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Markov Processes — I
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Recurrent and transient states

e State i is recurrent if:
starting from 4,
and from wherever you can go,
there is a way of returning to 1

e If not recurrent, called transient
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¢ Recurrent class:

. collection of recurrent states that
“communicate” with each other
and with no other state
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Recitation 18
November 9, 2010

1. There are n fish in a lake, some of which are green and the rest blue. Each day, Helen catches 1
fish. She is equally likely to catch any one of the n fish in the lake. She throws back all the fish,
but paints each green fish blue before throwing 1t back in. Let G; denote the event that there
are ¢ green fish left in the lake

(a) Show how to model this fishing exercise as a Markov chain, where {G;} are the states.
Explain why your model satisfies the Markov property.

(b) Find the transition probabilitics {p;;}.

. (¢) List the transient and the recurrent states.

2. Problem 5.02, from Fundamentals of Applied Probability (Drake).
Consider the following three-state discrete-transition Markov chain:

Determine the three-step transition probabilities r11(3), 712(3), and 13(3) both from a sequential
sample spacc and by using the cquation r;(n+1) =3, Tik(n)pk; in an cffective manner.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

3. Consider the following Markov chain, with states labelled from sg, s1, ..., s5:

1 112 1/4 172 1

Given that the above process is in state sg just before the first trial, determine by inspection the
probability that:

(a) The process enters s, for the first time as the result of the kth trial.

(b) The process never enters sy.

(c) The process enters s and then leaves s on the next trial.

(d) The process enters s; for the first time on the third trial.

(e) The process is in state s3 immediately after the nth trial.

Page 2 of 2
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LECTURE 17

Markov Processes — II

e Readings: Section 7.3

Lecfure outline
e Review
e Steady-State behavior
— Steady-state convergence theorem
— Balance equations

e Birth-death processes
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Tutorial/Recitation 9
November 12, 2010

1. Problem 7.13, page 385 in textbook.
The times between succesive customer arrivals at a facility are independent and Ldentlcally dis-
tributed ranom variables with the following PMF":

0.2, E=1
03" k=3
pk)y =4 2
p(k) 05, k=4
0, otherwise
Construct a four-state Markov chain model that describes the arrival process. In this model, one
of the states should correspond to the times when an arrival occurs.

2. The Markov chain shown below is in state 3 immediately before the first trial.

4 2
A OLE b

By

(a) Indicate which states, if any, are recurrent, transient, and periodic.

(b) Find the probability that the process is in state 3 after n trials.

(c¢) Find the expected number of trials up to and including the trial on which the process leaves
state 3.

(d) Find the probability that the process never enters state 1.

(e) Find the probability that the process is in state 4 after 10 trials.

(f) Given that the process is in state 4 after 10 trials, find the probability that the process was
in state 4 after the first trial.

3. Problem 7.13, page 385 in textbook.
Consider the Markov chain below. Let us refer to a transition that results in a state with a higher
(respectively, lower) index as a birth (respectively, death). Calculate the following quantities,
assuming that when we start observing the chain, it is already in steady-state.

(a) For each state i, the probability that the current state is i.

Page 1 of 2



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

(b) The probability that the first transition we observe is a birth.
(c) The probability that the first change of state we observe is a birth.

(d) The conditional probability that the process was in state 2 before the first transition that
we observe, given that this transition was a birth. ;

(e) The conditional probability that the process was in state 2 before the first change of state
that we observe, given that this change of state was a birth. .-

(f) The conditional probability that the first observed transition is a birth given that it resulted
in a change of state.

(g) The conditional probability that the first observed transition leads to state 2, given that it
resulted in a change of state.

Page 2 of 2
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY ( O
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Problem Set 8
Due November 15, 2010

1. Oscar goes for a run each morning. When he leaves his house for his run, he is equally likely to
go out either the front or back door; and similarly, when he returns, he is equally likely to go
to either the front or back door. Oscar owns only five pairs of running shoes which he takes off
immediately after the run at whichever door he happens to be. If there are no shoes at the door
from which he leaves to go running, he runs barefooted. We are interested in determining the
long-term proportion of time that he runs barefooted. '

(a) Set the scenario up as a Markov chain, specifying the states and transition probabilities.

(b) Determine the long-run proportion of time Oscar runs barefooted.

2. Consider a Markov chain X7, Xa,... modeling a symmetric simple random walk with barriers, as
shown below:

1/2 1/2
1/2 1/2 1/2 1/2 1/2 1/2
9‘0‘0
172 172 /2 2 172 172

(a) Explain why | X[, |Xz2|,|X3],... also satisfies the Markov property and draw the associated
chain.

(b) Suppose that we also wish to keep track of the largest deviation from the origin, i.e., define
the largest deviation at time ¢ as Y; = max{|X;|,|X2|,...,|X¢|}. Draw a Markov chain that
keeps track of the largest deviation and explain why it satisfies the Markov property.

3. As flu scason is upon us, we wish to have a Markov chain that models the spread of a flu
virus. Assume a population of n individuals. At the beginning of each day, each individual
is either infected or susceptible (capable of contracting the flu). Suppose that each pair (%, 7),
i # 7, independently comes into contact with one another during the daytime with probability p.
Whenever an infected individual comes into contact with a susceptible individual, he/she infects
him/her. In addition, assume that overnight, any individual who has been infected for at least
24 hours will recover with probability 0 < ¢ < 1 and return to being susceptible, independently
of everything else (i.e., assume that a newly infected individual will spend at least one restless
night battling the fiu).

(a) Suppose that there are m infected individuals at daybreak. What is the distribution of the
number of new infections by day end?

(b) Draw a Markov chain with as few states as possible to model the spread of the flu for n = 2.
In epidemiology, this is called an SIS (Susceptible-Infected-Susceptible) model.

(c) Identify all recurrent states.

Due to the nature of the flu virus, individuals almost always develop immunity after contracting
the virus. Consequently, we improve our model and assume that individuals become infected at
most one time. 'Thus, we consider individuals as either infected, susceptible, or recovered.

Page 1 of 2



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

(d) Draw a Markov chain to model the spread of the flu for n = 2. In epidemiology, this is
called an SIR (Susceptible-Infected-Recovered) model.

(e) Identify all recurrent states.

4. Consider the Markov chain below. For all parts of this problem, the process is in state 3 imme-
diately before the first transition. Be sure to comment on any unusual results.

112 4110 3/4 114 112

(a) Find the variance for .J, the number of transitions up to and including the transition on
which the process leaves state 3 for the last time.

(b) Find the expectation for K, the number of transitions up to and including the transition
on which the process enters state 4 for the first time.

(c) Find m; for i = 1,2,...,7, the probability that the process is in state 7 after 10! transitions.

(d) Given that the process never enters state 4, find the 7;’s as defined in part (c).

G1'. Consider a Markov chain {X}} on the state space {1,...,n}, and suppose that whenever the
state is 4, a reward g(i) is obtained. Let R} be the total reward obtained over the time interval
{0,1,...,k}, that is, Ry = g(Xo) + g(X1) + - -- + g(X). For every state 7, let

mi(i) = E[Rx | Xo =i,

and
vk (7) = var(Ry | Xo = 1)

respectively be the conditional mean and conditional variance of R}, conditioned on the initial
state being <.

(a) Find a recursion that, given the values of mg(1),...,mk(n), allows the computation of
Mi41(1), ..., meg1(n).

(b) Find a recursion that, given the values of my(1),...,mg(n) and vg(1),...,vx(n), allows the
computation of vg+1(1),...,vk+1(n). Hint: Use the law of total variance.

+ - - -
"Required for 6.431; optional for 6.041 Page 2 of 2
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

(a)

(a)

Problem Set 8: Solutions

We consider a Markov chain with states 0,1, 2, 3,4, 5, where state 7 indicates that there are
i shoes available at the front door in the morning before Oscar leaves on his run.

Now we can determine the transition probabilities. Assuming i shoes are at the front door
before Oscar sets out on his run, with probability % Oscar will return to the same door from
which he set out, and thus before his next run there will still be i shoes at the front door.
Alternatively, with probability % Oscar returns to a different door, and in this case, with
equal probability there will be min{i + 1,5} or max{i — 1,0} shoes at the front door before
his next run. These transition probabilities are illustrated in the following Markov chain:

When there are either 0 or 5 shoes at the front door, with probability % Oscar will leave on his
run from the door with 0 shoes and hence run barefooted. To find the long-term probability
of Oscar running barefooted, we must find the steady-state probabilities of being in states
0 and 5, mp and w5, respectively. Note that the steady-state probabilities exist because the
chain is recurrent and aperiodic.

Since this is a birth-death process, we can use the local balance equations. We have

TopPo1r = T1P10 ,

implying that
T = 7o

and similarly,

As

it follows that m; = § for i = 0,1,...,5. Hence,

1 1
P(Oscar runs barefooted in the long-term) = 5 (mo +7s5) = = .

Consider any possible sequence of values xy, za, ..., 2—1,1 for X7, Xo, ..., X}, and note that
2 0<lil<m
P(|X¢+1|:|?:|+1[Xt=i,xt_1=$t_1,...X1=SL‘1)= 1 i=0
0 lij=m
T
P(|Xpea| = i1 X =i, iy =211, Xy =1 ) j,f z i S
Lt ;
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0<i]<m
1=0

P(lXH-ll =j|X; =, Xt 0= Bt—1, 0 R, = T2 ) =i H?.l —jl =il

[s=R N1

P(| Xl =il - 1|Xi =4, Xi1 = 24-1,... X1 =71 ) = {

As the conditional probabilities above only depend on |i|, where |X}| = |i], it follows that
| X1], | X2, ... satisfy the Markov property. The associated Markov chain is illustrated below.
1/2

(b) Note that Y3, Ya,... is not a Markov chain for m > 1, because
1
B(Yi =d4illh=d b y=d—1)= 3

does not equal
P(}/Hrl =d+1|Y't :d,Yi—l = d1)/£—‘2 =d- 1) =0,

for 0 < d < m (the idea is that if ¥;_ o =d - 1,Y;—1 = d, and ¥; = d, then |X;| =d - 1,
while if Y31 = d — 1, and Y; = d, then |X{| = d). If, however, we keep track of |X|
and Y;, we do have a Markov chain, because for any possible sequence of pairs of values

($11y1)1 ey (:L.E—};yt—-l)a ('5'111"2) for (lel}}/l)! vy (lX!—]l!Yi—l)a (Ithr}ff):

P((|Xe41], Yer1) = (1 + L2 +1) | (1Xel, Ye) = (61, 32), - .- (1X2], Y1) = (71, 11))
{;O<ﬁ=m<m

1 i1=1i2=0
0 otherwise

P((|Xe41l, Yer1) = (i1 = Lda) | (X}, Y2) = (61,42), ... (I X1], Y1) = (z1,31))
. {%O<ﬁ§h<m

b

0 otherwise

P((|Xes1l, Yea) = (d1,42) | (1X:e), Y2) = (31, 42), - .- (| X1], Y1) = (21, 01))
i %— ’l:l = ig =m
= 0 otherwise

from which it is clear that the conditional probabilities only depend on (i1,42), the values
of | X| and Y}, respectively. The corresponding Markov chain is illustrated below.
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1 1/2

SRcHh:
1/2

1/2

SHEH:

1/2

1

1
@ :

3. (a) If m out of n individuals are infected, then there must be n — m susceptible individuals.
Each one of these individuals will be independently infected over the course of the day with
probability p = 1 — (1 — p)™. Thus the number of new infections, I, will be a binomial
random variable with parameters n —m and p. That is,

pr(k) = (n ;m)ﬁ’k(l —p)™* k=0,1,...,.n—-m.

(b) Let the state of the SIS model be the number of infected individuals. For n = 2, the
corresponding Markov chain is illustrated below.

1 pa+(l-p)(1-q)  (1-q)*

(c) The only recurrent state is the state with 0 infected individuals.

(d) Let the state of the SIR model be (S, I), where S is the number of susceptible individuals
and I is the number of infected individuals. For n = 2, the corresponding Markov chain is

Nustrated below.
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(1-p)(1-q)

(1-q)*

If one did not wish to keep track of the breakdown of susceptible and recovered individuals
when no one was infected, the three states free of infections could be consolidated into a
single state as illustrated below.

(1-q)?

(e) Any state where the number of infected individuals equals 0 is a recurrent state. For n = 2,
there are either one or three recurrent states, depending on the Markov chain drawn in part

(d).

4. (a) The process is in state 3 immediately before the first transition. After leaving state 3 for
the first time, the process cannot go back to state 3 again. Hence J, which represents the
number of transitions up to and including the transition on which the process leaves state 3
for the last time is a geometric random variable with success probability equal to 0.6. The
variance for J is given by:

03: = —

age 4 o o
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(b)
(c)

There is a positive probability that we never enter state 4; i.e., P(K < oo) < 1. Hence the
expected value of K is co.

The Markov chain has 3 different recurrent classes. The first recurrent class consists of
states {1,2}, the second recurrent class consists of state {7} and the third recurrent class

consists of states {4,5,6}. The probability of getting absorbed into the first recurrent class
starting from the transient state 3 is,

1/10 1
1/10+2/10+3/10 6

which is the probability of transition to the first recurrent class given there is a change of
state. Similarly, probability of absorption into second and third recurrent classes are % and
% respectively.

Now, we solve the balance equations within each recurrent class, which give us the probabili-
ties conditioned on getting absorbed from state 3 to that recurrent class. The unconditional
steady-state probabilities are found by weighing the conditional steady-state probabilities
by the probability of absorption to the recurrent classes.

The first recurrent class is a birth-death process. We write the following equations and solve

for the conditional probabilities, denoted by p; and ps.
D2

2
prt+p2=1

”n

Solving these equations, we get p; = é, P2 = % For the second recurrent class, p;r = 1. The
third recurrent class is also a birth-death process, we can find the conditional steady-state
probabilities as follows,

and thus, py = 3, ps =%, ps = 1.
Using these data, the unconditional steady-state probabilities for all the states are found as
follows: '

s |
T=5°6 18
21 1
m=3575

73 = 0 (transient state)
4 2 4
=g ST
2 2 2
=T o
1 2 |
Wrij-f:T

Page 5 of 8



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

(d) The given conditional event, that the process never enters state 4, changes the absorption
probabilities to the recurrent classes. The probability of getting absorbed to the first re-
current class is %, to the second recurrent class is %, and to the third recurrent class is 0.
Hence, the steady state probabilities are given by,

bl gl

it T

o T

b
7T3=7T4=7T5=1T6=0

3 3

Re

For pedagogical purposes, let us actually draw what the new Markov chain would look like,
given the event that the process never enters state 4. The resulting chain is shown below.
Let us see how we came up with these transition probabilities.

12 4/10

NELED

We need to be careful when rescaling the new transition probabilities. First of all, it is clear
that the probabilities within the recurrent classes {S1,52} and {S7} don’t get affected.
We also note that the self loop transition probability of the transient state S3 doesn’t get
changed either.(this would be true for any other transient state)

To see that the self loop probability ps33 doesn’t get changed, we condition on the event

that we eventually enter 52 or S7. Let’s call the new self loop probability, g3 3.
Then,

- e od ! " _ paga+P(absorbed into 2 or 7 |X;=53, X(=53)
g33 = P(X; = S3| absorbed into 2 or 7, Xy = S3) = F{abaorb adsito 2007 | Ki—th)

__ pasx(ase+tazq) _ _ 4
- (a3,2+a3_7) - p3,3 — 10

Now, we calculate g3 7 and g3 2.

= = ‘hed i : B _ par=P(absorbed into 2 or 7 |X,=57, Xo=53)
gs;7 = P(X1 = S7| absorbed into 2 or 7, Xo = S3) = Plabrorbad Thto 301 7| omts)
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- — . : . _ _ paz2+P(absorbed into 2 or 7 |X,=52, Xo=53)
g32 = P(X1 = 52| absorbed into 2 or 7, Xy = S3) = Pabsorbed Info 2 or 7| Xo=ts)

p3,2*1

_—— ——— 3
(a3,2+az,7)

+3 20

-

6

Now, we can calculate the absorption probabilities of this new Markov chain.

The probability of getting absorbed into the recurrent class {1,2}, starting from S3, is
3

a2y = 11 The probability of getting absorbed into the recurrent class {7}, starting from

25+ 20
2
83, is 745 = % Thus, our calculated absorption probabilities match the probabilities we
20 ' 20
intuited earlier. The important thing to take away from this example is that, when doing
problems of this sort, (i.e given we do/don’t enter a particular set of recurrent classes), it
is neccessary to rescale the transition probabilities of the new chain, coming out of ALL
the transient states. In other words, to find each of the new transition probabilities, we
condition on the given event, that we do or do not enter particular recurrent classes.
G17. a) First let the p;;’s be the transition probabilities of the Markov chain.

Then

mr41(1) = E[Rg41]|Xo =1]
= E[g(Xo) + g(X1) + ... + 9(Xx11)| X0 = 1]

= > PuBlg(Xo) + 9(X1) + o + g(Xp41)| Xo = 1, X1 = i]

i=1

= Y puBla(1) + g(X1) + . + 9( K1) | X1 = 4]
i=1

= g+ D puBlg(X1) + ... + g(Xpe1)| X1 =1]
i=1

= g(1)+ > pumx(i)
i=1

and thus in general my.q(c) = g(c) + D1, peimi(i) when ¢ € {1,...,n}.

Note that the third equality simply uses the total expectation theorem.
b)

'Uk+1(1) —_ VaT[Rk+1|X[] - 1]
= Var[g(Xo) + g(X1) + ... + 9(Xi41)| Xo = 1]

<

[ X
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E[Var(g(Xo) + g(X1) + ... + 9(Xp41)| X0 = 1, X1]]
= Var[g(l) + E[g(X1) + ... + 9(Xk41)|Xo =1, Xa]] +
E[Var(g(1) + g(X1) + ... + 9(Xk41)|Xo = 1, X1]]
Var[E[g(X1) + ... + 9(Xk+1)|Xo = 1, Xa]] + E[Var[g(X1) + ... + 9(Xk41)| Xo = 1, X1]]
Var(E[g(X1) + ... + 9(Xk+1)1Xa]] + E[Var[g(X1) + ... + g(Xi+1)|Xa]]
Var([my(X1)] + Elve(X1)]

= E[(mi(X1))?) - Elmu(X0) + > privi(i)

i=1

= > pumi(i) — O pum(i))* + ) privk(i)
i=1 i=1 i=1

so in general vi41(c) = Yo P (i) — (o peimi(i))? + 31y peivk(i) when ¢ € {1,...,n}.

IRequired for G.451; optional for 6.041 Page 8 of &



LECTURE 18

Markov Processes — III

L@ﬁ @H’

Readings: Section 7.4
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Review of steady-state behavior

Probability of blocked phone calls ([@q/ -—W,]J)

Calculating absorption probabilities

o. Calculating expected time to absorption

bag=tert b,
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aperiodic: Tnice

plus transient states. Then,
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Example
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Calculating absorption probabilities

e What is the probability a; that:
process eventually settles in state 4,
given that the initial state is 47

50% 61[4}55 Ale Mh‘ p
$ne god }n, Can'l 66 ”.

Y reupent
S Cequrten

(/ 2/3 ’.’fa/bf!f/l F

Fori=4, aq; = l e—\fﬁ‘/ g\-d{{’ -htofe *'(e(,{/f/?/”’

Fori=25, aq; = -
0 ¢ YA Gt in ofter rewrtaat clysy

a; =Y _pija;, for all other i
’ 3
Ao Prove.

— unique solution

" @5@/‘% 51‘affe!
fa &@&l i QVPO;Q*&LM
@

7 Oy
! /-
b a (i o - ot i
Expected time to absorption )
N@i m L"’MQ Clas ~ e +
1 ﬂ(] hM?L‘[Qf Ml\?ﬁ
i 5+d(t ‘e (nd vy hore

(\9 A /QDIM}'

e Find expected number of transitions p;,
until reaching the absorbing state,
given that the initial state is i?

J&({:Mu;ylhé//{gwﬂe
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p; =0 fori= C

For all other it p; =1+ piju;
J
— unique solution



Mean first passage and recurrence
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Mean first passage time from i to s:
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Recitation 19: November 16, 2010

1. Josephina is currently a 6-1 student. On each day that she is a 6-1 student, she has a probability
of 1/2 of being a course 6-1 student the next day. Otherwise, she has an equally likely chance of
becoming a 6-2 student, a 6-3 student, a course 9 student or a course 15 student the next day. On
any day she is a 6-3 student, she has a probability of 1/4 of switching to course 9, a probability
of 3/8 of switching to 6-1 and a probability of 3/8 of switching to 6-2 the next day. On any day
she is a 6-2 student, she has a probability of 1/2 of switching to course 15, a probability of 3/8
of switching to 6-1 and a probability of 1/8 of switching to 6-3 the next day.

In answering the questions below, assume Josephina will be a student forever. Also assume, for
parts (a)-(f) that if Josephina switches to course 9 or course 15, she will stay there and will not
change her course again.

(a) What is the probability that she eventually will leave course 67
(b) What is the probability that she will eventually be in course 157
(c) What is the expected number of days until she leaves course 67

(d) Every time she switches into 6-1 from 6-2 or 6-3, she buys herself an ice cream cone at
Tosci’s. She can only afford so much ice cream, so after she’s eaten 2 ice cream cones, she
stops buying herself ice cream. What is the expected number of ice cream cones she buys
herself before she leaves course 67

(e) Her friend Oscar started out just like Josephina. He is now in course 15. You don’t know
how long it took him to switch. What is the expected number of days it took him to switch
to course 157

(f) Josephina decides that course 15 is not in her future. Accordingly, when she is a course
6-1 student, she stays 6-1 for another day with probability 1/2, and otherwise she has an
equally likely chance of becoming any of the other options. When she is 6-2, her probability
of entering 6-1 or 6-3 are in the same proportion as before. What is the expected number
of days until she is in course 97 i

(g) For this part only, assume that when Josephina is in course 9 she is equally likely to stay
in course 9 or switch to course 15. Similarly, if she is in course 15, she is equally likely to
stay in course 15 or switch to course 9. Calculate the probability of Josephina being in each
course on any given day far into the future.

(h) Suppose that if she is course 9 or course 15, she has probability 1/8 of returning to 6-1, and
otherwise she remains in her current course. What is the expected number of days until she
is 6-1 again? (Notice that we know today she is 6-1, so if tomorrow she is still 6-1, then the
number of days until she is 6-1 again is 1).

Page 1 of 1



cuh b o let SO ([
e vy 9% Tlete ’cm'Jr WL bk

(Cm sk }oag ﬂ[m or shorl o@@ﬁ
SJchLJ; Slate /D(D/ac,gbl zf Lo s
LOnﬂ TPM} b@hm/mf ({ ¢ hatin V‘f/ 50"39 ‘ewral  (le
Tk oyl

g
hny

= ﬂ’ﬁ({’} fansiton Pofa’gbﬁ(“@ ;’JJI
“ho matfy Wl Vi ohut



A
| Emﬁ £ \D&E@J{C
Tk

£ ..
L

/\‘ [(/9: {L EXC N \C) 6(}({
fm(n)::O E eqen

v Tl b0 deag g,y f dan
\\”_\
)

ke OEZS@ = )(Jﬂﬁ Fem ft(fegt
=1 Cqected ¥ of volfs £ j g\w& flut
Nov o ok gt |

~ Nomalingd  nhy Tt
~bA 4 0 o

j {.0/19 J’Q/M
Wy hyods gl 3, prodC oy

/m 5 g /”.\\(Pk '(L 0‘/[/ g l
Toe P9 A= L2, m

Jﬂd tlso @ /m, 1 "f’mh: Q

- )
59 q]\) () { fransieq}



Tarsied / Shrt ~Toin Boir
= Hhéorpﬁm P (o
@L i fDKOb [ﬂ bJo/p} \IM Jro ép&t‘%/ QL&{JLE j (57%,—}},% m(_ (f>

oo | o o gt o ot
A= (Y Wﬁ‘p{% s

oM
CM:); P:)'-ij Y tanut |

go ZumP €4er (@Wﬁ/;@ dasp ;m?a Q g‘fnj/@ g&z}@
50(1/6 ! 98]" 5y {(om, H’

On (7 ohes e st ﬁlm@
(v WW Wﬂ })fz{o/g i 98\[ gesorked 'z ﬂ
3 L ZKP(’(,JHEJ Ting to Aorbton

aplo b ae o Stgl asorbug m]

yie E[#Ow( dops und(|  woblor [uf of ﬂ
i< b ahoobng gt

‘/(/{ s - ! \
( 1*?{?@% for /\maﬁprloz/Lg (

. Todal ovaectaton  [hom



@
Bdél(cal ){ lt/md) q;?“, /pa/m? 97%@ ;nﬁa I
(nd fid GFPW(J -h‘/m_, f5 g hlon

\
); I O 6€ph;ﬂa OTLQp om‘ MIT forover

?l (2 )
%@%@
P\ N %

'{_)Lf//g

W C)/ 1T s 1l /@W/fz”.(ﬁ / Qﬁorblflﬂ sTute)
d) fml) @/) loave Course Q(T

1 Sall ¢ fansint
) Pl vill ead op i I5)
Asor bty (ij 5hor} Tem)
N CHIblu fo (5 fun (-)
O\ls- i \
he =(



7 r 2
O 4~ 50((0%9
_[_ _L 473/?/1 fﬂ(
g2 = 7 'R 4 % '&@-l + 7 ﬂéz} o
¢)| “3(’@
m3‘//2lt,w,./z)
bag -7 A Jr% oy 4 Yei= 159
T
6 berx.77
déﬂ‘ 905
p(a”bgd e 9) = "“ ﬁ‘l%ﬁﬁ @, |
Ans ;g jZ/.ﬁ - f(4§0/&{ ’;}”/Jj
£ Yoo Gu) ”ULPM o
Tese
Cﬂ)EZ#O‘( ﬁfff’ﬁ TLsa {E’M g:
}Uf"P ﬂt ﬁéfor/ﬂ;,\ﬂ 5‘}4/@ ((/Ulo i
/utﬁ' =0
AQL : 0 )l of 0
€ et T, oF o () Lot 1 Yo can g0

/%"f’g%/(a-( i M{ F Mg t Mg Uﬁ(&;)

¢ TO



]%54 ':31522

Mg =L+ b+ 2o M Jr,[mm} Sl
Monfny
(D M/D)f be  Some ¥ }J/u\/ O qid 7 ~dowet @ 0,17
ICQ C@M\ vt h casif lo -
(P)F ) Cach it Faniig 5/3235_[
W= 3 fanitons
Wask E[] ot at §-1)
(aleduhe e ol Oyeckator o

=

V +( /lw / 0
() Fbtsy v il o) .

[&lwwf *ﬂ)rfwff Venth g all o i letfe

LY 0y o 0.0, +W)

~ l)\!r MMI 1(
N 9t Cxpectatin b 2 o
P "W, f il ln s

(albe oy 0 pobgp, 5,1 ¢

%
\jgg(/o) < \/ﬂ/ (O) < ﬁ Cwon l‘t Gay framb:ftl?ﬂj [( hLAﬁ[ 721/¢

\/IS‘( l] *V% (lJ :O



6
UHCO ZUG/z“ ( ()k 5(0)+ Pui, (6)¢ M[(/)) :

’F:, (2|
\/(92(%““ O +gl/63[)+"[’(/15(0)
Gad,é y
H Sole Syseq
“won Y e o %4[())%759
oy mae Flasitip < ‘V@i(o)
V(o=
\/@ %(O) 7 () + %’Va«zéo) 'Li‘f Vs 8

otgd/l Du{‘gomg WC}

) % (s () fvmg)u/(;)

O
l/g'l [;) +é VH[ b Vi)
70

Ué“im f%_ Va!

\/@a[]) =

Q0D

hote

\/&’3(” @;9 The Vg (1144

Nw ba(/(& ib ﬁf& @sz\(nd(
E[Nj T 30¢



©
0. Tf

b 15 beawe  (pgurent Clas)
/D\q SUES {ﬂ

Y \[2 /Q\/
G >
1T

~— ~ o~





