MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

QuizZ 1 ANNOUNCEMENTS /]egcl fo rale

Quiz 1: Closed-book, with one double-sided 8:5 x 11@3@ Please arrive early to
find your seat before the prompt start at™7:30PM. Calculato not be allowed (there won’t be any

hard numerical calculations in the quiz). T

Date: Tuesday, October 12 {J 0 h thl Ve  (pn
Time: 7:30 - 9:00 PM eatly 9w -
Location: 54-100 hav Gormlt (| oL |

Content: Quiz 1 will cover the following class material (all boundaries are inclusive)
Lectures 1 thru 7
Textbook chapters 1 and 2 : \
Recitations 1 thru 7 no ol '} neguy = @ 0()[1 .'
Tutorials 1 thru 3 ‘
Problem Sets 1 thru 4

Instructions: Multiple choice questions, if any, have a single correct answer, and no credit will be
given for any incorrect answers. Other questions require fully-reasoned, convincing answers; partial
credit is possible and reaching a correct conclusion does not guarantee full credit on these questions.

Practice Quizzes: Two past quizzes with full solutions are available on the OCW website (Spring05
& Spring06). An additional two quizzes have been posted on the course website (Spring09 & Fall09),
which will be reviewed at the TA quiz 1 review session. Please note Quiz 1 coverage, course coverage,
and course emphasis change each term. Hence past quizzes are not necessarily indicative of this term’s
quiz. Material presented in lecture, recitation, tutorial, and problem set exercises should be your pri-
mary source of preparation.

http://ocw.mit.edu/OcwWeb/web/home/home/index.htm
http://stellar/S/course/6/£a10/6.041/materials.html

Office Hours: The majority of the regular stafl office hours are held on Monday, Tuesday, and Fri-
day before the quiz date. Please check the course website for updates to times and any additional hours.

Optional 6.041/6.431 Quiz Review Session: There will be a two-hour 6.041/6.431 quiz review
session administered by two TAs. The session will consist of two parts. In the first hour, a concise
overview of the theory will be presented. In the second hour, selected problems from past quizzes
will be solved. Though completely optional, the quiz review is a great opportunity to reinforce your
understanding of the material and perhaps gain new insight. Details for the quiz review:

Date: Thursday, October 7
Time: 7:30 - 9:30 PM
Location: 32-141

Problems for the quiz review will be selected from the Spring 2009 and Fall 2009 Quiz 1 (each available
on the course website under Quiz Material). We will review as many problems as time permits. Full
solutions will be posted on-line following the review. We strongly recommend working through the
problems before coming to the quiz review.
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Quiz Information

QUIZ | Review o Closed-book with one double-sided 8.5 x 11 formula

Probabilistic Systems Analysis sheet allowed
6041/6431 e Date: Tuesday, October 12, 2010
e Time: 7:30 - 9:00 PM
o Location:

o Content: Chapters 1-2, Lecture 1-7, Recitations 1-7,
Psets 1-4, Tutorials 1-3

» Show your reasoning when possible!

Massachusetts Institute of Technology

October 7, 2010

(Massachusetts Institute of Technology) Quiz | Review October 7, 2010 1426 {Massachusetts Institute of Technology) Quiz | Review October 7, 2010 2/2%
A Probabilistic Model: Probability Axioms
o Sample Space: The set of all possible outcomes of Given a sample space -
an experiment.
» Probability Law: An assignment of a nonnegative 1. Nonnegativity: P(A) > 0 for each event A
number_F:E(E‘). to each event E. 2. Additivity: If A and B are disjoint events, then
——

Sample Space Probability Law p(A U B) — P(A) + P(B)

P(B) If A, As, ..., is a sequence of disjoint events,
P(AiUAU---)=P(A)+ P(A) +---

3. Normalization P(Q2) =1

(Massachusetts Institute of Technology) Quiz | Review October 7,2010 3/ 26 (Massachusetts Institute of Technology) Quir | Review October 7, 2010
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A
Properties of Probability Laws

of

Given everfs A, B and C:

1. If AC B, then P(A) < P(B)
. P(AUB) = P(A) + P(B) — P(AN B)
3. P(AU B) < P(4) + P(B)
4. P(AUBUC) = P(A)+P(A°NB)+P(A“NB°NC)

Td/&w W\ ¥l
(5«) ‘le = &
X i}f’\f"”‘j{

(Massachusetts Institute of Technology) Quiz | Review Getober 7, 2010

Conditional Probability

« Given an event B with P(B) > 0, the conditional
probability of an event A C Q is given as

P(AN B)

P(AIB) = 5755

P(A|B) >0
 P(QB) =1
where {A;}; is a set of disjoint events

» P(A|B) is a valid probability law on , satisfying
1
2
3

» P(A|B) can also be viewed as a probability law on
the restricted universe B.

5/2

(Massachusetts Institute of Technology) Quiz | Review October 7, 2010 71/26
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Discrete Models

e Discrete Probability Law: If Q is finite, then each
event A C 2 can be expressed as

A=A{$1,%..15} SHEN
Therefore the probability of the event A is given as
P(4) = P(s)) + P(5) + -+ P(s,)

o Discrete Uniform Probability Law: If all
outcomes are equally likely,

Al

P =15

(Massachusetts Institute of Technology) Quiz | Review October 7, 2010

—1 (ﬂnd”( (?J.ﬂ[]‘-‘“ L,.L,f,l'} ]Lf:‘."-

. . . -_)A '.“ "; p -'llr')c’/,l;
Multiplication Rule fmbel

o Let Ay, ..., A, be a set of events such that

n-1
P (Dl A,‘) >0

Then the joint probability of all events is

P (A A7) = P(A)P (4] A1)P(As|AinAy) - P(A,| rjll A

AN AN A

chusetts Institute of Technology) Quiz | Review October 7, 2010 B/26
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Total Probability Theorem
Let Ay,..., A, be disjoint events that partition Q. If
P(A;) > 0 for each i, then for any event B,

P(B) = ip(s NA) = zn:p(sm,-)P(A
=1 i=1

ANB

A, Ay

AN B

A3 nB
As

(Massachusetts Institute of Technology) Octobes 7, 2010

~wo wal P(B)

Independence of Events
o Events A and B are independent if and only if
P(AnB) =P(A)P(B)
or
P(A|B) =P(A) ifP(B)>0
s Events A and B are conditionally independent
given an event C if and only if

P(ANn B|C) = P(A|C)P(B|C)

or
P(A|BN C) = P(A|C) ifP(BNC)>0

s Independence < Conditional Independence.

(Massachusetts Institute of Technology) Quiz | Review October 7, 2010

Bay

Given a finite partition Ay, ...

es Rule
, A, of 2 with P(A/) >0

then for each event B with P(B) > 0

P(A;|B) =

P(B|A)P(A) _ _ P(BJA)P(A)

P(B)  Xi.P(BIA)P(A)
ANB
A] Ag
AN B
fl;; NnB
As
{Massachusetts Institute of Technology) Quiz | Review October 7. 2010 /26
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Independence of a Set of Events

e The events Ay, ...,

(Massac

A, are pairwise independent if
for each 1 # j

P(A;i N Aj) = P(A))P(A))
o The events Ay, ..., A, are independent if
yind Jmulliply
P (ﬂA;) = [P %5 E 2. i)
ieS ieS

o Pairwise independence = independence, but
independence = pairwise independence.

husetts Institute of Technology)

Quiz | Review October 7. 2010 12/26



Counting Techniques

« Basic Counting Principle: For an m-stage process

with n; choices at stage i,
# Choices = mny - - - Ny

« Permutations: k-length sequences drawn from n
distinct items without replacement (order is
important):

# Sequences = n(n—1)---(n—k+1) = = k},

¢ Combinations: Sets with k elements drawn from n

distinct items (order within sets is not important):

# Sets = (Z) = Wlk]'

(Massachusetts Institute of Technology) Quiz | Review

Discrete Random Variables

» A random variable is a real- valued functlon

defined on the sampl;sp;ce . A ‘J.Of"{' #{
—* O S ‘,_T[r.f‘
» The notation {X =x} der]otes an event:
{50+ o% Bvpal
{X = X} =
J i /Y f

o The prohahlllty mass function (PMF) for the

random variable X assigns a probability to each
event {X = x}:

px(x) = P({X = x}) = P({w € AX(w) = x})

(Massachusetts Institute of Technology) Quiz | Review October 7, 2010 15/ 2%
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Counting Techniques-contd

s Partitions: The number of ways to partition an n-element
set into r disjoint subsets, with ny elements in the k%

subset:
n _(n n—m n—m—---—n,—1
n,n,..., 0 = m m ne
n!
T mlm!, -, 0,
where
m n!
k) = ki(n—k)!
np=n

(Massachusetts Institute of Technology) Quiz | Review

PMF Properties

o Let X be a random variable and S a countable
subset of the real line
o The axioms of probability hold:

L px(x) =0
2. P(X € §) = ¥,es px(x)
3‘ prx(x) = 1

o If g is a real-valued function, then Y = g(X) is a
random variagle:
w = X(w) 5 g(X(W)) =
with PMF

Y (w)

(Massachusetts Institute of Technology) October 7. 2010



Expectation

Given a random variable X with PMF px(x):

+ €0 = 2 (0

» Given a derived random variable Y = g(X):
Elg(X)] = _g(x)px(x) = >_ ypv(y) = E[Y]
x y
E[X"] = > x"px(x)

o Linearity of Expectation: E[aX + b] = aE[X] + b.

(Massachusetts Institute of Technology)

Multiple Random Variables
Let X and Y denote random variables defined on a
sample space £2.

e The joint PMF of X and Y is denoted by

px.y(x,y) =P({X =x}n{Y =y})

» The marginal PMFs of X and Y are given
respectively as

px(x) =D pxy(x,¥)
pr(y) =Y px.v(x,y)

(Massachusetts Institute of Technology)

Quiz | Raview October 7, 2010 17 / 26 {Massachusetts Institute of Technology)

Quiz | Review Cctober 7, 2010 19/2

Variance

The expected value of a derived random variable g(X) is
Elg(X)] = > g(x)px(x)

The variance of X is calculated as
o var(X) = E[(X — E[X])’] = 2u(x — E[X])?px(x)
o var(X) = E[X?] — E[X]?
e var(aX + b) = a*var(X)

Note that var(x) > 0

Functions of Multiple Random Variables
Let Z = g(X, Y) be a function of two random variables

« PMF:

pz(z)= Y

(ey)lg(xy)=z

Expectation:

E[Z] =) &(x,y)pxy(x.)

Linearity: Suppose g(X,Y) = aX + bY +c.
E[g(X,Y)] = aE[X] + bE[Y] + ¢

(Massachusetts Institute of Technology)

Quiz | Review October 7, 2010 18 / 2

Quiz | Review October 7. 2010 20/
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Conditioned Random Variables

« Conditioning X on an event A with P(A) > 0 results
in the PMF:

P({X = x} N A)
P(4)

pxja(x) = P({X = x}|A) =

« Conditioning X on the event Y = y with Py(y) >0
results in the PMF:

P{X=x}n{Y=y}) pxy(xy)

wa(xbf) = p({y = y}) py(y)

™

{Massachusetts Institute of Technology)
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Conditional Expectation

Let X and Y be random variables on a sample space .
e Given an event A with P(A) > 0

E[X|A] = prxm(x)
e If Py(y) > 0, then
EXI{Y =y} =D xpxv(xly)

o Total Expectation Theorem: Let A;,... A, be a
partition of Q. If P(A;) > 0 Vi, then

E[X] = >~ P(A)E[X|A]

(Massachusetts Institute of Technology) Quiz | Review October 7. 2010 237126
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Quiz | Review J October 7, 2010 2/

Conditioned RV - contd

oo aloy Tl paach

px,v(x,¥) = pxyy(x1y)py(y)

o Multiplication Rule:

s Total Probability Theorem:

Px(X)ZZn:P(Af)PXM.-(X) ALM vy

Odch pﬂ*
px(x) = pxyv(xly)pv(y)
¥y
(Massachusetts Institute of Technology) Quiz | Review October 7. 2010 22/ 26
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Independence

Let X and Y be random variables defined on 2 and let A
be an event with P(A) > 0.

o X is independent of A if either of the following hold:
pxja(x) = px(x) Vx
Px,a(x) = px(x)P(A) Vx

e X and Y are independent if either of the following
hold:

pxiy(xly) = px(x) VxVy
px.v(x,¥) = px(x)py(y) VxVy

(Massachusetts Institute of Technology) Quiz | Review October 7. 2010 24,26
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Independence Some Discrete Distributions

" . X px(k E[X var(X
If X and Y are independent, then the following hold: r— { T Encees {p x ;22 1] ( ( ))
i ernoulli S N p p(l-p
o If g and h are real-valued functions, then g(X) and 0 failwe s kel
X Binomial | MNumber of successes (D (1 - p)"*
h( Y) are mdependent- inemiz in n Bernoulli trials k=0,1,...,n np np(1-p)
- . . ; Number of trials (1-p)1p 1 1=
» E[XY] = E[X]E[Y] (inverse is not true) Geometric | i1 S Ml e L Le
o var(X +Y) = var(X) + var(Y) Unifortn An integer in T k=20 | np | (eaib-232)
the interval [a,b] 0 otherwise 2 12
Given independent random variables Xi, ..., X,,
var(Xi+Xa+- - -+X,) = var(X1)+var(Xz)+- - -+var(X,)
(Massachusetts Institute of Technology) Quiz | Review Qctober 7, 2010 25 /26 {Massachusetts Institute of Technology) Quiz | Review October 7. 2010 26/ 26
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6.041/6.431 Spring 2009 Quiz 1

Wednesday, March 11, 7:30 - 9:30 PM.

Name:

Recitation Instructor:

TA:

e Write your solutions in this quiz packet, only solutions in the quiz packet will be graded.

e Question one, multiple choice questions, will receive no partial credit. Partial credit for

question two and three will be awarded.

0]t

Question | Part Score Out of |

0 3

1 all 40

2 a 5]

b 5}

c 6

d 6

3 a )

b 6

c 6

d 6

e 6

f 6

g 10

6.041 Total 100
6.431 Total 110

e You are allowed one two-sided 8.5 by 11 formula sheet plus a calculator.

¢ You have 120 minutes to complete the quiz.

e Be neat! You will not get credit if we can’t read it.

o Graded quizzes will be returned in recitation on Tuesday 3/17.



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis

(Spring 2009) rd

Problem 0: (3 pts) Write your name, your assigned recitation instructor’s name, and assigned TA’s
name on the cover of the quiz booklet. The Instructor/TA pairing is listed below.

Recitation Instructor | TA /| Recitation Time |
Vivek Goyal Natasa Blitvic / 10 & 11 AM
Michael Collins Danielle Hinton / 10 & 11 AM
Shivani Agarwal Stavros Valavanig 12 & 1 PM
Dimitri Bertsekas (6.431) | Aman Chawla (6.431) | 1 & 2 PM

Page 2 of 11



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2009)

Question 1

Multiple Choice Questions: CLEARLY circle the appropriate choice. Scratch paper is available if
needed, though NO partial credit will be given for the Multiple Choice.

a. Which of the following statements is NOT true? O)/‘ /n’PfF O(C” ( (j/)(pp% { 6
If A C B, then P(A) < P(B). | _,’f' ‘M i ¥y
IfP(B) > 0, then P(A|B) > P(4)° gralla domel - E tlt,Uca'fvlr Thiak 2l

i d[] Vow _Hq
ii1) P(ANB) > P(A)+P(B) - 1. ' foﬁétbf
iv) P(ANB°) =P(AU B) - P(B). ﬂlﬂ-ﬂ"f‘% 4 '1 P(HW 0

[{ 2 Sifvatien )
b. We throw n identical balls into m urns at random, where each urn is equally likely 4nd each
throw is independent of any other throw. What is the probability that th@ urn is empty?

@El_%)); PMI{IM A ba)l o ﬁ": uin 1 %n“
(i) (1-2 & ¢
N(m)( -1)" C no Cloe et g U “%)

Al Thows ind P
(iv) ( . ) (%)n j\/o ) " ﬂP@/LJM- ( [ m)

c. We toss two fair coins simultaneously and independently. If the outcomes of the two coins are
the same, we win; otherwise, we lose. Let A be the event that the first coin comes up heads, B
be the event that the second coin comes up heads, and C be the event that we win. Which of

the following statements is false? i ﬂf'b‘l' a Sec  ANger 61"! ‘{,f' }u_.,a):[(fp Chp ©o

i Events A and B are independent. J dn'l 0\,56\5 WI’\ M

“‘ Events A and C armndent (5 @ } — 1) P(H) & /({
> 175 \

@ Events A and B are not conditionally independent given CMS r th (D P(/&
1) The probability of wmzmcr is 1/2. 2

d. For a biased coin, tﬁJUﬁﬂ {my\’gy “heads” qé‘l é'g Letn ?z aﬁe the number of heads mPﬁ

independent coin tosses. What is the probability P(ﬁrst toss is a head | A=1 or h=15)7

. ‘L(g)l 7 5 im ,.r *_‘ 0
O s “Gpomtirie— o S
L2y .

Ve WL G plbl hie!

Page 3 of 11
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2009)

e. A well-shuffled deck of 52 cards is dealt evenly to two players (26 cards each). What is the

o

h.

probability that player 1 gets all the aces?

S (M1 otbace) Lo g

48
x 22 ( \ f/ f: {,.,J/_ ’\; ¢ A
@ . N [%H possibl ahans) L e
b C7 o hads aplager g, wr

P A

@H bk P U0 ekt 413

(i) 5515 Jm}o{i. AL SLx5l¥ 56 x {J
22(18 P Gl M a4 ¢ 22 oahcr crls

22 i' = ‘)‘h _,_,‘. 1Y :') }

(Zg ( )*I’ ‘f“"“‘"j lwule( ’FML{ F

Suppose X, Y and Z are three independent discrete random variables. THen, X and Y + Z are

e
[~

Ca\-wl’uq PNMI[ ly
(iii) never

(iv)

independent.

To obtain a driving licence, Mina needs to pass her driving test. Every time Mina takes a driving
test, with probability 1/2, she will clear the test independent of her past. Mina failed her first
test. Given this, let ¥ be the additional number of tests Mina takes before obtaining a licence.

Then, W gn

) by -1 —bd ook test e ok matt
R » 2 I b N Weveded
@) o012 g ,,
[ iy (R N X
(iii) E[Y]=0. 2 2 - ‘/}/ )
c Qﬁon@#((,
Consider two random variables X and Y, each taking values in {1,2,3}. Let their joint PMF b
such that for any 1 < z,y < 3, )d‘/}‘\ {'n‘ub[b
o it (2,9) € {(1,3),(2,1), (3,2)} o [4}
Pxy(z,y) =1 ! :
strictly positive otherwise. Sccesy

Then,

(i) X and Y can be independent or dependepp depending upon the strictly positive values.

J etV

Page 4 of 11
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i. Suppose you play a matching coins game with your friend as follows. Both you and your friend
have a coin. Each time, you two reveal a side (i.e. H or T) of your coin to each other simulta-
neously. If the sides match, you WIN a 1 from your friend and if sides do not match then you
lose a 1 to your friend. Your friend has a complicated (unknown) strategy in selecting the sides
over time. You decide to go with the following simple strategy. Every time, you will toss your
unbiased coin independently of everything else, and you will reveal its outcome to your friend (of

course, your friend does not know the outcome of your random toss until you reveal it). Then, P('}’F
(i) On average, you will lose money to your smart friend. allﬁfd ys m
(i) On average, you will neither lose nor win. That is, your average gain/loss is 0. /J, 0f
ot W
ii) On average, you will make money from your friend. C-Jiﬁ hqtféh

j- Let X;,1 < i < 4 be independent Bernoulli random variable each with mean p = 0.1. Let YOffﬁ
X = ZLI X;. That is, X is a Binomial random variable with parameters n = 4 and p = 0.1.
Then,

@))E[XI]X =] =01 &('ad f,/ Candom (Jolalles
(it) E[X1]X =2] =0.5.
(i) E[X)]X = 2] = 0.25.
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(= [%=2)- 6 Eid P Hat (4 me

= Plx=10%x9) o
\’\/’

P(x-2)

P (3jf)(}'ﬁzﬁ ’““i"“‘*’L?fo%@
E[g< 146 1 0 P00 )x<2) 2\ for kol 2 hauds fo
) Z)F (F(J ¢ 2 heady /n L[ Foseos
()l!‘ ::lw. : ‘ll\-fs"il_l.‘-\ what A (3) éimph F\UM‘-S h}a!
(sl l _ T4

Shovs ks :'ml}_. F‘Lﬂh\'q




MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2009)

Question 2: \«} 434 i
Alice and Bob both need to buy a bicycle. The bike store has a stock of four green, three yellow,
and two red bikes. Alice randomly picks one of the bikes and buys it. Immediately after, Bob does
the same. The sale price of the green, yellow, and red bikes are $300, $200 and $100, respectively.
Let A be the event that Alice bought a green bike, and B be the event that Bob bought a green
bike.

a. What is P(A)? What is P(A|B)?

e(N-% v Phod) o %3 g

b. Are A and B independent events? Justify your answer.
( ~ " 1"‘ -

NQ. :]j{: A l{r’)(\ (J(f)J s %

T A 1, o8) = 2

P(ﬂ) F ?(A t)B) fomaty

c. What is the probability that at least one of them bought a green bike?

p(AVE) - 1 vt - X

< O + plB) —P(#0b)

( m‘v’\{:) ( F("I}O'ffﬁ (_T)\,/’fc}f )ﬂ

= % — P(18) -P(0)
= L’[
st - %4

\(
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d. What is the probablhty that Alice a ob bought bicycles of diffefent color

Pl ay (’ 4) ol -4 | Sl A alers

h 1.0
VO oIl

P(46,63) 5% i 5 p(m o) = | —plsace color)
20 Y,%J:,%»/g (% kv 2 ) <&

P (t (lv/'U}: 3’7 0){ MJ Md\ (olarmh., - ,7$7’
e. Given that Bob bought a green bike, what is the expected value of the amount of money spent 1
by Alice? ?( 4 ‘: Lo
E] x |8 B) - 5 egle
| ew gteo

? 70( P50 000 1% (00
100 ( 0o W - 17k & .
Xtz t = - ~-;;—-J-' Qﬁ AR /

D
f. Let G be the number of green bikes that remain on the store after Alice and Bob’s visit. Compute

B{J\G 3). R
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Question 3:

Magic Games Inc. is a store that sells all sorts of fun games. One of its popular products is its
magic 4-sided dice. The dice come in pairs; each die can be fair or crooked, and the dice in any pair
can function independently or, in some cases, can have magnets inside them that cause them to behave
in unpredictable ways when rLllegl,tgg_ether. \J O\W

Xavier and Yvonne together buy a pair of dice from this store. Each of them picks a die in the
pair; one of them then rolls the two dice together. Let X be the outcome of Xavier’s die and Y the
outcome of Yvonne’s die. The joint PMF of X and Y, px,y(z,¥), is given by the following figure:

1 1 1 1

4135 |3 |2 |16

anl. it ot 2 (0L

20 20 10 20

¥ ‘mlililatd
20 10 20 20
NENENEN R

10 | 20 | 20 | 20

1|2 4

X

(a) Find the PMF of the outcome of Xavier’s die, px(z).
| L g / &
/ >:_:! - Iy K_!,g,z,q
1 (%) g
7.’

\/L( W=

's die, y
l /f;,-’ \/ = {
[/\J \/(2
iy 7
;/.7, y =

(c) Are X and Y independent?
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Zach and Wendy are intrigued by Xavier and Yvonne’s dice; they visit the store and buy a pair
of dice of their own. Again, each of them picks a die in the pair; one of them then rolls the two dice
together. Let Z be the outcome of Zach’s die and W the outcome of Wendy’s die. The joint PMF of
Z and W, pzw(z,w), is given by the following figure:

AL L e
Nl n|u|n /24
3| L | L1 | L
12|24 |12 |24

W o L{(L)L|L
12 |\24/| 12 | 24

31 P S [ U I
12|24 |12 |2
112134

VA

The store also sells a variety of magic coins, some fair and some crooked. Alice buys a coin that
on each toss comes up heads with probability 3/4.

(d) Wondering whether to buy some dice as well, Alice decides to try out her friends’ dice first. She
does the following. First, she tosses her coin. If the coin comes up heads, she borrows Xavier
and Yvonne’s dice pair and rolls the two dice; if the coin comes up tails, she borrows Zach and
Wendy’s dice pair and rolls those instead. What is the probability that she rolls a double, i.e.,

that both dice in the pair she rolls show t ame nu
P( ) ‘Eo /Ac)PW)
7 : o)
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(e) Alice has still not made up her mind about the dice. She tries another experiment. First, she
tosses her coin. If the coin comes up heads, she takes Xavier and Yvonne’s dice pair and rolls the
dice repeatedly until she gets a double; if the coin comes up tails, she does the same with Zach
and Wendy’s dice. What is the expected number of times she will need to roll the dice pair she

chooses? (Assume that if a given pair of dice is rolled repeatedly, the outcomes of the different
rolls are independent.)

e El'.'\ i)
N — I~ dad
iz aa({ r’( ‘l'LO_ fl = f:/, = {)x
| L
{ |
Nt y [—5!7“._;?.[1 ’C’V
/j,a(fr _.t’ ( g ?t{ L{(

dam-T did

sl A %

. 70y ';I i :
that was !p f J(f ol € Rrpectty. va've P

3 (lbX) , L (/’ ’
Y
PP Pp”
(f) Alice is bored with the dice and decides to experiment with her coi 1nstead She tosses the coin
until she has seen a total ogl_l_cl:l)eads Let R be the number of tails
independent tosses.)
RE < i Lo Q‘OO“ | ‘ f?\j[‘fb’
B }‘i} !’)PUC) 6((}1” AL —Sppme
?H] ,r% R: l__(J\C ("‘“E;rd
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(g) Alice is still playing with her coin. Let A be the event that the second head she sees oequrs on
the Tth coin toss, and let S be the position of the first head. Find the condition: M of §
given the event A, PS|A(3) PMF

A (7 ] { - M P
T oLn (t

. “? f\“ | ..i.o on /1N 1925 - m —”h luui
T pet ;j (e ) ) (1p)sp P
81 H

e G5 witn f 5P (5esW)

(%) ¢ - ep(e)’ :Q“Pjsfl for al
((3 (w PW/L’G{, of

1 {stﬂ 14) v Uﬂ"fﬂ/”l

06U = 25ud b(n) cu;h

(h) Alice’s friend Bob buys a coin from the same store that turns out to be fair, i.e., that“on any
toss comes up heads with probability 1/2. He tosses the coin repeatedly until he has seen either J.( 5:”2)“ ‘

a total of 11 heads ox a total of 11 tails. Let U be the number of times he will need to toss the '
cotint.} Find the @- U, pU(umsF,ume independent tosses.) O Ofk(w(f
WWI"} — IhG s 1(’! 'J hat Lot (‘:‘i""'?!? fPC{;L 1
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Question 1

Multiple Choice Questions: CLEARLY circle the appropriate choice. Scratch paper is available if

needed, though NO partial credit will be given for the Multiple Choice.

a. Which of the following statements is NOT true?

(i) If A C B, then P(A) < P(B).
(ii) If P(B) > 0, then P(A|B) > P(A).
(iii) P(ANB) > P(A)+ P(B) — 1.

)

(iv) P(AN B°) = P(AU B) — P(B).

b. We throw n identical balls into m urns at random, where each urn is equally likely and each
throw is independent of any other throw. What is the probability that the i-th urn is empty?

0 1)
(i) (1- )m
w (2) -4
@ () @)

c. We toss two fair coins simultaneously and independently. If the outcomes of the two coins are
the same, we win; otherwise, we lose. Let A be the event that the first coin comes up heads, B
be the event that the second coin comes up heads, and C' be the event that we win. Which of
the following statements is false?

3=

(i) Events A and B are independent.
(ii) Events A and C are not independent.
(iii) Events A and B are not conditionally independent given C'.

(iv) The probability of winning is 1/2.

d. For a biased coin, the probability of “heads” is 1/3. Let h be the number of heads in five
independent coin tosses. What is the probability P(first toss is a head | h = 1 or h = 5)?

() s
(i) T(f)”m—
(i) »ﬁ%ma—
(iv) 3
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e. A well-shuffled deck of 52 cards is dealt evenly to two players (26 cards each). What is the
probability that player 1 gets all the aces?

( 2 )
22
(i)

52

2%

48
M
@) 753
26

(iii) 232
4!(48)
() 5222
26

f. Suppose X,Y and Z are three independent discrete random variables. Then, X and Y + Z are

(i) always
(ii) sometimes

(iii) never
independent.

g. To obtain a driving licence, Mina needs to pass her driving test. Every time Mina takes a driving
test, with probability 1/2, she will clear the test independent of her past. Mina failed her first
test. Given this, let Y be the additional number of tests Mina takes before obtaining a licence.
Then,

(i) E¥]=1.
(i) E[Y] =2.
(ii) E[Y]=0.

h. Consider two random variables X and Y, each taking values in {1,2,3}. Let their joint PMF be

such that for any 1 < z,y < 3,

0 if (z,y) € {(1,3),(2,1),(3,2)}
strictly positive otherwise.

Pxy(z,y) = {

Then,

(i) X and Y can be independent or dependent depending upon the strictly positive values.
(i) X and Y are always independent.

(iii) X and Y can never be independent.
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i. Suppose you play a matching coins game with your friend as follows. Both you and your friend
have a coin. Each time, you two reveal a side (i.e. H or T) of your coin to each other simulta-
neously. If the sides match, you WIN a 1 from your friend and if sides do not match then you
lose a 1 to your friend. Your friend has a complicated (unknown) strategy in selecting the sides
over time. You decide to go with the following simple strategy. Every time, you will toss your
unbiased coin independently of everything else, and you will reveal its outcome to your friend (of
course, your friend does not know the outcome of your random toss until you reveal it). Then,

(i) On average, you will lose money to your smart friend.
(i1) On average, you will neither lose nor win. That is, your average gain/loss is 0.
(iii) On average, you will make money from your friend.

j. Let X;,1 < i < 4 be independent Bernoulli random variable each with mean p = 0.1. Let
X = Z?:] X;. That is, X is a Binomial random variable with parameters n = 4 and p = 0.1.
Then,

(i) E[X1|X =2]=0.1.
(ii) E[X;]X = 2] =0.5.
(ili) E[X1]|X =2] =0.25.

Page 5 of 11
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Question 2: (’l’r 31 Vs :’9
Alice and Bob both need to buy a bicycle. The bike store has a stock of four green, three yellow,

and two red bikes. Alice randomly picks one of the bikes and buys it. Immediately after, Bob does

the same. The sale price of the green, yellow, and red bikes are $300, $200 and $100, respectively.

Let A be the event that Alice bought a green bike, and B be the event that Bob bought a green
bike.

a. What is P(A)? Wha.t is P(A|B)?

P(A)- -

I

a.("} \\,—D

0)

Ton peon @(Jf‘(”'

b. Are A and B independent events? Justify your answer.

No (ﬁ) 4 {(F f*)

o

a
: 7
d

{ ¢ A ) ] {3
Qobﬁ Chote  of bl o Fletn e /‘H «f

-_:':;\

c. What is the probability that at least one of them bought a green bike?

Cl&(r\ (Qfgo‘l' ﬂt OUQFﬂ [

&gclen:
7~ PAaY <P (r)efB]a) < |
T - (4.3) a ‘/‘p@fﬁ_ﬂﬁ/
9 an)
O - R
9 -~ ¢ ljé “i el .//10\,/

e
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d. What is the probability that Alice and Bob bought bicycles of different colors? a /
/f A }5% 3
CO" b} [ ( Lol
| (4 )
! ( 34
P{Yﬂ/i % % = L G 1"
) Z,1 1
p(RR &L -1

ﬂf)

=
NS

e. Given that Bob bought a green bike, what is the expected value of the amount of money spent
by Alice? A " )
bt G A
I 0 o '?{
%300+ 5 W0+ F 100
Q/Q/) (00 . 200
~ ' % 3 3/
S VAVK:
f. Let G be the number of green bikes that remain on the store after Alice and Bob's visit. Compute

P(B|G = 3).

v ZHG"}'}"' l @( en 5 ; fi
[T T ; N
‘L'ﬁ? VoW A O l Ny ¢
. rﬂ / ‘ ku': k\ ,L-f

i fl :
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Question 3:

Magic Games Inc. is a store that sells all sorts of fun games. One of its popular products is its
magic 4-sided dice. The dice come in pairs; each die can be fair or crooked, and the dice in any pair
can function independently or, in some cases, can have magnets inside them that cause them to behave
in unpredictable ways when rolled together.

Xavier and Yvonne together buy a pair of dice from this store. Each of them picks a die in the
pair; one of them then rolls the two dice together. Let X be the outcome of Xavier's die and Y the
outcome of Yvonne’s die. The joint PMF of X and Y, px.y(z,y), is given by the following figure:

NESENEN
20 | 20 | 20 | 10
glalalala
20 | 20 | 10 | 20

Y plElilild
20 | 10 | 20 | 20
A EFNERRT
10 | 20 | 20 | 20
1]2(31]4

X

(a) Find the PMF of the outcome of Xavier’s die, px (z).

(b) Find the PMF of the outcome of Yvonne’s die, py (y).

(c) Are X and Y independent?
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Zach and Wendy are intrigued by Xavier and Yvonne's dice; they visit the store and buy a pair
of dice of their own. Again, each of them picks a die in the pair; one of them then rolls the two dice
together. Let Z be the outcome of Zach’s die and W the outcome of Wendy’s die. The joint PMF of
Z and W, pz w(z,w), is given by the following figure:

1 1 1 1

Y| u|n|=
NN N

3 12 24 12 24

W oo|ilifli|a
12 24 12 24
TENENENE

12 24 12 24
112|314

Z

The store also sells a variety of magic coins, some fair and some crooked. Alice buys a coin that
on each toss comes up heads with probability 3/4.

(d) Wondering whether to buy some dice as well, Alice decides to try out her friends’ dice first. She
does the following. First, she tosses her coin. If the coin comes up heads, she borrows Xavier
and Yvonne’s dice pair and rolls the two dice; if the coin comes up tails, she borrows Zach and
Wendy’s dice pair and rolls those instead. What is the probability that she rolls a double, i.e.,
that both dice in the pair she rolls show the same number?
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(e) Alice has still not made up her mind about the dice. She tries another experiment. First, she
tosses her coin. If the coin comes up heads, she takes Xavier and Yvonne’s dice pair and rolls the
dice repeatedly until she gets a double; if the coin comes up tails, she does the same with Zach
and Wendy’s dice. What is the expected number of times she will need to roll the dice pair she
chooses? (Assume that if a given pair of dice is rolled repeatedly, the outcomes of the different
rolls are independent.)

(f) Alice is bored with the dice and decides to experiment with her coin instead. She tosses the coin

until she has seen a total of 11 heads. Let R be the number of tails she sees. Find E[R]. (Assume
independent tosses.)

Page 10 of 11
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(g) Alice is still playing with her coin. Let A be the event that the second head she sees occurs on
the 7th coin toss, and let S be the position of the first head. Find the conditional PMF of S
given the event A, pga(s).

(h) Alice’s friend Bob buys a coin from the same store that turns out to be fair, i.e., that on any
toss comes up heads with probability 1/2. He tosses the coin repeatedly until he has seen either
a total of 11 heads or a total of 11 tails. Let U be the number of times he will need to toss the
coin. Find the PMF of U, py(u). (Assume independent tosses.)
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6.041/6.431 Spring 2009 Quiz 1

Wednesday, March 11, 7:30 - 9:30 PM.

SOLUTIONS

Question | Part Score Out of

0 2

1 all 40

2 a b5}

b 2

c 5

d 5

Name: & 5
f 5

3 a 2

Recitation Instructor: b 2
C 2

d 5

e 5

f 5

g 5

h 5

Total 100

e Write your solutions in this quiz packet, only solutions in the quiz packet will be graded.

e Question one, multiple choice questions, will receive no partial credit. Partial credit for

question two and three will be awarded.

You are allowed one two-sided 8.5 by 11 formula sheet plus a calculator.

You have 120 minutes to complete the quiz.
Be neat! You will not get credit if we can’t read it.

Graded quizzes will be returned in recitation on Tuesday 3/17.
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Problem 0: (2 pts) Write your name, and your assigned recitation instructor’s name, on the cover of
the quiz booklet. The Instructors are listed below.

[ Recitation Instructor | Recitation Time |

Devavrat Shah 10 & 11 AM
Shivani Agarwal 11AM & 12PM
Asu Ozdaglar 12 & 1 PM
Pablo Parrilo (6.431) | 10 & 11AM
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Question 1

Multiple Choice Questions: CLEARLY circle the appropriate choice. Scratch paper is available if
needed, though NO partial credit will be given for the Multiple Choice. Each multiple choice
question is worth 4 points.

a. Which of the following statements is NOT true?
(i) If A C B, then P(A) < P(B).
(i) {If P(B) > 0, then P(A|B) > P(A).|
(i) P(ANnB) > P(A)+ P(B) - 1.
(iv) P(ANB°) =P(AUB) - P(B).

Solution: A counterexample: if we have two events A, B such that P(B) > 0 and P(A) > 0,
but AN B = ¢, then P(A|B) =0, but P(A) > P(A|B). It’s easy to come up with examples like
this: for example, take any sample space with event A such that P(A) > 0, and P(A°¢ > 0), it
follows that P(A|A€) = 0, but P(A4) > 0.

b. We throw n identical balls into m urns at random, where each urn is equally likely and each
throw is independent of any other throw. What is the probability that the i-th wrn is empty?

o |(1-#)
3 1. N2
(ii) (l - ;)
m N )m

(iii) ( " ) (1 =

w) [ ™ L)“

) ( m ) (‘"‘

Solution: The probability of the jth ball going into the ith wrn is 1/m. Hence, the probability

of the jth ball not going into the ith urn is (1 — 1/m). Since all throws are independent from

one another, we can multiply these probabilities: the probability of all n balls not going into the
ith urn, i.e. it is empty, is (1 — X)".

c. We toss two fair coins simultaneously and independently. If the outcomes of the two coin tosses
are the same, we win; otherwise, we lose. Let A be the event that the first coin comes up heads,
B be the event that the second coin comes up heads, and C' be the event that we win. Which of
the following statements is true?

(i) Events A and B are not independent.
(ii)

(iii) Events A and B are conditionally independent given C'.

Events A and C are iudependent.[

(iv) The probability of winning is 3/4.

Solution: The sample space in this case is Q = {(H, H),(H,T),(T,H),(T,T)}. The prob-
ability law is a uniform distribution over this space. We have A = {(H,H),(H,T)}, B =
{(H,H),(T,H)}, and C = {(H,H),(T,T)}. By the discrete uniform law, P(A) = P(B) =
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P(C) = 1/2. We also have P(ANC) = 1/4, hence P(ANC) = P(A)P(C), and the two events
are independent. Intuitively, knowing that you won adds no information about whether your

coin turned up heads or not: stating this formally, we have P(A|C) = P(A).

. For a biased coin, the probability of “heads” is 1/3. Let H be the number of heads in five
independent coin tosses. What is the probability P(first toss is a head | H =1 or H = 5)7

4
(i) —1—3%3%(1?

4
() Ty

.l(.-) +(4)°
(1f) 5L(Zy+(1)e

(iv) é
Solution: Let A be the event that the first toss is a head.

PARE =1} ox {H=5)) = £ ag‘tiz}lj ?Ij’t_f_ g}g’}))
((An{H_ 1) U(AN{H =5})
P{{H = 1}U{H = &}]
P({H =5}) + P(An{H =1})
P({H =1}) + P({H = 5})
(1/3)° + (1/3)(2/3)*
(D) (1/3)(2/3)* + (3)(1/3)>

e. A well-shuffled deck of 52 cards is dealt evenly to two players (26 cards each). What is the

probability that player 1 gets all the aces?

— 26x25x24%23

T 52x51x50x49

—_
e
~—

\.,___,/
\"-n___/ \‘—/
I

48
22 . ;
(ﬁ) — qﬁxgaxgdx23
59 D°XGIXa0x49
26
() 553
48
4!
22 26x25x24x23
: — Al 25x24x2
(iv) 52\ A X B Tx50% 10
26
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09

h.

Solution: Let A be the event that player 1 gets all aces. By the disrete uniform law,

P(A) = %. (1)

12 = (gg) is the number of hands (26 cards from 52) player 1 can have. Additionally, once we
have given player 1 all aces, then they must be given an additional 22 cards from the remaining
48 cards in the deck. Hence,

Suppose X, Y and Z are three independent discrete random variables. Then, X and Y + Z are

0

(ii) sometimes
(ili) never

independent.

Solution: Since X is independent of ¥ and Z, X is independent of g(Y, Z) for any function
g(Y, Z), including g(Y, Z) =Y + Z (see page 114 of the book).

To obtain a driving licence, Mina needs to pass her driving test. Every time Mina takes a driving
test, with probability 1/2, she will clear the test independent of her past. Mina failed her first
test. Given this, let ¥ be the additional number of tests Mina takes before obtaining a licence.
Then,

Solution: Y is defined as the number of additional tests Mina takes, so this is independent of
the fact that she failed her first test. ¥ is a geometric RV with p = 1/2. Hence, E[Y] =1/p = 2.

Consider two random variables X and Y, each taking values in {1,2,3}. Let their joint PMF be
such that for any 1 < z,y < 3, Pxy(z,y) =0if (z,y) € {(1,3),(2,1),(3,2)}, and Pxy(z,y) >0
if (z,9) € {(1,1), (1,2), (2.2), (2,3), (3,1), (3.3)}. Then,

(i) X and Y can be independent or dependent depending upon the values of Px y(z,y) for
(z,9) € {(1,1),(1,2),(2,2),(2,3), (3,1),(3.3)}.
(ii) X and Y are always independent.

(iii) |X and Y can never be independent.|

Solution: If, for example, we are given information that X = 1, we know that ¥ can never take
value 3. However, without this information about X the probability py(3) is strictly positive
and so py|x(y|z) # py(y), for z =1 and y = 3, i.e. X and Y can never be independent.

Page 5 of 11



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2009)

i. Suppose you play a matching coins game with your friend as follows. Both you and your friend
each have your own coin. Each time, the two of you reveal a side (i.e. H or T) of your coin
to each other simultaneously. If the sides match, you WIN $1 from your friend and if sides do
not match then you lose $1 to your friend. Your friend has a complicated (unknown) strategy in
selecting the sides over time. You decide to go with the following simple strategy. Every time,
you will toss your unbiased coin independently of everything else, and you will reveal its outcome
to your friend (of course, your friend does not know the outcome of your random toss until you
reveal it). Then,

i) On average, you will lose money to your smart friend.
g Y 10y

(ii) , On average, you will neither lose nor win. That is, your average gain/loss is 0.]

(iii) On average, you will make money from your friend.

Solution: Let X; be a random variable denoting your winnings at the i’'th round of the game,
ie.,, X; =1 if you win, X; = —1 if you lose. At each round your friend chooses either heads or
tails, using some strategy that you don’t know about. The key property is that for any choice
that you friend makes, we have px,(1) = px;(—1) = 0.5: i.e., we always have a 0.5 probability
that our coin toss will match the choice made by our friend. It can be verified that E[X;] = 0,
and hence your average gain/loss is 0.

j- Let X;,1 < ¢ < 4 be independent Bernoulli random variables each with mean p = 0.1. Let
X= Z;-Ll X;. Then,

(i) E[X1)X =2 =0.1.
(i) | E[X:|X =2]=0.5.]
(iil) E[X1]X = 2] = 0.25.

Solution: We have P(X; = 1|X = 2) = (0.5, because

P(X1=1nX =2)
P(X =2)

p x (})p(1 - p)?
(3)p%(1 — p)2

(i)

= =05

(2)

(Note that (g) p*(1 — p)? is the probability of seeing 2 heads out of 4 tosses, and (G)p(1 —p)? is

the probability of seeing 1 head in the last 3 tosses.)

P(X;, =1]X =2)

Hence,
EX{X=2=1xPX; =1|X=2)4+0%x P(X3 =0|X =2)=05
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Question 2:

Alice and Bob both need to buy a bicycle. The bike store has a stock of four green, three yellow,
and two red bikes. Alice randomly picks one of the bikes and buys it. Immediately after, Bob does
the same. The sale price of the green, yellow, and red bikes are $300, $200 and $100, respectively.

Let A be the event that Alice bought a green bike, and B be the event that Bob bought a green
bike.

a. (5 points) What is P(A)? What is P(A|B)?

Solution: We have P(A) = 4/9 (4 green bikes out of 9), and P(A|B) = 3/8 (since we know that
Bob has a green bike, Alice can have one of 3 green bikes out of the remaining 8).

b. (2 points) Are A and B independent events? Justify your answer.

Solution: Since P(A) # P(A|B), the events are not independent. Informally, since there is
a fixed quantity of green bikes, if Alice buys one, then the chances that Bob buys one too are
slightly decreased.

c. (5 points) What is the probability that at least one of them bought a green bike?

Solution: The requested probability is P(AU B). We have

)+ P(B) — P(AN B)
(A) +P(B) - P(A|B) - P(B)
4 3 4 13

————— == =0.722.
T5 s 9T 0T
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d. (5 points) What is the probability that Alice and Bob bought bicycles of different colors?

Solution: Let’s compute first the probability that Alice and Bob bought bikes of the same color.
We have

4 3 3 2 2
P =—.= YhH==.2 P = s
(G.Gh =53 PUVYN=3-3 PUREN=3 3
Therefore, the probability of buying bikes of different color is
; 12 6 2 13
P(different color) = 1 — P(same color) = 1 — (E + ™ + ﬁ) == 0.722.

e. (5 points) Given that Bob bought a green bike, what is the expected value of the amount of
money spent by Alice?

Solution: If Bob bought a green bike, then the conditional probabilities of Alice buying a green,
yellow, or red bike are %, % and %, respectively. The expected amount of money spent by Alice
is therefore

$300 - g + $200 - g +$100 - g = $212.50.

f. (5 points) Let G be the number of green bikes that remain in the store after Alice and Bob’s
visit. Compute P(B|G = 3).

Solution: If G = 3, then exactly one green bike was bought. By symmetry, there is equal chance
that Alice or Bob bought it, thus P(B|G = 3) = % Alternatively, define A\ B as the elements
of A that are not in B. We have:

P(B|G =3) =P(B|{A\ B}U{B\ A})
P(B\ A) _20/72 1

T P({A\BYu{B\A4}) 40/72 2
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Question 3:

Magic Games Inc. is a store that sells all sorts of fun games. One of its popular products is its
magic 4-sided dice. The dice come in pairs; each die can be fair or crooked, and the dice in any pair
can function independently or, in some cases, can have magnets inside them that cause them to behave
in unpredictable ways when rolled together.

Xavier and Yvonne together buy a pair of dice from this store. Each of them picks a die in the
pair; one of them then rolls the two dice together. Let X be the outcome of Xavier’s die and Y the
outcome of Yvonne’s die. The joint PMF of X and Y, px y(z,y), is given by the following figure:

N ESEN N
20 20 | 20 20

N ENEN EN
20 20 20 20

1 2 1 1

Y 20ls5 5|5 %
I P R S S S
20 20 20 20
[ 1]2]3]4]

X

(a) (2 points) Find the PMF of the outcome of Xavier’s die, px(x).

Solution:
£=1,2,3,4
0.w.

O =

4
px(z) =) pxy(z,y) = {

y=1

(b) (2 points) Find the PMF of the outcome of Yvonne’s die, py ().

Solution:
y=1,2,3,4

4 1
py(y) = ZT).\',Y(:E:?/) = { 6 0.1.
=1

(¢) (2 points) Are X and Y independent?

Solution: No. One of many counter examples: px(z) does not equal px|y (z[2).
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Zach and Wendy are intrigued by Xavier and Yvonne’s dice. They visit the store and buy a pair
of dice of their own. Again, each of them picks a die in the pair; one of them then rolls the two dice
together. Let Z be the outcome of Zach’s die and W the outcome of Wendy’s die. The joint PMF of
Z and W, pzw(z,w), is given by the following figure:

1 1211
425 |23 |21 |2
gl 2 [afals
24 | 24 | 24 | 24
213112114

W 202 |2|=
M EIENER 1
24 | 24 | 24 | 24

(%]
e

The store also sells a variety of magic coins, some fair and some crooked. Alice buys a coin that
on each toss comes up heads with probability 3/4.

(d) (5 points) Wondering whether to buy some dice as well, Alice decides to try out her friends’ dice
first. She does the following. First, she tosses her coin. If the coin comes up heads, she borrows
Xavier and Yvonne's dice pair and rolls the two dice. If the coin comes up tails, she borrows
Zach and Wendy’s dice pair and rolls those instead. What is the probability that she rolls a
double, i.e., that both dice in the pair she rolls show the same number?

Solution: Let event D be the set of all doubles, and let event A be the event that Alice’s coin
toss results in heads. Using the law of total probability:

I
W | oo
X
|
+
|

Page 10 of 11



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Spring 2009)

(e) (5 points) Alice has still not made up her mind about the dice. She tries another experiment.

First, she tosses her coin. If the coin comes up heads, she takes Xavier and Yvonne’s dice pair
and rolls the dice repeatedly until she gets a double; if the coin comes up tails, she does the same
with Zach and Wendy’s dice. What is the expected number of times she will need to roll the dice

pair she chooses? (Assume that if a given pair of dice is rolled repeatedly, the outcomes of the
different rolls are independent.)

Solution: Let random variable NV be the number of rolls until doubles is rolled. The distribution
on N condition on the set of dice being rolled is a geometric random variable. Using the total
expectation theorem, the expected value of N is:

E[N] = E|N|AJP(A)+ E[N|A%|P(A°)

_3, 1 1.1

= 31Xz ti*1

47 47471
23

= — =2875
8

(5 points) Alice is bored with the dice and decides to experiment with her coin instead. She
tosses the coin until she has seen a total of 11 heads. Let R be the number of tails she sees. Find
E[R]. (Assume independent tosses.)

Solution: The time T" until Alice sees a total of 11 heads is the sum of 11 independent and
identically distributed geometric random variables with parameter p = 31 Random variable R,
the number of tails she sees, is T'— 11. Thus:

E[R] = E[T]-1

= lx3-11
a
11
= 5= 9167
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(g) (5 points) Alice tries another experiment with her coin. Let A be the event that the second
head she sees occurs on the 7th coin toss, and let S be the position of the first head. Find the
conditional PMF of S given the event A, pga(s).

Solution: The probability of event A can be found by choosing one of the first 6 outcomes to be
a head, the others tails, and then the outcome of the Tth toss to be head, which is (61;) (1-p)°p?,
where p = %. The intersection of S = s with event A, P(S = sN A), is an event with probability
(1 — p)°p* for all values of s (s = 1,...,6). Consequently, pga(s) = % is a uniform

distribution over the range of s (s =1,...,6).

s=1,...,6
o.w.

o o=

psjals) = {

(h) (5 points) Alice’s friend Bob buys a coin from the same store that turns out to be fair, i.e., that
on any toss comes up heads with probability 1/2. He tosses the coin repeatedly until he has seen
either a total of 11 heads or a total of 11 tails. Let U be the number of times he will need to toss
the coin. Find the PMF of U, py(u). (Assume independent tosses.)

Solution: Bob must toss a coin at least 11 times and at most 21 times in order to have either 11
heads or 11 tails. The intersection of Bob requiring w tosses and 11 of those tosses being heads,
is the sum of probability the (“1_01) sequences that conclude with a head and have a total of 11
heads. The probability of each of those sequences is (%)“. If we consider any sequence in Bob’s
experiment with u tosses, since the coin is fair, that sequence is equally likely to have 11 heads
and u — 11 tails or 11 tails and v — 11 heads. Consequently, the intersection of Bob requiring u
tosses and 11 of those tosses being tails is identical to the probability that the sequence had 11

heads. Summing these two mutually exclusive probabilities which total pg(u):

{ Tl (IR R h I
0

e (U) o.w.
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6.041/6.431 Fall 2009 Quiz 1
Tuesday, October 13, 12:05 - 12:55 PM.

DO NOT TURN THIS PAGE OVER UNTIL
YOU ARE TOLD TO DO SO

Question Score Out of

A 2

B.1 10

B.2 (a) 10

Matmie: B.2 (i) 0 12
B.2 (b ii) 12

Recitation Instructor: B.2 (c) 10
B.3 (a) 10

. B.3 (b) 12
e B3 () D)
B.3 (d i) 5

B.3 (d ii) 5

Your Grade 100

e This quiz has 2 problems, worth a total of 100 points.
e You may tear apart pages 3 and 4, as per your convenience.

e Write your solutions in this quiz booklet, only solutions in this quiz booklet will be graded.
Be neat! You will not get credit if we can’t read it.

e You are allowed one two-sided, handwritten, 8.5 by 11 formula sheet. Calculators are not

allowed.
M’(le\)’ .
\ —~)e Parts B.2 and B.3 can be done independently.
J:Q{U e You may give an answer in the form of an arithmetic expression (sums, products, ratios,
s W\ factorials) of numbers that could be evaluated using a calculator. Expressions like (8) or
\r\(o W . .

S _o(1/2)F are also fine.
e You hewe@linutes to complete the quiz.
e Graded quif% will be returned in recitation on Thursday 10/15.
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Problem A: (2 points) Write your name, your assigned reci
TA’s name on the cover of the quiz booklet. The Instruct

ion instructor’s name, and assigned
A pairing is listed below.

[ Recitation Instructor | TA~" | Recitation Time |
Jeffrey Shapiro i immy Li 10 & 11 AM
Danielle Hinton Uzoma Orji | 1 & 2 PM
William Rightux Ulric Ferner | 2 & 3 PM
John Wyatt (6.431) | Aliaa Atwi | 11 & 12 PM
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i table

Summary of Results for Special Random Variables

Discrete Uniform over [a,b]:

1
—— ifk= s
px(k):{b_a+l’ 1 a’!a'+ ? 7b7
0, otherwise,

a+b (b—a)(b—a+2)-

E[X] = 5 var(X) = =

Bernoulli with Parameter p: (Describes the success or failure in a single
trial.)

| if k=1,
el = {l—p, if k =0,
E[X] =p, var(X) = p(1 - p).

Binomial with Parameters p and n: (Describes the number of successes
in n independent Bernoulli trials.)

px(k)z (:)pk(lp)n‘“k’ k:()’]"l"')n?
E[X] = np, var(X) = np(1 — p).

Geometric with Parameter p: (Describes the number of trials until the
first success, in a sequence of independent Bernoulli trials.)

px(k)=(1-p)¥-lp, k=12,...,

E[X]=%, var(X) = 1—p.
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Problem B: (98 points) As a way to practice his probability skills, Bob goes apple picking. The
orchard he goes to grows two varieties of apples: gala and honey crisp.

The proportion of the gala apples in the orchard is p (0 < p < 1), the proportion of the
honey crisp apples is 1 — p. The number of apples in the orchard is so large that you can assume
that picking a few apples does not change the proportion of the two varieties.

Independent of all other apples, the probability that a randomly picked gala apple is ripe is g
and the probability that a randomly picked honey crisp apple is ripe is h.

1. (10 points) Suppose that Bob picks an apple at random (uniformly) and eats it. Find the
probability that it was a ripe gala apple.

Note: Parts 2 and 3 below can be done independently.
2. Suppose that Bob picks n apples at random (independently and uniformly).

(a) (10 points) Find the probability that exactly k of those are gala apples.

(b) Suppose that there are exactly k gala apples among the n apples Bob picked. Caleb
comes by and gives Bob a ripe gala apple to add to his bounty. Bob then picks an apple
at random from the n + 1 apples and eats it.

(i) (12 points) What is the probability that it was a ripe apple?
(ii) (12 points) What is the probability that it was a gala apple if it was ripe?

(c) (10 points) Let n = 20, and suppose that Bob picked exactly 10 gala apples. What is the
probability that the first 10 apples that Bob picked were all gala?

3. Next, Bob tries a different strategy. He starts with a tree of the gala variety and picks apples at
random from that tree. Once Bob picks an apple off the tree, he carefully examines it to make
sure it is ripe. Once he comes across an apple that is not ripe, he moves to another gala tree.
He does this until he encounters an unripe apple on that second tree. Assume that each tree has
a very large, essentially infinite, number of apples.

(a) (10 points) Let X; be the number of apples Bob picks off the ith tree, (i = 1,2). Write
down the PMF, expectation, and variance of X;.

(b) (12 points) For i = 1,2, let Y; be the total number of ripe apples Bob picked from the
first ¢ trees. Find the expectation and the variance of Y2. (Note that Y7 = X7 — 1 and
L=X-1)+X2-1).)

(¢) (12 points) Find the joint PMF of Y7 and Y5.

(d) In the following, answer just “yes” or *

in grading.)

(i) (5 points) Are X; and Y5 independent?

(ii) (5 points) Are X5 and Y7 independent?

no.” (Explanations will not be taken into account

Each question is repeated in the following pages. Please write your answer on
the appropriate page.

Iy
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1. (10 points) Suppose that Bob picks an apple at random (uniformly) and eats it. Find the
probability that it was a ripe gala apple.

PPk gale N was cipe)
= P(Pf gala ) /)(!/:a; ("{;? “ , 50«/’//

X foha) pobavility  fream

Note: Parts 2 and 3 can be done independently.
2. Suppose that Bob picks n apples at random (independently and uniformly).

(a) (10 points) Find the probability that exactly & of those are gala apples.

~ \- .‘i‘ ' |
)4 §u(fef55.0;, ~ { nomiq !

CF\ \ ok [, ) n-k

| -f) ¢ k¢ s cl
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(b) Suppose that there are exactly k gala apples among the n apples Bob picked. Caleb
comes by and gives Bob a ripe gﬁﬁ apple to add to his bounty. Bob then picks an apple

at random from the n + 1 apples and eats it. % d
(i) (12 points) What is the probability that it was a ripe apple? i[%
. o(ree
hos kx| Gl | J
7 ~ <% f i o vp

QJ( (‘.P.ﬁ gq(c:
}’e; 1 '

b
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(ii) (12 points) What is the probability that it was a gala apple if it was ripe?

P(Gah | @ipe) = p (o 1R
P (Rire)

41
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(¢) (10 points) Let n = 20, and suppose that Bob picked exactly 10 gala apples. What is the
probability that the first 10 apples that Bob picked were all gala?
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3. Next, Bob tries a different strategy. He starts with a tree of the gala variety and picks apples at
random from that tree. Once Bob picks an apple off the tree, he carefully examines it to make
sure it is ripe. Once he comes across an apple that is not ripe, he moves to another gala tree.

He does this until he encounters an unripe apple on that second tree. Assume that each tree has
a very large, essentially infinite, number of apples.

£ 1dgperdeat v
(a) (10 points) Let X; be the number of apples Bob picks off the ith tree, (i = 1,2). Write
down the PMF, expectation, and variance of Xj.
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(-9 (o>~ et ¢,

(b) (12 points) For i -—yt Y; be the total number of ripe apples Bob picked from the
first i trees. Find th pectation and the variance of Y. (Note that Y7 = X; — 1 and
Yo = (X1 -1)+(X2-1)) )

i
[’"l‘i s

- ) r;’lg o 5
Y:EWE —"i / >< OAAPQ‘ (o

/ /l’b‘f Qa thd‘“ f){ é"‘f“-’ 22 al

07
M w £l
t;(l‘ {2 I’, ) ‘_5t ({fn N ;u[i‘{ N of E[\(Z] [[ Pkpﬁo/‘@/' 4} ”?

) [

'N_

. 2+ <5
Mb 5 :é(' * E[ijb— ﬂ)

(i) 8" . oy

\/ (\”/J\/W(uut ] % (@ J = ijfj\ql

_9__ i ..,g.___ ho')'pul—

(-6 (19p “\ /9%1 J -’—.., -7

. Odina # sublrading 9

G)N& 4%{1 dﬂ@j /;Jaf & ’26 Page 9 of 11
m%Hﬂf ((Nw T (EMIWK o -’—-:-
—bt hov ot bolons ' I

i

)




MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2009)

(¢) (12 points) Find the joint PMF of Y7 and Y.
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(d) In the following, answer just “yes” or “no.” (Explanations will not be taken into account

in grading.)

(i) (5 points) Are X; and Y5 independent?

NQ N \{/q :’5 Surn C‘t/ X! “{ ‘; fi/q “2
7,
-

(ii) (5 points) Are X5 and Y] independent?

V. ~ Y, - f
(] !
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Quiz 1 Solutions:
October 13, 2009

1. (10 points) We start first by listing the following probabilities:

P(gala) = p

P(honey crisp) = 1-p
P(ripe | gala) = g
P(ripe | honey crisp) = h.

The probability that Bob ate a ripe gala is:

P(ripe gala) = P(gala)P(ripe | gala)
= rg

2. (a) (10 points) If K is the number of gala apples selected from the n apples, then K is a
binomial random variable. The probability that K = k is:

n\, k n-k
. _ (k)p(l—p) , 0<k<n
pr (k) { 0, otherwise.

(b) i (12 points) Among the n + 1 apples, his bounty includes: 1 ripe gala from Caleb,
k gala, n — k honey crisp. We can compute the probability of eating a ripe apple
conditioned on Bob selecting an apple from each of the three disjoint cases listed
above. The total probability theorem allows us to then find the probability of Bob
eating a ripe apple.

P(ripe apple) = P(ripe apple | Caleb’s ripe gala)P(Caleb’s ripe gala)
+ P(ripe apple | k gala)P(k gala)
+ P(ripe apple | n — k honey crisp)P(n — k honey crisp)

- 1. g k Iy n—=k
- el T I T e
1+ gk + h(n — k)

n+1
ii. (12 points) Using Bayes’ Rule:

P(ripe N gala)

Pigalh | o Rl = P foe appie)

We can compute the P(ripe N gala) as such:
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P(ripe N gala) = P(ripe N gala | Caleb’s ripe gala)P(Caleb’s ripe gala)
+ P(ripe N gala | k gala)P(k gala)
+ P(ripe N gala | n — k honey crisp)P(n — k honey crisp)

- 1. 1 k¥ k +U'n—k
n+1 n-+1 n+1
1+ gk
T ntl
Combining this result with that of (i),
tm 1+ gk
P(gala | ripe apple) = Hgk}En_m T = :g(n —

(c) (10 points) Let A be the event that the first 10 apples picked were all gala and let B
be the event that exactly 10 gala apples were picked out of the 20 apples.

P(ANB)
P(B)
The probability of the event I3 can be computed by using the result in (a), where n = 20
and k = 10. P(B) = (?g)pm(l — )% P(AN B) can be computed by seperating the
event of A and B into disjoint events. The event {A N B} = {1st 10 apples picked are
gala and the last 10 apples are honey crisp}. P(AN B) = p'%(1 — p)1°. Therefore,
10 10
p-(1-p) 1
P(AIB) = g P =
(1021 =) (3)

3. (a) (10 points) Bob picks apples from each tree until he finds one that is not ripe, and so if
we think of the event “picking an unripe apple” as a “success”, then X is the number of
apples picked (i.e. trials) until we get our first success. Therefore X; is a geometrically
distributed random variable with probability of success 1 — g.

Since each tree has a random collection of apples, the apples Bob picks from the first
tree are independent of the apples he picks from the second tree, and therefore X7 and
X5 are independent and identically distributed random variables.

The PMF of Xj is

Px, (k) =PX» (k')

P(A| B) =

1-Q1-g)t1-g)

[ gl —-yg), k=1,2,3,...,
N 0, otherwise,
the expectation of X is
1
E[X,] = E[X;] = ——
[X1] = E[Xa] = 7— 7’
and the variance of X; is
1 —i{l—]
(X)) =var(Xe) = —————
var(X) = var(Xs) T—gp
- g
(1-g9)?
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(b) (12 points) Given that Ya = (X; — 1) + (X2 — 1), we can use the linearity property of
expectations to find the expectation of Ys.

E[Yz] = E[(X;-1)+ (X2 -1)]
= E[Xj]+E[X2] -2
2
= —— -2
l-g
29
1-g
Since adding or subtracting a constant from a random variable has no effect on its
variance, and since X; and X5 are independent, we have

var(¥) = var((X: 1)+ (% - 1)
var(X7 + Xo)
var(Xy) + var(Xs)
29
(1-9)*

(c) (12 points)
Let £ > 0 and ¢ > k. The event “Yy; = k and Y5 = ¢ is identical to the event
‘X1, =k+1and Xo = ¢~k +1". Since X; and X, are independent, the desired
probability is (1 — g)g"*1=1(1 — g)g"**1-1 = (1 — g)%¢f, when 0 < k < ¢, and zero
otherwise.

(1 -g)%, k=0,1,...¢, and { =k, k+1,...,
Priy; (k€)= { 0,( < otherwise.

Note that we can interpret this result as the probability of ¢ failures (i.e. picking ¢ ripe

apples) and two successes (i.e. the two unripe apples that cause Bob to stop at each

tree). Note also that although the expression for the joint PMF doesn’t depend on k,

the sample space does depend on k because £ > k: Bob cannot pick more ripe apples in

the first tree than he does in the first two trees combined.

(d) (i) (5 points) No. X; and Y3 are not independent because Y > X; —1 and so knowing
X gives us information about Y5. Specifically, if we know that Bob picked 10 total
apples from the first tree (i.e. X; = 10), then we also know that Bob must have
picked at least 9 ripe apples from the first two trees combined (i.e. Y2 > 9).

(ii) (5 points) Yes. X5 relates only to the second tree and Y] relates only to the first
tree, and since the picking of apples is independent across trees, the two random
variables are independent.
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