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Mixed distributions
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Calculating normal probabilities

e No closed form available for CDF
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Recitation 8
October 5, 2010

1. Let Z be a continuous random variable with probability density function

[y +2?), f-2<2z<1,
fo2) = { 0, otherwise.
(a) For what valuc of «y is this possible?

(b) Find the cumulative distribution function of Z.

2. Problem 3.9, pages 186-187 in the text.

The taxi stand and the bus stop ncar Al’'s home arc in the same location. Al goes there at a
given time and if a taxi is waiting, (this happens with probability 2/3) he boards it. Otherwise
he waits for a taxi or a bus to come, whichever comes first. The next taxi will arrive in a time
that is uniformly distributed between 0 and 10 minutes, while the next bus will arrive in exactly
5 minutes. Find the CDF and the expected value of Al’'s waiting time.

3. Let A be a positive number. The continuous random variable X is called exponential with
parameter A when its probability density function is

Ae™ ™ if @ >0,
fx(@) = { 0, otherwise.

(a) Find the cumulative distribution function (CDF) of X.
(b) Find the mean of X.
(c) Find the variance of X.

(d) Suppose X1, Xo, and X3 are independent exponential random variables, each with param-
eter A. Find the PDF of Z = max{X;, X2, X3}.

(e) Find the PDF of W = min{X7, X2}.
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e Multiple random variables
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Recitation 9
October 7, 2010

1. Let X be an exponential random variable with parameter A > 0. Calculate the probability that
X belongs to one of the intervals [n,n + 1] with n odd.

2. (Example 3.13 of the text book, page 165) Exponential Random Variable is Memoryless.
The time T until a new light bulb burns out is an exponential random variable with parameter
A. Ariadne turns the light on, leaves the room, and when she returns, ¢ time units later, finds
that the bulb is still on, which corresponds to the event A = {T" > t}. Let X be the additional
time until the bulb burns out. What is the conditional CDF of X, given the event A?

3. Problem 3.23, page 191 in the text.
Let the random variables X and Y have a joint PDF which is uniform over the triangle with
vertices (0,0), (0,1), and (1,0).
(a) Find the joint PDF of X and Y.
(b) Find the marginal PDF of Y.
(c) Find the conditional PDF of X given Y.
(d) Find E[X | Y = y], and use the total expectation theorem to find E[X] in terms of E[Y].
(e) Use the symmetry of the problem to find the value of E[X].
4. We have a stick of unit length, and we break it into three picces. We choose randomly and

independently two points on the stick using a uniformm PDF, and we break the stick at these
points. What is the probability that the three picees we are left with can form a triangle?

Page 1 of 1
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis

(Fall 2010) :

Tutorial 4
October 7/8, 2010

1. Let X and Y be Gaussian random variables, with X ~ N(0,1) and Y ~ N(1,4).

~ (a) Find P(X < 1.5) and P(X < —1).
(b) What is the distribution of Y717
() Find P(—1 <Y < 1).

By Example 3.15, page 169 in text.

‘Ben throws a dart at a circular target of radius r. We assume that he always hits the target,
and that all points of impact (z,y) are equally likely. Compute the joint PDF fx y(z,y) of the
random variables X and Y and compute the conditional PDF Ixy(zly)-

3. Problem 3.20, page 191 in text.

An absent-minded professor schedules two student appointments for the same time. The ap-
pointment durations are independent and exponentially distributed with mean thirty minutes.
The first student arrives on time, but the second student arrives five minutes late. What is the
expected value of the time between the arrival of the first student and the departure of the second
student? '
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value of ®(y) can be found using the formula ®(y) = 1 — ®(—v).

(Fall 2010)
.00 .01 .02 03 .04 .05 .06 .07 08 = .09
0.0 || .5000 .5040 .5080 .5120 .5160 .5199 .5239 .5279 .5319 .5359
0:1 || .5398 .5438 .5478 .5517 .5557 .5596 .5636 .5675 .5714 .5753
0.2 || .5793 .5832 .5871 .5910 .5948 .5987 .6026 .6064 .6103 .6141
0.3 || .6179 .6217 .6255 .6293 .6331 .6368 .6406 .6443 .6480 .6517
0.4_ 6554 .6591 .6628 .6664 .6700 .6736 .6772 .6808 .6844 .6879
0.5 || .6915 .6950 .6985 .7019 .7054 .7088 .7123 .7157 .7190 .7224
0.6 || .7257 .7291 .7324 .7357 .7389 .7422 .7454 .7486  .7517 .7549
0.7 || .7580 .7611 .7642 .7673 .7704 .7734 7764 7794 7823 .7852
- 0.8 ||-.7881 .7910 .7939 .7967 .7995 .8023 :_.89_5}( .8078 .8106 .8133 -
0.9 | .8159 .8186 .8212 .8238 .8264 .8289 .8315_{ 8340 .8365 .8389
1.0 || .8413 .8438 .8461 .8485 .8508 .8531 .8554 8577 .8599 .8621.
1.1 || .8643 .8665 .8686 .8708 .8729 .8749 .8770 .8790 .8810 ' 8830
1.2 || .8849 .8869 .8888 .8907 .8925 .8944 .8962 | .8980 .8997 -.9015
1.3 || 9032 .9049 .9066 .9082 .9099 .9115 .9131 | .9147 .9162 9177
1.4 || 9192 .9207 .9222 .9236 .9251 -.9265 .9279 | .9292 .9306 .9319
1.5 || 9332 .9345 .9357 .9370 .9382 .9394 .9406 | .9418 ..9429 .9441
1.6 || .9452 .9463 .9474 .9484 .9495 .9505 .9515| .9525 .9535 .9545
1.7 || 9554 .9564 .9573 .9582 .9591 .9599 .9608 | .9616 .9625 .9633
1.8 || .9641 .9649 .9656 .9664 .9671 .9678 .9686 | .9693 .9699 .9706
1.9 | 9713 9719 .9726 .9732 .9738 .9744 .9750| .9756 .9761 .9767
L= 3@ - So
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The standard normal table. The entries in this table provide the numerical v
of ®(y) = P(Y < y), where Y is a standard normal random variable, for y between 0 ~
and 3.49. For example, to find ®(1.71), we look at the row corresponding to 1.7 and
the column corresponding to 0.01, so that ®(1.71) = .9564. When y is negative, the
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
- Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Recitation 10
October 12, 2010

¢ Question 1. The two parts of this question are about identities for a probabilistic model with
sample space Q, events A and B, and discrete random variable X. Any time conditioning on an
event is indicated, the event has positive probability. An identity is {rue when it holds without
any additional restrictions; it is false when there is any counterexample.

1.1. Which one of the following statements is true?

(a) P(AN B) may be larger than P(A).

(b) The variance of X may be larger than the variance of 2.X.

(c) If A°NB°=0, then P(AUB) = 1.

(d) If A°N B¢ =0, then P(ANB) = P(A)P (D).

(e) If P(A) > 1/2 and P(B) > 1/2, then P(AUB)=1.
1.2. Which one of the following statements is true?

(a) If E[X] =0, then P(X > 0) = P(X <0).

(b) P(A)=P(A | B)+P(A]| BY)

(c) P(B|A)+P(B| A% =1

(d) P(B|A)+P(B°| A% =1"

(&) P(B|A)+P(B°| A) =1

e Question 2. Provide clear reasoning; partial credit is possible

Heather and Taylor play a game using independent tosses of an unfair coin. A head comes up
on any toss with probability p, where 0 < p < 1. The coin is tossed repeatedly until either the
sccond time head comes up, in which case Heather wins; or the sccond time tail comes up, in
which case Taylor wins. Note that a full game involves 2 or 3 tosses.

2.1. Consider a probabilistic model for the game in which the outcomes are the sequences of

heads and tails in a full game. Provide a list of the outcomes and their probabilities of
occurring.

2.2. What is the probability that Heather wins the game?

2.3. What is the conditional probability that Heather wins the game given that head comes up
on the first toss?

2.4. What is the conditional probability that head comes up on the first toss given that Heather
wins the game?
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: (Fall 2010)

e Question 3. Provide clear reasoning; partial credit is possible

A casino game using a fair 4-sided dic (with labels 1, 2, 3, and 4) is offered in which a basic
game has 1 or 2 die rolls:

— If the first roll is a 1, 2, or 3, the player wins the amount of the dic roll, in dollars, and the
game is over.

— If the first roll is a 4, the player wins $2 and the amount of a second (*bonus”) die roll in
dollars. ;

Let X be the payoff in dollars of the basic gamc.

3.1. Find the PMF of X, px(z).
3.2. Find E[X].

3.3. Find the, conditional PMF of the result of the first die roll given that X = 3. (Use a
reasonable notation that you define explicitly.)

3.4. Now consider an extended game that can have any number of bonus rolls. Specifically:

* Any roll of a 1, 2, or 3 results in the player winning the amount of the die roll, in dollars,
and the termination of the game.

* Any roll of a 4 results in the player winning $2 and continuation of the game.
Let Y denote the payoff in dollars of the extended game. Find E[Y].

Page 2 of 2
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e X: a continuous signal; “prior” fy(z)
(e.g., intensity of light beam);

e Y: discrete r.v. affected by X
(e.g., photon count)

° leX(y | z): model of the discrete r.v.

Suihch  geus

What is a derived distribution

—_—

e It isa PMF or PDF of a function of one
or more random variables with known
—_—

probability law. E.g.:
y

fx wyx)=1

7

1 X

— Obtaining the PDF for
(X, Y)=Y/X
involves deriving a distribution.
Note: g(X,Y) is a random variable

VWhen not to find them

e Don't need PDF for g(X,Y) if only want o
to compute expected value:

Blg(X,Y)] = [ [ (e, )fxy (@,v) dody
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis

(Fall 2010)

Recitation 11
October 14, 2010

(two-sided exponential) distribution

1. Let X be a discrete random variable that takes the values 1 with probability p and —1 with
probability 1 — p. Let Y be a continuous random variable independent of X with the Laplacian

fY(y) = %Ae_l\ly]v

and let Z =X +Y. Find P(X =1| Z = z). Check that the expression obtained makes sense
forp—0T,p—17, A= 0%, and A — <.

2. Let @ be a continuous random variable with PDF

fola) = { 0, otherwise.

This @ represents the probability of success of a Bernoulli random variable X, i.e.,

P(X=1|Q=q) = ¢
Find fox(glz) for z € {0,1} and all g.

3. Let X have the normal distribution with mean 0 and variance 1, i.c.,

fxle) = —

L = -
vV 27 4
Also, let Y = g(X) where 5

_ —t, fort <O0; %2

gle] = { Vt, fort >0,
1
as shown to the right. i
35 0
Find the probability density function of Y.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Tutorial 5
October 14/15, 2010

1. Let @ be a random variable which is uniformly distributed between 0 and 1. On any given day,
a particular machine is functional with probability Q. Furthermore, given the value of Q, the
status of the machine on different days is independent.

(a) Find the probability that the machine is functional on a particular day.

(b) We arc told that the machinc was functional on m out of the last n days. Find the conditional
PDF of . You may use the identity

1 . ki(n — k)!
/Opk(l—p) kdp=——(£ln+ 1)!)

2. Let X be a random variable with PDF fx. Find the PDF of the random variable Y = | X|

1 if-2<z<1,
(a) when fx(z) = { 0,  otherwise;

(b) when fx(z) =

2e~2 if 1 > 0,
0, otherwise;

(c) for general fx(z).

3. An ambulance travels back and forth, at a constant specific speed v, along a road of length £.
We may model the location of the ambulance at any moment in time to be uniformly distributed
over the interval (0,£€). Also at any moment in time, an accident (not involving the ambulance
itself) occurs at a point uniformly distributed on the road; that is, the accident’s distance from
one of the fixed ends of the road is also uniformly distributed over the interval (0,£). Assume
the location of the accident and the location of the ambulance are independent.

Supposing the ambulance is capable of #mmediate U-turns, compute the CDF and PDF of the
ambulance’s travel time T to the location of the accident.

Page 1 of 1
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No OH ) tho Lt (Fall 2010)

>
Problem Set 5 / O

Due October 18, 2010

1. Random variables X and Y are distributed according to the joint PDF

s El=g=u=d;
fxy(@y) = { 0, otherwise.
(a) Evaluate the constant a.
(b) Determine the marginal PDF fy(y).

(c) Determine the expected value of +, given that ¥ = 3

2. Paul is vacationing in Monte Carlo. The amount X (in dollars) he takes to the casino each
evening is a random variable with the PDF shown in the figure. At the end of each night, the
amount Y that he has on leaving the casino is uniformly distributed between zero and twice the
amount he took in.

Ix)
A

+—> x (dollars)
40
(a) Determine the joint PDF fx y(z,y). Be sure to indicate what the sample space is.

(b) What is the probability that on any given night Paul makes a positive profit at the casino?
Justify your reasoning.

(c) Find and sketch the probability density function of Paul’s profit on any particular night,
Z =Y — X. What is E[Z]? Please label all axes on your sketch.

Page 1 of 3



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

3. X and Y are continuous random variables. X takes on values between 0 and 2 while Y takes on
values between 0 and 1. Their joint pdf is indicated below.

1r

0sl Sxy(my) =@

0.6
=
0.4F

0.2+

0 - A
0 02 04 06 08 1 1.2 1.4 1.6 1.8 2
xr

(a) Are X and Y independent? Present a convincing argument for your answer.

(b) Prepare neat, fully labelled plots for fx(z), fy|x (v |0.5), and fxy(x | 0.5).

(c) Let R = XY and let A be the event X < 0.5. Evaluate E[R | A].

(d) Let W =Y — X and determine the cumulative distribution function (CDF) of W.

4. Signal Classification: Consider the communication of binary-valued messages over some
transmission medium. Specifically, any message transmitted between locations is one of two
possible symbols, 0 or 1. Each symbol occurs with equal probability. It is also known that any
numerical value sent over this wire is subject to distortion; namely, if the value X is transmitted,
the value Y received at the other end is described by ¥ = X + N where the random variable
N represents additive noise that is independent of X. The noise NV is normally distributed with
mean g = 0 and variance o2 = 4.

(a) Suppose the transmitter encodes the symbol 0 with the value X = —2 and the symbol 1
with the value X = 2. At the other end, the received message is decoded according to the
following rules:

e If Y >0, then conclude the symbol 1 was sent.
e If Y < 0. then conclude the symbol 0 was sent.

Determine the probability ot(’e}ror or this encoding/decoding scheme. Reduce your calcu-
lations to a single numerical valte.

(b) In an effort to reduce the probability of error, the following modifications are made. The
transmitter encodes the symbols with a repeated scheme. The symbol 0 is encoded with
the vector X = [—2, -2, —2|T and the symbol 1 is encoded with the vector X = [2,2,2]T.
The vector Y = [Y}, Ya, ¥3]T received at the other end is described by Y = X+ N. The
vector N = [Ny, Na, N3|T represents the noise vector where each N; is a random variable
assumed to be normally distributed with mean g = 0 and variance ¢ = 4. Assume each
N; is independent of each other and independent of the X;’s. Each component value of Y
is decoded with the same rule as in part (a). The receiver then uses a majority rule to
determine which symbol was sent. The receiver’s decoding rules are:

e If 2 or more components of ¥ are greater than 0, then conclude the symbol 1 was sent.
e If 2 or more components of Y are less than 0, then conclude the symbol 0 was sent.

Determine the probability of error for this modified encoding/decoding scheme. Reduce
your calculations to a single numerical value.
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5. The random variables X and Y are described by a joint PDF which is constant within the unit

Gl

area quadrilateral with vertices (0,0), (0,1), (1,2), and (1,1).

(a) Are X and Y independent?

(b) Find the marginal PDFs of X and Y.
(¢) Find the expected value of X + Y.
(d) Find the variance of X + Y.

A defective coin minting machine produces coins whose probability of heads is a random variable

P with PDF (2mp) 0.1]
_ | 14sin(27p), ifpe]0,1],
fr(p) = { 0, otherwise.

In essence, a specific coin produced by this machine will have a fixed probability P = p of giving
heads, but you do not know initially what that probability is. A coin produced by this machine
is selected and tossed repeatedly, with successive tosses assumed independent.

(a) Find the probability that the first coin toss results in heads.
(b) Given that the first coin toss resulted in heads, find the conditional PDF of P.
(c) Given that the first coin toss resulted in heads, find the conditional probability of heads on

the second toss.

Let C be the circle {(z,y) | z2+y? < 1}. A point a is chosen randomly on the boundary of C' and
another point b is chosen randomly from the interior of C' (these points are chosen independently
and uniformly over their domains). Let R be the rectangle with sides parallel to the z- and
y-axes with diagonal ab. What is the probability that no point of R lies outside of C?

14
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Problem Set 5: Solutions

1. (a) Because of the required normalization property of any joint PDF,

! 2 2 2
Q ‘i‘--;'-f‘.l W 1 =/ (] ax dy) de = / ar(2 —-z)dz = a (22 P
\\' ' n =1 y=z ) x=1

~ 0 ) " . !
\\“‘ %'J " 50@,:3/2_ '@ fmb 5 r’ID/ (J‘/EA
e (b) For 1<y <2, a
\na i frt)= [Cavds = S02-1) =
¥ =
and fy(y) = 0 otherwise.
(c) First notice that for 1 < x < 3/2,
Fen(e |32 < PXX@YD __ B/%e s Ofps - why did
Xy fv(3/2) §((§)2_12) 5 :-[ ' > 77
1 \\2 . \ —(jh()/(’ YL X!
?\’_ ‘l.i ot do "{‘ r 4
Therefore, L dot ral 09 Al - chayld | ! ,, ). | ,
3/2 1 8% hig TS
E[l/X|Y =3/2 = /1 X = aps, 02 e
2. (a) By definition fxy(z,y) = fx(z)fy|x(y | ). fx(z) = az as shown in the graph. We have
_— ( Vi ] 4 Vo) s
that A0 pay 4@ :"';!‘Tf:i 1@n 1!'1; tocnal (7|
40 7 ( ' =T
1 = / ardr = 800a.
0
So fx(x) = 2/800. From the problem statement fyx(y | z) = 5= for y € [0,2z]. Therefore,
ifo<az< ) PR
Byl = { 3/16(}0, if 0 X T < 4and 0 <y < 2z, ldid T ke 10
: \/ otherwise. / -
(b) Paul makes a positive profit if ¥ > X. This occurs with probability
40 2z
1 1
PY > X) = cy(z,y)dyde = dyde = —.
( ) //y}r xy(z,y)dyde /{; fi 1600 WiT = 3 v
We could have also arrived at this answer by realizing that for each possible value of X, there
is a 1/2 probability that ¥ > X.
(¢) The joint density function satisfies fx z(z,z) = fx(z) fzx(z|z). Since Z is conditionally
uniformly distributed given X, fzx(z | z) = 21_? for —z < 2z < z. Therefore, fx z(z,2) =
1/1600 for 0 < z < 40 and —z < z < 2. The marginal density f.(z) is calculated as
S ! 20-12] if ] < 40 g f af £
= vz(z, 2)de = —dr = 1600 ° ) o 1979 (
fZ(Z) Af.\,d(l 2) €T /:;:M 1600 T { 0, otherwise. I gO, h”‘i/i
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3. (a) Inorder for X and Y to be independent, any observation of X should not give any information
on Y. If X is observed to be equal to 0, then ¥ must be 0.

In other words, fy|{x=0}(¥ | 0) # fy(y). Therefore, X and Y are not independent.

22, ifo0<z <1, = . ‘
(b) fx(z) =4 —3z/2+3, fl<z<2, E 5 Jid ol
0, otherwise. s

Ak arythoy

[+] 02 04 06 o8 Jl‘ 12 14 16 18 2 l‘{ L('\ t",/‘.fpjﬂ
18 P {{fu‘/(l;,
[ 2, if0<y<1/2 - | Mk
frix(y 0.5) = { 0 otherwise, i, P
02 - O( /r?a f}“{_
15 ! ] J r'lj, I/_}-“?
J () wv e
172, idl/2<u<l, g
Fxp(z05) =4 3/2, ifl<ax<3/2 B
0, otherwise. Zos

0O 02 04 06 08 1 12 14 16 18 2
x

(c) The event A leaves us with a right triangle with a constant height. The conditional PDF is

then 1/area = 8. The conditionﬁectation yields: () ({ ’ J ]* Fé o f 7
! { :E‘)i“‘//{) ;al'\J“ ovi '
E[R|A] = E[XY |A]
0.5 0.5
= / / 8zy dx dy
0 Jy
= 1/16.

(d) The 1C‘tle’:)of Wis Fy(w)=P(W <w)=PY -X<w)=PY <X+w). P(Y <X +w)
can be-eomputed by integrating the area below the line Y = X + w for all possible values of
w. The lines Y = X +w are shown below for w =0, w = ~1/2, w = —1 and w = —3/2. The
probabilities of interest can be calculated by taking advantage of the uniform PDI" over the
two triangles. Remember to multiply the areas by the appropriate joint density fx y(z,y)!
Take note that there are 4 regions of interest: w < —2, -2 < w < -1, =1 < w < 0 and
w > 0. | - _ : ‘,rj"" f"

| a .- I
(1 1Q = Whad 7 1) /A
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12F w =0
1t
08} tj::r:\ —w |
0.6}
= Y
’
04} iz
(, 14w
rd
0.2 2
rd
4
0 ra
<>
14+w
-0.2 ,
0 02 04 06 08 1 12 14 16 18 2
T
The CDF of W is
(0, ifw< -2

¥

3/2-1/2(2 + w)?/2, if —2<w< -1,

Fw() =93 1721201 + w)2 +3/2- (1211 1/2(-w/2 - —w)), if -1 <w <0,
1 s 0
(0, g B,
3/8-(2+w)?, if 2<w< -1,

\

1/8 - (—w? +4w+38), if-1<w<0,

1

b

ifw > 0.

As a sanity check, Fiy(—o0) = 0 and Fiy(4+o00) = 1. Also, Fyy(w) is continuous at w = —2

and at w = —1.

4. (a) If the transmitter sends the 0 symbol, the received signal is a normal random variable with

a mean of —2 and a variance of 4. In other words, fy|x(y | —2) = N(-2,4).

Also, fy|x(y|2) = N(2,4) These conditional pdfs are shown in the graph below.

Page 3 of 7
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025

fY[x (y]-2) fmx(‘y | 2)

P(error | X = -2)

0.2

-P(error Xa=:2)

015
0.1p

0.05r

The probability of error can be found using the total probability theorem.

P(error) = P(error | X = —-2)P(X = —2) +P(error | X = 2)P(X = 2)
- gmygmx=—m+ﬂy<mx=m)

= S(P(N22|X=-2)+P(N<-2|X =2))

= Z(P(N 22)4P(N <-2))
N-0_2-0
g =72

(1 ~2(1))+ (1 —2(1)))

)+P(N2_O< —2—0))

(®( -

(=0 NN R N I NN e )
—

=
()]
co
e

(b) With 3 components, the probability of error given an obervation of X is the probability of
decoding 2 or 3 of the components incorrectly. For each component, the probability of error
is 0.1587. Therefore,

P(error | sent 0) = (2) (0.1587)%(1 — 0.1587) + (0.1587)> \/V.W Y
= 0.0676.
By symmetry, P(error | sent 1) = P(error | sent 0).
Therefore, P(error) = P(error | sent 0)P(sent 0) + P(error | sent 1)P(sent 1) = 0.0676.

(a) There are many ways to show that X and Y are not independent. One of the most intuitive
arguments is that knowing the value of X limits the range of Y, and vice versa. For instance,
if it is known in a particular trial that X > 1/2, the value of Y in that trial cannot be smaller

T f}( ty N T— )Q,; Coldbio Page 4 of 7
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than 1/2. Another way to prove that the two are not independent is to calculate the product
of their expectations, and show that this is not equal to E[XY].

(b) Applying the definition of a marginal PDF,

for0<a <1,
fx(z) = / fxy(z,y) dy
Jy
T+ 1
= / 1dy
_ 3
for0 <y <1,

fr(y) /f.\',y(ﬂs, y) dz
y

=/ld:r;
0

=

and for 1 <y < 2,

fr(y) = / Frwiteal) & .

1
= / 1 dz
y—1

= 2—y.

1 1 -
08 0.8
06 2 06¢
-
g
84 0.4r
0.2r
02
0 A L A A : \ ; . A
0 0 02 04 06 08 1 1.2 14 16 1.8 2
0 02 04 06 08 1 Yy
x b

(c) By linearity of expectation, the expected value of a sum is the sum of the expected values.
By inspection, E[X] =1/2 and E[Y] = 1.
Thus, E[X + Y] = E[X] + E[Y] = 3/2.

Page 5 of 7
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(d) The variance of X +Y is

E[(X +Y)’] - E[X +Y)? = E[X? + 2E[XY] + E[Y?] - (E[X + Y])%. (1)

In part (c), E[X+Y] was computed, so only the other three expressions need to be calculated.
First, the expected value of X?2:

1 z+1 1
E[X? = f a:2/ ldydx = ] z? de = 1/3.
0 T 0

Also, the expected value of Y2 is

1 T+1 1
E[Y?] = / f y? dy dz = f(3$2+3:c+1)/3 de = 7/6.
0 T 0

Finally, the expected value of XY is

1 x+1
E{XY] = / a:/ y dy dx
0 T

1
= / (222 +z)/2 dz dy = T/12.
0
Substituting these into (1), we get var(X +Y)=1/3+7/6+7/6 —9/4 =5/12.
*Alternative (shortcut) solution to parts (c¢) and (d)*

Given any value of X (in ([0,1]), we observe that ¥ — X takes values between 0 and 1,
and is uniformly distributed. Since the conditional distribution of ¥ — X is the same for
every value of X in [0,1], we see that ¥ — X independent of X. Thus: (a) X is uniform,
and (b) ¥ = X + U, where U is also uniform and independent of X. It follows that
E[X +Y] = E[2X + U] = 3/2. Furthermore, var(X +Y') = 4var(X) + var(U) = 5/12.

6. (a) Let A be the event that the first coin toss resulted in heads. To calculate the probability

(b) Using Bayes rule,

P(A), we use the continuous version of the total probability theorem:

1

1
Pmr54PM¢P=M@@M@=Apu+m@m»@,

which after some calculation yields

P(A) =T —. Jdd 1

|

N _ PA|P=p)fr(p)
fpialp) = P(A)
o 4' { . = Zﬂp(ljsui(zﬂp))! it0<p<1,
e 0, otherwise.
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(c) Let B be the event that the second toss resulted in heads. We have

1
P(B | A) jo P(B| P =p,A)fpia(p) dp

1
| PP =) do

1
- 2 f p*(1 + sin(27p)) dp.
0

T—1
After some calculation, this yields

27 2w —3 27— 3
P(B|A) = . = = 0. ;
(24 m—1 6 3m—3 Ratil

G1'. Let a = (cos@,sin@) and b = (b, b,). We will show that no point of R lies outside C if and only

if

|b| <|sinfl|, and |a| <|cosd| (2)
The other two vertices of R are (cos®,b,) and (b;,sin@). If |b;| < |cos 6| and |b,| < |sinf|, then
each vertex (z,y) of R satisfies z° + y* < cos®# +sin® # = 1 and no points of R can lie outside of

C. Conversely if no points of R lie outside C, then applying this to the two vertices other than
a and b, we find

cos?0+b><1, and a®+sin?6<1.

which is equivalent to 2.

These conditions imply that (b;,b,) lies inside or on C, so for any given 6, the probability that
the random point b = (b,, b,) satisfies (2) is

2| cos | - 2| sin 8]

7

2
= Z|sin(20
= |sin(26)|

and the overall probability is

1 27 9 4 /2
ﬂmmww=—/ stn(og)dl= =
! 0

27 0 7|'2 71-2
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The distribution of X + Y —

e W=X+Y; X,Y independent W-: 3

y : XYy
03 all Y,y pais where 3=Xry

.(12) Wan P( Pﬂ}ﬂ?‘a) = Zp[ FO}H)

2.0

(3.0) e Sepecate  bleot

pw(w) = P(X+Y =w)
= > P(X=z)P(Y =w—=z)
= Y px(@)py(w—=z)
e Mechanics:

— Put the pmf's on top of each other
— Flip the pmf of ¥

— Shift the flipped pmf by w
(to the right if w > 0)

— Cross-multiply and add

The continuous case
e W=X+4Y; X Y independent

Yy

a
w Wsae as v, pt add X (wqmn” fo ¢
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X +y=\V
[ )
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Two independent normal r.v.s
————

* X ~N(uz,03), Y ~ N(uy,03),
independent

fxy(z,y) = Ffx@)fy(y)
_ m (z—pa)? (y- #y)")}

2roroy 202 203

e PDF is constant on the ellipse where @@‘!_ (@ﬂ }OJC’

(zfum)z_]_(y;.uy)z @ S‘OM nl& L,a'!/ b?[/ /:'1 30
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The sum of independent normal r.v.’s

e X~N(0,02), Y ~N(0,03),
independent

e letW=X4Y

Jww) = /‘_0; fx (@) fy(w—z)de Cfeﬂﬁff')v 06 X/ \f
— 1 /-m e—r2/2a38—(w—x)2/20’§. &
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o cov(X,Y)= E[(X —E[X]) - (Y - E[Y])]

e Zero-mean Z@se cov(X,Y) =E[XY]

7] 70
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e cov(X,Y)=E[XY] - E[X]E[Y]
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Y)=0
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis

- (Fall 2010)

Recitation 12
October 19, 2010

. Show p(aX +b,Y) = p(X,Y).

. Romeo and Juliet have a date at a given time, and each, independently, will be late by amounts
of time, X and Y, respectively, that are exponentially distributed with parameter .

(a) Find the PDF of Z = X — Y by first finding the CDF and then differentiating.
(b) Find the PDF of Z by using the total probability theorem.

. Problem 4.16, page 248 in text.
Let X and Y be independent standard normal random variables. The pair (X,Y) can be de-
scribed in polar coordinates in terms of random variables R > 0 and © € [0, 27], so that

X = Rcos©, Y = RsinO.
Show that R and © are independent (i.e. show fre(r,8) = fr(r)fo(6)).
(a) Find fr(r).

(b) Find fo(0).
(c) Find fre(r,0).

. Problem 4.20, page 250 in text. Schwarz inequality.
Show that for any random variables X and Y, we have

(E[XY))? < E[X?E[Y?.
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e Readings: Section 4.3;
parts of Section 4.5
(mean and variance only; no transforms)

Lecture outline

e Conditional expectation E[?‘I\(]

— Law of iterated expectations

— Law of total variance V(NCXI Y)

e Sum of a random number
of independent r.v.'s

— mean, variance

Conditional expectations

. / [
e Given the value y of a rv. Y 4 (Oﬂ'}!ﬂfﬁug - D’f/lsr'f? Ll l
EX|Y=y]= ZEP}:W(m | )
T

0 x v

(integral in continuous case) Mc 1—'\’_—_{

e Stick example: stick of length £ i
break at uniformly chosen point Y g?tlc[l\ i érEdL ﬂf (Uadim F{m( Y

break again at uniformly chosen point X ’h{q ‘o . (\ 4
ea
e E[X|Y =y] =g (number) Oiﬂ'ef {%+ L(e{”\ 6\36{44 K

J/ (Pwieitia Y {orm

Y
E[x|Y]=§ (rv) b _l_? a (anlon Variahle

%Qrt. e Law of iterated expectations: ' ; [(
Anokdu*“”‘ ﬂ%ﬁf @ygtra% Fuew as [ andom ,'on

E[E[X | Y]] = S EIX | ¥ = ylpy (o) = IR { i te
¥ expucted vale (e . erpeciel v of Y

e In stick example: {Wige FC0agy/ ;ﬁ{ﬂ Can CQ{W[QHAI, Q)YECM \/:L[J(, p-( *

E[X] =E[E[X | Y]] VE{Y/21 =E/4Q E [Xl Y] 'ﬂ CY)
EN)- T ooty %y
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var(X | Y) and its expectation diffepae frod neaa = n
— bt which mean

o var(X |Y =y) =E[(X-E[X |Y=u)?|Y =y =1} CMC“HMQZ o)

e var(X |Y): ar.v.
with value var(X |Y =y) when Y =y ' : l
Jﬂn i i (nditlord { Variaace

vatil 1% LMM \[
Wiad Tl {Qo[[i@gl vale of
Proof: ﬁlc{{ {U/

(a) Recall: var(X) = E[X?] - (E[X])?

e Law of total variance:

var(X) = E[var(X | Y)] + var(E[X | Y])

(b) var(X | Y) = E[X?| Y] - (B[X | Y])?
) low of ‘deabyf opeclabian

() Elvar(X | V)] = E[X?] - E[(E[X | Y])? 1(/

(d) var(BLX | Y]) = B[(B[X | Y])2]-(B[X])2

Sum of right-hand sides of (c), (d):
E[X?] — (E[X])? = var(X)

Section means and variances

~dv
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1 10 30 \{ St

=1: — ;=90 =2 — ;= 60

1 39 90-104 60-20
E[X]=ﬁZmi= 3 =70
i=1

E[X|Y=1]=090, E[X|Y=2]=60

__J90, w.p.1/3 paw aba‘mﬁon ]
B [r)= {60, w.p. 2/3 &\'/'dﬂn‘t[ " V.hﬂckmhm
E[E[X | Y]] =1.9042.60 = 70 = E[X] Will pln

rr_m 53(.“0"1 DWGF%E 15 fz{a&ﬂ'n 61&(@ 586‘(';0“ ;J (aqéﬂ-ﬂl
var(E[X | Y]) = %(90—70)2-{-;(60—70)2 Migdf aCLoml‘inﬂ to

e 3«‘5601’64{ Ao B ?:200 préiblilj'é |
ate fi s&ch‘)?é (roq tew €ar b @M’ ~d‘u befort AJ’ V/

pach

r Vale €om  preas pore. Clenestacy

oF  funckiees Vacubles



Section means and variances (ctd.)

10
2 3 (2;-90)? =10 — Z (z;—60)? = 20
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{vatia taside eah  ecklan
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e
e N: number of stores visited ;Vmg L”/ Con [MMM
(N is a nonnegative integer r.v.)
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— independent of N
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Recitation 13
October 21, 2010

For the problems below, recall the Law of Iterated Expectations and the Law of Total Variance:
E[X] = E[E[X]|Y]]
var(X) = E [var(X|Y)] + var (E[X|Y]).

1. Let X, Y, and Z be discrete random variables. Show the following generalizations of the law of
iterated expectations.

(a) E[Z] =E[E[Z | X,Y]].
(b) E[Z | X] =E[E[Z | X,Y]| X].
(c) E[Z] =E[E[E[Z | X,Y]]| X]].

2. Example 4.17, page 223 in text.

We start with a stick of length £. We break it at a point which is chosen randomly and uniformly
over its length, and keep the piece that contains the left end of the stick. We then repeat the
same process on the piece that we were left with.

(a) What is the expected value of the length of the piece that we are left with after breaking
twice?

(b) What is the variance of the length of the piece that we are left with after breaking twice?

3. Widgets are stored in boxes, and then all boxes are assembled in a crate. Let X be the number
of widgets in any particular box, and N be the number of boxes in a crate. Assume that X
and N are independent integer-valued random variables, with expected value equal to 10, and
variance equal to 16. Evaluate the expected value and variance of T', where T is the total number
of widgets in a crate.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Tutorial 6
October 21/22, 2010

1. Let X be a discrete random variable with PMF px and let Y be a continuous random variable,
independent from X, with PDF fy. Derive a formula for the PDF of the random variable X +Y.

2. The random variables X and Y are described by a joint PDF which is constant within the unit
area quadrilateral with vertices (0,0), (0,1), (1,2), and (1,1). Use the law of total variance to
find the variance of X + Y.

3. (a) You roll a fair six-sided die, and then you flip a fair coin the number of times shown by the
die. Find the expected value and the variance of the number of heads obtained.

(b) Repeat part (a) for the case where you roll two dice, instead of one.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Problem Set 6
Due October 27, 2010

1. Random variables X and Y are distributed according to the joint PDF

el e ar, fl<z<2and0<y <z,
XY\nY) = 0, otherwise.

(a) Evaluate the constant a.

(b) Determine the marginal PDF fy-(y).

(c) Determine the conditional expectation of 1/X given that ¥ = 3/2.

(d) Random variable Z is defined by Z =Y — X. Determine the PDF fz(z).

2. Let X and Y be two independent random variables. Their probability densities functions are
shown below.

=06}
"

wina

ol

Let Z =X + Y. Determine fz(z).

3. Consider n independent tosses of a k-sided fair die. Let X; be the number of tosses that result
in 7.

(a) Are X and X, uncorrelated, positively correlated, or negatively correlated? Give a one-line
Jjustification.

(b) Compute the covariance cov(X, X2) of X; and Xs.

Page 1 of 2



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

4. Random variables X and Y have the joint PDF shown below:

e

W
D

&,Y(x,y) =0.1
el

-1.0 T

-2.0

(a) Find the conditional PDFs fy|x(y | z) and fxy(z | y), for various values of z and y,
respectively.

(b) Find E[X | Y =y, E[X], and var(X | Y = y). Use these to calculate var(X).
(¢) Find E[Y | X = z], E[Y], and var(Y | X = z). Use these to calculate var(Y).

5. The wombat club has N members, where N is a random variable with PMF
pn(n)=p"l(1-p) forn=1,2,3,....

On the second Tuesday night of every month, the club holds a meeting. Each wombat member
attends the meeting with probability g, independently of all the other members. If a wombat

attends the meeting, then it brings an amount of money, M, which is a continuous random
variable with PDF

fa(m) = Ae™™  for m > 0.
N, M, and whether each wombat member attends are all independent. Determine:

(a) The expectation and variance of the number of wombats showing up to the meeting.
(b) The expectation and variance for the total amount of money brought to the meeting.

G1t. (a) Let X1, Xo,..., Xn, Xnt1, ..., Xon be independent and identically distributed random vari-
ables.

Find
E[X1 | X1+ Xo ...+ X, = ),
where zg is a constant.
(b) Define

Sp=X1+Xo+...+ X, 1 <k <2n.
Find
E[Xy |85 = 8iSuk1 = Bpiiyrr S50 = S2nly
where s, Sp41, ..., 82, are constants.

| ; o . §ry '*‘-i /
Gort e 2% dim 00 This P-Gof
TRequired for 6.431; optional for 6.041 f ]| o Page 2 of 2
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Problem Set 6: Solutions

1. Let us draw the region where fx y(z,y) is nonzero:
y A

y-X=2

0 1 / 2 X

The joint PDF has to integrate to 1. From [*= [y axdyde = fa=1,wegeta=3.
f2%$d$, ifo<y <1, %, ifogyg]_’
() fr(y) = [ fxy(@y)dy=1 [ deds, fl<y<2, =4{ 3(@-9%), fl<y<2,
0, otherwise 0, otherwise.
(c)
3 i, 3 .
fxpy(z | §) = fX;;((g)z) = ==, for % <z < 2 and 0 otherwise.
2
Then,

(d) We use the technique of first finding the CDF and differentiating it to get the PDF.

Fz(z) = P(Z<z)

= PY-X<2)
(0, if z < =2,
=2 Yy=x+z 3
/ f - dy dx =$+$z—11—433, if —2<z2z<-1,
= I;:—;—Zz y;=m+z .
f / —xdydr =1+ 2z, if -1 <2<0,
z=1 y=0 7
L L if 0 < z.
d 8§ 322 if-2<z2<-1,
fz(2) = —-Fz(2) = i if -1<z<0,
0, otherwise.
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2.

3.

The PDF of Z, fz(z), can be readily computed using the convolution integral:

fz(z) = f_"o fx(@) fy(z—t)dt.

For z € [-1,0],
_ f*13 o 4 o b 2 B
fz(z) = ./_lg-z(l—t)dt—i(z—*g-‘+§).
For z € [0,1],
2 L3 5 1 22 (z-1)3
= (L BNl = o 1o :
) = [ 3-3a-a = 3 (1-5+55
For z € [1, 2],

L1 38 =y 3 1 =13 2(z2-2)3
fz(z) = /J'Z(l‘tg)d”fl 5-5(1—t2)dt = Z(z+("'3) - He=2 —1>
For z € [2, 3],

99 3 1
fz(z) = / SS(1-t)dt = 3+ (2—3)°—(2-2)%).
L 28 4 6
For z € [3,4],
I O .3 1
fz(z) = [Z_gg-a(l—tz)dt = 6(11—3z+(z—3)3).
A sketch of fz(z) is provided below.
1
X o e
< O
LTy
0 ! 1 1 1 1
-1 0 1 2 3
z

(a) X7 and X, are negatively correlated. Intuitively, a large number of tosses that result in a 1

suggests a smaller number of tosses that result in a 2.

(b) Let A; (respectively, B;) be a Bernoulli random variable that is equal to 1 if and only if the
tth toss resulted in 1 (respectively, 2). We have E[A;B;] = 0 (since A; # 0 implies B; = 0)

and Lo
E[AB;] = E[A|E[B;| = EE for s#t.
Thus,
EX1Xs] = E[(A1+--+A4An)(B1+ -+ By))
= RE[Ai(Bi+ -+ Ba)] = n(n-1) 17
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and

COV(Xl,XQ) = E[X1X2] — E[X]_]E[X‘Z]
n(n—1) n? n
TR R TR

The covariance of X; and X5 is negative as expected.

4. (a) If X takes a value = between —1 and 1, the conditional PDF of Y is uniform between —2
and 2. If X takes a value = between 1 and 2, the conditional PDF of Y is uniform between
—1 and 1.
Similarly, if ¥ takes a value y between —1 and 1, the conditional PDF of X is uniform
between —1 and 2. If YV takes a value y between 1 and 2, or between —2 and —1, the
conditional PDF of X is uniform between —1 and 1.

(b) We have
0, #-2<y< -,
EX|Y =y = 1/2, if —-1<y<1,
0, fl<yxs2,
and

1/3, if —-2<y< -1,
var(X | Y =9) = 3/4, if-1<y<1,
1/3, if1<y<2.
It follows that E[X] = 3/10 and var(X) = 193/300.
(c) By symmetry, we have E[Y | X] = 0 and E[Y] = 0. Furthermore, var(Y | X = z) is the
variance of a uniform PDF (whose range depends on ), and
_ . o 4/3, if-1<z<1,
VleX_m)_{lm,ﬁ1<xgz
Using the law of total variance, we obtain

var(Y) = E[var(Y | X)] = + = 17/15.

[JUI T
] =
L =

|

5. First let us write out the properties of all of our random variables. Let us also define K to be the
number of members attending a meeting and B to be the Bernoulli random variable describing
whether or not a member attends a meeting.

E[N] = 1iﬂ WMN)=-HgB?
EM] = ;, var(M) = %,
E[B] = q, var(B) = q(1—q).

(a) Since K = By + By + -+ By,

B[] = B[N BB]=_,
2

var(K) = E[N]-var(B) + (B(B))? -var(N) = L1290 , _PT_
1-p  (1-p)?
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(b) Let G be the total money brought to the meeting. Then G = My + Ms + --- + M.
q
E[G] = E[M]-E[K]= ,
€ = BM|-BlK] = 17—
var(@) = var(M)-B[K] + (E[M])?var(K)
1 1- 3
_Qq +_zq( q)+pq2_
Ml—pl AN 1-p  (1-p

G1f. (a) Let X1, Xo,... X, be independent, identically distributed (IID) random variables. We note
that
EXi+- - +Xn| X1+ + X5 = 20] = 0.

It follows from the linearity of expectations that

g = BXi+-+ X, | X1+ + X, =]
- E[Xl|X1+.“+Xn=$0]+'”+E[Xn|X1+"'+Xn:$0]

Because the X;’s are identically distributed, we have the following relationship.

EX;, | Xi+ - +Xo=xz|=E[X; | X1+ +Xp=ua), forany 1 <i<n,1<j<n.

Therefore,
nE[X1|X1++Xn=:L'OI = I
T
B | 2 i X, i) =, D,
(b) Note that we can rewrite E[X] | Sn = 85, Sn41 = Snt1,- - - S2n = S2y] as follows:
E[Xl | Sn — Sn1Sn+1 = Sp41y-- :S2n = SQn]
= E[Xl l Sn = Sp, Xn+1 = Sp+1 — Sn,Xn+2 = Sp£2 — Sl e vXQn = Sop — 327171]

= E[X; | 8; = 8],

where the last equality holds due to the fact that the X;’s are independent. We also note
that
E[X1++Xn ] Sn:*gn] :E[Sn |Sn:3n] = 8p-

It follows from the linearity of expectations that
EXi14+ 4+ Xn | Sy =30 =B[X1 | Sy =585] +--- + E[Xy, | Sn = 54].
Because the X;’s are identically distributed, we have the following relationship:
EX; | S, =48] =B[X; | Sy =8, forany 1 <i<n,1<j<n
Therefore,
Sn

E[X1+---+Xn|Sn=sn]=nE[X1|Sn=sn}=sn:>E[X1|Sn:sn]:g.
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