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Massachusetts Institute of Technology
6.042J/18.062], Spring *11: Mathematics for Computer Science April 20
Prof. Albert R Meyer revised Tuesday 5™ April, 2011, 15:44

In-Class Problems Week 11, Wed.

Problem 1.
Find the coefficients of

(a) x°in (1 4+ x)!!
(b) x8y%in 3x + 207

(¢) a®b®in (a® + b3)°

Problem 2.
You want to choose a team of m people for your startup company from a pool of n applicants, and from
these m people you want to choose k to be the team managers. You took a Math for Computer Science

subject, so you know you can do this in
n\(m
m)\k

ways. But your CFO, who went to Harvard Business School, comes up with the formula

()6)

Before doing the reasonable thing—dump on your CFO or Harvard Business School—you decide to check
his answer against yours.

(a) Give a combinatorial proof that your CFO’s formula agrees with yours.

(b) Verify this combinatorial proof by giving an algebraic proof of this same fact.

Problem 3. (a) Give a combinatorial proof of the following, more interesting theorem:

n2" ! = Zk(Z) (1
k=1

Hint: Let § be the set of all length-n sequences of 0’s, 1's and a single *.

(b) Now prove (1) algebraically by applying the Binomial Theorem to (1 + x)” and taking derivatives.

Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .
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Massachusetts Institute of Technology
6.042J/18.062]J, Spring ’11: Mathematics for Computer Science April 20
Prof. Albert R Meyer revised Wednesday 20" April, 2011, 17:12

Solutions to In-Class Problems Week 11, Wed.

Problem 1.
Find the coefficients of

(@ x°in (1 + x)11

Solution.
11
( ) = 462
5
() x8y?in 3x +2y)V7
Solution.
17
3577

When (3x+2y)17 is expressed as a sum of powers of the summands 3x and 2y, the coefficient of (3x)%(2y)?
is (187), so the coefficient of x8y? is this binomial coefficient times 3% - 2°. |

(¢) abh® in (a? + b3)°

Solution. a®h® = (a?)3(b3)?, so the coefficient is

Problem 2.
You want to choose a team of m people for your startup company from a pool of n applicants, and from
these m people you want to choose k to be the team managers. You took a Math for Computer Science

subject, so you know you can do this in
n\{m
m)\k

ways. But your CFO, who went to Harvard Business School, comes up with the formula

()=

Before doing the reasonable thing—dump on your CFO or Harvard Business School—you decide to check
his answer against yours.

56
Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .



2 Solutions to In-Class Problems Week 11, Wed.

(a) Give a combinatorial proof that your CFO’s formula agrees with yours.

Solution. Instead of choosing first m from n and then k from the chosen m, you could alternately choose
the k managers from the n people and then choose m —k people to fill out the team from the remaining n —k
n\[n—k
kf\m—k
options regardless of the order in which you choose to pick team members and managers,

()E)-6)e)

Formally, in the first method we count the number of pairs (A4, B), where A is a size m subset of the pool of
n applicants, and B is a size k subset of A. By the Generalized Product Rule, there are

o) &)

In the second method, we count pairs (C, D), where C is a size k subset of the applicant pool, and D is a
size (m — k) subset of the pool that is disjoint from C. By the Generalized Product Rule, there are

(06

These two expressions are equal because there is an obvious bijection between the two kinds of pairs, namely
map (A, B) to (B, A— B). |

people. This gives you ) ways of picking your team. Since you must have the same number of

such pairs.

such pairs.

(b) Verify this combinatorial proof by giving an algebraic proof of this same fact.

n\fm\ n! m!
ml\k | mn—m)k\(m—k)!

_ n!
T (n—m)k(m — k)!

Solution.

_ nl(n —k)!

T (n—m)le\m —k)(n —k)!

_ n! (n —k)!

T kl(n—k)! (n —m)(m — k)!
n! (n —k)!

B Eln =k ((n—k)— (m—=Ek)!(m—k)!

(k)



Solutions to In-Class Problems Week 11, Wed. 3

Problem 3. (a) Give a combinatorial proof of the following, more interesting theorem:
e n
2]1—1 - k
- 2e{y .

Hint: Let S be the set of all length-n sequences of 0’s, 1’s and a single *.

Solution. Let P::={0,...,n—1}x{0, 1}"~1. On the one hand, there is a bijection from P to S by mapping
(k, x) to the word obtained by inserting a * just after the kth bit in the length-n — 1 binary word, x. So

IS| = |P| = n2"! 2)

by the Product Rule.

On the other hand, every sequence in S contains between 1 and n nonzero entries since the *, at least, is
nonzero. The mapping from a sequence in S with exactly £ nonzero entries to a pair consisting of the set of
positions of the nonzero entries and the position of the * among these entries is a bijection, and the number
of such pairs is (]'é)k by the Generalized Product Rule. Thus, by the Sum Rule:

n
n
IS|=) k ( k)
k=1
Equating this expression and the expression (2) for | S| proves the theorem. O

(b) Now prove (1) algebraically by applying the Binomial Theorem to (1 + x)” and taking derivatives.

Solution. By the Binomial Theorem

Taking derivatives, we get

n(l+x)" 1 = Z k(z)xk_l
k=0
ol n
= — Z k( )xk. (3)
x = k

Letting x = 1 in (3) yields (1).



Massachusetts Institute of Technology

6.0421/18.062]J, Spring *11: Mathematics for Computer Science April 15
Prof. Albert R Meyer revised Saturday 16" April, 2011, 09:34
Problem Set 9
Due: April 22

Reading: Chapter 15.10-15.13, Inclusion-exclusion, Pigeon Hole Principle, and Combinatorial Proof

Problem 1.

The Magician can determine the 5th card in a poker hand when his Assisant reveals the other 4 cards.
Describe a similar method for determining 2 hidden cards in a hand of 9 cards when your Assisant reveals
the other 7 cards.

Problem 2.
Let’s develop a proof of the Inclusion-Exclusion formula using high school algebra.

(a) Most high school students will get freaked by the following formula, even though they actually know
the rule it expresses. How would you explain it to them?

[Ja-xo= > " ]x; ¢))

i=1 Ic{1,...,n} jel
Hint: Show them an example.
“~" For any set, S, let Mg be the membership function of .S:

My = | HES.
X)) =
g 0 ifx¢s.

Let Sy,..., Sy be a sequence of finite sets, and abbreviate Mg, as M;. Let the domain of discourse, D,
be the union of the S;’s. That is, we let
n
D= U Si,
i=1

and take complements with respect to D, that is,

T:=D-T,
forT € D.
(b) Verify thatfor T € D and I C {1,...n},
Mz =1-Mr, 2
Mg si) = HMS:’ (3)
iel
M., sy =1-]]0 =M. )
iel

(Note that (3) holds when I is empty because, by convention, an empty product equals 1, and an empty
intersection equals the domain of discourse, D.)

Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .




2 Problem Set 9

(¢) Use (1) and (4) to prove

Mp= Y (DT M, (5)
B#IC{1,...,n} jel
(d) Prove that
- ITI =" Mr(). ©6)
ueD

(e) Now use the previous parts to prove

pl= 3 -y

P#IC{l,....,n}

)

ns

iel

(f) Finally, explain why (7) immediately implies the usual form of the Inclusion-Exclusion Principle:

IDI= D' > | S84l ®)
=1

I1c{1,...n} |jel
||=i

Problem 3.
Give a combinatorial proof for this identity:

i ak=n \ oK
i,jk=0
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Massachusetts Institute of Technology Solutions cover sheet
6.0421/18.062], Spring *11: Mathematics for Computer Science April 15
Prof. Albert R Meyer

Student’s Solutions to Problem Set 9

.] i !, In
Yourname: | | (0e] [ gn0.%
Due date:  April 22
,/I?
Submission date: i‘/ ?/ L
;‘

Circle your TA/LA: Ali Nick Oscar (E)s/l;—ag Table number

Collaboration statement: Circle one of the two choices and provide all pertinent info.
1. I worked alone and only with course materials.
2. Icollaborated on this assignment with:

got help from:' MQH fawl{\ / AH}PFI (MWW ( z”ﬁ'd*‘f‘/}/. };//

' (i £ i
and referred to:” U oML { O, /

(W
=
»
=]
~,

DO NOT WRITE BELOW THIS LINE

Problem | Score :
I GO 78
2
3
Total

Yale
Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .
!People other than course statf.
2Give citations to texts and material other than the Spring '11 course materials.




t | Mo o Clde L pm;fﬂ/ 0
On T Joff ¢ de , Wote gl of Tu Ppc,g[é/p
g(i({w:z(fa; . [d;’j Jhedi pils g sy
W }5 Wnp Qf w/m Wt a«bfm/l/ defi
ﬂft {aéJr [ ¢lots s }q,Mf’n, (L /ﬂwer'er (e (/9
not core abot B oder of tese bt 7 cads,
/}YI\IICH@A Coid 29 o hidda coid. Thee  means
Wwe hae p 2-t-l / olilioashyp  becose  eilier
ocder i T came thag, & " o i
(k) vn e i} on e bfF . e s (9199

On m [‘lﬂm' e WHQ a” O‘C ﬁ‘f poé&;é/t’ 5’@7’3
0\( (NL‘H The 7 W‘“‘f"r@ (o5 (OU «68, J/,F

VR VT L “t wolld e Y9 ;0”53:5/{0
{ om (1 la] (haa?aj

(gl (S{nce P | Unow > Coids J ( L[g) flowever
\/e 0!!90 qu/’e ﬂ.ffﬂffrpl /ﬁ(d Mzss /a 77’!‘ mug | 5(0
Ge of  $2-9=UY cads cre b how o T ooy,
LﬁQ d/(éa neod ([o J;u;o’e 51 ) t”!imce e Ma@({@n
o5 ol need gt fe odes of Ho o hoddey

QI Singp h\?,fé & No  grdes So w gt



0 -

| (/254(/"‘{ . ?QO

A
Q) on ﬁm [of{ f‘fﬂl"}
(g/qqo 790

n\a negls our ( Pqu;/éw{?nf; b S;ace

Def 195 da 0 4 taph i J()g/@g %
e Jﬂg(ﬁ) l 0269(/)

m(s O(QF ‘ ;s f*ﬁ.

D\me ”gé CoyS fha! i 6 < a 0/@,3{(20 (mgf(av'/rc/
%}Pah gaph, foo The oo M%fﬂf;@ fal  (ams L/g)
( p(om( n )DOOU | |
Thes oot I calicfied, Go e « a mafcl@

@GCOMQ b{/e !zs A f"-ﬂfJTCh‘”ﬂ , Q Pwﬂc\/[ar 9%
which o guoichial  oaanges con mep T

{ SP%;X'R 5& of ;m;}gif{/ﬂ C s

97‘/4/'//(?



Tb @_ulwtlb do M W(’W\mﬂ, (o DLML ﬁ@ madicer (4
JO m ‘H‘(’[‘L V"/O (Cl((/;f(rnj 7}@_ mem 07y O{" A
lowpder ~ pute s a5 2 G-cad bk,

Howvﬂf ) b‘/ j/\l’ p]@@ﬂ “0](’_ Pr;'?ég{/jl)(j (Ml !{m o The f
_ﬁm muﬁ Ig@ 0 5,}' w,% a‘f (QM‘) 3 ( Wr/;.,
(ﬂ (w“ lm"? | (,W{SJ Uﬁ{ﬂ%@ T}e 2 (&’/JS 14 Acdo

6uth Trat ILLQ7 e Tl Sam st Choe o Thrl
Cod fha) s Al ﬁﬁ Cad ;UH( (DQ il st
o 29 Cud) pd M Gl s T (st

viable ~cad Wow ¢ Cods  cemainc Qrganize e
nerl 9 b g\//e fle raak ot T (ol hidea  od

Cvoll ok oo 7l matfer

USM9 m 5amg QML andQ . gclmg ds despad

1
_}

J . m ¢ ((e.c_;é.
O .
| (? = f

. 31
Do e o for B W hiddn cod %



Nichodl" Plagualor
OQ]’\(M;

Tabe 12 |45
Dt

4 2a. Yol by bealieg b e ond delivny Ho piees
n Meoas mUHépU(a?;'M/ (f(/lﬂ-o(c( MQ Z @W/TL@ not @

15 N
W (H(;-) _0[(50 medes ()’X)n gin(e we I
i |

Sl/hply nw[ plyey s foamds, To fande 2l

][(((’S 0 dfn €7 X5 bv{m 5\/1966/(,07‘5( ,[0/ N 0w

lth asume hat ol X}s oo T e gad  lotr

We @ el (1 od

m_ gmmalon hos 0 chat cymbl €, TNy naoy

0dd own gl pocille  Supsth. For Tio <o
-\ Yo !

(L3 ol shd alde

blai

(309, S
(3 [23,{%3,

d empty S0F



b will ey ook possble st

) , _
(‘]) o ma (T) Iy size of < T .- This
:5 llow ;‘mw? ;?LP/"-S & (-;,-/r(?/ﬂ[;, ,’,ﬂ 71@ clf we

Y ,
dio. Aealey it (-} )]L) i< basiall, o poon ficdd

@/9 qltecatr. Wha 1T) 05 odl Thoa ne o0
hag tie, TC 1] Ve pwer, tun e o ’005}1;/9, 7%
’ ‘ becose ) pegdve Lges moke g paé;‘?‘f’/g 0 WP
U‘ft“ Chov 11 e wm,ﬂlol

ﬂ L L /qu}pH o xo dogeba Thal e
'\ ou coeal ot b all x5 e Te v
s b bestally V< b b e pre
&:{&/(’n{/ each e Iz N““}'f"\@d 1@5@20( 5@/69(?"9

57 now.  an PWM}’@ whoe N <3 nal X's O fe cone
N

ﬂ (] ‘X) = (l*)()h < (] wx)(l‘)()() ‘)9
= | | |
ﬂwm@“y e wovld 4o 1}1/0‘@}) 7}}'}5 eqir o-d

h\@lﬂ oMo e gpé' 0wer Pp-;;;;.,;%(e (rrfbo %f 2/ he
Ued Tl expedim TN e (Ll glido, (neide, fp



@'ﬂ\mqj& dee O bil maee (G"?q);"@'/%'— e hare @ |} mace 1
‘ v
bt lefs fry o ¥ - ( | X -y
o4 el e g X L T
o[ 4 [o]xr [l T ( il
\ :
e oo sintl€y )”"; _;
1 Iy 19X
/Q{’Wm\oer 2 or QL/Q/P) # O{ © Moars @

Dehﬁwu\ﬁ wa; Vo Do Cone Ty ol 7"
gl tvay POf»&;’b?(? (bl - gad  0dd tuom tegel 1

(LT3
()7 %2

) ) and sme fo 2 ot femy 7
2 e (i
(b\ ' g!" 3 {2,;) 5 A.ﬁ@«f;
;
- W
% -
(h‘) ! gnl Soor L ¢ 2433
< ~X
(} Dg},ﬂ ‘ffor%a{



@..

Née Utwthey v e

=X 3 x|
éaM 0s T[oﬂw 'CL- )



we My ehe L oo 0 B,
(onplowr) P1x pust abs be | 0c

LT LT IRV
I -5 0 [+ -1
O — | Ol =1
" Tgo Gum CL{M7$ i\
T\ \ . | '~ |
\f T obo a shat of DT 1o T conpletd, S A“Wﬂ/
T+T =0

go 1L€m§ ((0”1 D Qﬁﬁ’ L p T 0¢ F
”T s Gﬂ)y t () f _0__'1 tons e 57
/ﬂ“? s O Lo (0, See abe




ﬂle{ \/\/)'\0}62 ﬁ‘ ; {“‘/Wf m LHE U9'05 /'47[?/5651{/’/4

ﬁ[éo Cd”@d ﬂ[VD - (‘l (,0mbf‘»05 all [l 9;5 fﬁﬁ?)%f,
Iw[ 0fx s fale )}, Tl 1mL g @[@, The A HS

#Sfﬁ QC’&L‘ -§: ;’La‘\ul‘du&”‘f, Hob«@(/(’r H TM /”L(/N/I)O}%
flo feb fogelir B 0y tel i fule, B

by fod T oo meably foddm
hﬂ é]l(‘:flj 9(' /']u‘H‘{‘pr{(@f“Dﬂ vt n b@ ‘([d/;(

Wu f bocoua an;ﬂ‘m? 0 =0

\-—

AISO HOIE 'hﬂa‘! 'h'\‘!} ]”9}({5 W}On I }5 anp}? b(’(w/f{

})\f (Gm;(ofd:m an em[?)/ P{od%{ = | gad 4 E’ﬂpJ}
;/ﬁ?f goglion eqvq)s 110 @,ﬂ\(/e dom;n O( (J;SC"V@C ﬂ.



U\\s 5 ba;‘(@; oyl 3 m ooy | 0(%'"
(é JW? Yrea Tho Slaferqt i s

li{uf’ a5 = |
1( als¢  [drs -

I—)M', W;H be
,_) :0 ;{ %ﬁ/@’
O-1=- & Habe
A’“ o mﬁ w})} BQ V"Lv”}ﬂ”@d ‘}09@17‘0/( ‘T7[ oy

Ore pf Fh W }9 %(ue, oo The (esu ] il !9‘90
14?" (%0@ u/ega/b@c‘ GW’, 1‘]( c[N 010 fﬁ/ﬁ@ ﬁﬁ/)
_ 0wl be | gee (<) il b et

l oc  ~|
ol }&za?

TNZ’\ b coll s cbladed  Gem | o W

s fw -0 <] e b QS =(0 T(

Al M5 ae fabe Tha ity |- 1<
T jade
i o oy g T e
At Yo Sldewd s (gl



Nﬁ“val\ S}K‘lc{(b/ 5/)Paz)4}nﬂ MgM S}M\f” be /Qdﬂf;é(/ 73

M) = (1 & XE
0 ol



go e hase
-2 H)*‘/ﬂ

W@ﬂ} N m y

TChym €D

No., )H 11\( | sl D Gutmalen  Symbol

An& oxohle m Q






d) - '” :E M?'(U)

0 €0
T Cch)

C bomm cancbm Substt of )

/ =

mT (V) 7% ]lpsf (’( V /‘5 /N /
( Jﬂ }/ ‘NEJ‘. gop g J(A/o\gh ( H(mfas) g ey :’ ff’fv

J0
:n D ((al“aa g u) g See:ﬂ(j e i ,;b /vr'r T
1 '19 m T I 7(0) ce Turns ]/ mhfch ()

adée (l 1Lo ‘H& Sum ( | all qu}a for ) ; '89( (7 Y 4
by ey glwt i D ond TCD fh sw
wll b = bt # o oloeants i T o [T] 17



Q) P('Ove ]D) = E (»U (1] ¥l //)9;)
¢#ICél o)1) €T
T blls o0 paos foacdss poml ;(5) ad (6)

The {'QS at /5 m (mLP/SCc o (OWZ“PP’@) Pd/lls
5!?6

6’( —hQ Q@! ﬂ’W[ (6 })QMD “?5*6& d]t h‘? EOH\WMW
m0wﬂ+\ ﬁ-Pw{(‘UlO’ HFM /\auﬁ‘ bﬁ t(fl Qo€/7 QQf‘

Nojt(a alos Tt T LHE & [D] ~ e copm 19
lDG b\/ll&fj (,P hp én( .jsmﬂ ?xclv,m lO/M(,,I‘O)é

%’( otk '/‘GIUCIQ ek 1(%*' " our Pa( f[/l/lo( Gv beo ]
‘0( hQ Mowalr ~ we aHamHQ Olt{dmg md 5\/19 fdc /7 -
J\d lb@ ha ﬂ(,{ voron “E&C[VSJM P[(AL /J’P

B\)f ﬂ/s}l w2 wm)t ’}a | b(m\,., Low }lﬂ fag){ k/( T}’Nis

sl (o) B ove e TN b/é
My by 0

\“/Q e }‘“‘"@@( C}‘% g‘( Wﬁ\lﬁj / W"‘EP/ -

WP /fv:}f leude [f WQ Cwr ﬁ\}g ‘/! Cé)
mtldmj JP 0u ()1[ te Wﬂlfbefs @tm, )&/I’Sﬁe

g2 Bee S



lﬁ) E folajr/\ )’\ow Fhﬂ\(b / I;I_C{(/?{lm h E}(o{usgdﬂ
<20 )y

o TG, ,n} Jel
1T] =

I qu iﬂ\ alqu(ly S*}C’/ h? é ;n F!()‘b [mr)-_ pmb)e " =
e e ﬂ/dd:"j dad (P,rf\ﬁv;% QH?NW;@ ! [Q*/@/é‘\ -

\ 1 !
Subse"; of (ad(eagng GiZe.

W@ Cj!ﬂ[ (8) ][(0’"” (7) 7(%: 4 G of
‘h{ §i},%" ho}aie‘ﬂfi {’fﬂ[f’ u/’“ﬂ}ﬁ g\,«ynﬂ"d’mn,

v



Vichael  Dlasral,
Oél\aﬂ ; @

| HY
N
’ﬁ% ][‘-;( 3 e Can G/ argE€ 4 }90)(95 Aa m

Vd/’t/%, 7)]\(5 ;5 ﬁ( VVW/ /p!(ajfﬂn /(/’Q fzﬂ 1[(/5

boy Cgn be s ABO/C A 50ca box a9
A, /3 s s /Pp@aa ore pllowed, The  opaafs

2 0! (If (ff@.f)L

b{)@ an
N T'[;ma)f hoate 3"

o J(ﬂ‘waﬁ oY, ec{w’ fo (?L) o

J)i4
_JF‘{ Bukkor" e, BY e ac J foent v
OTL J@:‘V‘@H"ﬂ fe bOXPS T Boolt wpm ) /uﬁ
(Q”f'lcl(lfﬁ 'hg Wity ]l.o Ot dnge The,_ bf))@s Onte n‘-’/
]f\a_ae, 'OC’F’/L l&b‘?d /q'/B,C, Wé mubJF a(éo Consclee

Omf l@bl‘lfljs



1
@?0( ourple o =3 ol hot K

0,03 10,7 0

0,30 0l

7,0,0 2101]
59 (e MVﬁ' O«(H QN “K Wq Caméa; as m@//
5 Dt e hose bom/ Cach [ﬂ/}(/tmiz; Ju bod

e

A/B,C. The fhs o ll = J/k; % bl Ay
ol &lding e poves oce e -



Massachusetts Institute of Technology
6.042J/18.062], Spring *11: Mathematics for Computer Science April 22
Prof. Albert R Meyer revised Friday 227 April, 2011, 14:30

Solutions to Problem Set 9

Reading: Chapter ??-??, Inclusion-exclusion, Pigeon Hole Principle, and Combinatorial Proof

Problem 1.

The Magician can determine the 5th card in a poker hand when his Assisant reveals the other 4 cards.
Describe a similar method for determining 2 hidden cards in a hand of 9 cards when your Assisant reveals
the other 7 cards.

Solution. Since there must be [9/4] = 3 cards with the same suit, our collaborator chooses to hide two
of them and then use the third one as the first card to be revealed. So this first revealed card fixes the suit
of the two hidden cards; it will also be used as the origin for the offset position of the first hidden card.
This first hidden card will in turn be used as the origin for the offset of the other hidden card. There are six
cards to code the two offset positions. These suffice to code two offsets of size from one to six. That is, our
collaborator can choose one of the 3! = 6 orders in which to reveal the first three cards and thereby tell us
the offset position of the first hidden card. Our collaborator can then choose the order of the final three cards
to describe the offset position of the second hidden card from the first. Note that the first revealed card must
be chosen so that both offsets are < 6; since the sum of the offsets between successive cards ordered in a
cycle from Ace to King is 13, it is not possible for more than one offset between successive cards to exceed
seven, so this is always possible.

O

Problem 2.
Let’s develop a proof of the Inclusion-Exclusion formula using high school algebra.

(a) Most high school students will get freaked by the following formula, even though they actually know
the rule it expresses. How would you explain it to them?

[Ja-=y=:> D] ;. 1)

i=1 IC{1,...n} jel

Hint: Show them an example.

Solution. Let’s do an example. To “multiply out”

-2} (A~ x2) (1 = %3); (2)

you would form monomial products by selecting some of the (—x;)’s to multiply together. For example,
selecting (—x;)’s with

e i € {1,3} leads to the monomial (—x;)(—=x3) = (=1)®x1x3 = x1x3,

e i € {1,2,3) leads to the monomial (—x1)(—x2)(—x3) = (=1)>x1x2X3 = —x1X2X3, and

e [ € 0 leads (by convention) to the monomial 1.

Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .



2 Solutions to Problem Set 9

Then you sum up the monomials from all possible selections to get
(1 —x1)(1—x2)(1 —x3) =1—x1 —x2 — X3 + X1x2 + x1X3 + X2X3 — X1X2X3.

Now we can decipher (1) as saying to do the same thing for the product of n different (1 — x;)’s: for any

selection of (—x;)’s with i in some subset, / C {1,...,n}, multiply the (—x;)’s to get the monomial
[Tex) =[],
iel iel

and sum up all such monomials obtained by every possible selection, 7, to get the right hand side of equa-
tion (1). |

For any set, S, let Mg be the membership function of S:

1 ifxes,
Ms(x) = .
0 ifxé¢sS.
Let Sy, ..., S, be a sequence of finite sets, and abbreviate M, as M;. Let the domain of discourse, D,

be the union of the S;’s. That is, we let
n
D= U 5%,
i=1

and take complements with respect to D, that is,

T:=D-T,
forT C D.
(b) Verify thatfor T € D and I C {1,...n},
Mz =1— My, 3)
M s = [ Ms: )
iel
My s)=1- 1—[(1 — M;). ®)
iel

(Note that (4) holds when [ is empty because, by convention, an empty product equals 1, and an empty
intersection equals the domain of discourse, D.)

Solution. To prove (3), we have forallu € D,

Myp@)=1 iff weT iff Mr@)=0 iff 1—-Mr@)=1,
Mzu)=0 iff u¢T iff ueT iff Mp@)=1 iff 1—Mr@u)=0,

so Mz (u) = 1 — Mr(u).
Similarly, to prove (4),

M., sH@ =1 iff wue ()8 iff AuweS iff AMi@ =1 iff (HM,-(u)):I,

iel iel iel iel

Finally, (5) follows from (3) and (4) by DeMorgan’s Law. O



Solutions to Problem Set 9

(c) Use (1) and (5) to prove

Mp= Y

@#£Ic{1,...,n} jel
Solution.

Mp=Mq ;5
n
=1-[Ja-m)
i=1

> MM

Pl it jel

=1-

P#IC{1,...,n} jel
= Z (_1)|II+1 H M;.
GEICA1,...,n} jel
(d) Prove that
ITI= Y Mr@).
uebD

Solution.

ueD ueT ueT ueT

(e) Now use the previous parts to prove

D=

@1 C{1,...,n}

(_1)|I]+1

M

iel

Solution. Summing both sides of (6) over u € D, we have

ID| = )" Mp(u)

ueD

A

ueD

(=D M)
@£IC{1,...,n} jel
ueD (ﬂ:ﬁ]g{l,...,n}

_ Z (=DM (Z Mn,, s; (u))
}

B£IC{1,....n ueD

o > Ns

BAIC(1,...,n} iel

(mmwhﬂﬂ

(_1)|I|+1

(=)L TT M.

by (5)

by (1)

(M) ==1

jeP

S Mr@) =Y Mr@)+ Y Mr(@) = (Z 1) + (Z 0) =|T|+0=|T|,

ueT

Si

(by (7))

(by (6))

(by (4))

(reversing the order of sums)

(by (7))

(6)

Q)

®



4 Solutions to Problem Set 9

(f) Finally, explain why (8) immediately implies the usual form of the Inclusion-Exclusion Principle:

DI ==yt Y ) S84l ©)

i=1 Ic{l,..n} |jel
[1|=i

Solution. We obtain (9) from (8) by breaking up the sum over nonempty subsets, I C {1,...,n}, into
separate sums over all the subsets of size i, for 1 <i < n. ®

Problem 3.
Give a combinatorial proof for this identity:

i+j+k=n Lk
i,j,k=0

Solution. Number of sequences of length n composed of digits 0,1, and 2. |
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MIT 6.0427/18.0627

Introduction to
Probability Theory

Counting in Probability
What is the
probability of getting

exactly Two jacks
in a poker hand?

Albert R Meyer, Apeil 22, 2011 el

gy Counting in Probability

4]
a
(=]

| 52 o
Outcomes: B-card hands ua“ ‘
| 5] Sl

\

hands w/2Jacks

4) (48
Pr{2 Jacks} ::=\2 _;,23
)

Abert R Meyer, Apeil 22, 2011 ones

4) (52-4
Even?.[z]-\ 4 }

~ 0.04

E The Monty Hall Game
Applied Probability:

Let’s Make A Deal
(1970's TV Game Show)

@ AbertRerer, | g2z, 200 iz

25 Probability: 1st Idea
A set of basic experimental
~ outcomes
- A subsef of outcomes is an
£ event
- The probability of an eveni:

Prlovenih - # outcomes in event

total # outcomes

Albert R Meyer, Apeil 22, 2011

b P8

U



=i The Monty Hall Game
BHa"

goats behind two doors
-prize behind third door
contestant picks a door
*Monty reveals a goat
behind an unpicked door
Contest sticks, or switches
to the other unopened door

@I;s’c’ . Albert R Mayer, April 22, 2011 boc 1F 3

Analyzing Monty Hall

Determine the outcomes.
-- using a tree of possible
steps can help

Albert R Meyer, Apil 22, 2018 fee .31

B%1 Analyzing Monty Hall

A false conclusion:

sticking and switching have
same # winning outcomes, so
probability of winning

is the same for both: 1/2.

Albert R Meyer, Apnl 22, 2011 Juc 11F 14

: = Analyzing Monty Hall

Marilyn Vos Savant explained Game

in magazine -- bombarded by letters
(even from PhD's) debating:

1) sticking & switching equally good
2) switching better

o= Albert R Meyer, Apeil 22, 2011 e 11F30

g  Monty Hall SWITCH strategy
- e .

L - 3

SWITCH
Wins: 6

Lose: 6

famEE TR E T xb

Analyzing Monty Hall

Another false argument:
affer door opening, 1 goat
and 1 prize are left. Each
door is equally likely to have
the prize (by symmetry), so

both strategies win with
probability: 1/2.

Albert R Meyer, April 22, 2011 loc 1IF 33




#=i Analyzing Monty Hall

What's wrong?
Let’s look at the outcome
tree more carefully.

Albert R Meyer, April 22, 2011 e 117,

Probability: 2nd Idea

- Outcomes may have
differing probabilities!
Not always uniform.

Albert R Meyer, April 22,2011 tac 1118

5 really simple analysis

[=[=iv]

SWITCH strategy wins iff

prize door not picked:

% L Pr'{switéh wins}

yes
20 T
3 W 3
picks prize door

7@!"""1 Albert R Meyer, April 22,201

e Monty Hall SWITCH strategy
88 L 118
=

L 1/18

W 1/9
19

W

W 1 | W 679 =273
/13 1/3
5 s Val }

w 1/9

Apeil 22,2011 loc NET

Finding Probability

Intuition is imporfant but dangerous.
Stick with 4-part method:

1. Identify outcomes (free helps)
2. Identify event (winning)

3. Assign outcome probabilities
4. Compute event probabilities

Alert R Meyer, Apeil 22,2011 e 1839

Probability Spaces

1) Sample space: a countable
set, S, whose elements are
called outcomes.

2) Probability function,
Pr: S—[0, 1], such that

> o) =1

WES

Albert R Meyer, April 22, 2011 fec 11F.21




::wy  Probability Spaces
An event is a subset, E C S.

r'{ }::=2Pr{a)}_

ek

Cor: The SumRule

"5 Difference Rule

Pr{A-B} =

Pr{A} - Pr{ANB}

because by Sum Rule:
Pr{A} = Pr{A N B}+Pr{A-B}

[, OS50 Albert R Meyer, April 22, 2011

E The Union Bound

Pr{A U B} <
Pr{A} + Pr{B}

[H055 Albert R Meyer, April 22,2011

Sum Rule

For pairwise disjoint Ay, A,...

Pr{iARSIATGIARG )=

Pr{A,} +Pr{A}+Pr{A}+--

55,? Inclusion-Exclusion

Pr{AUB} =
Pr{A} + Pr{B}
-Pr{AN B}

1% Boole's Inequality
floniseisiARAS

Pr{UAi}SZPr{A }

i=0 i=0
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