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e Readings: Sections 8.1-8.2

“It is the mark of truly educated people
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Bayesian inference: Use Bayes rule
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Output of Bayesian Inference
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LECTURE 22

¢ Readings: pp. 225-226; Sections 8.3-8.4
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Can be fedious

The cleanest linear LMS example
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Recitation 22
November 30, 2010

Examples 8.2, 8.7, 8.12, and 8.15 in the textbook

Romeo and Juliet start dating, but Juliet will be late on any date by a random amount X, uniformly
distributed over the interval [0,8]. The parameter @ is unknown and is modeled as the value of a
random variable ©, uniformly distributed between zero and one hour.

(a) Assuming that Juliet was late by an amount x on their first date, how should Romeo use this
information to update the distribution of ©7

(b) How should Romeo update the distribution of © if he observes that Juliet is late by z1,..., 2, on
the first n dates? Assume that Juliet is late by a random amount X1, ..., X, on the first n dates
where, given 0, X,..., X, are uniformly distributed between zero and 6 and are conditionally
independent. ‘

(c) Find the MAP estimate of © based on the observation X = .
(d) Find the LMS estimate of © based on the observation X = z.

(e) Calculate the conditional mean squared error for the MAP and the LMS estimates. Compare
your results.

(f) Derive the linear LMS estimator of © based on X.

(g) Calculate the conditional mean squared error for the linear LMS estimate. Compare your answer
to the results of part (e).
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LECTURE 23 R(fptwmq[ p/o@
) ziidigs?;;niﬁ;gofr;rgﬁbased confidence 6]LW %2"9 CM)J 9/
intervals, in pp. 471-473) ”b‘lg b’ﬂ“LP ‘ \L
ol olq

= (
— Classical statistics piE B +Q § bth thh/f Mgf{)fk@
— Maximum likelihood (ML) estimation a a”“dlﬂﬂ MO&@}},« ) V"]llAMfl pmm /N Lutom

— Estimating a sample mean

— Confidence intervals (ClIs) i da%\lazj 5)‘0{,}‘) CO’L‘oﬁtq})

— (lIs using an estimated variance

e Outline

Classical statistics J MOJ@)EQQ ‘FﬂfMW/‘Z(

0 N}{)ﬂ) X o v poam 0{2/'49"5?*

—)| Px\%, l——-l Estimator }-—-l 5_};){ kaﬂ F(o);élgaﬂliﬁ moé@(
e also for vectors X and 0:

P Bl s O s 0m)

° ;Fhesl,:zg_r: NOc;I' conditional probabilities; {(D"l BV(Z/T 6’/ }'\WQ a mp;/@.( FO( X
is random
L’Mh;wﬂbﬁﬂq Madg |

— mathematically: many models,

f‘\
one for each possible value of @ @ e{?ﬁM[.E ﬂ“_[[ {Q
a N/

Problem t .
° ypes

— Hypothesis testing: C@Q ﬂdf{f&i} Sday. iﬁsu@,} as w/ Bayeb 6‘}aIL5
i S S g . st

Ho: 0=1/2 versus Hy : § =3/4

USQ a 5@/{1{ C‘;}{?nl

— Composite hypotheses:
Ho: #=1/2versus Hy : 0% 1/2

— Estimation: design an estimator &,
to keep estimation error & — @ small



Maximum Likelihood Estimation

: T :
e Model, with unknown parameter(s): L0+ a'ﬁ (K‘]LEN\ "}” b\i }0 €&7‘w/@ Fﬁ/’

X ~px(x;0)

e Pick 6 that “makes data most likely"

O = (20 !
WSS el G (2 Wb neks X we dbsted most [,
e Compare to Bayesian MAP estimation:
- Q9 pxjezfpe(0)
Omap = Max ——M——~=
px(x)

[ S ( y ‘\ 119
= 9 pay, P@{X [9/)9 Mo Kimize P%’fpdor defiartloq
Example: Xq,..., Xy: i.i.d., exponential(0)

a2l frar

rnﬂax ﬁ@e‘ﬂxi 0
i=1 . i
iy~ 1 (x9) - EEL

G B S G

Wor h, (hoice
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ok g of |
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dontx ol 1l sl

Desirable_properties_of estim I
(should hold FOR ALL ¢!1)

e Unbiased: E[Gn] =0 Q*kfemleci vabe of estirater shall = Fﬂ(ﬂmﬁ]l'e( oF 14%@/@'7"
— exponential example, with n = 1: ““O)ﬂ)p ﬁLQQf' maff,y fquma,bQ ebHﬂld,’lij b(&ﬁ@({

E[1/X1]=c0# 8
(biased)

e Consistent: ®, — 6 (in probability) J:H W '\(g IOUIK a{ €§h:ﬂ\dl{of
— exponential example:

(X1+ -+ Xn)/n—E[X]=1/0 197 !’Vf‘LL ]Q"’ 10«5@ i SM]P}E ii2d [0!1!/@(3&5 t “{Tue Meyn

— can conclude that:
Sn=n/(X1+ -+ Xn) = 1/E[X] =0

e “Small” mean squéred error (MSE) Lvﬂ £ { i
var(® — 0) + (E[© - 6)])? W 2€ &ome "’“Ottorc 6f O
var(®) + (bias)? _ nin fﬁﬂ{{ﬁf"[

E[(© - 6)?]
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Estimate a mean

o Xj,...,Xn: ii.d., mean ¢, variance o2
X;i=0+W, \5(14, o el paton of
W;: i.i.d., mean, 0, variance o2

X144 Xn

n

©n = sample mean = M, =

Properties:

e WLLN: &, — 0 (consistency)

OMSEa

ﬂ(q/t (ampAe MSE < E[(@n @)]
e Sample mean often turns out to also be

the ML estimate.
E.g., if X; ~ N(6,02), i.i.d.

Confidence intervals (CIs)

P(ab/g/]

(nfereF

E[Gn] =0 (unbiased) & @lgrentr p{op&fr& of expatetiog

P ) L JE b o]

- l/d[[)(t Fa X?}
(VW[XJ F 7({/M[)(ﬂ),/
< 0~z
N
pmaﬂf Caxs max ZC‘LJYAWJ Caf(;h_cﬂc@)

e An est;mate ©, may not be informative }{{/ﬂ ()L W Lu\obu/ "(4 fs‘fm :s a @MJ O 7
enoug
e An 1 — o confidence interval G({ d(ﬁ?/@ﬂ”} 'H@"l B(A{@)
is a (random) interval [&;, 8], (,p@'ﬁfg 61{ 1L
sit. PO, <0<ON>1-a, Vo ¢
— often a = 0.05, or 0.25, or 0.01 L/GM (4')[0((,&/
— interpretation is subtle
e CI in estimation of the mean
Gn=(X1+ -+ Xa)/n ] '
— normal tables: ©(1.96) = 1 — 0.05/2 I é l
s N AN
P(len il <1.96) ~0.95 (CLT) @M‘" Ont
TR na] TaHl® T
(i
P(@n— 1'3‘3” <0< én+1'96 ") ~ 0.95 % 6 not audan
n
S peobof a0y (025 )2
More generally: let z be s.t. <D(z) Q a/2ﬂb = ‘ 9 1v25
) (
Yo each sdp

P(@n—ﬁSBSGn—}-ﬁ)xl—a
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The case of unknown o QJ”&TLQ(\ PDMQA Ptg{(
bg\m(\; e Option 1: use upper bound on o JM@ '([dchov\ fbldﬂl {’10 m[g(a[ﬁf Qf(ﬂ)d-q

— if X; Bernoulli: o <1/2 '/b
r\\ja{ e Option 2: use ad hoc estimate of o PQ@,D[Q VVL\o l/Of‘?, VO"D g v PM(( / GMv'fﬂQ
__Wﬂ\\?’ — if X; Bernoulli(0): 6 =+/©(1 -9) Ma{hgu r Eh Ehsl@/ \(gt" C(L/ 6%

JL\GG!‘\l ° C::p::‘onB Use generic estimate CLT LQ( m,Dfe C)XMF/
’BQ! Q\J of the variance
— Start from o2 = E[(Y - 6)?] !
Z(;‘ﬁmgﬁmz Cige of (I qle dep@:r’a In 0~
= \ICH';(’I P(gb [g, {Ved fo Qm. @9{["”“’# ZFOK (/W() fO 24

(but do not know 7))
" e!-hwmj (I
52 = Z(Y ©y) /

n—1

= (/5"\% Wflﬂq 9 2 {om Gb‘”ﬂ'{"&& e
(unbiased: E[SQ] —02)

bt ned G-
gjzgu qmbw j nufy (pL, Mh/w{/’ f’fvf"*"f‘o
Gnt o Dy (o gl eoinat?)

An example of an exact CIAMhV E’RW/Q
° :( (lexpor[le/ntlaI/wV;h parameter 0 M‘((e Laf d@[:mtlfg (I
e Analyze [a/X, b/X \ \
as a confader;ce mterval%: 6( iwﬂﬂb{ F‘:?f iﬂuﬂtfy M (ﬂflq‘({g/g{{ Pf@viM{f
P(gsosy) = P(5sx<]) EClevey  Comptation
= o 09 da ~We l(flov 1,]“_/ f-g_ Cof"lﬂvllf
P Z(; - Plxel4.p)
;\Ioohdaiiegd:;::dz:cge I% erv‘l:[\g( ’ )Ax ’\ (ea(mﬂﬂe 2 P[ Ob (’j i ﬁ“’d ﬁ/’m
((Zxﬁd&@ 1L€ {
— Example: [&, 3-{4.] is a 0.76 confidence A “
interval (“76% CI") LAY/ OJVWA&(@ 9,
l'F ‘FF(E(’. ~| vau
arm o Com k" taJ/ b/x) ol vl fye g it

B Flad ST ot ‘C{GM/{‘[{W Pﬁb ud. of §
NG - (gl use shead
el ot W{! o Ve




e & Juwes 4o all O vabe, £ &
=N
go 7 ﬂfb Ong Ee Lf«b@é



‘{::xed G‘w@

T

3

bol dun divt R boltratt, |1k Tl grmp Esl i e
(qr\ M)!\ O[[/ @})ﬂk/,‘ C{MW/ of C&Tb’”ﬂﬂlﬁ
EE\J/ [@/ @Wﬁ/}ﬂ Con Comple  Creor

A assi) Sty St G 0oF  arbon
(m {j\«e & onlldog o (



Y“;‘ _ f" H‘?“i 5 } ’(7/2
MASSACHUSETTS INSTITUTE OF TECHNOLOGY | )
Department of Electrical Engineering & Computer Science

6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

1.

@.

Problem Set 10
Due December 2, 2010 ﬁ} !, i

A financial parable. An investment bank is managing $1 billion, which it invests in various
financial instruments (“assets”) related to the housing market (e.g., the infamous “mortgage
backed securities”). Because the bank is investing with borrowed money, its actual assets are
only $50 million (5%). Accordingly, if the bank loses more than 5%, it becomes insolvent. (Which
means that it will have to be bailed out, and the bankers may need to forgo any huge bonuses
for a few months.)

(a) The bank considers investing in a single asset, whose gain (over a 1-year period, and mea-
sured in percentage points) is modeled as a normal random variable R, with mean 7 and
standard deviation 10. (That is, the asset is expected to yield a 7% profit.) What is the
probability that the bank will become insolvent? Would you accept this level of risk?

(b) In order to safeguard its position, the bank decides to diversify its investments. It considers
investing $50 million in each of twenty different assets, with the ith one having a gain
R;, which is again normal with mean 7 and standard deviation 10; the bank’s gain will
be (R; + --- + Rgp)/20. These twenty assets are chosen to reflect the housing sectors at
different states or even countries, and the bank’s rocket scientists choose to model the R;
as independent random variables. According to this model, what is the probability that the
bank becomes insolvent?

(c) Based on the calculations in part (b), the bank goes ahead with the diversified investment
strategy. It turns out that a global economic phenomenon can affect the housing sectors in
different states and countries simultaneously, and therefore the gains R; are in fact positively
correlated. Suppose that for every ¢ and j where @ # j, the correlation coefficient p(R;, R;)
is equal to 1/2. What is the probability that the bank becomes insolvent? You can assume
that (Ry + - -- + Rap)/20 is normal.

The adult population of Nowhereville consists of 300 males and 196 females. Each male (respec-
tively, female) has a probability of 0.4 (respectively, 0.5) of casting a vote in the local elections,
independently of everyone else. Find a good numerical approximation for the probability that
more males than females cast a vote.

Let S, be the number of successes in n independent Bernoulli trials, where the probability of
success in each trial is p = % Provide a numerical value for the limit as n tends to infinity for
each of the following three expressions:

(@) P(2-10< S, < 3 +10)
- H <5<+ )
(c) P(B- L < S <2+

=
iy
w3

. Alice has two coins. The probability of heads for the first coin is 1/3; the probability of heads

for the second coin is 2/3. Other than this difference in their bias, the coins are indistinguishable
through any measurement known to man. Alice chooses one of the coins randomly and sends it
to Bob. Let p be the probability that Alice chose the first coin. Bob tries to guess which of the
two coins he received by flipping it 3 times in a row and observing the outcome. Assume that all
coin flips are independent. Let Y be the number of heads Bob observed.
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(Fall 2010)

(a) Given that Bob observed k heads, what is the probability that he received the first coin?

(Bj) Find values of k for which the probability that Alice sent the first coin increases after Bob

" observes k heads out of 3 tosses. In other words, for what values of k is the probability that

Alice sent the first coin given that Bob observed k heads greater than p? If we increase p,
how does your answer change (goes up, goes down, or stays unchanged)?

(c) Help Bob develop the rule for deciding which coin he received based on the number of heads
k he observed in 3 tosses if his goal is to minimize the probability of error.

(d) For this part, assume p = 2/3.
i. Find the probability that Bob will guess the coin correctly using the rule above.

ii. How does this compare to the probability of guessing correctly if Bob tried to guess
which coin he received before flipping it?

(e) If we increase p, how does that affect the decision rule?

(f) Find the values of p for which Bob will never guess he received the first coin, regardless of
the outcome of the tosses.

(g) Find the values of p for which Bob will always guess he received the first coin, regardless of
the outcome of the tosses.

5. Consider a Bernoulli process X1, Xo, X3, ... with unknown probability of success q. As usual,
define the kth inter-arrival time T} as

=", Tk=Yr—Yea, k=23,...
where Yy is the time of the kth success. This problem explores estimation of ¢ from observed
inter-arrival times {¢1, t2, t3, ...}
You may find the following integral useful: For any non-negative integers k and m,

: k!'m!
k m
1- dg= ——mm—
/0 q ( Q’) q (k 1)!

Assume g is sampled from the random variable ¢ which is uniformly distributed over [0, 1].

(a) Compute the PMF of T3, pr, (¢1)
(b) Compute the least squares estimate (LSE) of @ from the first recording T = t;.
(c) Compute the maximum a posteriori (MAP) estimate of @ given

the k recordings, Ty = t1,..., T = ti.

For this part only assume g is sampled from the random variable @ which is now uniformly
distributed over [0.5,1]

(d) Find the linear least squares estimate (LLSE) of the second inter-arrival time (75), from the
observed first arrival time (77 = 7).

6. The joint PDF of X and Y is defined as follows:

o) epy: i 15 Uigign €11
Fxy(zy) = { 0  otherwise
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(Fall 2010)

(a) Find the normalization constant c.

(b) Compute the conditional expectation estimator of X based on the observed value Y = y.

(c) Is this estimate different from what you would have guessed before you saw the value Y = y?

Explain.
(d) Repeat (b) and (c) for the MAP estimator.

")1‘! $ . T
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Problem Set 10 Solutions

1. A financial parable.

(a)

(b)

The bank becomes insolvent if the asset’s gain R < —5 (i.e., it loses more than 5%). This
probability is the CDF of R evaluated at —5. Since R is normally distributed, we can
convert this CDF to be in terms of a standard normal random variable by subtracting away
the mean and dividing by the standard deviation, and then look up the value in a standard
normal CDF table.

E[R] 7,
var(R) = 10 = 100,

R-7 —-5-7
<3 =®(-1.2) = 0. ;
P( 6 =" ) ( ) = 0.115

P(R < -5)

Thus, by investing in just this one asset, the bank has a 11.5% chance of becoming insolvent.

If we model the R;’s as independent normal random variables, then their sum R = (R; +
-+++4 Rop)/20 is also a normal random variable (see Example 4.11 on page 214 of the text).
Thus, we can calculate the mean and variance of this new R and proceed as in part (a).
Note that since the random variables are assumed to be independent, the variance of their
sum is just the sum of their individual variances.

B[R = (ElRi]+-+ElRx])/20=7,

1 20 - 100
Var(R) = ?):(ﬁ‘(VdI‘(R]) +---4 Var(R‘_)())) = W =9,

P(R<-5) = P (R ol 7) = ®(—5.367) = 0.0000000439 = 4.39 - 10~8
= Vi T VB R ) ' '

Thus, by diversifying and assuming that the 20 assets have independent gains, the bank
has seemingly decreased its probability of becoming insolvent to a palatable value.

Now, if the gains R; are positively correlated, then we can no longer sum up the individual
variances; we need to account for the covariance between pairs of random variables. The
covariance is given by

cov(R;, Rj) = p(R;, R;)y/var(R;)var(R;) = %V 102 - 102 = 50.

From page 220 in the text, we know that the variance in this case is

20 20
1 1
var(R) = wvar (ﬁ E RL) = E var(R;) + E cov(R;i, R;)
i=1 =1 {935}

1
= —(20-1 - 50) = 52.5.
705 (20 100 + 380 - 50) = 52.5

Since we assume that R = (R; +--- + Rgg)/20 is still normal, we can again apply the same
steps as in parts (a) and (b):
E[R] = (E[Ri]+ -+ E[Ry))/20 =7,
var(R) = 52.5,

R-7 —-5-7
PR<-5) = P <
(R<—=5) (\/52.5 T /525

) = ®(-1.656) = 0.0488.
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Thus, by taking into account the positive correlation between the assets’ gains, we are no
longer as comfortable with the probability of insolvency as we thought we were in part (b).

2. Let M and N be the number of males and females, respectively, that cast a vote. We need to
find P(M > N), i.e., P(M — N > 0). The central limit theorem does not apply directly to
the random variable M — N. However, the central limit theorem implies that M and N are
well approximated by normal random variables. So, M — N is the difference of two independent
approximately normal random variables. Since the difference of two normal random variables is
itself normal, it follows that M — N is approximately normal. The mean and variance of M — N
are found by

E[M — N]=300-0.4+196- 0.5 =120 — 98 = 22,
var(M — N) = var(M) + var(N) = 300-0.4-0.6 + 196 - 0.5- 0.5 = 121.

Thus, the standard deviation of M — N is 11. Let Z be a standard normal random variable.
Using the central limit theorem approximation, we obtain

M—-N-22 22
P(IM#N)U) = P(T>—ﬁ)
= P(Z>-2)

0.9772.

A slightly more refined estimate is obtained by expressing the event of interest as P(M — N >
1/2). We then have

M-N-22_ 215
P(M-N>1/2) = P( = 2_11)

P(Z > —1.95)
0.974.

o

3. (a) Using the Central Limit Theorem, we obtain P(5—10 < S, < 5+10) = &( 20y P(—22) —
0 as n — co.

(b) The limit is 1, by the weak law of large numbers.

(¢) Using the Central Limit Theorem, we obtain P (5 — 4 <SS <5+ ﬁ) — ®(1)-P(-1) =
0.6826.

4. (a) Let C denote the coin that Bob received, so that C' = 1 if Bob received the first coin, and
C = 2 if Bob received the second coin. Then P(C = 1) = p and P(C =2) = 1 — p. Given
C, the number of heads Y in 3 independent tosses is a binomial random variable.
We can find the probability that Bob received the first coin given that he observed k heads
using Bayes’ rule.

Page 2 of 7



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
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(Fall 2010)

P(Y=k|C=1)-P(C=1)
PY=k|C=1)-PC=1+P(Y =k|C=2) P(C=2)
(i) - (1/3)*(2/3)%*p
() - (1/3)(2/3p3% - p+ (3) - (2/3)%(1/3)3~* - (1 - p)
23—kp 1
PFp+2k(1—p) 14 o3

P(C=1|Y=k) =

(b) We want to find k so that the following inequality holds.

PO =k | V=)= p
23—kp
23-kp + 2k(1 — p)
Note that if p = 0 or p = 1, there is no value of k that satisfies the inequality. We now solve
itfor0O<p<1:

> p

23—k
. 1
23=kp + 25(1 — p) 7
2k > 2 Fpi2F(1-p)
2-F1-p) > 251-p)
oi=k s, Bk
2% < 3
E < 3/2

For 0 <p <1,k =0ork =1 the probability that Alice sent the first coin increases. The
inequality does not depend on p, and so does not change when p increases. Intuitively, this

makes sense: lower values of k increase Bob’s belief he got the coin with lower probability
of heads.

(c) Given that Bob observes k heads, Bob must decide on whether the first or second coin was
used. To minimize the error, he should decide it is the first coin when P(C=1|Y =k) >
P(C =2|Y = k). Thus, we have the decision rule given by

P(C=1|Y=k) > P(C=2|Y =k)
2 ~Fp % 251 — p)
28-kp 4+ 2k(1 —p) T 23-kpy4 2k(1—p)
2-Fp > 951 -p)
92k-3 p

e

%

2 e
ko= gtglogy P
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(d) i Ifp=2/3, the threshold in the rule above is equal to 2:%22 — 9 Therefore, Bob will
decide that he received the first coin when he observes 0, 1 or 2 heads, and will decide
that he received the second coin when he observes 3 heads.

We find the probability of a correct decision using the total probability law:

P(Correct) = P(Correct |C =1)-p+ P(Correct | C =2)-(1—p)
= PY<3|C=1)-p+P(¥Y=3|C=2)-(1-p)
= (1-PY=3|C=1)p+P(Y =3|C=2)-(1-p)
(1 - (1/3)%)(2/3) + (2/3)3(1/3) = 20/27 =~ .741
ii. In absence of any data, all Bob can do is decide he received the first coin with some
probability g. Note that this rule includes the deterministic decisions that he received

either the first coin (¢ = 1) or the second coin (g = 0).
In this case, the probability of correct decision is equal to

P(Correct) = P(Correct |C =1)-p+ P(Correct | C =2)-(1—p)

1+gq

"3
Clearly, the probability of the correct decision is maximized (or the probability of error
is minimized) when ¢ = 1, i.e., when Bob deterministically decides he received the first
coin. In this case, P(Correct) = 2/3 =~ .667. Observing 3 coin tosses increases the
probability of the correct decision by 2/27 = .074.

(e) If p is increased, the threshold in the decision rule in part (c) goes up, i.e., the range of

values of & for which Bob decides he received the first coin can only go up.

= gp+(1-q¢)1-p)=1-p+g(2p-1)=

(f) Bob will never decide he received the first coin if the threshold in the rule above is below

Zero:
s O | P
§+§10g21_p < 0
p
1 < -3
0g21—p
p 1
B L RN < s
1—-p 8
p 1
G =g

If p < 1/9, the prior probability of receiving the first coin is so low that no amount of
evidence from 3 tosses of the coin will make Bob decide he received the first coin.

(g) Bob will always decide he received the first coin if the threshold in the rule above is equal
to or above 3:

ng%loggm >4 3
10821_7) > 3
p > %
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If p > 8/9, the prior probability of receiving the first coin is so high that no amount of
evidence from 3 tosses of the coin will make Bob decide he received the second coin.

5. (a) Using the total probability theorem, we have

1 1 - 1
PTl(t)=/D pTllQ(taQ)fQ(Q)dq=f0 (1—(1) qdq:(t-{-l)t fort=1,2,...

(b) The least squares estimate coincides with the conditional expectation of @ given T, which
is derived as

1
EQ|Ti =1 = fo poir, (4 | £)adg

:/*mmdtMNbM)
0 Pry (t)

1
- /0 £t + 1)q(1 — q)*~qdg

qdq

- ]0 bt + 1)g(1 — )*'dg

B 2t — 1)!
ey
s 2

TR

(c) We write the posterior probability distribution of Q given Ty = ty,..., T} = t

Fomin (] e i) = fo@ I Pr(Ti=t:|Q=q)
b T @) TIE Pr(Ts = £ | Q = a)dg
aF(1 — g) itk

ETEE

ol ok Shti—k

| (L =gy,

where the denominator integrates out ¢ so it could be viewed as a constant scalar c.
To maximize the above probability we set its derivative with respect to ¢ to zero

kg* 11— q)Zi ik - (ife‘ ~ k)¢ (1 - g k1 =,
i
or equivalently ;
k(1 -gq) - (Zt-i - k)g=0,
which yields the MAP estimate z k

For this part only assume g is sampled from the random variable @ which is now uniformly
distributed over [0.5, 1]
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(d) The LLSE of T} given T3 is
cov(Ty,Ts)

= B[y + var (1)

(71 - E[11]),
where the coefficients are
1 1

BT =BT = [ fo@EITIQ=dds= [ 2+1/gig=2mn2

and from the law of total variance
var(Ty) = var(Ty) = E [var(T} | Q)] + var [E(T} | Q)
1-Q 1
-5 [ +g]
= E[1/Q7] - Ell/Q] +E[1/Q% - E[1/Q)°

/ fala) 5o - f fola) 3o + f fala dq—(foifQ(Q)édq)z

=2- 21n2+ 2— 21n2
=4-2In2- (2In2)?
and their covariance
cov(Th,Ts) = E[T1 T3] — E[T1]E[T5]
=E[E[NT: | Q] - E[T1]|E[T2]
=E[E[T | QE[T: | Q] - E[T]E[T3]
= E [1/Q%)] - E[11|E[T3]
=2 — 4(In2)?
Therefore we have derived the linear least squares estimator
2 — 4(In 2)?
4—-2In2 - (2In2)2

To=2In2+ (Ty — 21n2) ~ 1.543 + 0.1137T}.

(a) To find the normalization constant ¢ we integrate the joint PDF:

1 1 1 [l 1
] ] Ixy(z,y)dyde = c/ / xydyde = c/ 1/2zdx = c/4.
0o Jo o Jo 0

Therefore, ¢ = 4.

(b) To construct the conditional expectation estimator, we need to find the conditional proba-
bility density.

f\(y('n y) _  Adzy dzy
T |1 =—=2z, z€(0,1
f,\\Y (@]y) fr(y) fl dzy dx 2y (©.1]

Thus

1
icg(y) = EX[Y =y =[0 z-2zxdr =2/3.
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(c) We first note that the conditional probability does not depend on y. Therefore, X and Y are
independent, and whether or not we observe ¥ = y does not affect the estimate in part (b).
Another way to see this is to consider that if we do not observe y, we can compute the

marginal fx(z) = fol 4zydy = 2z which is equal to the conditional density, and will therefore
produce the same estimate.

(d) Since X and Y are independent, no estimator can make use of the observed value of Y to
estimate X. The MAP estimator for X is equal to 1, regardless of what value y we observe,
since the conditional (and the marginal) density is maximized at 1.

TRequired for 6.431; optional challenge problem for 6.041 Page 7T of 7
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Recitation 23
December 2, 2010

1. Example 9.1, page 463 in textbook
Romeo and Juliet start dating, but Juliet will be late on any date by a random amount X,
uniformly distributed over the interval [0, #]. The parameter @ is unknown. Assuming that Juliet
was late by an amount x on their first date, find the ML estimate of @ based on the observation
X =uz.

2. Example 9.4, page 464 in textbook
Estimate the mean p and variance v of a normal distribution using n independent observations
X T v, 1

3. Example 9.8, page 474 of textbook
We would like to estimate the fraction of voters supporting a particular candidate for office.
We collect n independent sample voter responses X1, ..., X,, where X; is viewed as a Bernoulli
random variable, with X; = 1 if the ith voter supports the candidate. We conducted a poll of
1200 people in North Carolina, and found that 684 were supporting the candidate. We would like
to construct a 95% confidence interval for #, the proportion of people who support the candidate.
As we saw in lecture, using the central limit theorem, an (approximate) 95% confidence interval

can be defined as
O~ =0,-196,/2, &+=06,+1.96/ -
n n

where v = Var(X;), and ©,, = (X} + ... + X,,)/n. Unfortunately, we don’t know the value for
v. Construct confidence intervals for # using the following three ways of estimating or bounding
the value for v (in each case simply assume that v is equal to the given estimate; note that this
is a further approximation in cases (a) and (b)).

(a)

(b)

(¢) The most conservative upper bound for the variance.

Page 1 of 1
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2010)

Tutorial 11
1. Continuous random variables X and Y have a joint PDF given by

fxy(z,y) = 2/3 if (=, y)_ belongs to the closed shaded region
0 otherwise

0 T .
<

We want to estimate Y based on X.

(a) Find the LMS estimator g(X) of Y.
(b) Calculate the conditional mean squared error E [(Y —g(X))? | X = :c]

(d) Derive L(X), the linear LMS estimator of ¥ based on X.

(c) Calculate the mean squared error E [(Y —g(X ))2] Is it the same as E [var(Y'|X)|?
(e) How do you expect the mean squared error of L(X) to compare to that of g(X)?

(f) What problem do you expect to encounter, if any, if you try to find the MAP estimator for
Y based on observations of X.

2. Consider a noisy channel over which you send messages consisting of Os and 1s to your friend. It is
known that the channel independently flips each bit sent with some fixed probability p; however
the value of p is unknown. You decide to conduct some experiments to estimate p and seek your
friend’s help. Your friend, cheeky as she is, insists that you send her messages consisting of three
bits each (which you will both agree upon in advance); for each message, she will only tell you
the total number of bits in that message that were flipped. Let X denote the number of bits
flipped in a particular three-bit message.

(a) Find the PMF of X.

(b) Derive the ML estimator for p based on Xj,..., X,, the numbers of bits flipped in the first
n three-bit messages.

(c) Is the ML estimator unbiased?

(d) Is the ML estimator consistent?

(e) You send n = 100 three-bit messages and find that the total number of bits flipped is 20.

Construct a 95% confidence interval for p. If necessary, you may use a conservative bound
on the variance of the number of bits flipped.

(f) What are some other ways to estimate the variance. How do you expect your confidence
interval to change with different estimates of the variance.
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