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Problem 2 (5 points).
Show that there are exactly two truth assignments for the variables PQ,R,S that satisfy the following for-
mula:

(P OR Q) AND (Q OR R) AND (R OR S) AND (S OR P)

Hint: A truth table will do the job, but it will have a bunch of rows. A proof by cases can be quicker; ff\\
you do use cases, be sure each one is clearly specified.
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Problem 3 (5 points).
The (flawed) proof below uses the Well Ordering Principle-to prove that every amount of postage that can

be paid exactly, using only L0 cent and 15 cent slampﬁsﬁi{i‘iblé'ﬁ‘y} Let S(n) mean that exactly n cents
. . S
postage can be paid using only 10 and 15 cent stamps. Then the proof shows that

S(n) IMPLIES 5 |n, forall nonnegative integers n. ()

Fill in the missing portions (indicated by “...”) of the following proof of (*), and at the final line point out
where the error in the proof is.

Let C be the set of counterexamples to (*), namely

C ::={n| S(n)and NOT(5 | n)}

Assume for the purpose of obtaining a contradiction that C is nonempty. Then by the WOP,
there is a smallest number, m € C. Then S(m — 10) or S(m — 15) must hold, because the m
cents postage is made from 10 and 15 cent stamps, so we remove one.

So suppose S(m — 10) holds. Then 5 | (im — 10), because. ..

k /Dl/ Con ( pmbup ’() (,0,:.')_5 C?_;‘;._& H Lufw’]j /1[“' (ﬁa/’ﬁﬁ "F ”[& {Ju.ﬁ
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contrddlctmg the fact that m is a counterexample. [ LINg, ” pv,‘ (ou] 19' ) xiy 1 v e \/ (4 ’r

Next suppose S(m — 15) holds. Then the proof for m — 10 carries over d:rectly for'm — 15
to yield a contradiction in this case as well. Since we get a contradiction in both cases, we
conclude that C must be empty. That is, there are no counterexamples to (*), which proves that
(*) holds.

What was Wror1g/missing in the argument? Your answer should fit in the line below.
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Problem 4 (5 points).

The following predicate logic formula is invalid:
SN———
Vx,3y.P(x,y) — 3y, Vx.P(x, y)

Which of the following are counter models for the implication above?

ﬁ 1. 2 ; The predicate P(x, y) = ‘yx = |’ where the domain of discourse is Q.
not ahays on X
\-ﬂ/. S< The predicate P(x, y) = "y < x where the domain of discourse is IR.
pot all 7,
K tor

\A 7& The predicate P(x,y) =* y.t}: 2" where the domain of discourse is R without 0.
e/

1
LU

A The predicate P(x,y) = ‘yxy = x’ where the domain of discourse is the set of all binary
strings, including the empty string. .
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Problem 1 (5 points).
Prove that logg 12 is irrational. Hint: Proof by contradiction.

Solution. Proof. Suppose to the contrary that logg 12 = m/n for some integers m and n. Since logg 12 is
positive, we may assume that m and n are also positive. So we have

logg 12 =m/n
910gg 12 — 9m/n
12 = (97)/"
12" ='g" (1)

But this is impossible, since left hand side of (1) is even, but, because m is positive, the right hand side is
odd.
This contradiction implies that logg 12 must be irrational. |

Problem 2 (5 points).
Show that there are exactly two truth assignments for the variables P,Q,R,S that satisty the following for-
mula:

(P OR Q) AND (Q OR R) AND (R OR S) AND (S OR P)

Hint: A truth table will do the job, but it will have a bunch of rows. A proof by cases can be quicker; if
you do use cases, be sure each one is clearly specified.

Solution. You can deduce the only two possibilities by cases:

If P is false, then in order to have any chance of satisfying clause 4, S must be false. Similarly, if S is
false, then in order to satisfy clause 3, R must be false. And similarly, O must be false. On the other hand, if
P is true, then Q must be true to make clause 1 true and have any chances of making the overall expression
true. Similarly, If Q is true, then R must be true and if R is true then S is true.

Those arguments prove there are at most 2 cases, but you need to show the assignments we are left with
actually satisfy the formula. This can be easily done, by plugging the values into the formula:

If all variables are set to true, then since clause 1 has Q clause 2 has R, clause 3 has S, and clause 4
has P, then every clause is satisfied, and the full AND is satisfied. If all are false, then since clause 1 has
P, clause 2 has Q , clause 3 has R and clause 4 has S, then again every clause is satisfied and the overall
proposition is satisfied. So both of those satisfy the proposition.

e
Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .
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Problem 3 (5 points).

The (flawed) proof below uses the Well Ordering Principle to prove that every amount of postage that can
be paid exactly, using only 10 cent and 15 cent stamps, is divisible by 5. Let S(n) mean that exactly n cents
postage can be paid using only 10 and 15 cent stamps. Then the proof shows that

S(n) IMPLIES 5| n, forall nonnegative integers n. ™)

Fill in the missing portions (indicated by “...”) of the following proof of (*), and at the final line point out
where the error in the proof is. '

Let C be the set of counterexamples to (*), namely

C :={n| S(n)and NOT(S | n)}

Assume for the purpose of obtaining a contradiction that C is nonempty. Then by the WOP,
there is a smallest number, m € C. Then S(m — 10) or S(m — 15) must hold, because the m
cents postage is made from 10 and 15 cent stamps, so we remove one.

So suppose S(m — 10) holds. Then 5 | (m — 10), because. ..

Solution. ...if NOT(5 | (m — 10)), then m — 10 would be a counterexample smaller than m,
contradicting the minimality of m. O

Butif 5| (m — 10), then 5 | m, because. ..
Solution. ...5| (m—10)and 5| 10,s05 | (m — 10 + 10). |

contradicting the fact that m is a counterexample.

Next suppose S(m — 15) holds. Then the proof for m — 10 carries over directly for m — 15
to yield a contradiction in this case as well. Since we get a contradiction in both cases, we
conclude that C must be empty. That is, there are no counterexamples to (*), which proves that
(*) holds.

What was wrong/missing in the argument? Your answer should fit in the line below.

Solution. We didn’t check m > 0, if m = 0 neither S(mm — 10) nor S(m — 15) hold. O

Problem 4 (5 points).
The following predicate logic formula is invalid:

Vx,3y.P(x,y) — Jy,Vx.P(x,y)
Which of the following are counter models for the implication above?
1. The predicate P(x,y) = ‘yx = 1’ where the domain of discourse is (.
2. The predicate P(x,y) = ‘y < x’ where the domain of discourse is R.
3. The predicate P(x,y) = ‘yx = 2’ where the domain of discourse is R without 0.

4. The predicate P(x,y) = ‘yxy = x’ where the domain of discourse is the set of all binary strings,
including the empty string.
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Solution. 1. In the rationals, O has no inverse. Hence the hypothesis is false, since not all rationals have
inverses. An implication with a false hypothesis is automatically true, so this is not a countermodel.

2. COUNTERMODEL. For every real number x, there exists a real number y which is strictly less than
x. So while the antecedent of the implication is true, the consequence is not since there is no minimum
element for the partial order, the strictly less than relation, <, on R.

3. COUNTERMODEL. in this case the hypothesis is true, but the conclusion is not: its not possible to
find a single number that will do this.

4. In the set of binary strings, both sides of the implication are true if we let y = A, the empty string.
o
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o Write your solutions in the space provided. If you need more space, write on the back of the sheet
containing the problem. Please keep your entire answer to a problem on that problem’s page.

e GOOD LUCK!
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Problem 1 (5 points).

Set equalities such as the one below can be proved with a chain of iff's starting with “x € left-hand-set” and
ending with “x € right-hand-set,” as done in class and the text. A key step in such a proof involves invoking
a propositional equivalence. State a propositional equivalence that would do the job for this set equality:

2 Your name:

Mini-Quiz Mar. 2

A-B=(A-C)uBnC)U((AuB)nT)

Do not simplify or prove the propositional equivalence you obtain.
\-‘-“_‘—"ﬂ

- For example, to prove A U (B N A) = A, we would have the following *“iff chain™:
éM XxeAU(BNA) iff xeAORx € (BN A)
W ifft x€ AOR(x € BANDX € A)
Cé) iff xed (Since P OR (Q AND P) is equivalent to P.)

<€A-B X £ A -0
ﬁ/mxeﬂ AN xfé(%ﬂ

(A -0) we xEA au) " ¢ (
ve (B0 we xeb ad xeC

N €E ((/T ‘Jﬁ) ( (;:} r\\q( X Cré A oc XE Lu) fug X f C}
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Problem 2 (5 points).
Let A and B denote two countably infinite sets:

A:{ao,al,az,a;;,...} i Ve
B = {bo,b1,b2,b3,...} \C F(O@f'!}!_mﬁ\/f’faﬁf d

Show that their product, A x B, is also a countable set by showing how to list the elements of 4 x B. You
need only show enough of the initial terms in your sequence to make the pattern clear — a half dozen or so
terms usually suffice.

Avk = {(al), i)
(do J (:»O) (O\—'/ bo\\} (dl}, b”) ((L Y /bo
(Qﬁ/b,) (‘ﬁ!/i’;:-;} (az/b,) (;&.w/’ i.
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Problem 3 (5 points).
The nth Fibonacci number, F),, is defined recursively as follows:

0 ifn=0
F, = 1 ifn =1

Fpoy + Fp—a ifn>2

4 Your name:

Mini-Quiz Mar. 2

These numbers satisty many unexpected identities, such as
F()2+F|2+“'+F,,2=FnFn+l (1)

Equation (1) can be proved to hold for all # € N by induction, using the equation itself as the induction
hypothesis, P(n). \ P ] ; ', ol A {: }:
(a) Prove the base case (n = 0). HL/p ' (n/ = F(J [ F] Ty 1 ]-V" B mr’

Fa <0

F <P
@ 0|

o--O

(b) Now prove the inductive step.
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Problem 4 (5 points).
The set, M, of strings of brackets is recursively defined as follows:
L SCRMRY
Base case: A € M.
Constructor cases: If s, € M, then
e [s] eM,and
e s-teM.
The set, RecMatch, of strings of matched brackets was defined recursively in class. Recall the definition
Base case: A € RecMatch.
Constructor case: If s, f € RecMatch, then | s |+ € RecMatch.
’—-‘ﬁ._‘-'——"-———._
Fill in the following parts of a proof by structural induction that
RecMatch € M. (2)

(a) State an induction hypothesis suitable fMy structural jnduction
W
() = Rectalcn &
Pl ecMatch &M \fé,‘rer
I‘( Pg] '((ﬁ(i {0{ ﬁ,,;ﬁ ]
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(c) Prove the inductive step. g
KU AR, fun T[]+ € Qecllaben
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As a matter of fact, M = RecMatch, though we won’t prove this. An advantage of the RecMatch
definition is that it is unambiguous, while the definition of M is ambiguous.

(d) Give an example demonstrating that M is ambiguously defined.

WQ Jon'L/ Vﬂ_ﬂfv whc{’} u ;f m| I‘/ (évfd k(;
0.”“\ me{‘f E‘fj - )

f d ol e g
L1 ded malh ho., aze 2ls

vud (-
e Y/
ST WM

(e) Briefly explain what advantage unambiguous recursive definitions have over ambiguous ones. (Re-
member that “ambiguous definition” has a technical mathematical meaning which does not imply that the
ambiguous definition is unclear.)
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Problem 1 (5 points).

Set equalities such as the one below can be proved with a chain of iff's starting with “x € left-hand-set”” and
ending with “x € right-hand-set,” as done in class and the text. A key step in such a proof involves invoking
a propositional equivalence. State a propositional equivalence that would do the job for this set equality:

A-B=(A-C)uBNC)U((AUB)NC)

Do not simplify or prove the propositional equivalence you obtain.

For example, to prove A U (B N A) = A, we would have the following “iff chain™:

xeAU(BNA) iff xe AorRx e (BN A)
iff x € AOR(x € BANDx € A)
iff xeAd (since P OR (Q AND P) is equivalent to P).

Solution. The stated set equality holds iff membership in A — B implies and is implied by membership in
(A-C)u(BNC)U((AU B)NC). Thatis, the set equality holds iff, for all x,

xeA-B iff xe(A-C)u(BNC)U((AuB)NC).

Define three propositions describing the membership of x in each of the sets A, B, and C:

P = xeA
Q = xeB
R o=tileeied

Now, express membership in A — B in terms of P, Q, and R:

xced—B
iff NoT(x € (4N B))
iff NOT(x € AAND x € B)
iff NOT(x € A ANDNOT (x € B))
iff NOT (P AND NOT (Q))

Then express membership in

(A-C)uBnC)u((AuB)NnC)

Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .
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in terms of P, Q, and R:

xe(A-C)uBNC)U((AuB)NnC)

iff xe(A—C)orxe(BNC)orxe ((AUB)NC)

iff xE(AﬂC)ORxE(BﬂC)OR (xe(AuB)aNDx € C)

iff xe(ANC)orRxe(BNC)OR(xe(AUB)ANDx € C)

iff (xeAANDxe€C)OR(x € BANDx € C)OR((x€ AORx € B)ANDx € C)

iff (NOT(x € A)ANDx € C)OR(x € BANDx € C) OR ((NOT (x € A) OR x € B) AND NOT (x € C))
iff (P AND R) OR (Q AND R) OR ((P OR Q) AND R)

So the stated set equality holds if and only if the following two propositional formulas are equivalent

NOT (P AND Q)

and
((P AND R) OR (Q AND R) OR ((P OR Q) AND R)).

Notice that you were not expected to write out a proof like this. We’ve written this out to remind you how
the propositional equivalence would be used in such a proof.

The point is that there is a clear correspondence between the set equality and the needed propositional
equivalence in such proofs, and once you’ve recognized this, you can read off the propositional equivalence
from the set equality without having to go through any long derivation.

Problem 2 (5 points).
Let A and B denote two countably infinite sets:

A ={ag,a1,az,as,...}
— {b01bl’b21b31-- }

Show that their product, A x B, is also a countable set by showing how to list the elements of A x B. You
need only show enough of the initial terms in your sequence to make the pattern clear — a half dozen or so
terms usually suffice.

Solution. The elements of A x B can be arranged as follows:

(ag,bo) (ag,by) (ag,b2) (ag.bs)
(a1.bo) (a1.b1) (ar.b2) (a1,b3)
(az.boy (aa,b1) (aa.ba) (az,b3)
(03.}}0} ((Ig,bl) (0‘3,})2) ((13,b3)

Traversing this grid along successive lower-left to upper-right diagonals yields the required list:
(ao. Do), (a1, bo), (@0, b1), (a2, bo), (a1.D1), (a0, b2), (a3, bo), (az, by), (a1. b2), (Go. b3), . ..
Obviously, travelling in the opposite direction along each diagonal yields an equally acceptable list:

(ag. ba), (ag. b1), (ay. bo), (ag. b2), (ay. b)), (a2, bg), (ag. b3), (ay.b2), (az2. b1), (as, bg), . ..
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Problem 3 (5 points).
The nth Fibonacci number, F},, is defined recursively as follows:
0 ifn =0
Fn == 1 lfn. =1

Fp1+ Fp2 ifnz=2
These numbers satisfy many unexpected identities, such as
F§+ Fl+ -+ F} = FyFnp (1)

Equation (1) can be proved to hold for all n € N by induction, using the equation itself as the induction
hypothesis, P (n).

(a) Prove the base case (n = 0).

Solution.

(=}

S = (R =0=(0)(1) = FoFy
i=0
Therefore, P(0) is true. |

(b) Now prove the inductive step.

Solution. We need to prove that P(n):

implies P(n + 1):

2
Z Ff = Fyy1Fny2
i=0

Proof.
n+1 n
ZFiz = ZFE2+F3+1
i=0 i=0
=FIIF?1+1 +F,$'+1 By P(n)‘
= Fpt1 (Fn + Fut1)
= Fyt1Fu42 By the definition of the Fibonacci sequence.
o
Problem 4 (5 points).

The set, M, of strings of brackets is recursively defined as follows:
Base case: L € M.
Constructor cases: If s, € M, then

e [s] € M,and

e s-teM.
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The set, RecMatch, of strings of matched brackets was defined recursively in class. Recall the definition:
Base case: A € RecMatch.
Constructor case: If 5,7 € RecMatch, then [ s ] € RecMatch.

Fill in the following parts of a proof by structural induction that
RecMatch C M. 2

(a) State an induction hypothesis suitable for proving (2) by structural induction.

Solution.
P(x)i:=xeM
O
(b) State and prove the base case(s).
Solution. Base case (x = A): By definition of M, the empty string is in M.
O

(¢) Prove the inductive step.

Solution. Proof. Constructor case (x = [ s ]¢ for s, € RecMatch): By structural induction hypothesis,
we may assume that s, € M. By the first constructor case of M, it follows that [s] € M. Then, by the
second constructor case of M, it follows that [s]t € M.

As a matter of fact, M = RecMatch, though we won’t prove this. An advantage of the RecMatch
definition is that it is unambiguous, while the definition of M is ambiguous.

(d) Give an example demonstrating that M is ambiguously defined.

Solution. Consider derivations of the empty string. This could be derived directly from the base case A, or
by starting with A and then constructing AA through the second constructor case.

]
(e) Briefly explain what advantage unambiguous recursive definitions have over ambiguous ones. (Re-
member that “ambiguous definition” has a technical mathematical meaning which does not imply that the

ambiguous definition is unclear.)

Solution. If a definition is ambiguous, functions defined recursively on it may not be well-defined.
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Your name: I
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113

Circle the name of your TA and write your table number:

Ali Nick Oscar @

e This quiz is closed book. Total time is 30 minutes.

Table number );

e Write your solutions in the space provided. If you need more space, write on the back of the sheet
containing the problem. Please keep your entire answer to a problem on that problem’s page.

e GOOD LUCK!

DO NOT WRITE BELOW THIS LINE

Problem | Points | Grade | Grader
HERERNE
2 5 | AL
3 s KE |
4 5 & (95

Total 20 [13-5| OS
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Probiem l (5 points). (a) Calculate the value of ¢ (100).

0= 02 )

/(I:) Assume an integer k > 9 is relatively Fﬂime to 100. Explain why the last two digits of k an@ are
™~

the same.

Hint: Use your solution to part (a).
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Problem 2 (5 points).
Prove thatifa = b (mod 14) EEQ a=b (mod 5),thena = bh (mod 70).
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Figure 1 Task DAG
Problem 3 (5 points).

Answer the following questions about the dependency DAG shown in figure 1. Assume each node is a task
that takes 1 second.

1. What is the largest chain in this DAG, i
390 D794

. What is the largest antichain? (again, pick ape if you find there is more than one). /
900 (1 17217 TVV all one &gchm
. How much time would pé required to complete all the tasks with @ processor.
¢

. How much time would

i

. What is the smallest number of processors that would still allow to complete all the tasks in optimal
time. Show a schedule proving it.

ere is more than one, only show one.

S

-

required to complete all the tasks if there are unlimited processors available.
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Problem 4 (5 points).
What is the smallest number of partially ordered tasks for which there can be more than OMMm time
schedule, if thereWMr of processors? Explain your answer.
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Solutions to Mini-Quiz Mar. 16

Problem 1 (5 points). (a) Calculate the value of ¢ (100).

Solution.
$(100) = $(25)p(4) = $(5)9(2%) = (5* —5)(2* — 2) = 40.
|

(b) Assume an integer k > 9 is relatively prime to 100. Explain why the last two digits of k and k'?! are
the same.

Hint: Use your solution to part (a).

Solution. Notice that all we have to prove is that k and k'?! are congruent mod 100, implying they have
the same last two digits.
klll = k40-3+1 = k(k40)3 (mod 100)

By Euler’s Theorem, since k& and 100 are relatively prime, k<¢(1°9) = 1 (mod 100). By part (a), we have
that ¢ (100) = 40, implying £4® = 1 (mod 100). Hence, k(k*°)3 = k(1®) = k (mod 100). |

Problem 2 (5 points).
Prove thatifa = b (mod 14) anda = b (mod 5),thena = b (mod 70).

Solution. We know a = b (mod 14) means 14|a — b. Likewise, a = b (mod 5) means 5|a — b. Also 14
and 5 are relatively prime.

For any p, ¢ and x, if p|x and g|x and p and g are relatively prime, we know from class that pg|x. So,
applying that reasoning with x = a — b, p = 14 and ¢ = 5 yields 70|a — b, which is what we were trying
to prove. 3]

Problem 3 (5 points).
Answer the following questions about the dependency DAG shown in figure 1. Assume each node is a task
that takes 1 second.

1. What is the largest chain in this DAG, if there is more than one, only show one.

2. What is the largest antichain? (again, pick one if you find there is more than one).

3. How much time would be required to complete all the tasks with a single processor.

4. How much time would be required to complete all the tasks if there are unlimited processors available.

5. What is the smallest number of processors that would still allow to complete all the tasks in optimal
time. Show a schedule proving it.

Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .
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Figure1 Task DAG

Solution. 1. One largest chain is {1,6,7, 11, 14}
2. One largest antichain is {1, 2, 3,4, 5, 8,9, 10, 12, 13}
3. There are 14 nodes, so a single processor would take 14 seconds.
4. With unlimited processors, we can take 5 seconds. This is the length of the longest chain.

5. With 5 processors, we can still finish everyting in 5 seconds. A schedule showing thisis {1, 2, 3,4, 5},
{6,8}, {7}, {9, 10, 11, 12, 13}, {14}. We cannot do this with less than 5 processors because in order to
make progress on the longest chain at every time step, we need to process {1, 2, 3,4, 5} in step 1.

|

Problem 4 (5 points).
What is the smallest number of partially ordered tasks for which there can be more than one minimum time
schedule, if there are unlimited number of processors? Explain your answer.

Solution. Three tasks.

With one task, there is only one possible schedule. Two tasks that are incomparable can both be completed
in one step, and this is the unique minimum step schedule. For two tasks that are comparable, there is only
one possible schedule, which therefore is the unique minimum time schedule.

For an example with three tasks with two minimum time schedules, let two of the tasks be comparable
and the third task incomparable to the other two. The two comparable tasks have a unique minimum time
schedule that takes two steps. So any schedule for the three tasks that also takes only two steps will certainly
be minimum time for the three. But the third task can be scheduled at the same time as either the first or the
second of the comparable tasks, giving two minimum schedules for the three tasks.

O
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Mini-Quiz Apr. 6 #('{

Circle the name of your TA and write your table number:

)
Ali Nick Oscar Table number ( /

e This quiz is closed book. Total time is 30 minutes.

Your name: N((‘ \‘@ { \

e Write your solutions in the space provided. If you need more space, write on the back of the sheet
containing the problem. Please keep your entire answer to a problem on that problem’s page.

e GOOD LUCK!

DO NOT WRITE BELOW THIS LINE

Problem | Points | Grade | Grader
1 6 4 103
2 & L3
3 g ML O
4 2 b’ 48 Bl
5 3 . | B
Total 20 C ] OS5

Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .
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Mini-Quiz Apr. 6

Problem 1 (6 points). (a) A simple graph has 8 vertices and 24 edges. What is the average degree per
vertex?
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(b) A connected planar simple graph has 5 more edges than it has vertices. How many faces does it have?
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(c) A connected simple graph has one more vertex than it has edges. Is it necessarily planar?
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(d) If your answer to the previous part was yes, then how many faces can such a graph have? If your answer
was no, then give an example of a nonplanar connected simple graph whose vertices outnumber its edges by

one. e (-7
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0 (e) Consider the graph shown in Figure |. How many distinct isomorphisms exist between this graph and
V! itself? (Include the identity isomorphism.) =
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Problem 2 (3 points).

/" The n-dimensional hypercube, Hy, is a simple graph whose vertices are the binary strings of length n. Two

~ vertices are adjacent if and only if they differ in exactly one bit. Consider for example H3, shown in Fig-

ure 2. (Here, vertices 111 and 011 are adjacent because they differ only in the first bit, while vertices 101

and 011 are not adjacent because they differ in both the first and second bits.) H ' [J {ancg
dmM g (b2

)

Explain'why it is impossible to find two spanning trees of H3 that have no edges in common.
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Problem 3 (3 points).
Consider the graph shown in Figure 3. Determine a valid coloring of the graph, using as few colors as
possible. (Simply write your proposed color for each vertex next to that vertex. You may use R for red, G

for green, etc.) \N {(\ 1/5¢ H"
U 9
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Problem 4 (5 points). (a) Consider the bipartite graph G in Figure 4. Is it possible to find a matching
that covers L(G)? If yes, explain what property of the graph guarantees the existence of such a matching,
(Show that the graph exhibits this property and what this implies. Full credit will not be given for merely
identifying a matching.) If no, identify a bottleneck that prevents a matching.
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(b) Consider the bipartite graph H in Figure 5. Is it possible to find a matching that covers L(H)? If
yes, explain what property of the graph guarantees the existence of such a matching. (Show that the graph
exhibits this property and what this implies. Full credit will not be given for merely identifying a matching.)
If no, identify a bottleneck that prevents a matching.
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Problem 5 (3 points).
In the Mating Ritual, suppose Tiger is one of the boys and Elin is one of the girls. Which of the following

Y2, On Tiger’s current list, the girl whom he prefers to all the others is his optimal wife!,

are preserved invariants in general?

“ 1. Tiger is Elin’s only suitor.

Mini-Quiz Apr. 6

(
“3. Elin’s name has been crossed off by Tiger and by everyone whom she prefers to him.
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YHis optimal wife in the usual sense: Given some particular instance of the Stable Marriage Problem, consider all possible stable |

wives,” he prefers one to all othe
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Solutions to Mini-Quiz Apr. 6

Problem 1 (6 points). (a) A simple graph has 8 vertices and 24 edges. What is the average degree per
vertex?

Solution. By the Handshaking Lemma, the sum of the degrees of the vertices in any graph is equal to twice
the number of edges. So in this case, the sum of the degrees of the vertices is 2 x 24 = 48. With 8 vertices,
the average degree per vertex is 58—8 =6. O

(b) A connected planar simple graph has 5 imore edges than it has vertices. How many faces does it have?

Solution. Denoting the number of vertices by v, the number of edges by e, and the number of faces by f,
Euler’s Formula states that v — e + f = 2. But here, e = v + 5. Substituting givesv — (v +5) + f =2
and hence f = 7. O

(c) A connected simple graph has one more vertex than it has edges. Is it necessarily planar?

Solution. Let G denote any such graph. Now, any graph with v vertices but fewer than v — 1 edges cannot
possibly be connected. So every edge in G is a cut edge, and therefore G is acyclic. So G is a tree and must
be planar. O

(d) If your answer to the previous part was yes, then how many faces can such a graph have? If your answer
was no, then give an example of a nonplanar connected simple graph whose vertices outnumber its edges by
one.

Solution. Since the graph is connected and acyclic, it only has one face. |

(e) Consider the graph shown in Figure 1. How many distinct isomorphisms exist between this graph and
itself? (Include the identity isomorphism.)

Solution. Only vertex f has degree 1, so in any self-isomorphism, f must map to itself. b is the only vertex
to be adjacent to a degree-1 vertex, so b must also map to itself. @ and ¢ are both degree-3 vertices, and d
and e are both degree-2 vertices. It is clear from examining the graph that a can be mapped to ¢ and ¢ to a,
or each of @ and ¢ can be mapped to itself. Independently, and similarly, 4 can be mapped to ¢ and e to d,
or each of d and e can be mapped to itself. The only possible isomorphisms, then, are obtained by choosing
one of the two possible mappings for a and ¢ and, independently, one of the two possible mappings for d
and e. The result is 2 x 2 = 4 possible isomorphisms. |

Problem 2 (3 points).

The n-dimensional hypercube, H,,, is a simple graph whose vertices are the binary strings of length n. Two
vertices are adjacent if and only if they differ in exactly one bit. Consider for example H3, shown in Fig-
ure 2. (Here, vertices 111 and 011 are adjacent because they differ only in the first bit, while vertices 101
and 011 are not adjacent because they differ in both the first and second bits.)

Explain why it is impossible to find two spanning trees of H3 that have no edges in common.

NEE
Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .
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C
Figure 1
\‘—\-\____ﬁ_ﬁ____r__n—-——r‘—#’_g—/
Solution. H3 has 8 vertices, so any spanning tree must have 8 — 1 = 7 edges. But H3 has only 12 edges,
s0 any two sets of 7 edges must overlap. O

Problem 3 (3 points).

Consider the graph shown in Figure 3. Determine a valid coloring of the graph, using as few colors as
possible. (Simply write your proposed color for each vertex next to that vertex. You may use R for red, G
for green, etc.)

Solution. There are odd-length cycles in the graph, so at least three colors will be needed. So assume that
three colors are sufficient. (If we encounter a contradiction under this assumption, we will need to use more
colors.) Start with the length-3 cycle abda. All of its vertices must be colored differently, so assign red
to a, blue to b, and green to d. The length-3 cycle bdhb now forces h to be colored red. f must now be
colored green and g must be colored blue. The coloring is valid so far. ¢ is adjacent to a blue vertex and a
green vertex, and no others, it must be colored red. Finally, e is not adjacent to any other vertices, so it can
be assigned any of the three colors. Choosing red for e, the result is shown in Figure 4. There is no pair of
like-colored adjacent vertices, so this coloring is valid. O

Problem 4 (5 points). (a) Consider the bipartite graph G in Figure 5. Is it possible to find a matching
that covers L(G)? If yes, explain what property of the graph guarantees the existence of such a matching.
(Show that the graph exhibits this property and what this implies. Full credit will not be given for merely
identifying a matching.) If no, identify a bottleneck that prevents a matching.

Solution. It is not possible. One bottleneck is S = {a, b, ¢, e}, since N(§) = {v, x, y} and hence |S| =
4 > 3 = |N(S)|. (Itis easy to see that there are no bottlenecks of size 1, 2, 3, or 5.) O

(b) Consider the bipartite graph H in Figure 6. Is it possible to find a matching that covers L(H)? If
yes, explain what property of the graph guarantees the existence of such a matching. (Show that the graph
exhibits this property and what this implies. Full credit will not be given for merely identifying a matching.)
If no, identify a bottleneck that prevents a matching.
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Figure2 Hj.

Solution. A matching is guaranteed to exist. Each vertex in L(H) has degree at least 3, while each vertex
in R(H) has degree at most 3. Consequently, the graph is degree-constrained. There are therefore no
bottlenecks and a matching must exist by Hall’s Theorem. |

Problem 5 (3 points).
In the Mating Ritual, suppose Tiger is one of the boys and Elin is one of the girls. Which of the following
are preserved invariants in general?

1. Tiger is Elin’s only suitor.

2. On Tiger’s current list, the girl whom he prefers to all the others is his optimal wife'.

3. Elin’s name has been crossed off by Tiger and by everyone whom she prefers to him.
Solution. The statements that are preserved invariants in general appear in boldface below:

1. Tiger is Elin’s only suitor. (This would certainly make Tiger Elin’s favorite that day, but one or more
of the boys who got rejected by another girl that day may visit Elin the following day.)

2. On Tiger’s current list, the girl whom he prefers to all the others is his optimal wife. (The Mating
Ritual gives each boy his optimal wife. Tiger must therefore ultimately marry his optimal wife, so
once she becomes the most preferred girl on his list — and thus the girl he is serenading — she must
remain the top girl on his list.)

3. Elin’s name has been crossed off by Tiger and by everyone whom she prefers to him. (Note that
this is a preserved invariant because it cannot ever be true. Were it true on some day, Tiger would
have crossed Elin’s name off his list, so he would end up marrying a woman he finds less desirable.

His optimal wife in the usual sense: Given some particular instance of the Stable Marriage Problem, consider all possible stable
perfect matchings, including that which is generated by the Mating Ritual. In each of these, Tiger has a wife. Of these “possible
wives,” he prefers one to all the others. This girl, to whom he is married in one of the matchings but not necessarily all of them, is
his optimal wife.
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h

Figure 3

She would also have removed from contention everyone she finds more desirable than Tiger. So she
would end up marrying someone she finds less desirable than Tiger. Consequently, Tiger and Elin
would constitute would a rogue couple. Another way to think about it is this: If Elin’s name was
crossed off by Tiger and all the boys Elin prefers to him, then she must have a current favorite whom
she prefers to all of them. But Tiger and his betters in Elin’s eyes are the top boys on her list: there is
no one she prefers to them.)
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h

Figure4 A valid coloring.
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& K(G) R(G) o

Figure5 G.

R(H) ~~

Figure6 H.
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Circle the name of your TA and write your table number:

e 1)
Al Nick  Oscar  Oshayl Table number_| /
e This quiz is closed book. Total time is 30 minutes.

e Write your solutions in the space provided. If you need more space, write on the back of the sheet
containing the problem. Please keep your entire answer to a problem on that problem’s page.

e GOOD LUCK!

DO NOT WRITE BELOW THIS LINE

Problem | Points | Grade | Grader

1 5 A (:)\‘m
. 0S

3 [ | NT

AK

3]
~
3

=) W
n

Total 20 '?77—

Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .




2 Your name: IW {f farfit/ (\/ é o ini-Quiz Apr 20

VO( ! (O( AT fN?{ ) F;:ff
Problem 1 (5 points). (a) Suppose two ical 52-card deckb are mixed together. Write a simple ex-
pression for the number of different arra_llggmntmwg that could possibly result from such a
mixing.

}6 (,’ ) Wﬁfﬁ«fg%(}?i"‘,ﬁf'ﬁ
Loq( - 193107

T 0h W2 Gl oWl b o 944

04!
5 -t

(b) Using only integers from the interval [1, n], how many different strictly increasing length-m sequences

f dr’ or »’T‘ k.'_{n
REES (qediny M

@)

b,/ {o L, XXXy, X e, tx s

( : [‘”( ."'l(ﬁ"f B L\ :
) X el

I'Standard decks of playing cards, without jokers.
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Mini-Quiz Apr. 20

Problem 2 (7 points).

For each pair of functions, f : NT — Nand g : N* — N, in the table below, indicate which of the listed
asymptotic relations hold and which do not.

Fill every cell in the table. You may use checkmarks and crosses, “T” and “F”, “TRUE” and “FALSE”,

/l ’rr--.‘(.'.
A
Your name: ‘[L v fx/(()(

“Y” and “N”, or “YES” and “NO”. l QOL ) ] afif{gﬁf [,,0{’/‘/‘
' S(n) | g(n) | f=0() f=0(g)|8—0(f)|g—0(f)|
logyn I/ £~ v N A
T n® 4+ 2" v x '\/ {
nlinn! n?logyqn* X K VL / X
”2(:05(.rm/2)+3 e = 33 +n \/ \/ . \/ s Y
\ f;" ] r.r & l .
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4 Your name:

Problem 3 (3 points).

Mini-Quiz Apr. 20

Give an example of a pair of strictly increasing total functions, f : N* — NT an{d r g N+ — N7, that

satisfy f ~ g butnot 3/ = O (3g)

Moy = 1o UPPE |
i {8 P
2\;,3 %.g:)_ = On Ld(mjh
\(E ( 4 ad}n j \ /X
{’P/m5 = Cﬁp/\gc/h
A
X
g3
20‘0 = =/ A cg,fok fa/[‘?—
roee =y g,

1 (iréipy

f?»[f‘f'g [r&e

> bu(2)”
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Problem 4 (5 points).
A spacecraft is traveling through otherwise-empty three- dlmensmnal space. It can move along only one

dimension at a time, stepping precisely one unit in the positive direction along that dimension with each
movement. For any two points, P and Q, in space, let pp o denote the number of distinct paths the
spacecraft can follow to go from P to Q.

(a) Let P and Q have coordinates (xp, yp,zp) and (xp,y0.20), respcctlvely Assummg that pp 0 is

positive, express prasasmgle multinomial coefﬁcnent gud el Wy ‘ Psets
[ -“'ﬂ/ Al f/';,(,‘, l[ é(v‘(:‘f/'t 7
(L‘-” C‘Q Ay ,’){ufl/
X~k Nyt ky 2o <l
TN YTy 2yl

2 | K{ L s K | g
- | X e o ? ¢ T
PM\& % y/[xyjpf el 1‘“// \*'/./ {2 ( /.f () ‘

(b) Suppose there exist five points in space, A, B, C, D, and E, such that it is possible for the spacecraft
to travel from A to B, from B to C, from C to D, and from D to E. Write an expression for the number
of distinct paths the spacecraft can follow to go from A to E whnl@ng B, C,and Dﬂ(qur expression
must be written entirely in terms of symbols of the form pp o, wher¢ P, Q 3 {A B C.D.E}.

Tf (/9n ," qo T?,pm oy .{/)
/ﬂ f‘r’vr [Jlr_? (’{H(J [0 J\Lﬁ F’ r}E

S\

Hint: Inclusion-Exclusion. . \ )
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Solutions to Mini-Quiz Apr. 20

Problem 1 (5 points). (a) Suppose two identical 52-card decks! are mixed together. Write a simple ex-
pression for the number of different arrangements of the 104 cards that could possibly result from such a
mixing.

Solution. In the mixed deck, there are precisely two copies of each of 52 distinct cards. By the Bookkeeper
Rule and the definition of multinomial coefficients, the number of possible arrangements of cards in the

mixed deck is therefore just
104!

(2!)52 :
|

(b) Using only integers from the interval [1, n], how many different strictly increasing length-m sequences

can be formed?
n
m

Justification: Given any m-element subset of {1,2,...,n}, listing its elements in increasing order yields a
sequence that is strictly increasing and has length m. By collecting in a set the terms of any strictly increasing
length-m sequence whose terms have been drawn from {1, 2, ..., n}, an m-element subset of {1,2, ...,n} is
formed. Thus there is a bijection between the set of all strictly increasing length-m sequences with terms
drawn from {1, 2, ..., n} and the set of all size-m subsets of {1,2, ..., n}.

Solution.

Problem 2 (7 points).
For each pair of functions, f : N* — Nand g : N* — N, in the table below, indicate which of the listed
asymptotic relations hold and which do not.

Fill every cell in the table. You may use checkmarks and crosses, “T” and “F”, “TRUE” and “FALSE”,
“Y?’ arld ‘GN?’, Or GGYES’Q and &‘NOQQ‘

L S ] g(n) | f=0(@) [ /=00 ][g=0()]g=0(f)]
logy n V/n
n®+3" n>+28
nlnn! n*log,, n*

n2cos (rn/2)+3 5n° I 353 +n

Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .
!Standard decks of playing cards, without jokers.
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Solution.
| f(n) [ g(n) | fF =00 f=0lg)|g=0(f) ]| g=0(f)
logy n n YES YES NO NO
n* 4+ 3" n> + 2" NO NO YES YES
nlinn! n*log,, n* YES NO YES NO
p2eos(@n/2)+3 [ 5,5 4 3,3 4 YES NO NO NO
Justification:

| f) [gem) | f=0@) | f=0()]|g=0(f)|g=0(f)
[og,n| ¥/n | YES | YES | NO | NO

Using either (1) I'Hopital’s Rule or (2) the fact that logn = o (n€) for all € > 0 (see the Notes), conclude
that f = o(g). This implies that f = O(g), g # o(f),and g # O(f).

| f) [ g [f=0@)[f=0()[g=0(f)[g=0(f)]
e st e 2% No A oNe. - XES || YES |

Intuitively, 3" grows far faster than n? and 2" grows far faster than n>, as n grows large. (Any power
of n is asymptotically smaller than any increasing exponential in n.) Also, 3" grows far faster than 2”.
(Given two increasing exponentials, the one with the smaller base will be asymptotically smaller.) A bit
more rigorously,

n3 427
—nl)oon2+3n
n3 2\
am g
(B HB)

n—o0 _gl_"_ _}_ 1

A 3 + 2\N
i limp 00 % + limy 500 (3)

040

T 0+1
=0

3 2

n n N
Where lim — and lim — can be found to be zero by ’Hopital’s Rule, and lim (—) is zero because
n—oo 37 n—»oo 37 n—oo \ 3

|-§~| < 1. Thus g = o(f), which implies g = O(f), f # o(g),and f # O(g).

| f) | et [f=0@)[f=o0)ls=0()]g=0()]
| nluntln®logyan]| YES | NO: | ¥ES | NO |
n

n
Using Stirling’s formula, n! ~ ~/2xn (—) , it is easy to show that Inn! ~ n Inn and hence that f(n) ~
e

n?Inn. Now,

n? logg n? = 2n? logon
, Inn
In10

= 2n

It should be evident now that g(n) ~ ﬁf(n). Hence f # o(g) and g # o(f), but f = O(g) and
g = O0(f).
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L S | g [f=0@[f=0@)[eg=0()]g=0()]
| n2eostxn/243 1505 4303 +n| YES | NO | NO [ NO |

Notice that

n> ifn =0mod 4
f(m)=4{ n® ifn=1mod4orn =3 mod 4
n ifn =2 mod 4.

Because f(n) is thus clearly bounded above by n° and g(n) is a polynomial of degree 5, have f = O(g).
The behavior of f(n) when n is not a multiple of 4 leads to g # O(f). It is obvious that limy,_ o ﬁ:-} and

Bt s g(:; are both nonzero, so f # o(g) and g # o(f). O

Problem 3 (3 points).
Give an example of a pair of strictly increasing total functions, f : N* — N* and g : N* — N7, that
satisfy f ~ g but not 3/ = 0O (3%).

Solution. The pair

fm)=n%>+n
g(n) = n?

satisfies these criteria. Since n? is the term that dominates the behavior of #n? + n as n grows large, it is
obvious that n? 4+ n ~ n?. (Applying the limit definition of asymptotic equality readily establishes this
result.) Clearly, 3/® = 3n*+n = 3n3n® yhile 38(") = 37° Thyus 3/ = 3738 From this, it is
obvious that 3/ #£ O (3%). (It is very easy to check that, in fact, 38 = 0(37).) |

Problem 4 (5 points).
A spacecraft is traveling through otherwise-empty three-dimensional space. It can move along only one
dimension at a time, stepping precisely one unit in the positive direction along that dimension with each

movement. For any two points, P and Q, in space, let pp o denote the number of distinct paths the
spacecraft can follow to go from P to Q.

(a) Let P and Q have coordinates (xp, yp,zp) and (xg, yp, zZp), respectively. Assuming that pp g is
positive, express pp, o as a single multinomial coefficient.

Solution. Because each of the spacecraft’s permissible atomic movements involves incrementing precisely
one of its three position coordinates, pp,go > 0 implies that xgp — xp, ypo — yp, and zg — zp are all
nonnegative integers. (The converse is also true.) To go from P to Q, the spacecraft must increment its
first position coordinate xg — x p times, its second yp — yp times, and its third zg — zp times. So it must
undergo precisely (xg —xp) + (Yo — yp) + (zg — zp) atomic movements, xg — xp of them along the
first dimension, yp — yp of them along the second, and zg — zp of them along the third.

So, number the spacecraft’s atomic movements: 1,2,...,(xg —xp) + (yo — yp) + (zo — zp). Partition
theset T = {1,2,...,(xg —xp) + (yo — yP) + (zg — zp)} into three sets, T, Ty, and T, such that
|Tx| = xo—xp, |Ty| = yo—yp,and |T;| = zg—zp. Ty then specifies which atomic movements are along
the first dimension, T, does the same for the second dimension, and T, for the third. Each distinct partition
corresponds to a single permissible path from P to 0, and each permissible path from P to Q corresponds
to a single partition. So the number of permissible paths from P to @ is just the number of distinct partitions
— that is, the number of (xo—xp, yo—yp,zo—2p)-splits of the ((xp —xp) + (yo — yp) + (29 — zp))-
element set 7. And of course this number is just:
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R (xo —xp) +.(o—yp) + (20 —2p)
e XQ —Xp,yQ —YP,ZQ —ZP

Alternatively, consider a bijection between the set of possible paths from P to Q and the set of sequences
of length (xg —xp) + (yo — yp) + (2o — zp) that contain (xg — xp) 1s, (yo — yp) 25, and (zg — zp)
3s. The kth term of each sequence specifies the dimension associated with the kth atomic movement in the
corresponding path. The Bookkeeper Rule then leads directly to the expression for pp o. O

(b) Suppose there exist five points in space, A, B, C, D, and E, such that it is possible for the spacecraft
to travel from A to B, from B to C, from C to D, and from D to E. Write an expression for the number
of distinct paths the spacecraft can follow to go from A to E while aveiding B, C, and D. Your expression
must be written entirely in terms of symbols of the form pp o, where P, Q € {4, B,C, D, E}.

Hint: Inclusion-Exclusion.

Solution. First, note that since it is possible for the spacecraft to travel from A to B, from B to C, from C
to D, and from D to E, therefore paths exist from A to each of 4, B, C, D, and E, from B to eachof C, D,
and E, ..., and from £ to E. Thus, because of the way in which the spacecraft must move, positive-length
paths cannot exist from £ to A, B, C, D,or E,from Dto A, B, C,or D, ..., or from A to A. (This is
why, in what follows, terms like pp p appear, but terms like pp g do not. If B and D are distinct, pg p is
positive and pp p is zero, so including pp p would affect nothing. If B and D are coincident, both pg p
and pp p are equal to one, but considering both would amount to counting every path through B twice.)
In a very loose sense, and if cases involving coincident points are ignored, this essentially means that the
spacecraft only moves “forward” and that B is “ahead” of A, C is “ahead” of B, D is “ahead” of C, and E
is “ahead” of D.

Let S denote the set of all paths from A to E. Clearly, |S| = pa,E.

Let Sy denote the set of all paths that go from A to E, through X, where X € {B,C, D}. Evidently,
|Sx| = pa,xPx,E-

Now, Sx N Sy is the set of paths that go from A to E, through both X and ¥, where X, Y € {B, C, D}. Ob-
viously, |Sg NSc| = pa,BPB,cPC,E-|1SBNSD| = pa,BPB,DPD,E,and|Sc NSp| = pa,cpc,pPD,E-
Also, SpN Sc NSp is the set of all paths that go from A to E, through all three of B, C, and D. Obviously,
|Sp N Sc NSp| = pa,pPB,cPCc,DPD,E-

Now, the set of paths that go from A to E and pass through at least one of B, C, and D, is just SpUScUSp.
By inclusion-exclusion,

|Sp USc USp| =|Se|l +|Scl+ |Sp|—|Sp N Sc|—|Se N Sp|—|Sc NSp|+|Sg NSc N Sp
=PpA,BPB,E + PA,CPC,E + PA,DPD,E
— PA,BPB,CPC.E — PA,BPB,DPD,E — PACPC,DPD,E + PA,BPB,CPC,DPD,.E
Let R denote the set of all paths from A to E that go through neither B, nor C, nor D. Evidently, S =

RU(SpUScUSp)and RN (Sp U Sc USp) = @. Therefore |S| = |R| + |Sp U Sc U Sp|, so the
number of distinct paths the spacecraft can follow to go from A to E while avoiding B, C, and D is

|R| =|S|—=1SB U Sc USp|
=PA.E — PA,BPB,E — PA,CPC,E — PA,DPD,E
+ PA,BPB,CPC,E + PA,BPB,DPD.,E + PA,CPC,DPD,E — PA,BPB,CPC,DPD,E
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6.042 Grade Report https://rimoll.scripts.mit.edu:444/6042/my_grades.php

6.042 Grade Report for Plasmeier, Michacl

Problem Sets Class Participation
id a ::Ll.:ztad sc:‘: max statistics id a pts max pending makeup
CP.01 2,00 2.00
PS.01 35.15 28.00 50.00 link CP.02 2.00 2.00
PS.02 35,98 33.00 50.00 link CP.03 2.00 2.00
PS.03 22.00 18.50 40.00 link CP.04 2.00 2.00
PS.04 26.02 24,00 30.00 link CP.05 2.00 2.00
PS.05 34.83 32.20 40.00 link CP.06 2.00 2.00
PS.06 36.82 33.00 50.00 link CP.O7 2.00 2.00
PS.07 33.72 29.00 50.00 link CP.08 2.00 2.00
Note: The psets’ adjusted scores reflect the psets scores after being i e en
adjusted by its corresponding MQ's score. The adjusted scores will be CP.10 1.00 2.00
Sfurther increased acconding 1o final exam's performance. CP.11 2.00 2.00
CP.12 2.00 2.00
CP.13 1.00 2.00
Mini Quizzes CP.14 1.00 2.00
CP.15 2.00 2.00
id a pts max statistics CP.16 1.00 2.00
MQ.01 13.00 20.00 link CP.17 2.00 2.00
MQ.02 7.00 20.00 link CP.18 2.00 2.00
MQ.03 13.50 20.00 link CP.19 2.00 2.00
MQ.04 9.00 20.00 link CP.20 2,00 2.00
MQ.05 7.00 20.00 link CP.21 2.00 2.00
CP.22 1.00 2.00
. . cP.23 1.00 2.00
Reading Assignments cp.24 20 200 Z
No grades available yet. CP.25 2.00 2.00
CP.26 2.00 2.00
Tutor Problems i s o
CP.28 1.00 2.00
id a pts max
T.01 1.00 1.00
T.02 1.00 1.00
T.03 1.00 1.00
T.04 1.00 1.00
T.05 1.00 1.00
T.06 1.00 1.00
T.07 1.00 1.00
T.08 1.00 1.00
T.09 1.00 1.00
Final Exam
No grades available yet.
Totals
id a pts max weight mean median stddev
Problem Set 228.59 300.00 0.25 255.65 269.58 41.00
Final Exam 0.00 0.00 0.30 0.00 0.00 0.00
Class participation 36.00 38.00 0.20 36.82 38.00 3.47
Miniquiz 42.50 80.00 017 57.65 57.50 12.37
Reading Comments 0.00 0.00 0.03 0.00 0.00 0.00
Tutorial 9.00 9.00 0.05 8.23 9.00 1.55
Grand Total 52.03 67.00 1.00 57.51 59.04 6.94

Note: The totals only reflect grades that have been completely entered for the class. A grade with gray background signifies that the grade
has not been completely entered yet.

Note: A grade with red font signifies that the grade has been dropped.

Grade Quartile

Your current rank is: 4th quartile (79th - 101th) out of 101 students.

1of2 4/21/2011 10:26 PM



6.042 Grade Report https://rimoll.scripts.mit.edu:444/6042/my_grades.php

Grades compiled at: 4/21/11 8:28 AM

Please contact your TA if there is any problem with the grade report.

2 of2 4/21/2011 10:26 PM
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Mini-Quiz May 5 H(O

ﬂ } c‘wa { | P ("’f;"’f':‘fflﬂ/

Circle the name of your TA and write your table number:

Your name:

Ali Nick Oscar OshanD Table number [{ -
/

e This quiz is closed book. Total time is 30 minutes.

e Write your solutions in the space provided. If you need more space, write on the back of the sheet
containing the problem. Please keep your entire answer to a problem on that problem’s page.

e GOOD LUCK!

DO NOT WRITE BELOW THIS LINE

Problem | Points | Grade | Grader
1 6 i LY
> s |4 O
3 4 [ %3 A‘/ = \1 (3/
4 4 4 AL ﬂ
Total 20 i0

Creative Commons (Glocle] 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .
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2 Your name: Mini-Quiz May 5

Problem 1 (6 points). )
Suppose there are 4 desks in a classroom, laid out in the corners of a square with corners 1 2 3 and 4.

Each desk is occupied by a male with probability p > 0 or a female with probability g :=1—-p > 0. A
male and a female flirt when they occupy desks in adjacent corners of the square. Let /12, [23, [34, 41 be
the indicator variables that there is a flirting couple at the indicated adjacent desks.

(a) Show that if p = g then the events /12 = | and [23 = 1 are independent.

Foh bk Vos g /1,5 chhoind ey v/ PU
gf) P(—TIZ:D P(L?:) o, T%:D

F?f?pc{/%%f P f((?

(b) Show rigorously that if the events /12 = I and [23 = 1 are independent then p = g. Hint: work from
the definition of independence, set up an equation and solve.

b ind

% g & 7(’@2 :7&{{'—
P py

)+ P(Lp

i
i Pl
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(¢) What is the expected number of flirting couples in terms of p and g7
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Mini-Quiz May 5

Problem 2 (6 points).
Consider the following 2 player game. A coin is tossed repeatedly. Turns alternate between the two players.

The game stops after the first Heads come up. If the first time the coin came up Heads is during one of
player 1's turns, player | wins. On the other hand, if the first time the coin came up Heads is during one of

player 2’s turns then player 2 wins. J5wﬂ ﬁ P[ﬂb AOU({
(a) What is the expected number of turns N unt1] the game ends?

gt?(’ﬂ[/t“ﬁ ~
/7@3’, (;,pf {’n f"/wﬁ - —JP— ~ T/‘i = 2

——
p” )W”
N ofnt
(c) What is Ex[N |1], the expected number N of rounds in the game given player 1 wins? You can assume

that the game ends with probability 1 and that Ex[N[2] = Ex[N[I] +1. Hint: Law of total Expectation.

E L) - ffW (), - HM?)P@ Z
E ) 8 Zezéj [ﬂj)!] k| el p -z~}

XE - [F[/wjfl) S N
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4 Your name: b{ Mini-Quiz May 5

Problem 3 (4 points). (a) Write the term of (x + ¥)4° which includes x3.

/?7<3 @3

(x 1_\/)‘{0 - y‘\/% O 1\/ 79 _— L&/

e er/(ﬂ. CEO)K? 35?

(b) Write the term of (x + y + z)*® which includes x3y>.
)
9. 31
N\
b i

X

(c) Give a combinatorial proof that

£f)--
i=0 . 0y [{ ‘ ;","'_‘ In)

Hint: Begin by finding a set whose cardinality is equal to the right haﬁd éidé lof the equation.
RHG 91 ! | \ ) |
s 2 (§ 77»@ ﬂvmtl”f of é)(?‘ ﬁ/}rﬂg (f;f,/p, | oe O) O/ /Ff‘?f'ﬁf‘ /l
- B ﬂw&ﬂ
1 - 25l YL
Hg TS a J 01 ?Lfr% pa S/l Combiealigns O { [ ,- (
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Mini-Quiz May 5 Your name: p dymp‘ O /

bV B
Problem 4 (4 points). / [/
We revisit Sauron, Voldemort, and Bunny Foo Foo as in the class problem. As before, the guard is going to
release exactly@p/bf the three prisoners; he’s equally likely to release any set of two prisoners. The guard
offers to tell Voldemort the name of one of the prisoners to be released. The guards rule for which name he
chooses:
1. The guard will never say that Voldemort will be released.
2. If both Foo Foo and Sauron afEEéinﬁé released, the guard will always give Foo Foos name.
Were interested in which characters are released, and in which character the guard says will be released.

(a) Draw a tree to represent the sample space. Indicate, in your drawing, which outcomes correspond to
the following events:
i. The guard tells Voldemort that Foo Foo will be released
ii. The guard tells Voldemort that Sauron will be released
iii. Voldemort is released

7 w/ T/ /

Who { {/‘({f&;?é T, H

o

(b) What s the probability that Voldemort is released, given that the guard says Foo-foo will be released?

fGaf) = placad) s
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6 Your name:

(c) What is the probability Voldemort is released, given that the guard says Sauron will be released?

() = e(uind) - 4
o) wg—— - |

(d) Use the above calculations, and the Law of Total Probability, to find the total probability that Voldemort
will be released.

PCa) < Pl ) BO) R ) o)

S5 v 3
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Solutions to Mini-Quiz May 4

Problem 1 (6 points).
Suppose there are 4 desks in a classroom, laid out in the corners of a square with corners 1 2 3 and 4.

Each desk is occupied by a male with probability p > 0 or a female with probabilityg :=1—p > 0. A
male and a female flirt when they occupy desks in adjacent corners of the square. Let 112, [23, [34, 141 be
the indicator variables that there is a flirting couple at the indicated adjacent desks.

(a) Show that if p = ¢ then the events /15 = 1 and I3 = | are independent.

Solution. If p = g = 1/2 then Pr{/12 = 1] = Pr[f3 = 1] = 1/2 and Pr[l12 = 1& I3 = 1] can be
calculated from the fact that only F-M-F and M-F-M are possible when both couples are flirting. In that
case, we have Pr[l12 = 1& I3 = 1] =2/8 = 1/4 = Pr[[12 = 1] - Pr[l12 = 1]. |

(b) Show rigorously that if the events /1> = 1 and I3 = 1 are independent then p = g. Hint: work from
the definition of independence, set up an equation and solve.

Solution. We can again compare Pr[/j2 = 1& I>3 = 1] and Pr[/12 = 1] - Pr[[23 = 1].

As in the previous part, J12 = 1& [23 = 1 only happen when we have a pattern of F-M-F or M-F-M
for students 1 2 and 3 respectively. These occur with total probablity p%2g + pg2. On the other hand,
112 happens with probability 2 pg total, accouting for the two patterns possible, M-F and F-M. Hence, /12
and I3 are independent iff p?q + pg* = pq(p + q) = 4p*q*. By manipulating the expression we get
p +q = 4pq. Recall p + g = 1. Hence, we are dealing with 1 = 4p — 4p2. The equation can be factored
into (2p — 1)* = 0, yielding p = 1/2. [ |

(c) What is the expected number of flirting couples in terms of p and ¢g?

Solution. The expected number of couples is 8pg by linearity of expectation. |

Problem 2 (6 points).
Consider the following 2 player game. A coin is tossed repeatedly. Turns alternate between the two players.
The game stops after the first Heads come up. If the first time the coin came up Heads is during one of

player 1’s turns, player 1 wins. On the other hand, if the first time the coin came up Heads is during one of
player 2’s turns then player 2 wins.

(a) What is the expected number of turns N until the game ends?

Solution. This is just mean time to failure (a Head), so by Lemma 17.4.8, the expected number of steps is
Ex[N]=1/(1/2) =2. O

(b) What is the probability p; that player 1 wins? Hint: draw an event tree.

Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .
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Solution. The tree can be described by A = Hy + T1(H2 + T2 A). The probability of winning can be found
via the law of total probability.

p1=(1/2)-1+(1/2)(1/2-0+1/2- p1)
Hence (3/4)-p1 = 1/2,s0 p1 =2/3
|

(c) Whatis Ex[N | 1], the expected number N of rounds in the game given player 1 wins? You can assume
that the game ends with probability 1 and that EX[N | 2] = Ex[N | 1] + 1. Hint: Law of total Expectation.

Solution. From the law of total expectation, we know Ex[N] = Ex[N | 1]p1 + Ex[N | 2]p2. Now we
know p; = 2/3, p» = 1/3 and Ex[N] = 2 and the hint.

We get (2/3 + 1/3)Ex[N | 1]=2—-1/3s0Ex[N | 1] = 5/3. |

Problem 3 (4 points). (a) Write the term of (x + y)*® which includes x3.

(430) x3y37.

(b) Write the term of (x + y + z)*® which includes x3y5.

40 x3y5232
3.9,32

2()-7

Hint: Begin by finding a set whose cardinality is equal to the right hand side of the equation.

Solution.

Solution.

(c) Give a combinatorial proof that

Solution. Count the number of n-length bit strings. For the LHS, we consider the ith term of the sum to
represent the bit strings which have i zeros. |

Problem 4 (4 points).
We revisit Sauron, Voldemort, and Bunny Foo Foo as in the class problem. As before, the guard is going to
release exactly two of the three prisoners, and he’s equally likely to release any set of two prisoners.

The guard offers to tell Voldemort the name of one of the prisoners to be released. The guard’s rule for
which name he chooses:

1. The guard will never say that Voldemort will be released.

2. If both Foo Foo and Sauron are getting released, the guard will always give Foo Foo’s name.

We’re interested in which characters are released, and in which character the guard says will be released.
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(a) Draw a tree to represent the sample space. Indicate, in your drawing, which outcomes correspond to
the following events:

1. The guard tells Voldemort that Foo Foo will be released
ii. The guard tells Voldemort that Sauron will be released

iii. Voldemort is released

1/3 X X
1
F v 1/3
F,S
’ i 1/3 %
1/3 1
[ Ve
1
1/3 X X
released S b g 4 i
prob. guard says  guard says oldemort
el ”Foo-foo”  ”Sauron” released

Solution.

(b) What is the probability that Voldemort is released, given that the guard says Foo-foo will be released?

Solution. 1 o

(c) What is the probability Voldemort is released, given that the guard says Sauron will be released?

Solution. 1 [ |

(d) Use the above calculations, and the Law of Total Probability, to find the total probability that Voldemort
will be released.

Solution. Still 2/3, by law of total probability.

Pr[V released] =Pr[V released | says foofoo|-Pr[says foofoo]

+Pr[V released | says sauron]-Pr[says sauron]




12

10

b

overall grades. Median: 12.8, stdev: 4.2, N = 94




Pr:%)lem 1 (Median: 2.0, Stdev: 2.0, N = 94) Prgglem 2 (Median: 4.0, Spqv: 1.6, N =94)
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Massachusetts Institute of Technology
6.042] /18.062], Spring "10: Mathematics for Computer Science May 18
Prof. Albert R. Meyer revised May 18, 2010, 1101 minutes

Final Examination

Your name:

* This exam is closed book except for a three page, 2-sided crib sheet. Total time is 3 hours.

* Write your solutions in the space provided with your name on every page. If you need more
space, write on the back of the sheet containing the problem. Please keep your entire answer
to a problem on that problem’s page.

¢ GOOD LUCK!

DO NOT WRITE BELOW THIS LINE

Problem | Points | Grade | Grader

10
10
10
10
10
10
10
10
10
10

O [0 | NN | |G k=W N

—
o

Total 100

Creative Commons 2010, Prof. Albert R. Meyer.
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Problem 1 (Probable Satisfiability) (10 points).
A literal is a propositional variable or its negation. A k-clause is an OR of k literals, with no variable
occurring more than once in the clause. For example,

PORQORRORYV,
is a 4-clause, but B

V ORQ OR X ORYV,
is not, since V appears twice.

Let S be a set of n distinct k-clauses involving v variables. The variables in different k-clauses may
overlap or be completely different, so k < v < nk.

A random assignment of true/false values will be made independently to each of the v variables,
with true and false assignments equally likely. Write formulas in n, k, and v in answer to the first
two parts below.

(a) (2 points) What is the probability that the last k-clause in S is true under the random assign-
ment?

(b) (3 points) What is the expected number of true k-clauses in §?
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(c) (5 points) A set of propositions is satisfiable iff there is an assignment to the variables that
makes all of the propositions true. Use your answer to part (b) to prove that if n < 2¥, then S is
satisfiable.
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Problem 2 (Asymptotic Bounds and Partial Orders) (10 points).

For each of the relations below, indicate whether it is transitive but not a partial order (Tr), a total

order (Tot), a strict partial order that is not total (S), a weak partial order that is not total (W), or none
of the above (N).

¢ the “is a subgraph of” relation on graphs.
(Note that every graph is considered a subgraph of itself.)

Let f, g be nonnegative functions on the real numbers.

e the “Big Oh” relation, f = O(g),
e the “Little Oh” relation, f = o(g),

¢ the “asymptotically equal” relation, f ~ g.
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Problem 3 (Graph Coloring & Induction) (10 points).
Recall that a coloring of a graph is an assignment of a color to each vertex such that no two adjacent
vertices have the same color. A k-coloring is a coloring that uses at most & colors.

False Claim. Let G be a graph whose vertex degrees are all < k. If G has a vertex of degree strictly less
than k, then G is k-colorable.

(@) (2 points) Give a counterexample to the False Claim when k = 2.

(b) (4 points) Underline the exact sentence or part of a sentence that is the first unjustified step in
the following “proof” of the False Claim.

False proof. Proof by induction on the number n of vertices:
Induction hypothesis:

P(n)::= "“Let G be an n-vertex graph whose vertex degrees are all < k. If G also has a vertex of
degree strictly less than &, then G is k-colorable.”

Base case: (n = 1) G has one vertex, the degree of which is 0. Since G is 1-colorable, P(1) holds.
Inductive step:

We may assume P(n). To prove P(n + 1), let G, 41 be a graph with n + 1 vertices whose vertex
degrees are all k or less. Also, suppose Gy+1 has a vertex, v, of degree strictly less than k. Now we
only need to prove that G,1 is k-colorable.

To do this, first remove the vertex v to produce a graph, G,, with n vertices. Let u be a vertex
that is adjacent to v in G41. Removing v reduces the degree of u by 1. So in G, vertex u has
degree strictly less than k. Since no edges were added, the vertex degrees of G, remain < k.
So G, satisfies the conditions of the induction hypothesis, P(n), and so we conclude that G, is
k-colorable.

Now a k-coloring of G, gives a coloring of all the vertices of G,1, except for v. Since v has degree
less than k, there will be fewer than & colors assigned to the nodes adjacent to v. So among the &
possible colors, there will be a color not used to color these adjacent nodes, and this color can be
assigned to v to form a k-coloring of G, 1. [ ]
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(c) (4 points) With a slightly strengthened condition, the preceding proof of the False Claim could
be revised into a sound proof of the following Claim:

Claim. Let G be a graph whose vertex degrees are all < k. If (statement inserted from below) has a
vertex of degree strictly less than k, then G is k-colorable.

Circle each of the statements below that could be inserted to make the Claim true.

e (7 is connected and

G has no vertex of degree zero and

G does not contain a complete graph on k vertices and
* every connected component of G

¢ some connected component of G
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Problem 4 (Planar Embeddings) (10 points).

The planar graph embeddings in class (repeated in the Appendix) were only defined for connected
planar graphs. The definition can be extended to planar graphs that are not necessarily connected
by adding the following additional constructor case to the definition:

e Constructor Case: (collect disjoint graphs) Suppose £ and F are planar embeddings with no
vertices in common. Then £ U F is a planar embedding.

Euler’s Planar Graph Theorem now generalizes to unconnected graphs as follows: if a planar
embedding, £, has v vertices, e edges, f faces, and ¢ connected components, then

v—e+f—2c=0. (1)
This can be proved by structural induction on the definition of planar embedding,.

(@) (4 points) State and prove the base case of the structural induction.

(b) (2 points) Carefully state what must be proved in the new constructor case (collect disjoint
graphs) of the structural induction.

(c) (4 points) Prove the (collect disjoint graphs) case of the structural induction.
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Problem 5 (Euler’s Function) (10 points).

(a) (2 points) What is the value of ¢(175), where ¢ is Euler’s function?

(b) (3 points) Call a number from 0 to 174 powerful iff some positive power of the number is con-
gruent to 1 modulo 175. What is the probability that a random number from 0 to 174 is powerful?

(¢) (5 points) What is the remainder of (—12)%%2 divided by 1752
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Problem 6 (Magic Trick Redux) (10 points).

In this problem we consider the famous 6.042 magic trick. Unlike the one performed in class by
the TAs, this time the Assistant will be choosing 4 cards and revealing 3 of them to the Magician
(in some particular order) instead of choosing 5 and revealing 4.

(a) Show that the Magician could not pull off this trick with a deck larger than 27 cards.

(b) Show that, in principle, the Magician could pull off the Card Trick with a deck of exactly 27
cards. (You do not need to describe the actual method.)
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Problem 7 (Combinatorial Proof) (10 points).

(a) (2 points) Let S be a set with i elements. How many ways are there to divide S into a pair of
subsets?

(b) (4 points)

Here is a combinatorial proof of an equation giving a closed form for a certain summation } 7" :

There are n marbles, each of which is to be painted red, green, blue, or yellow. One way
to assign colors is to choose red, green, blue, or yellow successively for each marble.
An alternative way to assign colors to the marbles is to

¢ choose a number, 7, between 0 and n,

e choose a set, S, of 2 marbles,
divide S into two subsets; paint the first subset red and the other subset green.

divide the set of all the marbles not in .S into two subsets; paint the first subset blue
and the other subset yellow.

What is the equation?

(c) (4 points) Now use the binomial theorem to prove the same equation.
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Problem 8 (Linear Recurrence) (10 points).

Less well-known than the Towers of Hanoi —but no less fascinating —are the Towers of Sheboy-
gan. As in Hanoi, the puzzle in Sheboygan involves 3 posts and n disks of different sizes. Initially,
all the disks are on post #1:

Post #1 Post #2 Post #3

The objective is to transfer all n disks to post #2 via a sequence of moves. A move consists of
removing the top disk from one post and dropping it onto another post with the restriction that a
larger disk can never lie above a smaller disk. Furthermore, a local ordinance requires that a disk
can be moved only from a post to the next post on its right —or from post #3 to post #1. Thus, for example,
moving a disk directly from post #1 to post #3 is not permitted.

(@) (2 points) One procedure that solves the Sheboygan puzzle is defined recursively: to move
an initial stack of n disks to the next post, move the top stack of n — 1 disks to the furthest post by
moving it to the next post two times, then move the big, nth disk to the next post, and finally move
the top stack another two times to land on top of the big disk. Let s,, be the number of moves that
this procedure uses. Write a simple linear recurrence for s,,.
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(b) (4 points) Let S(z) be the generating function for the sequence (sg, s1, $2, . .. ). Carefully show

that
I

Sl (1—2)1—4z)

(c) (4 points) Give a simple formula for s,,.
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Problem 9 (Variance & Deviation) (10 points).
The hat-check staff has had a long day serving at a party, and at the end of the party they simply
return people’s hats at random. Assume that n people checked hats at the party.

Let X; be the indicator variable for the ith person getting their own hat back. Let S, be the total
number of people who get their own hat back.

(@) (1 point) What is the expected number of people who get their own hat back?

(b) (2 points) Write a simple formula for E [X; X;] for i # j. Hint: WhatisPr{X; =1| X; =1}?

(c) (3 points) Show that E [SZ] = 2. Hint: X? = X;.
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(d) (1 point) What is the variance of S,?

(e) (3 points) Use the Chebyshev bound to show that the probability that 11 or more people get
their own hat back is at most 0.01.
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Problem 10 (Sampling & Confidence) (10 points).

Yesterday, the bakers at a local cake factory baked a huge number of cakes. To estimate the fraction,
b, of cakes in this program that are improperly prefared, the cake-testers will take a small sample
of cakes chosen randomly and independently (so it is possible, though unlikely, that the same cake
might be chosen more than once). For each cake chosen, they perform a variety of non-destructive
tests to determine if the cake is improperly prepared, after which they will use the fraction of bad
cakes in their sample as their estimate of the fraction b.

The factory statistician can use estimates of a binomial distribution to calculate a value, s, for a
number of cakes to sample which ensures that with 97% confidence, the fraction of bad cakes in
the sample will be within 0.006 of the actual fraction, b, of bad cakes in the back.

Mathematically, the batch is an actual outcome that already happened. The sample is a random
variable defined by the process for randomly choosing s cakes from the batch. The justification
for the statistician’s confidence depends on some properties of the batch and how the sample of s
cakes from the batch are chosen. These properties are described in some of the statements below.
Mark each of these statements as T (true) or F (false), and then briefly explain your answer.

1. The probability that the ninth cake in the batch is bad is b.

2. All cakes in the batch are equally likely to be the third cake chosen in the sample.

3. The probability that the ninth cake chosen for the sample is bad, is b.

4. Given that the first cake chosen for the sample is bad, the probability that the second cake
chosen will also be bad is greater than b.

5. Given that the last cake in the batch is bad, the probability that the next-to-last cake in the
batch will also be bad is greater than b.
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6. Given that the first two cakes selected in the sample are the same kind of cake —they might
both be chocoloate, or both be angel food cakes,...—the probability that the first cake is bad
may be greater than b.

7. The expectation of the indicator variable for the last cake in the sample being bad is b.

8. There is zero probability that all the cakes in the sample will be different.
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Notes for 6.042 Final

e The exam is long, so a good strategy would be to skip hard parts and come back to them later after
moving quickly through easy parts.

e On true/false questions, you will get part credit for a correct answer of false even without the called-
for counter-example. So if you don’t quickly see a counter-example, go on to the next question,

e Problem 1(k) the b should be 1.
e Problem 2(b), these are statements about finite trees. The last item should read

— For every finite graph (not necessarily a tree), there is one (a finite tree) that spans it.
e Problem 2(e), “stable” should be “stationary.”

e Problem 12(d), Write a formula solely in terms of the expressions given in part (a): Pr[B], Pr [Y | B]
and Pr[Y | B].

e In your proof for Problem 13, intelligible abuse of &() notation will be accepted. For example, writing
“O(x) - BO(y) = BO(x - y)” to abbreviate some proof steps would be OK.
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