Massachusetts Institute of Technology
6.042J/18.062J, Spring *11: Mathematics for Computer Science April 11
Prof. Albert R Meyer revised Tuesday 5™ April, 2011, 15:40

In-Class Problems Week 10, Mon.

Problem 1.
Answer the following quesions using the Generalized Product Rule.

(a) Next week, I'm going to get really fit! On day 1, I'll exercise for 5 minutes. On each subsequent day,
I'll exercise 0, 1, 2, or 3 minutes more than the previous day. For example, the number of minutes that
I exercise on the seven days of next week might be 5, 6,9, 9, 9, 11, 12. How many such sequences are
possible?

(b) An r-permutation of a set is a sequence of r distinct elements of that set. For example, here are all the
2-permutations of {a, b, c,d}:

(a,b) (a,c) (a,d)

(b,a) (b,c) (b,d)

(c.a) (c.b) (c,d)

(d,a) (d,b) (d,c)

How many r-permutations of an n-element set are there? Express your answer using factorial notation.

(¢) How many n x n matrices are there with distinct entries drawn from {1, ..., p}, where p > n??

Problem 2. (a) There are 30 books arranged in a row on a shelf. In how many ways can eight of these
books be selected so that there are at least two unselected books between any two selected books?

(b) How many nonnegative integer solutions are there for the following equality?

Xi1+x24+-+xy, =k ()
(c) How many nonnegative integer solutions are there for the following inequality?

X1+x24 4 xm <k, @

(d) How many length-m weakly increasing sequences of nonnegative integers < k are there?

Problem 3.

Your class tutorial has 12 students, who are supposed to break up into 4 groups of 3 students each. Your
Teaching Assistant (TA) has observed that the students waste too much time trying to form balanced groups,
so they decided to pre-assign students to groups and email the group assignments to his students.

(a) Your TA has a list of the 12 students in front of him, so they divides the list into consecutive groups
of 3. For example, if the list is ABCDEFGHIJKL, the TA would define a sequence of four groups to be
(1A, B,C},{D.E,F},{G, H,1},{J, K, L}). This way of forming groups defines a mapping from a list of
twelve students to a sequence of four groups. This is a k-to-1 mapping for what k?
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In-Class Problems Week 10, Mon.

(b) A group assignment specifies which students are in the same group, but not any order in which the
groups should be listed. If we map a sequence of 4 groups,

A BaC d D B, FRLAG, H I E K LY

into a group assignment
A B C DB P LG, H Tl K L

this mapping is j-to-1 for what j?
(¢) How many group assignments are possible?

(d) In how many ways can 3n students be broken up into n groups of 3?

Problem 4.
A pizza house is having a promotional sale. Their commercial reads:

We offer 9 different toppings for your pizza! Buy 3 large pizzas at the regular price, and you can
get each one with as many different toppings as you wish, absolutely free. That’s 22, 369, 621
different ways to choose your pizzas!

The ad writer was a former Harvard student who had evaluated the formula (22)3 /3! on his calculator and
gotten close to 22,369, 621. Unfortunately, (27)3/3! is obviously not an integer, so clearly something is
wrong. What mistaken reasoning might have led the ad writer to this formula? Explain how to fix the
mistake and get a correct formula.
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Massachusetts Institute of Technology
6.0421/18.062], Spring ’11: Mathematics for Computer Science April 11
Prof. Albert R Meyer revised Monday 11*% April, 2011, 13:08

Solutions to In-Class Problems Week 10, Mon.

Problem 1.
Answer the following quesions using the Generalized Product Rule.

(a) Next week, I'm going to get really fit! On day 1, I'll exercise for 5 minutes. On each subsequent day,
I'll exercise 0, 1, 2, or 3 minutes more than the previous day. For example, the number of minutes that
I exercise on the seven days of next week might be 5, 6, 9, 9, 9, 11, 12. How many such sequences are
possible?

Solution. The number of minutes on the first day can be selected in 1 way. The number of minutes on each
subsequent day can be selected in 4 ways. Therefore, the number of exercise sequences is 1 - 4% by the
generalized product rule. : |

(b) An r-permutation of a set is a sequence of r distinct elements of that set. For example, here are all the
2-permutations of {a, b, ¢, d}:

(a,b) (a,c) (a,d)

(b,a) (b,c) (b,d)

(c;a) f(c,b) (c;d)

(d,a) (d,b) (d,c)

How many r-permutations of an n-element set are there? Express your answer using factorial notation.

Solution. There are n ways to choose the first element, n — 1 ways to choose the second, n — 2 ways to
choose the third, ..., and n — r 4+ 1 ways to choose the r-th element. Thus, there are:

nl
n-n—1-(n—=2)---(n—r+1)=
(n—r)!
r-permutations of an n-element set. =]
(c) How many n x n matrices are there with distinct entries drawn from {1, ..., p}, where p > n2?

Solution. There are p ways to choose the first entry, p — 1 ways to choose the second for each way of
choosing the first, p — 2 ways of choosing the third, and so forth. In all there are

p!
(p—n?)!

such matrices. Alternatively, this is the number of n-permutations of a p element set, which is pY/(p—
2
n=)l. ||

p(p=1)(p—=2)---(p—n*+1) =

Problem 2. (a) There are 30 books arranged in a row on a shelf. In how many ways can eight of these
books be selected so that there are at least two unselected books between any two selected books?
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2 Solutions to In-Class Problems Week 10, Mon.

Solution. The answer is the number of length-16 bitstrings with eight 1’s, namely

16

g |
As in Problem 15.3, there is a obvious bijection between length 30 bit-strings with eight 1’s and selections
of eight among 30 books on a shelf. And there is another obvious bijection between length 30 bit-strings
with eight 1’s that are at least two apart and length 16 bit-strings with eight 1’s, namely, insert two O’s after

the first seven 1’s in a 16 bit-string with eight 1’s, to obtain a 30 bit-string with 8 occurrences of 1’s that are
at least two apart. |

(b) How many nonnegative integer solutions are there for the following equality?

X{+x2+4--+ x5, =k. (D
Solution. There are
(m +k—1
k 7.5 L,\O-:"
nonnegative integer solutions to (1). Y\QJ“ &
As in Problem 15.4, mapping (x1,X2,...,X,) € N™ to 0*1 10%21 ...0% defines a bijection between

solutions to (1) and length-k + m — 1 bit strings with k£ 0’s. O

(¢) How many nonnegative integer solutions are there for the following inequality?

X1+x2+--+xm <k 2

I

There is an obvious bijection between integer solutions to the equality

Solution. There are

nonnegative integer solutions to (2).

X1+ X2+ X+ Xmta =k,

and solutions to (2), and the answer follows as in part (b). O

(d) How many length-m weakly increasing sequences of nonnegative integers < k are there?

<

length-m weakly increasing sequences of nonnegative integers < k.

Solution. There are

As in Problem 15.4, there is a bijection between these weakly increasing sequences and solutions to (2),
namely, map a solution (x1, X2, ..., Xm) to a sequence (x1, X1 + X2, X1 + X2 + X3, ..., Yo%) 50
the answer follows from part (b).



Solutions to In-Class Problems Week 10, Mon. 3

Problem 3.

Your class tutorial has 12 students, who are supposed to break up into 4 groups of 3 students each. Your
Teaching Assistant (TA) has observed that the students waste too much time trying to form balanced groups,
so they decided to pre-assign students to groups and email the group assignments to his students.

(a) Your TA has a list of the 12 students in front of him, so they divides the list into consecutive groups
of 3. For example, if the list is ABCDEFGHIJKL, the TA would define a sequence of four groups to be
({A,B,C},{D,E,F},{G,H,1},{J, K, L}). This way of forming groups defines a mapping from a list of
twelve students to a sequence of four groups. This is a k-to-1 mapping for what k?

Solution. Two lists map to the same sequence of groups iff the first 3 students are the same on both lists,
and likewise for the second, third, and fourth consecutive sublists of 3 students. So for a given sequence of
4 groups, the number of lists which map to it is

@H*
because there are 3! ways to order the students in each of the 4 consecutive sublists. 4]

(b) A group assignment specifies which students are in the same group, but not any order in which the
groups should be listed. If we map a sequence of 4 groups,

({4,B,C}.{D,E,F},{G,H,1},{J,K,L}),
into a group assignment
{{4,B,C}.{D,E,F},{G,H,1},{J,K,L}},

this mapping is j-to-1 for what j?

Solution. 4!.

Each of the 4! sequences of a particular set of four groups maps to that set of groups. |
(c¢) How many group assignments are possible?

Solution.

12 _ 15400
41-(3n*

different assignments.

There are 12! possible lists of students, and we can map each list to an assignment by first mapping the
list to a sequence of four groups, and then mapping the sequence to the assignment. Since the first map
is (3!)*-to-1 and and the second is 4!-to-1, the composite map is (3!)* - 4!-to-1. So by the Division Rule,
12! = ((3!)* - 4!) A where A is the number of assignments. [

(d) In how many ways can 3n students be broken up into n groups of 3?

Solution.
(3n)!

(3H"n!
This follows simply by replacing “12” by “3n” and “4” by “n”in the solution to the previous problem
parts. |




4 Solutions to In-Class Problems Week 10, Mon.

Problem 4.
A pizza house is having a promotional sale. Their commercial reads:

We offer 9 different toppings for your pizza! Buy 3 large pizzas at the regular price, and you can
get each one with as many different toppings as you wish, absolutely free. That’s 22,369, 621
different ways to choose your pizzas!

The ad writer was a former Harvard student who had evaluated the formula (2%)3/3! on his calculator and
gotten close to 22,369, 621. Unfortunately, (2°)3/3! is obviously not an integer, so clearly something is
wrong. What mistaken reasoning might have led the ad writer to this formula? Explain how to fix the
mistake and get a correct formula.

Solution. The number of ways to choose toppings for one pizza is the number of the possible subsets of
the set of 9 toppings, namely, 2°. The ad writer presumably then used the Product Rule to conclude that
there were (2°)3 sequences of three topping choices. Then he probably reasoned that each way of making
three topping choices arises from 3! sequences, so the DivisioP Rule would imply that the number of ways
to choose three pizzas is (2°)3/3!. { lﬂ\"‘{ dwu.m (UtQ {

It’s true that every set of three different topping choices arises from 3! different length-3 sequences of
choices. The mistake is that if some of the three choices are the same, then the set of three choices arises
from fewer than 3! sequences. For example, if all three pizzas have the same toppings, there is only one
sequence of topping choices for them.

One fix is to consider ways to choose toppings with 1, 2 and 3 different topping choices. There are
29(2° — 1)(2° — 2)/3! ways to choose a set of 3 different choices, 2° (22 — 1) ways to choose one topping
choice to be used on two pizzas and a second choice for the third pizza, and 2° ways to choose one topping
for all three pizzas, giving ok na i

s /{fff (Lo5vmes (an'}' ha.€

2°(2° — ;3(29 =2 @ —1)+2° =22,500,868. L of h’ff’"’“}
! v f

ways to choose three pizzas. /

Alternatively, we can observe that this is exactly the problem of selecting a dozen donuts of five possible
different kinds—except now there are 3 donuts and 29 kinds. Hence, there is a bijection to the number of
(22 + 2)-bit strings with exactly 2° — 1 ones and 3 zeros:

7 i Thes [

(29:2) =2.2,50"0',/.864. " Llggpee |
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