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, ‘Markov Bound
*Weak
*Obvious
-Useful anyway

hec 1323

IQ > 300, again

Pr{IQ >300} =
Pr{IQ -50 > 300 - 50}
_100-50 _1
=000 5

I Chebyshev Bound

__________________

Var[R] =E[R - p)°]

0, = Var[R]

. IQ = 300, again

Suppose we are given that

IQ is always > 50?

Get a better bound using
(IQ - 50)

since this is now > 0.

(& TEE]

Improving the Markov Bound

Pr{|R-p| = x}
= Pr{(R-1)? = X%
by Markov: '

_EIR-p)]

variance of R

000

Aberr 3 Mever. Moy 2, 2011 loc 131429

gast e
-8  Standard Deviation

2

(63
PP{IR"[J,;ZX}S?

R probably not many o's from p:

further than ¢ Pr<l1
20 Pr<1/4
30 Pr<1/9

46 Pr<1/16

Qs

Abert B Meyer. May 2. 200 lnc M35




Variance of an Indicator
I an indicator with E[T]=p:
Var[T]:= E[(I = p)z]
 =E[r?]-2pE[T]+p?
=E[I —2p-p+p°
=p-2p°+p’ =pg

o Culculaﬁﬁg Variance
Pairwise Independent Additivity

i Var[R +R, +--+R]
=Var[R ]+ Var[R,]+ -+ Var(R ]

providing Ry,R,,... R, are
pairwise independent

""a-g-;ain, a simple proof ap;fylag :
linearity of E[] to the def of Var[]

Abert B Meyer, Moy 2. 2011 les 1IMAG

e B e e TP B Rt ot i o Lk

e
Jacob D. Bernoulli (1659—1705)

It certainly remains to be inquired whether
after the number of observations has been
increased, the probability...of obtaining the
true ratio...finally exceeds any given degree
of certainty; or whether the problem has, so
to speak, its own asymptote —that is, whether
some degree of certainty is given which one
can never exceed.

Abart R Meyer, May 2. 2011 Jec 1IM43

N

simple proofs applying linearity
of E[] to the def of Var[]

B8 Jacob D. Bernoulli (1659—1705)

Even the stupidest man —by some instinct of
nature per se and by no previous instruction
(this is truly amazing) —knows for sure that
the more observations ...that are taken, the
less the danger will be of straying from the
mark.

—-Ars Conjectandi (The Art of Guessing), 1713*

baom Soen Cimead 1A S,

rrv— A
Lnodbucrion o Prodobadity, Amcricen Macic st Soccty, i 319,

Adbart 3 Meyer, Moy 2, 2010 lec 13448

A Repecﬂ'ed Trials

Random var R with mean
n independent observations |

er"': Rn

Albart R Meyer, May 2. 2011 i e 13MST




Repeated Trials
’rake, aver'age

R1+Rz+ b,

Ber'noulh queshon is it
probably close fo w if n is big

e

Abart B Mayer, May 2, 2010 Jec 1358

Weak Law of Large Numbers

lim Pr{A, -p|<8} =1
N—>co

s e s e A 0 e 0

lim PrilA, -4>5} = 0|

rdpede fntrdadendy |

Albert R Mayer, Moy 2, 2011 Jec 13M A1

: 0ol
mid

B8 Jacob b. Bernoull (1659 - 1705)
Therefore, this is the problem which I
now set forth and make known after I
have pondered over it for twenty years.

~ Both its novelty and its very great

usefulness, coupled with its just as
great difficulty, can exceed in
weight and value all the rcmammg
chapters of this thesis.

Albert B Meyer. My 2, 2001 b 13 60

L Repeated Trials
AT g RutR bR,
EEM];.;E{RI % }

n

_E[R]-E[R,[+~+E[R ]

Weak Law of Large Numbers

will follow easily by Chebyshev
& variance properties

g im Pr{A, -pu|>8} =

Albert & Meyer, My 2. 200 Jec 1363

==
Weak Law of Large Numbers

So by Chebyshev
| Var{An}
Pr{’An : u| > 8} <

need only show
Var[A,] -0 as n — oo




> Tolv]
{af =}
oK - 0
=l

22, Repea‘l’éd Trials

rm————

R +R2+---+Rn)

Var [An]&: Var| -

[=i7]
Gim: Pairwise Independent Sampling

Theorem:
Let Ry,...

random vars with the same finite
mean y and variance ¢®. Let

A= R xR #R)/n. Then

R, be pairwise independent

-
-
{emopms)
-9
]
s
V
(@7
Sy e
IA
| —
|a

2

—
Birthday Pairs

D :i= # pairs with matchin
b'days among n peop
in a d-day year

D= z M,
1<£< J=n
M; mdlca’ror that ith & jth
birthdays match

Abert R Meyer,

Moy 2, 2000

2

Analysis of the Proof
proof only used that Rl
* same mean
° same variance
- & variances add

— which follows from
pairwise independence

Alert R Meyer. My 2, 2011

.R, have

e IMET

Pairwise Independent Sampling
The punchline:
we now know how big a sample is
needed fo esfimate the mean of
any™ random variable within
any™ desired tolerance with
any™ desired probability
*variance < co, tolerance > 0,
probability < 1

Abart B Meyer, Moy 2. 2011

Jac 13M 69

Birthday Pairs
EIM, ] = 1/d
so by linearity of E[]

E[D]= Y, E[M, ]

1<i<j<n

o 1IMTO

Abert & Mayer, May 2,201
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Massachusetts Institute of Technology
6.042]/18.062], Spring "11: Mathematics for Computer Science May 2
Prof. Albert R Meyer revised Sunday 1% May, 2011, 22:42

In-Class Problems Week 13, Mon.

Problem 1.

A herd of cows is stricken by an outbreak of cold cow disease. The disease lowers the normal body tem-
perature of a cow, and a cow will die if its temperature goes below 90 degrees F. The disease epidemic is so
. Z e —

intense that it lowered the average temperature of the herd to 85 degrees. Body temperatures as low as 70
degrees, but no lower, were actually found in the herd.

(a) Prove that at most 3/4 of the cows could have survived.

Hint: Let T be the temperature of a random cow. Make use of Markov’s bound.

(b) Suppose there are 400 cows in the herd. Show that the bound of part (a) is best possible by giving an
example set of temperatures for the cows so that the average herd temperature is 85, and with probability
3/4, a randomly chosen cow will have a high enough temperature to survive.

Problem 2.

A gambler plays 120 hands of draw poker, 60 hands of black jack, and 20 hands of stud poker per day. He
wins a hand of draw poker with probability 1/6, a hand of black jack with probability 1/2, and a hand of stud
poker with probability 1/5.

(a) What is the expected number of hands the gambler wins in a day?

(b) What would the Markov bound be on the probability that the gambler will win at least 108 hands on a
given day? /)'~

(c) Assume the outcomes of the card games are pairwise independent. What is the variance in the number
of hands won per day?

(d) What would the Chebyshev bound be on the probability that the gambler will win at least 108 hands on
a given day? You may answer with a numerical expression that is not completely evaluated.

Problem 3.
The proof of the Pairwise Independent Sampling Theorem 18.5.1 was given for a sequence R, Ra,... of
pairwise independent random variables with the same mean and variance.

The theorem generalizes straighforwardly to sequences of pairwise independent random variables, possi-
bly with different distributions, as long as all their variances are bounded by some constant.

Theorem (Generalized Pairwise Independent Sampling). Ler X1, X2, ... be a sequence of pairwise inde-
pendent random variables such that Var[X;] < b for some b > Oand all i > 1. Let

e oKL Koo gt o X
Ap i= .
n

fn = Ex[A,].
Then for every € > 0,

b 1
Prl|d, — pn| > €] = —= - —. N
€ n

S
=

Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .




2 In-Class Problems Week 13, Mon.

(a) Prove the Generalized Pairwise Independent Sampling Theorem.

(b) Conclude that the following holds:
Corollary (Generalized Weak Law of Large Numbers). For every € > 0,

"]i)“go Pr[|An — pn| < €] = 1.

Problem 4.

For any random variable, R, with mean, p, and standard deviation, o, the Chebyshev Bound says that for
any real number x > 0,

IR -l = 5] < (2)

Show that for any real number, jt, and real numbers x > ¢ > 0, there is an R for which the Chebyshev
Bound is tight, that is,

Pr(|R| > x] = (%)2 2)

Hint: First assume ;¢ = 0 and let R only take values 0, —x, and x.




In-Class Problems Week 13, Mon. 3

Pairwise Independent Sampling
Let R be a random variable, and a a constant. Then
Var[aR] = a® Var[R). (3)

Theorem (Pairwise Independent Sampling). Let Gy,..., G, be pairwise independent variables with the
same mean, (L, and deviation, . Define
n
-y6

=1

Then s 1 5
Pif| = i | ] e = .
l‘[ n 25 \] n (.\‘)
Proof.
S " Gy .
Ex[ n] _ Ex [Wz:_l__'} (def of S,)
n n
=1 Ex[G;]
Z‘ 1 Ex[Gi] (linearity of expectation)
n
= Di=1k
n
n
n
S By
Var |:7":| = (;) Var[S,,} (by (3))

= ”—2 Var [Z G } (def of Sy)

i=1

1
=3 Z Var[G/] (pairwise independent additivity)
i=1
1 2
== o =2, 4)
n n

This is enough to apply Chebyshev’s Theorem and conclude:

Sh _ Var[ n/ 1] ;
Pr ke fl=x < — 3 (Chebyshev’s bound)
. a?/n
== (by (4))

1 2
= (3)"-
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Massachusetts Institute of Technology
6.042J/18.062], Spring *11: Mathematics for Computer Science May 2
Prof. Albert R Meyer revised Monday 2™ May, 2011, 23:39

Solutions to In-Class Problems Week 13, Mon.

Problem 1.

A herd of cows is stricken by an outbreak of cold cow disease. The disease lowers the normal body tem-
perature of a cow, and a cow will die if its temperature goes below 90 degrees F. The disease epidemic is so
intense that it lowered the average temperature of the herd to 85 degrees. Body temperatures as low as 70
degrees, but no lower, were actually found in the herd.

(a) Prove that at most 3/4 of the cows could have survived.

Hint: Let T be the temperature of a random cow. Make use of Markov’s bound.

Solution. Let T be the temperature of a random cow. Then the fraction of cows that survive is the proba-
bility that 7 > 90, and Ex[T’] is the average temperature of the herd.

Applying Markov’s Bound to 7":
Ex[T]., 85 17

Pr[T = 90] =< % 50 18"
But 17/18 > 3/4, so this bound is not good enough.
Instead, we apply Markov’s Bound to 7' — 70:
Ex[T —70]

Pr[T > 90] = Pr[T — 70 > 20] < = (85 —70)/20 = 3/4.

20
O

(b) Suppose there are 400 cows in the herd. Show that the bound of part (a) is best possible by giving an
example set of temperatures for the cows so that the average herd temperature is 85, and with probability
3/4, a randomly chosen cow will have a high enough temperature to survive.

Solution. Let 100 cows have temperature 70 degrees and 300 have 90 degrees. So the probability that a
random cow has a high enough temperature to survive is exactly 3/4. Also, the mean temperature is

(1/4)70 + (3/4)90 = 85.

So this distribution of temperatures satisfies the conditions under which the Markov bound implies that the
probability of having a high enough temperature to survive cannot be larger than 3/4. |

Problem 2.

A gambler plays 120 hands of draw poker, 60 hands of black jack, and 20 hands of stud poker per day. He
wins a hand of draw poker with probability 1/6, a hand of black jack with probability 1/2, and a hand of stud
poker with probability 1/5.

(a) What is the expected number of hands the gambler wins in a day?

Solution. 120(1/6) + 60(1/2) + 20(1/5) = 54. ]

Creative Commons SI0E. ® 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .




2 Solutions to In-Class Problems Week 13, Mon.

(b) What would the Markov bound be on the probability that the gambler will win at least 108 hands on a
given day?

Solution. The expected number of games won is 54, so by Markov, Pr[R > 108] < 54/108 = 1/2. |

(c) Assume the outcomes of the card games are pairwise independent. What is the variance in the number
of hands won per day?

Solution. The variance can also be calculated using linearity of variance. For an individual hand the vari-
ance is p(1 — p) where p is the probability of winning. Therefore the variance is

120(1/6)(5/6) + 60(1/2)(1/2) +20(1/5)(4/5) = 523/15 = 34 13.

]
(d) What would the Chebyshev bound be on the probability that the gambler will win at least 108 hands on
a given day? You may answer with a numerical expression that is not completely evaluated.
Solution.

Var[R] 523

s = sy ~ 001196

Pr[R > 108] = Pr[R — 54 > 54] < Pr[|R — 54| > 54] <

Problem 3.
The proof of the Pairwise Independent Sampling Theorem 18.5.1 was given for a sequence Ry, Ra,... of
pairwise independent random variables with the same mean and variance.

The theorem generalizes straighforwardly to sequences of pairwise independent random variables, possi-
bly with different distributions, as long as all their variances are bounded by some constant.

Theorem (Generalized Pairwise Independent Sampling). Let X1, X2, ... be a sequence of pairwise inde-
pendent random variables such that Var[X;] < b for some b > 0and alli > 1. Let

X1+ Xoto+ X

Ap = ,
n
n = Ex[Ay].
Then for every € > 0,
b 1
Prl|Ap — i > €] < = - = (1)
€ n

(a) Prove the Generalized Pairwise Independent Sampling Theorem.

Solution. Essentially identical to the proof of Theorem 18.5.1 in the text, except that G gets replaced by X
and Var[G;] by b, with the equality where the b is first used becoming <. O

(b) Conclude that the following holds:
Corollary (Generalized Weak Law of Large Numbers). For every e > 0,

n]_ifgopr“fin —in| Z€]=1




Solutions to In-Class Problems Week 13, Mon. 3

Solution.
Pr{|Ap — pn| < €] =1 —Pr[|An — n| > €]
>1—b/(ne?) (by (1)),
and for any fixed e, this last term approaches 1 as n approaches infinity. H
Problem 4.

For any random variable, R, with mean, 1, and standard deviation, o, the Chebyshev Bound says that for
any real number x > 0,

PlR—pul = x] = ().

Show that for any real number, p, and real numbers x > o > 0, there is an R for which the Chebyshev
Bound is tight, that is,

o\ 2
PRI = x] = (<) . @
X
Hint: First assume & = 0 and let R only take values 0, —x, and x.

Solution. From the hint, we aim to find an R with Ex[R] = 0 and Var[R] = o2 that satisfies equation (2).
Using the further hint that R takes only values 0, —x, x, we have

0 = Ex[R] = xPr[R = x] — xPr[R = —x] = x (Pr[R = x] — Pr[R = —x])

)
Pr[R = x] = Pr[R = —x], 3)

since x > 0. Also,
02 = Ex[R?] = x2P1[R = —x] 4+ x%Pr[R = x] = 2x2 Pr[R = x],

SO

0,2

PrlR =x] = —;.
| x] %2
This implies
a

2
PR =0]=1—2P[R = x] = 1—(—) ,
x
which completely determines the distribution of R. Moreover,
o2
Pr]|R| > x] = Pr{R = —x] + Pr[R = x] = 2Pr[R = x] = (—)
x
which confirms (2).

Finally, given u, x, and o, if we let R ::= R + p, then R’ will be the desired random variable for which
the Chebyshev Bound is tight. |




4 Solutions to In-Class Problems Week 13, Mon.

Pairwise Independent Sampling
Let R be a random variable, and a a constant. Then
Var[aR] = a® Var|[R]. 4)

Theorem (Pairwise Independent Sampling). Let Gi,..., G, be pairwise independent variables with the
same mean, [, and deviation, . Define
n
Shi= z Gi.
=1

Then S 1 2
Prf|— —p|>x] < —(E)
n ni\x
Proof.
5 i=1Gi
Ex [_] =5 [—Z'—I } (def of S)
n n
n
" Ex[G;
_ Zz—ln X[G_'] (linearity of expectation)
= > i1 B
n
n
n
5% 5%
Var |22 | = () Var(S,] Cr @)

1 n
= — Var [Z G,} (def of S,)

i=1

] n
= ZVM[G,-] (pairwise independent additivity)
i=1
1 2 a2
— —2 *Ng —_— —— (5)
n n

This is enough to apply Chebyshev’s Theorem and conclude:

S Var [S
Pr|Z= pwl=x < M (Chebyshev’s bound)
n X
a?/n
=— (by (5))

-iey




A =2  Mathematics for Computer Science
; MIT 6.0427/18.0627

Sampling &
Confidence

Alvert B Meyer, Moy 4, 2011 ez 1W1

E% Sampling Questions

Choose 32 random test
stations and measure
CMD at each.

Alact i Meysr, May 4, 2011 ko 13WA

Sa':npling Questions

::m

That is, convince EPA that
the estimate based on 32
samples is within 20 of
the actual fraction?

(=) DO Albert R Meyer, May 4, 2011 Lo [IW 8

G815 Sampling
Estimate coliform count &
in Charles River.

Mcny test stations on river.
EPA requires their average

|

CMD < 200: ~&

{omrmr)

(Coliform Microbial Densityy—

o ADek It Moy aciitih Moy 5, 01 ReLIWZ

: ﬁ Sampling Questions

A few of the 32 coun’rs
furn out to be > 200 but
their average is 180.
Convince the EPA that avg
over all stations is < 200?

AbertRMeyer, My 4,201 2 e w4

“.5: Sampling parameters

c ::i= average CMD over all stations
CMD sample<+ ran var with p = ¢
h stations<> n mutually indep

' ~ ranvarswith p=c
A, == avg CMD at the n stations

Albert @ Meyer, May 4, 2010 ; et




ﬁ Pairwise Independerif Sampling

2
Pr{[A32 -cl > 20} < ;15(-;—0}

n=32 u=c, 6=20

?? don't know o

Abert R Meyer, May 4, 2011 ks W7

Pairwise Independent Sampling

: 2
Pr{{A -cl>20} <1[25] .05
e 32{ 20

o

A, -d|<20} >095

Alert B Meyer, Moy 4, 2011 e lIWo

5.  Confidence in our estimate

So we can be 95% confident
that ¢, the actual avg CMD,
over all stations is < 200.

Abert R Meyer, Moy 4, 2001 leg 1IWIL

=2 Pairwise Independent Sampling

2
o 725
Pf'{|A32 -Cl > 20} < 5[5]
n=32, p=c, 6=20
worst o = % =0
where L is max possible

difference of samples

AbertB Meyer, Moy 4.2011 W

-9

Confidence in our estimate

OGU
oRos
D - O
8tig

Tell the EPA that with
probability 0.95 our estimate
method for avg CMD will be
within 20 of the actual avg, c,
CMD over all test stations.

Abert R Meyer, ey 4, 2001 I T 10

§ Confidence —not Probable Reality

Tfempting to say:
“the probability-that
=980+ 20
is‘at least 0.95" -
--technically wrong!

Abert R Mayer, Moy 4, 2011 e IW1Z




HEG Confidence

c is the actual average
over all test stations.

c is unknown,
but not a random variable!

Abert 2 Mayer, May 4, 2081

p.; Confldence

The possible outcomes of our

sampling procedure is a random

variable. We can say that the
“probability that our sampling

process will yield an average
that is + 20 of the

Jec LW

Confidence
for simplicity we say that

¢ = 180 + 20 at the
95% confidence level

true average at least 0.95"

Albert B Meyer. My 4, 201

o LIWIA

Akt R Meyer, Moy 4,200

S AW 1S

Team Problems

- Problems
1-3

Abert R Meyer, May 4, 2011

Confidence
Moral: when you are told that

some fact holds at a high
confidence level, remember
that a random experiment

lies behind this claim. Ask
yourself "what experiment?”

Abert & Meyer, May 4, 2011

I IIW 16
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Massachusetts Institute of Technology
6.042J/18.062], Spring *11: Mathematics for Computer Science May 4
Prof. Albert R Meyer revised Sunday 1% May, 2011, 22:31

In-Class Problems Week 13, Wed.

Problem 1.

A recent Gallup poll found that 35% of the adult population of the United States believes that the theory
of evolution is “well-supported by the evidence.” Gallup polled 1928 Americans selected uniformly and
independently at random. Of these, 675 asserted belief in evolution, leading to Gallup’s estimate that the
fraction of Americans who believe in evolution is 675/1928 ~ 0.350. Gallup claims a margin of error of 3
percentage points, that is, he claims to be confident that his estimate is within 0.03 of the actual percentage.

(a) What is the largest variance an indicator variable can have?

(b) Use the Pairwise Independent Sampling Theorem to determine a confidence level with which Gallup
can make his claim.

(¢) Gallup actually claims greater than 99% confidence in his estimate. How might he have arrived at this
conclusion? (Just explain what quantity he could calculate; you do not need to carry out a calculation.)

(d) Accepting the accuracy of all of Gallup’s polling data and calculations, can you conclude that there is
a high probability that the number of adult Americans who believe in evolution is 35 & 3 percent?

Problem 2.

Yesterday, the programmers at a local company wrote a large program. To estimate the fraction, b, of lines
of code in this program that are buggy, the QA team will take a small sample of lines chosen randomly
and independently (so it is possible, though unlikely, that the same line of code might be chosen more than
once). For each line chosen, they can run tests that determine whether that line of code is buggy, after which
they will use the fraction of buggy lines in their sample as their estimate of the fraction b.

The company statistician can use estimates of a binomial distribution to calculate a value, s, for a number
of lines of code to sample which ensures that with 97% confidence, the fraction of buggy lines in the sample
will be within 0.006 of the actual fraction, b, of buggy lines in the program.

Mathematically, the program is an actual outcome that already happened. The sample is a random variable
defined by the process for randomly choosing s lines from the program. The justification for the statistician’s
confidence depends on some properties of the program and how the sample of s lines of code from the
program are chosen. These properties are described in some of the statements below. Indicate which of
these statements are true, and explain your answers.

1. The probability that the ninth line of code in the program is buggy is b.
2. The probability that the ninth line of code chosen for the sample is defective, is b.
3. All lines of code in the program are equally likely to be the third line chosen in the sample.

4. Given that the first line chosen for the sample is buggy, the probability that the second line chosen
will also be buggy is greater than b.

5. Given that the last line in the program is buggy, the probability that the next-to-last line in the program
will also be buggy is greater than b.

Creative Commons (2888201 1, Eric Lehman, F Tom Leighton, Albert R Meyer .




2 In-Class Problems Week 13, Wed.

6. The expectation of the indicator variable for the last line in the sample being buggy is b.

7. Given that the first two lines of code selected in the sample are the same kind of statement—they might
both be assignment statements, or both be conditional statements, or both loop statements,. .. —the
probability that the first line is buggy may be greater than b.

8. There is zero probability that all the lines in the sample will be different.

Problem 3.

A defendent in traffic court is trying to beat a speeding ticket on the grounds that—since virtually everybody
speeds on the turnpike—the police have unconstitutional discretion in giving tickets to anyone they choose.
(By the way, we don’t recommend this defense : -) .)

To support his argument, the defendent arranged to get a random sample of trips by 3,125 cars on the
turnpike and found that 94% of them broke the speed limit at some point during their trip. He says that as a
consequence of sampling theory (in particular, the Pairwise Independent Sampling Theorem), the court can
be 95% confident that the actual percentage of all cars that were speeding is 94 + 4%.

The judge observes that the actual number of car trips on the turnpike was never considered in making
this estimate. He is skeptical that, whether there were a thousand, a million, or 100,000,000 car trips on the
turnpike, sampling only 3,125 is sufficient to be so confident.

Suppose you were were the defendent. How would you explain to the judge why the number of randomly
selected cars that have to be checked for speeding does not depend on the number of recorded trips? Remem-
ber that judges are not trained to understand formulas, so you have to provide an intuitive, nonquantitative
explanation.

Pairwise Independent Sampling

Theorem (Pairwise Independent Sampling). Ler Gy,..., G, be pairwise independent variables with the
same mean, i, and deviation, a. Define
n
Sy = Z G;.

i=1

2o a]s 2 0

Then
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Solutions to In-Class Problems Week 13, Wed.

Problem 1.

A recent Gallup poll found that 35% of the adult population of the United States believes that the theory

of evolution is “well-supported by the evidence.” Gallup polled 1928 Americans selected uniformly and

independently at random. Of these, 675 asserted belief in evolution, leading to Gallup’s estimate that the

fraction of Americans who believe in evolution is 675/1928 = 0.350. Gallup claims a margin of error of 3

percentage points, that is, he claims to be confident that his estimate is within 0.03 of the actual percentage.
(a) What is the largest variance an indicator variable can have?

Solution.

By Lemma ??, Var[H] = pgq.

Noting that d p(1—p)/dp = 2p —1 is zero when p = 1/2, it follows that the maximum value of p(1— p)
must be at p = 1/2, so the maximum value of Var[H] is (1/2)(1 — (1/2)) = 1/4. |

(b) Use the Pairwise Independent Sampling Theorem to determine a confidence level with which Gallup
can make his claim.

Solution. By the Pairwise Independent Sampling, the probability that a sample of size n = 1928 is further
than x = 0.03 of the actual fraction is at most

2 ] 1 1
(@) (koo da) e oy
x/ n 4(0.03)2 1928
so we can be confident of Gallup’s estimate at the 85.6% level. |

(c) Gallup actually claims greater than 99% confidence in his estimate. How might he have arrived at this
conclusion? (Just explain what quantity he could calculate; you do not need to carry out a calculation.)

Solution. Gallup’s sample has a binomial distribution B1g2g, for an unknown p he estimates to be about
0.35. So he wants an upper bound on

> 0.03]

Biogag,
e,

1928

By part (), the variance of By, p is largest when p = 1/2, which suggests that the probability that a sample
average differs from the actual mean will be largest when p = 1/2. This is in fact the case. So Gallup will
calculate

1928

Bigag1/a 1 Bioag,i/2 = —5—| > 0.03(1928)]

1928 2

Pr[l \ > 0.03] = Pr[

= Pr[906 < Bjg28,1/2 < 1021]
1021 (1928

i=906 \ i )~
S1928 2z 0.9912.

Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .




2 Solutions to In-Class Problems Week 13, Wed.

Mathematica will actually calculate this sum exactly. There are also simple ways to use Stirling’s formula
to get a good estimate of this value. &l

(d) Accepting the accuracy of all of Gallup’s polling data and calculations, can you conclude that there is
a high probability that the number of adult Americans who believe in evolution is 35 & 3 percent?

Solution. No. As explained in Notes and lecture, the assertion that fraction p is in the range 0.35 & 0.03
is an assertion of fact that is either true or false. The number p is a constant. We don’t know its value, and
we don’t know if the asserted fact is true or false, but there is nothing probabilistic about the fact’s truth or
falsehood.

We can say that either the assertion is true or else a 1-in-100 event occurred during the poll. Specifically,
the unlikely event is that Gallup’s random sample was unrepresentative. This may convince you that p is
“probably” in the range 0.35 = 0.03, but this informal “probably” is not a mathematical probability. O

Problem 2.

Yesterday, the programmers at a local company wrote a large program. To estimate the fraction, b, of lines
of code in this program that are buggy, the QA team will take a small sample of lines chosen randomly
and independently (so it is possible, though unlikely, that the same line of code might be chosen more than
once). For each line chosen, they can run tests that determine whether that line of code is buggy, after which
they will use the fraction of buggy lines in their sample as their estimate of the fraction b.

The company statistician can use estimates of a binomial distribution to calculate a value, s, for a number
of lines of code to sample which ensures that with 97% confidence, the fraction of buggy lines in the sample
will be within 0.006 of the actual fraction, b, of buggy lines in the program.

Mathematically, the program is an actual outcome that already happened. The sample is a random variable
defined by the process for randomly choosing s lines from the program. The justification for the statistician’s
confidence depends on some properties of the program and how the sample of s lines of code from the
program are chosen. These properties are described in some of the statements below. Indicate which of
these statements are true, and explain your answers.

1. The probability that the ninth line of code in the program is buggy is b.

Solution. False.

The program has already been written, so there’s nothing probabilistic about the buggyness of the
ninth (or any other) line of the program: either it is or it isn’t buggy, though we don’t know which.
You could argue that this means it is buggy with probability zero or one, but in any case, it certainly
isn’t b. |

2. The probability that the ninth line of code chosen for the sample is defective, is b.

Solution. True.

The ninth line sampled is equally likely to be any line of the program, so the probability it is buggy is
the same as the fraction, b, of buggy lines in the program. |

3. All lines of code in the program are equally likely to be the third line chosen in the sample.

Solution. True.

The meaning of “random choices of lines from the program” is precisely that at each of the s choices in
the sample, in particular at the third choice, each line in the program is equally likely to be chosen. W
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4. Given that the first line chosen for the sample is buggy, the probability that the second line chosen
will also be buggy is greater than b.

Solution. False.

The meaning of “independent random choices of lines from the program” is precisely that at each of
the s choices in the sample, in particular at the second choice, each line in the program is equally
likely to be chosen, independent of what the first or any other choice happened to be. ]

5. Given that the last line in the program is buggy, the probability that the next-to-last line in the program
will also be buggy is greater than b.

Solution. False.

As noted above, it’s zero or one. [ |

6. The expectation of the indicator variable for the last line in the sample being buggy is b.

Solution. True.

The expectation of the indicator variable is the same as the probability that it is 1, namely, it is the
probability that the sth line chosen is buggy, which is b, by the reasoning above. O

7. Given that the first two lines of code selected in the sample are the same kind of statement—they might
both be assignment statements, or both be conditional statements, or both loop statements,. .. —the
probability that the first line is buggy may be greater than b.

Solution. True.

We don’t know how prone to bugginess different kinds of statements may be. It could be for example,
that conditionals are more prone to bugginess than other kinds of statements, and that there are more
conditional lines than any other kind of line in the program. Then given that two randomly chosen
lines in the sample are the same kind, they are more likely to be conditionals, which makes them more
prone to bugginess. That is, the conditional probability that they will be buggy would be greater than
b. |

8. There is zero probability that all the lines in the sample will be different.

Solution. False.

We know the length, r, of the program is larger than the “small” sample size, s, in which case the
probability that all the lines in the sample are different is

rr—1r—-2 r—(s—1) r!
e a “ee = > 0.
r o r r r (r—s)'rs
Of course it would be true by the Pigeonhole Principle if s > r. |

Problem 3.

A defendent in traffic court is trying to beat a speeding ticket on the grounds that—since virtually everybody
speeds on the turnpike—the police have unconstitutional discretion in giving tickets to anyone they choose.
(By the way, we don’t recommend this defense : -).)
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To support his argument, the defendent arranged to get a random sample of trips by 3,125 cars on the
turnpike and found that 94% of them broke the speed limit at some point during their trip. He says that as a
consequence of sampling theory (in particular, the Pairwise Independent Sampling Theorem), the court can
be 95% confident that the actual percentage of all cars that were speeding is 94 + 4%.

The judge observes that the actual number of car trips on the turnpike was never considered in making
this estimate. He is skeptical that, whether there were a thousand, a million, or 100,000,000 car trips on the
turnpike, sampling only 3,125 is sufficient to be so confident.

Suppose you were were the defendent. How would you explain to the judge why the number of randomly
selected cars that have to be checked for speeding does not depend on the number of recorded trips? Remem-
ber that judges are not trained to understand formulas, so you have to provide an intuitive, nonquantitative
explanation.

Solution. This was intended to be a thought-provoking, conceptual question. In past terms, although most
of the class could follow the derivations and crank through the formulas to calculate sample size and con-
fidence levels, many students couldn’t articulate, and indeed didn’t really believe that the derived sample
sizes were actually adequate to produce reliable estimates.

Here’s a way to explain why we model sampling cars as independent coin tosses that might work, though
we aren’t sure about this.

Of the approximately 36,000,000 recorded turnpike trips by cars in 2009, there were some
unknown number, say 35,000,000, that broke the speed limit at some point during their trip. So
in this case, the fraction of speeders is 35,000,000/36,000,000 which is a little over 0.97.

To estimate this unknown fraction, we randomly select some trip from the 36,000,000 recorded
in such a way that every trip has an equal chance of being picked. Picking a trip to check
for speeding this way amounts to rolling a pair dice and checking that double sixes were not
rolled—this has exactly the same probability as picking a speeding car.

After we have picked a car trip and checked if it ever broke the speed limit, make another pick,
again making sure that every recorded trip is equally likely to be picked the second time, and

so on, for picking a bunch of trips. Now each pick is like rolling the dice and checking against
double sixes.

Now everyone understands that if we keep rolling dice looking for double sixes, then the longer
we roll, the closer the fraction of rolls that are double sixes will be to 1/36, since only 1 out
of the 36 possible dice ouotcomes is double six. Mathematical theory lets us calculate us how
many times to roll the dice to make the fraction of double sixes very likely close to 1/36, but we
needn’t go into the details of the calculation.

Now suppose we had a different number of recorded trips, but the same fraction were speeding.
Then we could simply use the same dice in the same way to estimate the speeding fraction from
this different set of trip records.

So the number of rolls needed does not depend on how many trips were recorded, it just depends
on the fraction of recorded speeders.

Pairwise Independent Sampling

Theorem (Pairwise Independent Sampling). Let Gy,..., Gy be pairwise independent variables with the
same mean, (L, and deviation, o. Define




Solutions to In-Class Problems Week 13, Wed.

Then

n
P __‘S =
| i

g s

|~




Massachusetts Institute of Technology

6.042J/18.062], Spring ’11: Mathematics for Computer Science April 29

Prof. Albert R Meyer revised Saturday 30t April, 2011, 12:32

Problem Set 11
Due: May 6

Reading: Chapter 18, Deviation

Problem 1.

A coin will be flipped repeatedly until the sequence tail/tail/head (TTH) comes up. Successive flips are
independent, and the coin has probability p of coming up heads. Let Nty be the number of coin tosses
until TTH first appears. What value of p minimizes Ex[Nyry]?

Problem 2.
If R is a nonnegative random variable, then Markov’s Theorem gives an upper bound on Pr[R > x] for any
real number x > Ex[R]. If a constant b > 0 is a lower bound on R, then Markov’s Theorem can also be
applied to R — b to obtain a possibly different bound on Pr{R > x].

(a) Show that if b > 0, applying Markov’s Theorem to R — b gives a smaller upper bound on Pr[R > x]
than simply applying Markov’s Theorem directly to R.

(b) What value of b > 0 in part (a) gives the best bound?

Problem 3.
The hat-check staff has had a long day serving at a party, and at the end of the party they simply return the
n checked hats in a random way such that the probability that any particular person gets their own hat back
is 1/n.

Let X; be the indicator variable for the ith person getting their own hat back. Let S, be the total number
of people who get their own hat back.

(a) What is the expected number of people who get their own hat back?

(b) Write a simple formula for Ex[X; X j] for i # j. Hint: What is Pr [Xj=1]X; =‘1]?
(¢) Explain why you cannot use the variance of sums formula to calculate Var[Sp].

(d) Show that Ex[S2] = 2. Hint: X7 = X;.

(e) What is the variance of 5,7

(f) Show that there is at most a %1 chance that more than 10 people get their own hat back. Try to give an
intuitive explanation of why the chance remains this small regardless of n.

Problem 4.
We have two coins: one is a fair coin, but the other produces heads with probability %. One of the two coins
is picked, and this coin is tossed n times.

Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .




2 . Problem Set 11

(a) How large must n be for you to be able to infer, with 95% confidence, which of the two coins had
been chosen? (Get close to the minimum value of n required without considering any details of the relevant
distribution functions, apart from mean and variance.) Hint: Use Chebyshev’s Theorem.

(b) Suppose you had access to a computer program that would accept any n > 0 and p € [0,1] and
generate, in the form of a plot or table, the full binomial probability density and cumulative distribution
functions corresponding to those parameters. How would you find the minimum number of coin flips needed
to infer the identity of the chosen coin with 95% confidence? (You do not need to determine the numerical
value of this minimum n, but we’d be interested to know if you did.)

Problem 5.

An International Journal of Epidemiology has a policy of publishing papers about drug trial results only
if the conclusion about the drug’s effectiveness (or lack thereof) holds at the 95% confidence level. The
editors and reviewers carefully check that any trial whose results they publish was properly performed
and accurately reported. They are also careful to check that trials whose results they publish have been
conducted independently of each other.

The editors of the Journal reason that under this policy, their readership can be confident that at most 5%
of the published studies will be mistaken. Later, the editors are embarrassed —and astonished —to learn
that every one of the 20 drug trial results they published during the year was wrong. The editors thought
that because the trials were conducted independently, the probability of publishing 20 wrong results was
negligible, namely, (1/20)%° < 10725,

Write a brief explanation to these befuddled editors explaining what’s wrong with their reasoning and
how it could be that all 20 published studies were wrong.
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Student’s Solutions to Problem Set 11

| NP | .h‘
/y cronaif
Your name: | i ( {,Li((’ ([ f} Zy. Hr{ ()
Due date: May §

Submission date: VJ / G

Circle your TA/LA: Ali Nick Oscar Table number J

oD

Collaboration statement: Circle one of the two choices and provide all pertinent info.
1. I worked alone and only with course materials.
2. I collaborated on this assignment with:

got help from:! If J] 0{“ F“ j h\

and referred to:>

DO NOT WRITE BELOW THIS LINE

Problem | Score
L |3

2

3

4

5
Total

T
Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .

!People other than course staff.

2Give citations to texts and material other than the Spring '11 course materials.
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Solutions to Problem Set 11

Reading: Chapter ??, Deviation

Problem 1.

A coin will be flipped repeatedly until the sequence tail/tail’/head (TTH) comes up. Successive flips are
independent, and the coin has probability p of coming up heads. Let N1y be the number of coin tosses
until TTH first appears. What value of p minimizes EX[Nr1g]?

Solution. We can describe the event tree, D, for the coin tosses as follows:
D=H-D+T-(H-D+T-G).

where
G=H+T-G.

Abusing notation slightly, we can describe D as:
D=H-D+T-H-D+T-T-G.
Now we compute Ex[N71g]:
Ex[Nrzu] = p (1 + Ex[Nr1s]) + (1 = p)p 2 + Ex[Nrm]) + (1 — p)* (2 + Ex[Ny])
We know Ex[Ny] = 1/ p, so we can focus on the rest of the tree.

Ex[Nrzs] = (p + (1 — p)p) Ex[Nrr] + p +2(1— p)p + (1= p)*(2+ 1/p)

Notice how the 2 + 1/ p term corresponds to the mean time to failure of the variable given we see TT at
the start. Also, if p = 0 the 1/p term grows infinite, whereas if p = 1 the (1 — p)? term grows infinite.

Ex[Nz7rs]

_p+2(=p)p+01-p)>C+1/p)
l-p—(-p)p

_ p(3—-2p) 1

=a-p2 T2ty

Now that we have Ex[Nrg] in terms of p, we can minimize it using basic calculus. The derivative of
Ex[N+ry] with respect to p is
1-3p
(p=1)7p*
So the function is minimized at p = 1/3. In this case, the expected time to see TTH is 27/4 = 6 3/4.

Compare this to when p = 1/2, in that case the expected time is 8.
|

Creative Commons 2011, Eric Lehman, F Tom Leighton, Albert R Meyer .




2 Solutions to Problem Set 11

Problem 2.

If R is a nonnegative random variable, then Markov’s Theorem gives an upper bound on Pr[R > x] for any
real number x > Ex[R]. If a constant b > 0 is a lower bound on R, then Markov’s Theorem can also be
applied to R — b to obtain a possibly different bound on Pr{R > x].

(a) Show that if b > 0, applying Markov’s Theorem to R — b gives a smaller upper bound on Pr[R > x]
than simply applying Markov’s Theorem directly to R.

Solution. Define
T =R-b.
Then T is a nonnegative random variable and Markov’s Theorem can therefore be applied to T to give

Ex[T]  Ex|[R]-b

Pr[T >x—=5b] < —
Hr ]_x—b x—>b

But the event [T > x — b] is the same as [R > x], so

Ex[R] — b

Pr[R > x] < =

So we want to show that
Ex[R]—b < Ex[R]

x—>b X
Since x, b, and x — b are all positive, therefore

Exif? ; b o EX)ER] ff
xEx[R] — bx < xEx[R] — b Ex[R] iff
—bx < —bEx[R] iff
x > Ex[R].
But x is larger than Ex[R], so
Ex[R]—b e Ex[R]
x—b x
as required. O

»

(b) What value of » > 0 in part (a) gives the best bound?

Solution. With b > 0, R — b is nonnegative iff b € [0, glb(range(R))].! So for any such b, applying
Markov’s Theorem to R — b gives
Ex[R] —-b
Pr[R = x] < L]b—
Differentiating this upper bound with respect to b gives

d (Ex[R]—b\ Ex[R]—x
EE( x—b )M (x—b)?

Since x > Ex[R] and x # b, therefore this derivative is negative — and so the bound as a function of b

is strictly decreasing — for all & € [0, glb(range(R))]. Hence, the best (smallest) upper bound is given by
choosing b = glb(range(R)).

Lolb(S§) denotes the greatest lower bound (or infimum) of a set S € R. When S is nonempty and bounded below, glb(S) is just
the largest real number that is no larger than any of the elements of S.




Solutions to Problem Set 11 3

Note: To prove that the bound is strictly decreasing on the interval of interest without using calculus, let

by, by € [0, glb(range(R))]. Since x — by > 0, x — by > 0, and x > Ex[R), therefore
Ex[R] —b1  Ex[R]—b;

i—b . x—bs
xEx[R] —b1x — bs Ex[R] + b1b2 < xEx[R] — by Ex[R] — bax + b1ba iff
(bl = bz) EX[R] < (bl = bg)x iff
by —by>0 iff
b] > bz.

iff

Problem 3.

The hat-check staff has had a long day serving at a party, and at the end of the party they simply return the
n checked hats in a random way such that the probability that any particular person gets their own hat back
is 1/n.

Let X; be the indicator variable for the ith person getting their own hat back. Let S, be the total number
of people who get their own hat back.

(a) What is the expected number of people who get their own hat back?

Solution. S, = Y"7_, Xi, so by linearity of expectation,

Ex[Sy] = i Ex[X;].
1

Since the probability a person gets their own hat back is 1/n, therefore Pr(X; = 1] = 1/n. Now, since X;
is an indicator, we have Ex[X;] = 1/n. By linearity of expectation,

Ex[S,] = iEx[Xg] =n % =1.
1

(b) Write a simple formula for Ex[X; X ;] fori # j. Hint: What is Pr [Xj =1| X;= 1]?

Solution. We observed above that Pr[X; = 1] = 1/n. Also, given that the ith person got their own hat,
each other person has an equal chance of getting their own hat among the remaining n — 1 hats. So

1
n—1

Pr[X;=1] X;=1]=
for j # i. Therefore,

Pr[X; =1aND X; = 1] =Pr[X; =1| X; =1]-Pr{X; = 1] = Tn}—_f)'
ButX; =1AND X; = 1iff X;X; = 1,50

Ex[X;X;] =Pr[X;X; = 1] =Pr[X; =1AND X; = 1],
and hence

1




4 Solutions to Problem Set 11

(¢) Explain why you cannot use the variance of sums formula to calculate Var[S,).

Solution. The principle of additivity of variances requires the variables be pairwise independent, but the in-
dicator variables for people getting their hats back are not pairwise independent, since Pr [X j=1|Xi= 1] =
1/(n—1)# 1/n =Pr[X; = 1]fori # j. O

(d) Show that Ex[S2] = 2. Hint: X} = X;.
Solution.
Ex[S2] = Ex[z X?+ E Z XiX;l (expanding the sum for S,)
i i j#i
=Y Ex[X}]+ ) > Ex[XiXj] (linearity of Ex[-])
i i j##i
1 _ 5
:Z!:EX[XI]'FZI:EH(H—_I) (SlllCCXi = X;)

1

1
=i s B i S
= +n(n—1) S=1)

=2

(e) What is the variance of S, ?

Solution.
Var[S,] = Ex[S2] — Ex?[S,] =2-12=1.

(f) Show that there is at most a 1% chance that more than 10 people get their own hat back. Try to give an
intuitive explanation of why the chance remains this small regardless of n.

Solution.

Pr[Sy > 11] = Pr[S, — Ex[S,] = 11 — Ex[S,]]
= Pr[S, —Ex[S,] > 10]
= Pr(|Sx — Ex[Sa]| = 10]

Var[S,]
< =
T .01

TBA - intuitive explanation

Problem 4.

We have two coins: one is a fair coin, but the other produces heads with probability %. One of the two coins
is picked, and this coin is tossed n times.
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(a) How large must n be for you to be able to infer, with 95% confidence, which of the two coins had
been chosen? (Get close to the minimum value of n required without considering any details of the relevant
distribution functions, apart from mean and variance.) Hint: Use Chebyshev’s Theorem.

Solution. To guess which coin was picked, set a threshold ¢ between % and %. If the proportion of heads is
less than the threshold, guess that the fair coin had been picked; otherwise, guess the biased coin. Let the
random variable F be the number of heads that would appear in the first n flips of the fair coin, and let B
denote the number of heads that would appear in the first n flips of the biased coin. We must flip the coin
sufficiently many times to ensure that

F
Pr[— >1] <0.05 (D
n
and
B
Pr[— <] <0.05 (2)
n
A natural threshold to choose is t = %, exactly in the middle of % and %.
Now, F has an (1, 4)-binomial distribution, so its expectation and variance are n (3) = Zandn (1) (1-1) =
&, respectively. Using Chebyshev’s inequality for the fair coin,
F _ 5 F 1 _ 5 1 n_n
P{—>2]=Pl——->>—-]=PF—2>"2
oy zgl=hly-g2g—3l=hlF-323
= Pr{F — Ex[F] = 7] < Pr(|F — Ex(F]| = ]
_ValF] _§ _ 16
— (n)\2 n? n
(E) 64
B, on the other hand, has an (n, %)—binomial distribution, so its expectation and variance are n (%) = 37"
and n (2) (1—3) = 3%, respectively. Using Chebyshev’s inequality for the biased coin,
B 5 3 B 3 5 3n n
R R g Gl [ i W,
Sl R G e 5!

— Pr[Ex[B] — B > %] < Pr[|B —Ex[B]| > -g-]

3n
2 Var[B] _1s _ 12

2
() & "

So, for the required confidence level, demand that 1¢ < 0.05 and 12 < 0.05. These hold iff 18 < 0.05,
which is true iff n > 320. So knowing the results of at least 320 flips of the chosen coin will allow us to
guess its identity with 95% confidence.

(]

(Because the variance of the biased coin is less than that of the fair coin, we can do slightly better if we
increase our threshold a bit to about 0.634, which gives 95% confidence with 279 coin flips.) O

(b) Suppose you had access to a computer program that would accept any n > 0 and p € [0, 1] and
generate, in the form of a plot or table, the full binomial probability density and cumulative distribution
functions corresponding to those parameters. How would you find the minimum number of coin flips needed
to infer the identity of the chosen coin with 95% confidence? (You do not need to determine the numerical
value of this minimum #n, but we’d be interested to know if you did.)




6 Solutions to Problem Set 11

Solution. Again, we seek to determine the values of n that satisfy both (1) and (2). Using the same threshold
as before, t = %, it is obvious that (1) is equivalent to

5
CDFp (gn) >0.95 ©)
while (2) is equivalent to
5
CDFp (gn) <0.05 @)
Knowing that F is (n,1)-binomially distributed and B is (1, 3)-binomially distributed, we can use the
computer program to find the smallest n that satisfies both (3) and (4). |
Problem 5.

An International Journal of Epidemiology has a policy of publishing papers about drug trial results only
if the conclusion about the drug’s effectiveness (or lack thereof) holds at the 95% confidence level. The
editors and reviewers carefully check that any trial whose results they publish was properly performed
and accurately reported. They are also careful to check that trials whose results they publish have been
conducted independently of each other.

The editors of the Journal reason that under this policy, their readership can be confident that at most 5%
of the published studies will be mistaken. Later, the editors are embarrassed —and astonished —to learn
that every one of the 20 drug trial results they published during the year was wrong. The editors thought
that because the trials were conducted independently, the probability of publishing 20 wrong results was
negligible, namely, (1/20)%° < 10723,

Write a brief explanation to these befuddled editors explaining what’s wrong with their reasoning and
how it could be that all 20 published studies were wrong.

Solution. The editors have confused the statistical confidence level with probability. It’s a mistake to think
that because the conclusion of particular drug trial submitted to the journal holds at the 95% confidence
level, this means its conclusion is wrong with probability only 1/20.

The conclusion of the particular submitted drug trial is right or wrong —period. An assertion of 95%
confidence means that if very many trails were carried out, we expect that close to 95% of the trials would
yield a correct conclusion. So if the results of all the many trials were all submitted for publication, and the
editors selected 20 of these at random to publish, then they could reasonably expect that only one of them
would be wrong.

But that’s not what happens: not all the trials are written up and submitted. For example, there may be
more than 400 worthless “alternative” drugs being tried by proponents who are genuinely honest, even if
misguided. When they conduct careful trials with a 95% confidence level, we can expect that in 1/20 of
the 400 trials, worthless —even damaging —drugs will look helpful. The remaining 19/20 of the 400 trials
would not be submitted for publication by honest proponents because the trials did not show positive results
at the 95% level. But the 20 that mistakenly showed positive results might well all be submitted with no
intention to mislead.

This is why, unless there is an explanation of why a therapy works, scientists and doctors usually doubt
results claiming to confirm the efficacy of some mysterious therapy at a high confidence level. 3]
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Avoiding Large
Deviations

Abert B Mayer,  Moyd. 20U

(Chernoff Bound)

ke 13F.1

%5 Probability of No Success
Ti = 1 means "success" on
the it try.

[R = O] is the event that
we never succeed.

Albert B Meyer. Moy 5,201

lec 13F3

Y+ 57
o0

#g  Deviation from the Mean

Pr{observed value far from
expected value}
is SMALL

Abert R Meyer, Moy 6, 2011

This is a deviation from mean result:

lec 13F.5

qast -
a8°8 Bernoulli Sums

Focus on random vars, R, that are
sums of mutually independent
0-1 variables:

RSty

i=1 Beprnoulli
variable

Albert R Meyer, Moy s, 2011 b 1362

%8 Probability of No Success
Fundamental fact: Murphy's Law
If E[#successes]is large, then
Pr[never succeeding] is

exponentially small:

Pr[R L o} <ot

Albert B Meyer, oy 6,200 lec 13F A4

5 Deviation from the Mean
PriR=0|<e "%
—_— ! -

R below p by ‘?La!' (1 large)

- only need
*don't need n
+ don't need Pr[T, = 1]

Albert R Meyer,  Mays. 2011 b8




§§5E Chernoff Bound

Pr[R above cu] <
- e —

far
(if ¢ >> 1or p, large)

B(c) =c-Inc—c+1

Abert R Mayer, oy 6,201 < 1R.7

=1=17] —
SR PrIR>cy) < e

Dependence on c?

c=t: B@=0 (useless)
c large: B(c) = c log c LARGE
c=e: Ble)='1

c=(1+e): B(c) = O(e?)

Albert B Mayer, Moy 8, 700 Jac 6.9,

The Lottery

sell 1,000,000 $1 tickets
pay winner $5000

p ::= Expected #winners =
1,000,000 100

10,000

A Chernoff Bound

still

* only need p,

- don't need n

» don't need Pr[T, = 1]
but

ol Albert R Meyer, Moyt 2088 e R

g The Lottery

Example: Pick 4

Pick a lottery number
0000, 0004, ..., 9999

Albert B Meyer,  shay 6, 2011 e 1310

s The Lottery

sell 1,000,000 $1 tickets
pay winner $5000
Expected profit =
$1,000,000 - 100-$5,000

= $500,000 (good business)

ol Abert B Meyer,  Mays, 231 ATAR




The Lottery

How much reserve $$ does
lottery need? Must be
prepared for more than
expected # winners: say a
day with 60 "extra” winners?

Abert B Meyer,  Mays2ou ot 12

Large Deviation
System design must handle
rare overloads to be reliable.
That's why Chernoff more
important in systems than
“classical” results like the
Central Limit Theorem.

Alsert & Meyer, by $. 2011 bolltod

Chernoff Bound for Lottery
Let c = 1.6, so B(c) > 0.15:
Pr[R > 1.64] < eBo
160 Don't worry!
= e 15< 1/3,000,000
Chance of 60 extra winners is

Abert R Mever, Moy 8. 2011 lec 13F.14

@ Server Network

» T, = 1if ith query goes to server

+ T.= 0 if not

* TotalLoad T=T, + To+ . + T

* Server averages 1M calls/day:
E[T]=1,000,000

Designing One Server
e to Survive Overload

prob that rate fluctuates 1%:
Pr[T > 1.01 M]
< e -BLODM
< 21022 (very small)l!
1% excess capacity more than enough
to make overload very unlikely.

AbertR Meyer,  Mayd. 201 il

Aber? R Meyer, May &, 2010 lec 1018

§§ The Whole Server Network

Akamai has a 30,000 servers, and

all get same average load per day.

Use Boole's inequality:

Pr [any server overloads]

< 30,000-Pr[this server overloads]
< 6 - 1078 (still very small)lll

Albert R Meyer,  boy 8,2031 lec 1FIY




Chernoff vs. Binomial Bounds
If Pr[T, = 1] same for all i, then
T=Z T, is binomial.

Get better bounds using
binomial calculations, but
Chernoff bound still decent.

Abert R Meyer, oy 8,200 far 1020

In Class Problems

om
oo
[=1¢]

Problems 4,5

Abert R Meyer. Moy, 2001 ot 196,21
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