
L ] Skl e z,fxt:n\e‘\*“‘“

|
1 T 3 ")l!m(' }/b‘eo vsT ‘WL (bf l@/ﬁ’%m

H\egn): \ A2 ) @@:Q j wae_

//%L{ \Esméu + auv#,/ H,égh

?.x
f"w,
nﬂt@cww St
-:L( —JZ@)J)_ +{~1Jﬂ :’O
ly‘»
A;j‘:eaﬂ% L{*_Q | V2 % + %2 =() -
50[1/& {Dr ><
% (€ die ‘U
\\
LRV [
i, T

b _Lti_ R SN

Halk %[PMLQ_- “-T-Dq whih s gl -@3—?






-7 wll B+ 028 3 -2

6( Q(ﬂh{ \/‘«be

|- Ja x +x*=0
K= /3-4 J34
L ) T

ke’“ r
- /

_ C'
- 77 S LGy e v
JL/()‘} \,OOlL at vark C}ff/lg

(Q g ol

2y~
e




0
() «1a - "= fr all
(0m 9 MQH’ ul feq, T

So ) = H(o) ()"
Wt b may | !((’/J ﬂ‘)

CM l Ande %9 *fv/ into /e@é? e
- ] e
) < G, e ol

T hy owas (v anplef Q\cpomf;@/
“and g Q)(’pﬁmf,c on N

H(em) : JL/(H)”)
] o o b
\«/Ln] = H({’;ﬂﬂ) E{f]

E

S0ve a5 Al / P?C({m\wﬂ



Tt

l"ﬁ \O/*-UZ *{:zjﬂ

=D

-—Qﬁ@hm*@‘m _ CﬂZvy’
B ol b e @ ket T ey

| |
5o 2 L 3 ‘\'\ﬁ.

@

@ we wee bolh cght!

f!“ (e@l
au

J) Uﬂ}’L %Plﬂ (QfPO%e

VS' Non O ygor‘,,fj
\/L”J é{ h[mj }([ “ff

M=)
Dotorte. ey

_H‘n\\lg. \15 A Non '(KKQOL O{/Jw“ani



1

hot Somtiy e g 0n gt
\[( p\* ‘m \ (V’\;]F %wﬁ}ﬁ) X! }l

\——\
0




0

Now ]Lh\(s s \C@{ ;/\ I‘@)C‘L
\/\/le =y V[@

VID Now Z\CML 2 /’n/}Wl)

-1
vl
RN
oflm
W23
Ny oy \
e
| 13
3 vp

v '? ol /ﬁm \



0

Lot e (onfim  sone hoo

(@C{v/?/ q My H’(I / D(qj(ﬂw

\/["7 = )\[I’J *“7:[”] ‘Azﬁn])
AQ=x[e) - (1)

R
y[D: ng | %25 ;J)WIWHL (onfosed g
T Whaf i (,’35

7vaa7 ?LO O/p/‘ | /
Co+ L/faﬂg on qw‘g« —-),'/7‘ ﬁ/du}]‘ Zaw CA/@ fﬁ/é/%//f
(‘Ont/w)vé
b | 7|
=
i ()
) -2 )



A\
el 1
| -J3 |
)
f="1
\ -J2 |
| -J3 |
| +hp | = 2+@
4= Ve
| -7 )
| ~2 )
R Yy,
A=
| -J2 ]
-3
~ |
Goy k[0 MO Ww o N3

\

~J342

VERE ~J3J7

e
|



Wk femdy ~wse it
b wld e gt LT

Whet Lo formde. S0
\/D\}% h[m] aln-m)

| Uhi we wait o
\ve QIOA'IL havt 'hb)L PllJ

- Fe/hqﬂ) ok g Irong
Vel ey v

o] l% 9 1l0-0) v Hipxfo-is .

A

>yl =l Ay o
) <) 0] LT+ \gxLg)

Whit b sppsed b hyggp
\_.é; I %;w\ 1 6@ ‘tf



) G
O }lbnj < 2’ K[/"\“M}
Mg

() N
5\/PP0‘79 X);nj =0’ U
v ;M) /
hegitvt  indies !

What 1o grallet O vabe £ U @ y[n] <0 )
! (_0’ “/ll N
Clostst To O

(( Scm& % p/w\mtf\
’§dn\ {0 O On\\[ (\( 50N (ompmﬁ i

S U ol by bt 100 semfle b5 | cole
Cyole

Bt ot b U onf]

v = QJ({A

b lat 100
VIR - Y] 0
ISR IEREY

Y120 = <Y+ XL e Loy
ef/ %9 99



it b U G0 L e
Bk wohat does U hae o be S0 \?@200 fanfl
N ho\/mm’((, of (OO

4

Puind

i et 00) (17/0) .
ool b | fig Thogh 94 o

/_/_),,_‘_\ L N~—— %{Vnﬁl(@((/

ﬁlﬁz ables
N Sample

(-1
100
BA hor does el Comed 4, Ly’



ot watly O
Unless ko 50"@””")

Coﬂlpf}qﬁ!‘{‘m ﬂmM
=45 A 03

No  Uahe of k k= 00000001 = |

K= &

= Al



by \
T s ((@)W—\f

“Crloed
. in ]//'Ar Wi

2 o
@lo()”)/b
=0

0
not-
Z ’zJ, =103

7—{
1 gt atee vl
VR
éownlf'\j 6[}(



unit_circle.gif (GIF Image, 425x450 pixels) http://www.mathpeer.com/images/trig/unit_circle.gif

lofl 04/05/2011 07:52 PM



9
Y, N+ (x4 ><£“"??

LYLYAR €m%” for gl s

%
)
S '/ZHLI

{ [J = J1 +.t
What (

Hle? ™)~ o™y, (g, ;7
Sef

s ﬁﬂﬁ’ _//7
ol fo (.

ST ~21
[ (g™ 0 = =J2 5 v,

C: '—‘LOG fa cgf/f
TI Jm 9‘/656;(9 H jhwld k s

Oc (= I,Q[ = Ji’L’é cht Tt :lnpvf



b

B el o o b nr

Try ahs
— _ Unlgss 010 5”“'@/1'(1‘3 V09
) 3 0 v = oot ket vabe Yl v)
e lovgedt
oy (= |
Makinie  oie Y
(vaph )
ﬁ)o% V“OJF wor ik
(Ovu CH/
1 it X=0
W reu |
L\ /} =
VAT
At L{:'O V<
\{:ﬂ?{ Y:: L77-’)‘774
{:% =0 ~ i



@

Bowlt fo ﬂ?t
56[/(T(”L) rS =90y

M _ 3 -[)0.30
1T

/, /)u“, be —2.7.—-7-
[ :

>

—

4. X[/ S Ne prand A=
For g gatal ool
Ay for -5 £kt S
Tl Mo B g M7

é whel s o —oe (o Odoly

I, sk
-1l = A w e,
& Z?/v? C%( vt

Bt Wt v f gmfle w4,
Y T
[Dy nspeition

2),



/" A0 ! !l "/'9/ ()G/L q

s Thide, Pl
J



Y

O G ¢ b0
|
(g = |
9 é N ‘
0 W Lﬁ '
QJ Q‘-’H" 0 s ok \qlzm
~ %l bg(@/e((/’
'k))([r\] = (%(P (;@h} for }q'/@@’,_f'g,péj
5 e Ls() =5 6 ) g
Ao ).l 2¢
P - s 17
Fopo0cpin-
J) Fud éku fr (o5 (p i, g lt) 7@;;
M som PMQ offs e

What o phag off it 6%









6.02 Spring 2011: PS7 https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi?_assignme...

(points: 0.2)

Python Task #1: Spectral coeffients

Useful download links:

PS7 tests.py -- test jigs for this assignment
PS7 1.py -- template file for this task

Please write Python functions that implement coversion to/from the frequency domain:

Z
-

-

fseq = frequency domain(tseq)
This function takes a sequence representing the samples of a real signal in the time
domain (tseq) and returns a sequence representing the spectral coeffients of the
time-domain waveform (fseq). The spectral coefficients, which are complex numbers,
should be computed usuation presented in the lecture on the
discrete-time Fourigr series. The Tength of tseq determines N, the period of the
time-domain w’z;eﬁ'l'he elements of Fseq should begin with k = -n/2

corresponding to the frequency (-N/2) * (2n/N). G
¥ \,quil 6&225'{1\“1[ mea/!
tseqg = time domain(fseq)

This function takes a sequence representing the spectral coefficients of a signal in the
frequency domain (fseq) and returns a sequence representing the samples of the signal

in the time-domain waveform (tseg). The samples should be computed using the
uation presented in the lecture on the discrete-time Fourier series. The
engih of Zseq determines N, the period of the time-domain waveform. The elements of
tseq should begin with n = 0. You can assume the first element of fseq corresponds
tok = -N/2.

Note that although the values computed by the synthesis equation are, in general,
complex, we'll only be considering real signals, so it will be convenient if you convert
each of the samples to a real number before returning the sequence (i.e., take the real
part of each number computed bythe\syntlﬁis_équation).

Python supports complex numbers and the cmath module provides useful functions that take
complex arguments. The simplest way to create the complex constant A+38 in Python is to

type@ If x is a complex numbe returns the real part as a regular
Python number and x . imag returns the imaginary part.

Complex exponentials in Python are easy too. For example, to evalute the expression
e ik (2n/Min you could use

import cmath
x cmath.exp (complex (0, -k*2*cmath.pi*n/N)) éé‘

PS7 1.py is the template file for this task. The test code does some simply sanity checks, then
generates some random sequences to check that the conversion to and then from the
frequency domain results in the original time domain waveform.

50f10 3/31/2011 1:05 AM
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When you're ready, please upload your code and the figure of the spectral coefficients

generated by the tests:

Upload code for Task 1: _ Browse.. K/
(points: 4)

Upload figure for Task 1: Browse... \/
(points: 1)

Python Task #2: Low-pass filter

Useful download link:
PS7 2.py -- template file for this task

Please write a Python functions that returns the unit sample response for an approximate

low-pass filter:
————

hseg = low _pass(freq)
Return a sequence representing the causal unit sample response h[n] for an LTI system

that approximates a low-pass filter with a ¢ fregq, where ,
0 < freg < m. Please scale the elements of h[n] so thit the step response is exactly 1 ¢ wlmi
in the steady state. d

_‘._H__m 00s
o , gler 0.2 Y Fhat
You may find it useful to write a helper function one_zero (freq) that returns h(n) for an

LTI system that has a frequency response with zeros at +freq. You can then hook several of pred |
these smaller LTI systems in series, where you've chosen the zeros to cover the frequency

range above the cutoff frequency. Do you remember how to compute the unit sample

response of LTI systems hooked in series? You might find numpy . convolve (h1,h2) to be

useful.

PS7 2.py is the template file for this task. The test code generates three low-pass filters with
cutoff frequencies of n/4, n/2 and 3n/4, plotting the frequency response of each filter.

It can take some experimenting to devise a strategy for figuring how many one-zero systems
to use and where to place their zeros. Here are my plots for the frequency response of the
three filters; your milage may vary!

6 of 10 3/31/2011 1:05 AM
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[H(*)]

3774 -5f2 -7/ 0 L7z 772 3xi4 Ll

[H(e*)]

7 3w/ -%f2 -4 o =/ 772 3x/4 ®
[H(?)]
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When you're ready, please upload your code and the figures of the frequency response for
filters as generated by the tests:

Upload code for Task 2: ' Browse..

(points: 2) /
Upload figure for n/4 filter: Browse..

(points: 0.33) /
Upload figure for n/2 filter: Browse... |

(points: 0.33)

Upload figure for 3n/4 filter: Browse...

(points: 0.34)

Python Task #3: Decoding dialing tones
Useful download link:

PS7 3.py -- template file for this task e (-
PS7 dtmf.wav -- .wav file with dialed number (., # S J d [ (t’\j

Note: this task involves less hand-holding than usual -- you'll have to connect some of the
dots yourself!

The analog phone system uses a dual-tone multi-frequency (DTMF) encoding to represent the
digits you dial -- aka touch-tone dialing. Two audio tones are combined to represent a dialed
digit. The table below shows the relationship between tone pairs and digits:

Hz | 1200 | 1328 | 1472
688 1 (2|3

768 4 | 5| 6
848| 7 | 8 | 9

8of 10 3/31/2011 1:05 AM
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0] #]

These frequencies vary slightly from the official standard so that they are all exact harmonics
of our fundamental frequency of 16 Hz. Note that the fundamental frequency is all one needs
to know to convert frequencies in Hz to the corresponding k fgl:_t_llgpectral coefficients.

Your task is to write a program that decodes the audio tones found in PS7_dtmf.wav and
prints the dialed digits it detects. You can play this .wav file on your computer to hear what it
sounds like. For each dialed digit, there are 500 samples of dual-tone followed by 500

: =
samples of silence. e

You'll find that the spectral coefficients computed from the samples have a little bit noise
introduced by the quantization that happened when converting the audio samples to the .wav

- file format. So you shouldn't expect to see exactly 0 for the magnitude of a spectral

coefficient that you'd expect to be zero in the perfect world. Your code should be forgiving
about this and should accept frequencies with +1 of the nominal k.

PS7_3.py gets you started by reading the samples from the wav file and splitting the samples
into shorter sequences for each dialed digit. It then calls decode dialed digit (samples)

to determine which digit the tones represent. Your code only needs to detect the ttigits 0
through 9 and does not have decode "*" and "#". [\ l’
A

When you're ready, please upload your code. You'll only get credit for your code if the dialed
number entered in the box below is correct.

What was the dialed number?

Upload code for Task 3: Browse...

(points: 5)

You can save your work at any time by clicking the Save button below. You can revisit
this page, revise your answers and SAVE as often as you like.

Save

To submit the assignment, click on the Submit button below. YOU CAN SUBMIT ONLY
ONCE after which you will not be able to make any further changes to your answers.

https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi? assignme...

3/31/2011 1:05 AM
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10 of 10

Once an assignment is submitted, solutions will be visible after the due date and the
graders will have access to your answers. When the grading is complete, points and
grader comments will be shown on this page.

Submit

https://scripts.mit.edu:444/~6.02/currentsemester/pset.cgi?_assignme...
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Massachusetts Institute of Technology
Dept. of Electrical Engineering and Computer Science
Fall Semester, 2006
6.082 Introduction to EECS 2

Modulation and Demodulation

Introduction

A communication system that sends information between two locations consists of a
transmitter, channel, and receiver as illustrated in Figure 1. The channel refers to the physical
medium carrying the information signal (voice, video, data etc.) from one location to another.
The physical medium can be free space or a variety of waveguides (wires, optical fibers, etc.) that
direct the energy across the channel to the receiver. The transmitted signal carrying the
information through the channel can be electromagnetic, optical, acoustic, or other forms of
energy radiation. Cell phones and wireless networks send information across free space using

electromagnetic waves.

Transmitter Channel Receivers
Input —» > > . » Output
Information Information
Signal Signal

Figure 1: Communication System Block Diagram

In order to send these electromagnetic waves across free space the frequency of the
transmitted signal must be quite high compared to the frequency of the information signal. For
example the information signal in a cell phone is a voice signal with a bandwidth on the order of
4kHz. The typical frequency of the transmitted and received signal is on the order of 900MHz.
Figure 2 illustrates how the spectrum of voice signals falls outside the frequency range of the

transmission channel; the figure is not drawn to scale.



Magnitude
Voice
; }
-900 MHz -4kHz 0 4 kHz 900 MHz Frequency
Figure 2

The main reason the transmission frequency is so high is that the wavelength of the
electromagnetic wave is proportional to the reciprocal of the frequency. For example the
wavelength of a 1 GHz electromagnetic wave in free space is 30cm whereas a 1kHz
electromagnetic wave is one million times larger or 30km. As you will see when we study
antennas, the size of the antenna and other components are related to the wavelength. For small

portable devices, higher frequency transmission is a requirement.

To transmit signals with frequencies required by the communication channel, the
transmitter centers the spectrum of the information signal at the transmission frequency. This
process of shifting the frequency spectrum of a signal is called modulation. As an example
human voice spans a 4 kHz range or bandwidth, and is centered at 0 kHz. In order to transmit
human voice over a cell phone, the transmitter shifts the voice signal so that it has a 4 kHz

bandwidth but is now centered at the transmission frequency, 900MHz as illustrated in Figure 3.

Magnitude

Modulated Voice

-900 MHz 0 900 MHz

Frequency

Figure 3



In the receiver the reverse process takes place. The receiver centers the spectrum of the
received signal at the original center frequency of the information signal; we refer to this process
as demodulation. In the case of human voice transmission, the receiver shifts the spectrum of the
received signal (the received signal had a spectrum centered at 900 MHz) so that it is centered at

0 kHz as shown in Figure 4.

Magnitude
Voice
% E
-900 MHz 4kHz 0 4kHz 900 MHz  Frequency
Figure 4

Modulation

We take advantage of the trigonometric identity shown below in the implementation of
signal modulation. The identity shows that the product of cosines with frequencies f; and f;
results in cosines with frequencies f;+f; and f;-f>. In other words, multiplication by the f3 cosine

shifts or modulates the f; cosine to the new frequencies fi+f; and f1-f>.

cos{2z(f, +f )t} +cos{2x(f, — 1)t}
2

cos(27f,1) * cos(2f, 1) =

Let’s study the effect of modulation in the time and frequency domain; assume f; = 1 Hz
and f>= 10 Hz. Figure 5 and 6 show the time-domain plots of the 1 Hz and 10 Hz cosines, and
Figure 7 shows the time-domain plot of the product of these two cosines. Notice how the 1 Hz

cosine appears as the envelope that shapes the 10 Hz cosine.
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Time-Domain
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Figure 7

In the frequency domain the 1 Hz and 10 Hz cosines appear as illustrated in Figures 8 and
9 respectively; recall that spectrum of a real signal has even magnitude, which is why you see

spectral peaks at +/- 1 Hz and +/- 10 Hz.

Frequency Domain
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Magnitude
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Frequency (Hz)

Figure 8
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Figure 9

Figure 10 illustrates the spectrum of the product of the 1 and 10 Hz cosines; note how the
spectrum has four peaks. The two spectral peaks at +/- 11 Hz correspond to the f;+f5 cosine while
the two peaks at +/- 9Hz correspond to the f;-f; cosine. At this point, we have modulated a 1 Hz
cosine up to 9 and 11 Hz. Of course we could have also said that we modulated the 10 Hz signal
to 9 and 11 Hz, but it is customary to think of the lower frequency signal as the information signal

that we modulate up to the carrier (higher) frequency signal.



Frequency Domain

1500 T T T T r- T T
fi+f = 11 Hz Cosine
v v
1000 | .
@
s
2
S f;-f, = 9 Hz Cosine
= < >
500 "
D 1 o 1 L 1 - L 1
-20 -15 -10 -5 0 5 10 15 20
Frequency (Hz)
Figure 10
Demodulation

We know that demodulation involves shifting spectra, and that shifting spectra involves
multiplication by cosines. Let’s multiply the modulated signal from the previous section (the
signal containing the f;+f> and f}-f> cosines) by another cosine with a frequency of /5. The hope is

that this operation will allow us to recover the f; cosine.

%{cos(zn( fi+ L))+ cosQa(f, — £,)0) }* cos(2rfyt)

= %{005(27:( S+ F)0) * cosQrfyr) + cos(2a(f; — f,)1) * cosRr £,1) }

¥ 1{005(271'(}”1 +2£,)t)+cos(2z fit) = cos(2m fit) + cosLa(f; — 2 £, )t)}
2 2 2

= %cos(%r(fl =2+ %cos(Z;rf]t) + %COS(Q?I(f] +21£))




From the above analysis, we see that demodulating by multipyling by a cosine with
frequency f;results in a signal that contains the f; cosine (our target signal) as well as cosines at
Jit+2f; and f}-2f;. We need further processing of the demodulated signal to remove the high
frequency cosines (f;+2f and f;-2f3) and retain the f; cosine. Before discussing these steps, lets
study the time and frequency domain plots of the demodulated signal. Figure 11 illustrates the
time-domain plot of the demodulated signal.

Time-Domain

———cos(2x1)
15} cos(2x't)cos(2x"10™)cos2x™10™)

Amplitude

1 1 1 1
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Time (sec)

2 L L 3 L

Figure 11
Figure 12 illustrates the spectrum of the demodulated signal; note how the spectrum has
six peaks. The two spectral peaks at +/- 21 Hz correspond to the f;+2f; cosine; the two peaks at
+/- 19 Hz correspond to the f;-2f; cosine; and the two spectral peaks at +/- 1 Hz correspond to the

/i cosine.
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Figure 12

To remove the higher frequency cosines (f;+2/; and f;-2f>) and only retain the f; cosine
we will apply a low frequency filter with cutoff frequency f; = 10 Hz. We will learn about

filtering in the next lecture. Figure 13 and 14 illustrate the time and frequency plots of the
demodulated signal after the low pass filter; note all that is left is the f; cosine (target signal).
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Modulating Signals With Nonzero Bandwidth

So far we have been dealing with the modulation of sinusoids; these signals have a single
frequency component and zero bandwidth. Nonetheless signals with non-zero bandwidths, such
as the voice signal whose time and frequency domain representations are shown in Figures 15 and

16, are also modulated by multiplying the signal by a cosine. The reason this works is that these



signals are made up of sine and cosines (recall Fourier series and transform), and modulation
simply moves each of those sine/cosine components (and therefore the entire signal) up/down the

spectrum.
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Frequency Domain
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Figure 16



As an example, Figure 17 illustrates the spectrum of the voice signal in Figure 15 after it
is modulated by a 10 kHz cosine. Note how the spectrum in Figure 16 is centered at +/- 10kHz;

the plot is analogous to Figure 10.

Frequency Domain
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Figure 17

Now we will demodulate the voice signal back to DC (0 Hz). Figure 18 illustrates the
spectrum of the voice signal after demodulation; multiplying the modulated signal (Figure 17) by
a 10kHz cosine. Note that we have one copy of the voice signal spectrum at 0Hz and two copies
at +/- 20kHz, which is analogous to Figure 12. Once again, to remove the higher frequency
copies at +/-20kHz we need to apply a low frequency filter.
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Figure 18



Modulation and Demodulation Summary

Figure 19 is a block diagram that summarizes the steps involved in modulating and
demodulating a signal by a frequency f>. Modulation involves multiplying the input signal x(t) by
a cosine with a frequency f>. Demodulation involves multiplying the modulated signal again by a
cosine with a frequency f5, and then applying a low pass filter with cutoff frequency f>. The low

pass filter removes the high frequency components centered about 2f;.

Modulation

x(t) fx\ » s(t)

cos(2nfyt)
Demodulation
Eos(t) o X _fl fl > X(t) :
Low Pass Filter
cos(2nft)

Figure 19
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