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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Recitation 20: November 18, 2010

1. In your summer internship, you are working for the world’s largest producer of lightbulbs. Your
manager asks you to estimate the quality of production, that is, to estimate the probability p
that a bulb produced by the factory is defectless. You are told to assume that all lightbulbs have
the same probability of having a defect, and that defects in different lightbulbs are independent.

(a) Suppose that you test n randomly picked bulbs, what is a good estimate Z,, for p, such that
Zn converges to p in probability?

b) If you test 50 light bulbs, what is the probability that your estimate is in the range p40.17
g 8

(c) The management asks that your estimate falls in the range p £ 0.1 with probability 0.95.
How many light bulbs do you need to test to meet this specification?

2
pxqu) (
y)
A g A
1-- 1- E
n n
! 1
n p
1 . ! >
0 1 L 0 n y

Let X, and Y;, have the distributions shown above.

(a) Find the expected value and variance of X, and Y;,.

)
(b) What does the Chebyshev inequality tell us about the convergence of X,,? Y,?
(c) Is Y, convergent in probability? If so, to what value?

)

(d) If a sequence of random variables converges in probability to a, does the corresponding
sequence of expected values converge to a? Prove or give a counter example.

A sequence of random variables is said to converge to a number ¢ in the mean square, if

lim E (X, —¢)?] =0.

n—oo

(e) Use Markov’s inequality to show that convergence in the mean square implies convergence
in probability.

(f) Give an example that shows that convergence in probability does not imply convergence in
the mean square.

3. Random variable X is uniformly distributed between —1.0 and 1.0. Let Xi,Xos,..., be inde-
pendent identically distributed random variables with the same distribution as X. Determine
which, if any, of the following sequences (all with ¢ = 1,2,...) are convergent in probability. Give
reasons for your answers. Include the limits if they exist.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Tutorial 10
November 18/19, 2010

1. Define X as the height in meters of a randomly selected Canadian, where the selection probability
is equal for each Canadian, and denote E[X] by h. Bo is interested in estimating h. Because he
is sure that no Canadian is taller than 3 meters, Bo decides to use 1.5 meters as a conservative
(large) value for the standard deviation of X. To estimate h, Bo averages the heights of n
Canadians that he selects at random; he denotes this quantity by H.

(a) In terms of h and Bo’s 1.5 meter bound for the standard deviation of X, determine the
expected value and standard deviation for H.

(b) Help Bo by calculating a minimum value of n (with n > 0) such that the standard deviation
of Bo’s estimator, H, will be less than 0.01 meters.

(c) Bo would like to be 99% sure that his estimate is within 5 centimeters of the true average
height of Canadians. Using the Chebyshev inequality, calculate the minimum value of n
that will make Bo happy.

(d) If we agree that no Canadians are taller than three meters, why is it correct to use 1.5
meters as an upper bound on the standard deviation for X, the height of any Canadian
selected at random?

2. On any given week while taking 6.041, a student can be either up-to-date on learning the material,
or she may have fallen behind. If she is up-to-date in a given week, the probability that she will
be up-to-date (or behind) in the next week is 0.8 (or 0.2, respectively). If she is behind in the
given week, the probability that she will be up-to-date (or behind) in the next week is 0.6 (or 0.4,
respectively). We assume that these probabilities do not depend on whether she was up-to-date
or behind in previous weeks, so we can model the situation as a 2-state Markov chain where State
1 is the case when the student is up-to-date and State 2 is the case when the student is behind.

(a) Calculate the mean first passage time to State 1, starting from State 2.

(b) Calculate the mean recurrence time to State 1.

3. Consider the following Markov chain:

g,
(/D—]'—' ( 2\} 173
‘-315 E-G
i 5=

2s

The steady-state probabilities for this process are:

— 9 —_ 6 —
T2 = 37 T3 = 371 Ty =

—
o

o

m =

(%]
—|

Assume the process is in state 1 just before the first transition.

(a) Determine the expected value and variance of K, the number of transitions up to and
including the next transition on which the process returns to state 1.

Page 1 of 2



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

(b) What is the probability that the state of the system resulting from transition 1000 is neither
the same as the state resulting from transition 999 nor the same as the state resulting from
transition 10017

Page 2 of 2
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Problem Set 9
Due November 22, 2010

1. Random variable X is uniformly distributed between —1.0 and 1.0. Let X3, Xo,..., be indepen-
dent identically distributed random variables with the same distribution as X. Determine which,
if any, of the following sequences (all with i = 1,2,...) are convergent in probability. Fully justify
your answers. Include the limits if they exist.

(a} U__X1+X2+...+Xi
i= ;
(]

(b) Wi = max(Xj,...,X;)
(&) V=0 K 5K

2. Demonstrate that the Chebyshev inequality is tight, that is, for every p, ¢ > 0, and ¢ > o,
construct a random variable X with mean p and standard deviation ¢ such that

0.2
P(X -plz2c)=—

Hint: You should be able to do this with a discrete random variable that takes on only 3 distinct
values with nonzero probability.

3. Assume that a fair coin is tossed repeatedly, with the tosses being independent. We want to
determine the expected number of tosses necessary to first observe a head directly followed by a
tail. To do so, we define a Markov chain with states S, H, T, HT', where S is a starting state, H
indicates a head on the current toss, T" indicates a tail on the current toss (without heads on the
previous toss), and HT indicates heads followed by tails over the last two tosses. This Markov
chain is illustrated below:

We can find the expected number of tosses necessary to first observe a heads directly followed
by tails by solving a mean first passage time problem for this Markov chain.

(a) What is the expected number of tosses necessary to first observe a head directly followed
by tails?

(b) Assuming we have just observed a head followed by a tail, what is the expected number of
additional tosses until we aoain observe a head followed directlv by a tail?

Page 1 of 4



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Next, we want to answer the same questions for the event tails directly followed by tails. Set up
a different Markov chain from which we could calculate the expected number of tosses necessary
to first observe tails directly followed by tails.

(¢) What is the expected number of tosses necessary to first observe a tail directly followed by
a tail?
(d) Assuming we have just observed a tail followed by a tail, what is the expected number of

additional tosses until we again observe a tail followed directly by a tail? Note that the
number of additional tosses could be as little as one, if tails were to come up again.

. Jack is a gambler who pays for his MIT tuition by spending weekends in Las Vegas. Lately he’s
been playing 21 at a table that returns cards to the deck and reshuffles them all before each hand.
As he has a fixed policy in how he plays, his probability of winning a particular hand remains
constant, and is independent of all other hands. There is a wrinkle, however; the dealer switches
between two decks (deck #2 is more unfair to Jack than deck #1), depending on whether or not
Jack wins. Jack’s wins and losses can be modeled via the transitions of the following Markov
chain, whose states correspond to the particular deck being used.

=

oo

(loss)

—
v

‘o osil

p=115

(a) What is Jack’s long term probability of winning?

Given that Jack loses and the dealer is not occupied with switching decks, with probability % the
dealer looks away for one second and with probability % the dealer looks away for two seconds,
independently of everything else. When this happens, Jack secretly inserts additional cards into
both of the dealer’s decks, transforming the decks into types 14 & 2A (when he has 1 second)
or 1B & 2B (when he has 2 seconds). Jack slips cards into the decks at most once. The process
can be described by the modified Markov chain in the picture. Assume in all future problems
that play begins with the dealer using deck #1.

Pave 2 of 5
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

(loss) l: v‘l;:B @. % (win)
1
(loss)% :
15

(loss) % szl e. ﬁl (win)
(loss) 1;), 6}

'

(loss) :: C\(IA @. :l (win)

1

(b) What is the probability of Jack eventually playing with decks 14 and 2A7 f/ A S0rb10n
(c) What is Jack’s long-term probability of winning?

(d) What is the expected time (as in number of hands) until Jack slips additional cards into

the deck? V/)r«j“" y e by asoh|1on
(e) What is the distribution of the number of times that the dealer switches from deck 2 to
deck 17

(f) What is the distribution of the number of wins that Jack has before he slips extra cards
into the deck? Hint: Note that after some conditioning, we have a geometric number of
geometric random variables, all of which are independent.

(g) What is the average net losses (number of losses minus the number of wins, sometimes
negative) prior to Jack slipping additional cards into the deck?

(h) Given that after a very long period of time Jack is playing a hand with deck 1A, what is
the approximate probability that his previous hand was played with deck 2A?

G1t. Show the following one-sided version of Chebyshev’s inequality:

o2

P -y > o
(X -n2za)< (02 + a2)

where o and o2 are the mean and variance of X respectively, and a > 0. Hint: Start by finding
a bound on P (X — p + ¢ > a + ¢) with ¢ > 0. Then find the ¢ that ‘tightens’ your bound.

TRequired for G.451; optional challenge problem for 6.041 Page 3 of 3
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Problem Set 9 Solutions
1. (a) Yes, to 0. Applying the weak law of large numbers, we have

P(U; —pu| >¢) »0asi— oo, forall e >0

Here p = 0 since X; ~ U(—1.0,1.0).
(b) Yes, to 1. Since W; < 1, we have for € > 0,

lim P(W; -1 >¢) = lim P(max{Xiy, --,Xi} <1—e¢)

1—00
= ‘lim P(X1 < 1——6)---P(X4 < 1—6)}
1—0o0
= 1] = Shi
- z‘li.rgo(l 2)
= 0.
(c) Yes, to 0.
|[Va| < min{|Xy], [ Xal, - - -, [ Xal}
but min{| X1 |, | X2|,---,|Xn|} converges to 0 in probability. So, since |V;,| > 0, |V,| converges
to 0 in probability. To see why min{|X,|,|Xs|,- - -,|X,|} converges to 0 in probability, note
that:
lim P (jmin{]X],---,|Xi|} 0] > ¢) = lim P (min{]X,],---,|Xi|} > €)
1—0C0 1—00

= 'lim P(|X1| £ E) . P(|X2| > 6)---P(|Xi| > f)
i—0o

= lim (1 + €)* since | X;| is uniform between 0 and 1
1—00

= 0.
2. Consider a random variable X with PMF
P, fz=p-qg
px(z)=4q p, frz=p+g
1-2p, if z=p.
2
The mean of X is p, and the variance of X is 2pc®. To make the variance equal o2, set p = 255.
c
For this random variable, we have
o2
P(X-ulzc)=2p=—,

and therefore the Chebyshev inequality is tight.

3. (a) Let t; be the expected time until the state HT is reached, starting in state %, i.e., the mean
first passage time to reach state HT starting in state ¢. Note that ¢g is the expected number
of tosses until first observing heads directly followed by tails. We have,

1 1
ts = 1+ =t -t
S +2H+2T
t —1+1t+1t
T = otH T 5tr
1
t = 1+ =t
H +2H

Page 1 of 7
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Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

(b)

(d)

and by solving these equations, we find that the expected number of tosses until first ob-
serving heads directly followed by tails is

tgs=4.

To find the expected number of additional tosses necessary to again observe heads followed
by tails, we recognize that this is the mean recurrence time ¢}, of state HT. This can be
determined as

1+ pyruta + parTir

1 1
(R S el
2 +2 2

tur
= 4

Let’s consider a Markov chain with states S, H,T,TT, where S is a starting state, H indi-
cates heads on the current toss, 7" indicates tails on the current toss (without tails on the
previous toss), and TT" indicates tails over the last two tosses. The transition probabilities
for this Markov chain are illustrated below in the state transition diagram:

1
p)

Let t; be the expected time until the state 7T is reached, starting in state 4, i.e., the mean
first passage time to reach state T'T" starting in state 7. Note that tg is the expected number
of tosses until first observing tails directly followed by tails. We have,

e e
5 = tH + 5tr
1
tr = 1+ =t
T +2H

1 1
t 14 =t =1
H +2H+2T
and by solving these equations, we find that the expected number of tosses until first ob-
serving two consecutive tails is
tg=6.

To find the expected number of additional tosses necessary to again observe heads followed
by tails, we recognize that this is the mean recurrence time t%; of state TT". This can be

Page 2 of 7
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determined as

trr = l+4prruty +prroricT
1 1
N T N
i 2 i 2
= i

It may be surprising that the average number of tosses until the first two consecutive tails is
greater than the average number of tosses until heads is directly followed by tails, considering
that the mean recurrence time between pairs of tosses with heads directly followed by tails
equals the mean recurrence time between pairs of tosses that are both tails (or equivalently,
the long-term frequency of pairs of tosses with heads followed by tails equals the long-term
frequency of pairs of tosses with two consecutive tails'). This is a start-up artifact. Note
that the distribution of the first passage time to reach state HT (or T'T") starting in state
S is the same as the conditional distribution of the recurrence time of state HT (or TT),
given that it is greater than 1. Although in both cases the ezpected values of the recurrence
times are equal (this is what parts (b) and (d) tell us), the conditional expected values of
the recurrence time given that it is greater than 1 is not the same in both cases (possible,
because the unconditional distributions are not equal).

4. (a) The long-term frequency of winning can be found as sum of the long-term frequency of
transitions from 1 to 2 and 2 to 2. These can be found from the steady-state probabilities
m and mo, which are known to exist as the chain is aperiodic and recurrent. The local
balance and normalization equations are as follows:

Tiar,
By - g
m4+m = 1.
Solving these we obtain,
25 21
= — = 0.54 = — =~ 046 .
™= 16 ) 2 = g = 046

The probability of winning, which is the long-term frequency of the transitions from 1 to 2
and 2 to 2, can now be found as

257 214 21
£E+ZE§—E~O.46.
Note that from the balance equation for state 2,

P(winning) = mpj2 + mapas =

Ty = M1P12 + T2P22 ,
the long-term probability of winning always equals .

(b) This question is one of determining the probability of absorption into the recurrent class
{1A,2A}. This probability of absorption can be found by recognizing that it will be the
ratio of probabilities

D1,14 _ 123 2
+

T |
PL1A+P1L1B 5+

!See problem 7.34 on page 399 of the text for a detailed explanation of this correspondence between mean recurrence
times and steady-state probabilities.
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(Fall 2010)

(c)

More methodically, if we define a; as the probability of being absorbed into the class
{1A,2A}, starting in state 7, we can solve for the a; by solving the system of equations

ay = p1,14 +pnai +pi2az
2 " 1 4 Ta
— —_ —a ==l
T e i T
az = P10+ p22a2
4
= 50.1"{-5&2,

from which we determine that a; = —FhA __ — 2

P1,1A+P1,1B 3’
Let A, B be the events that Jack eventually plays with decks 14 & 2A, 1B & 2B, respectively,
when starting in state 1. From part (b), we know that P(A) = a; = % and P(B)=1—a; =
%. The probability of winning can be determined as

P(winning) = P(winning|A)P(A) + P(winning|B)P(B) .

By considering the corresponding the appropriate recurrent class and solving a problem
similar to part (a), P(winning|A) and P(winning|B) can be determined; in these cases, the
steady-state probabilities of each recurrent class are defined under the assumption of being
absorbed into that particular recurrent class. Let’s begin with P(winning|A). The local
balance and normalization equations for the recurrent class {14,2A} are

3 1
=MA = =724,
5mA 524
mMA+m4 = 1.
Solving these we obtain,
1 3
Tl = e A= s

and hence conclude that
ST 2y 3
P(winning|A) = p1a24ma + Paa24aT24 = T24 = 1

Similarly, the local balance and normalization equations for the recurrent class {1B,2B}
are

3 17|-
e AL, i
1B g™B
mp+7mep = 1.
Solving these we obtain, "
7F13=§, 7T23=?,

and hence conclude that

e 6
P(winning|B) = p1p2871B + P2B,2BT2B = T2B = 7 -

Page 4 of 7
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Putting these pieces together, we have that

P(winning) = P(winning|A)P(A) + P(winning|B)P(B)
3 2 & 6 1

4 3 7 3

11
— = (0.79

14 079,

meaning that Jack substantially increases the odds to his favor by slipping additional cards
into the decks.

(d) The expected time until Jack slips cards into the deck is the same as the expected time until
the Markov chain enters a recurrent state. Let yu; be the expected amount of time until a
recurrent state is reached from state <. We have the equations

1 7
p1=1+pupm +pizp2 =1+ 1+ —p2

3 15
5 4
p2 =1+ porpg +paopa =1+ gh + gh2

which when solved, yields the expected time until Jack slips cards into the deck,
=92,

(e) Let S be the number of times that the dealer switches from deck #2 to deck #1, which
equals the number of times that he/she switches from deck #1 to deck #2. Let p be the
probability that S = 0, which is the sum of the probability of all ways for the first change
of state to be from state 1 to state 1A or state 1B,

(2, 1), (! 2+1+122+1+_1 3 3
P=\15"15 3)\157 15 3) \5715) T T 1135 10
Alternatively, p is the probability of absorption of the following modified chain into an

absorbing state (1A or 1B), when started in state 1:

As P(S > 0) =1 — p, and similarly, P(S > k + 1|S > k) = 1 — p, it should be clear that S
will be a shifted geometric, and thus

¥3
ps(!c)=(-) — k=0,1,2,....
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(f)

(8)

Note that S from part (e) is the total number of cycles from 1 to 2 and back to 1. During
the ith cycle, the number of wins, W;, is a geometric random variable with parameter ¢ = g
Thus the total number of wins by Jack before he slips extra cards into the deck is

W=W+Wo+...+Wg,

which is a random number of random variables, all of which are independent. Conditioned
on § > 0, W is a geometric (with parameter p) number of geometric (with parameter
q) random variables, all conditionally independent, and thus from the theory of splitting
Bernoulli processes,

pwisso(k) = (1 —pg)*~'pg k=1,2,...,

where pg = i% . g = % When S =0, it follows that W = 0, and thus by total probability,

Let W be the total number of wins before slipping cards into the deck (as in part (f)), and
similarly let L be the total number of losses before absorption. We know from part (d) that
E[W + L] = 1 = 9.2. From part (f) we can find E[W] by total expectation,

7/10 42

E[W] = E[W|S = 0]P(S = 0) + E[W|S > 0]P(S > 0) = i

42

because when conditioned on S > 0, the number of wins, W, is a geometric random variable
with parameter pg = %. From linearity of expectation, we find

E[L - W]|=E[W + L] - 2E[W]=9.2-2.42=10.38.

Using A to again denote the probability of being absorbed into the recurrent class {1A4,2A},
starting in state 1,

P(X,1 = 14|X, = 24)P(X, = 24)
P(Xn+1=14)

P(Xn+1 = 1A|X, = 24)P(X, =2A4|A)P(A)
P(Xn1 = 14]A)P(4)

P2A1AT2A

m1A
18
5

4

P(Xp = 24| Xnq1 = 1A)

-

3

E -

Note that the right hand side above equals py4 24, as clear from the local balance equation
TIAP1A,2A = T2AP2A,1A-
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G1f. With @ > 0 and ¢ > 0,

P(X-p>a)=P(X—-p+c>a+c)
<SP((X-p+c)P=(a+0)?)
y E((X-p+0c)?)
(a+c)?
(2 +2)

"~ (a+0)?

where the first inequality follows from the fact that a + ¢ > 0, and the second inequality follows
from the Markov inequality.

To tighten the bound, we treat (o2 + ¢?)/(a + ¢)? as a function of ¢, and find ¢ such that the
derivative is 0. The minimum occurs at ¢ = 0%/a. Therefore,

2, (e 2
TP P i) P
(@+Z)  (0®+a?)

tRequired for 6.431; optional challenge problem for 6.041 Page 7 of 7
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LECTURE 20
THE CENTRAL LIMIT THEOREM

e Readings: Section 5.4

+
& Xi,.., 0004, Hoke vglf'll%a#ce o2
e “Standardized” Sp= X1+ ---+ Xn: Som s f*"@)‘f a
o5 | S T

— E[zZn] =0, var(Z,) =1

Zn=

})ujr s v wd mor A
e Let Z be a standard normal r.v. ‘f_
(zero mean, unit variance) l §P{qu/5 pu+ i f“(ﬂﬁ/Q,

‘_H s oA ‘ |
% daej N LA ) adyTT‘wj /”hem:‘ngﬁ//

e P(Z < ¢) is the standard normal CDF,
®(c), available frorn|tr;e normal tables gﬂ (\l() ﬁf% 'fo ;-][
Seltles to ikt bo Wl daddize b nom)

“(an, calalik o

e Theorem: For every c:

P(Zn<c) = P(Z <¢)

far 2{1 b)‘ [cwwfnf) at 5I£L /’iO/”@/ hbézﬁ l%/ 2

Usefulness/”
nﬂkﬁ

e universal; only means, variances matter \
e accurate computational shortcut aﬂy \}[5 l—

e justification of normal models

M“{ W oy wlo/mw( ’[ﬂ‘fs 91( {}ﬂd p:e%b 0(( nois(

What exactly does it say?
e CDF of Z, converges to normal CDF  pot ghot e

— not a statement about convergence of |
v )
PDFs or PMFs bo} normeligd 5 v

Cotten happcas,hﬁ 6933 fo ful, xbgj‘-q.d Aot b (OF /

Normal approximation

Zh OF nacra

e Treat Zp as if normal
— also treat S, as if normal

rré‘h(e_ 2;\ ls !‘[/ld.f él-«{/floq QF g

)

Can we use it when n is "moderate"?\ 'f'e H5 [z ”m”“ U\‘LM noA

e Yes, but no nice theorems to this effect
e Symmetry helps a lot Mbdll' C“'l)"ﬂu f/?_j ('1L Wh/\ 5{%“
[ Deprods o did of X,

Tales ()fqut for moh smllec  vales of A
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The polister’s problem using the CLT Fﬁ/}

e f: fraction of population that *

e ith (randomly selected) person polled: PKL( n @(UPIQ'

s 15 ffyes
0, if no.

My = (X1+ -+ Xn)/n

e Suppose we want: cror ‘cmﬁ‘w( b[ | B
L i I
P(|Mn”f|2-01)s.0g Pmb it O eror shald be £ (06
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Apply to binomial
e Fixp, where0<p<1

e X;: Bernoulli(p)

o Sp=Xj+---+ Xn: Binomial(n,p) & f)}nm:al 2 Sum of BQ/MJUJ

— mean np, variance np(1l —p)

_ A ppoX,
e CDF of S L2 —>starf)dgrd normal

ynp(l—p)

Example

e n=36, p=0.5; find P(S < 21)
(s ¢ 21)

3G =oeres el ook e o ol :

?Ly wmpoﬁwn-m E[S"]: 1\2
Calidate Cragt v/ Vaclin)= npl1p) <
nomlal, o J7 .
y ComMgfmh o+ 3

\
The 1/2 correction for binomial (/J u,{' J/l&L w dof‘

approximation

o P(S, <21) = P(Sn < 22),

because Sy, is integer 6 b‘* :h mbjm hzﬂj

e Compromise: consider P(S, < 21.5)

U GiEE vales
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De Moivre—Laplace CLT (for binomial)
1

e When the 1/2 correction is used, CLT 5 {90({- o( a 1‘120//')

can also approximate the binomial p.m.f.

(not just the binomial CDF) va:J‘/“ Goe HAO/‘EWI For POP
P(Sp = 19) = P(18.5 < 5, < 19.5) COF ausgs. orks

r@uﬂ‘tk() 185<5,<195 <= \—ﬂ \ \ , L
— 1

| 185-18 _5,—18 _195-18
Dol s - 3,° 3
DTS 71 205 «‘s 4
P(0.17 < Z < 0.5) 1319w

Q

P(S, = 19)
= P(Z<05)-P(Z<0.17)
= 0.6915 — 0.5675

= 0.124

e Exact answer:
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Poisson vs. normal approximations of . i ) 2
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e Poisson arrivals during unit interval equals:
sum of n (independent) Poisson arrivals
during n intervals of length 1/n
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— Poisson=normal (7777) .
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Recitation 21
November 23, 2010

1. Let X;,...,Xi0 be independent random variables, uniformly distributed over the unit interval
[0,1].
(a) Estimatc P(X; + --- + Xi0 = 7) using the Markov incquality.
(b) Repeat part (a) using the Chebyshev inequality.
(c) Repeat part (a) using the central limit theorem.
2. Problem 10 in the textbook (page 290)

A factory produces X, gadgets on day m, where the X, are independent and identically dis-
tributed random wvariables, with mean 5 and variance 9.

(a) Find an approximation to the probability that the total number of gadgets produced in 100
days is less than 440.
(b) Find (approximately) the largest value of n such that

P (X1 +---+ Xy > 200+ 5n) < 0.05.

(c) Let N be the first day on which the total number of gadgets produced exceeds 1000. Cal-
culatc an approximation to the probability that N > 220.

3. Let X1, Xo,..., be independent Poisson random variables with mean and variance equal to 1.
For any.n >0,let S, =3 ¢, Xi
(a) Show that S, is Poisson with mean and variance equal to n. Hint: Relate X, Xo,..., X,
to a Poisson process with rate 1.
(b) Show how the central limit theorem suggests the approximation

n mn
nl ~v2mn (—)
e

for large values of the positive integer n.
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