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Summary of Class 31 Exam 3 Information 

TEST THREE Thursday Evening April 29 from 7:30-9:30 pm. 

The Friday class immediately following is canceled because of the evening exam. 
Please see announcements for room assignments for Exam 3. 

What We Expect From You On The Exam 

I. An understanding of how to calculate magnetic fields in highly symmetric 
situations using Ampere's Law, e.g. as in the Ampere's Law Problem Solving 
Session. 

2. An understanding of how to use Faraday's Law in problems invo lving the 
generation of induced EMF's. You should be able to formulate quantitative 
answers to questions about energy considerations in Faraday's Law problems, e.g. 
the power going into ohmic dissipation comes from the decreasing kinetic energy 
ofa rolling rod, etc. 

3. The ability to calculate the inductance of specific circuit elements; for example 
that of a long solenoid with N turns, radius C/, and length L. 

4. An understanding of simple circuits. For example, you should be ab le to set up the 
equations for multi-loop circuits, using Kirchhoffs Laws that include inductors. 
You should be able to understand and graph the solution to the differential 
equations for a circuit involving a battery, resistor, and inductor, and a circuit just 
involving a resistor and inductor. You should be able to compare and contrast RL 
and RC circuits, and should understand the meaning of time constants Cr = LlR, '[ 
=RC)s 

5. An understanding of the concept of energies stored in magnetic fields, that is 
U = +U' for the total magnetic energy stored in an inductor, and U B = ,~ S' for 

the energy density in magnetic fields. You also should review the concept of 
energies stored in electric fields, that is U = +CV' = ,~. Q' for the total electric 

energy stored in a capacitor, and u, =+60£ ' for the energy density in electric 

fields. 

6. An understanding of the nature oftheji-ee oscillations of an LC circuit. 

To study for this exam we suggest that you review your problem sets, in-class 
problems, Friday problem so lving sessions, PRS in-class questions, and relevant 
parts of the study guide and class notes. 

Note: This exam will not include questions regarding undriven and driven 
RLC circuits but will include questions about free oscillations OfTc 
circuits. 

Class 31 
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Department of Physics 

Problem Set 11 Solutions 

Problem 1: Current Slabs 

Spring 2010 

The figure below shows two slabs of current. Both slabs of current are infinite in the x 
and z directions, and have thickness d in the y-direction. The top slab of current is 

located in the region 0 < Y < d and has a constant current density J "u' = J z out of the 

page. The bottom slab of current is located in the region -d < Y < 0 and has a constant 

current density J,,, = -J z into the page. <7 ~ IS ;.c 

...:l
~.;:. c ~ '- fP-? r-2."B f <f1VP, 

c- -7 
~ ---

:1 (f'II f (If-~ 0J out 

F _ d 

L ~ x 
o J in 

-d 

(a) What is the magnetic field for IYI > d? Justify your answer. 

Zero. The two palis of the slab create equal and opposite fields for Iyl > d . 

"=- Ci.;hi'!t 9 f dtl .b - v; _ ~,,~ id bL '1 ;ce 
b) Use Ampere' s Law to find the magnetic field at y = O. how the Amperian Loop 

that you use and give the magnitude and directio-:;;r;he mal:\netic field. 

~o fr ... \ole - 1. .. +.eiQ. v·'].:=-c 
.......... .... Amperian Loop ~ y ~ .B ,,"C -w 

~ ~-J--+~ 77' c:;, I""'r '(--d'--
: out - j;, 

r.' ? g v",j Y 
1.( HrH- J 

~-----

••••••••••••• 0° o J in -1--
-d 

\.rr :1/ l!lOp 

t Afl1~fe ; Lui.-
The field at y = 0 points to the right (both slabs make it point that way). So walk counter 
clockwise around the loop shown in the above figure and Ampere ' s Law gives: 

0'" '-ItO 1n~ 2 "" (f t) Vt1,} h, ~ If fA{,( '; 



c) Use Ampere 's Law to fmd the magnetic field for 0 < y < d. Show the Amperian 
Loop that you use and give the magnitude and direction of the magnetic field . 

o : .. .. ......... ; .2:/-an Loop 

1~· ---- L'''/0 J-
d-y: : t : : au . . 

••••••••••••••• 0 

Y __ ~d __________ ~ 

.--1 ~ x 
o J in 

-d 
t-v'A" ail< 

The field for 0 < y < d still points to the right. So walk counter clockwise around the 
loop shown in the above figure and Ampere ' s Law gives: 

OB.dS = BI +0 + 0+ 0 = ,u"I,,,c = 411" Jl( d - y) ~ ~IB-=-,u-o-J-( d---y-)~; -(-to-th-e-r-ig-ht~)1 
c I ( 

LJI.."( d - 'f 

Q H -h ~~tI(e. o,)"~h ,'" 
(d) Plot tH x-comporlent of the magnetic field as a function of the distance y on the 
graph below. Label your vertical axis. )J ~~: t;~~J1 

Bx 

{(Jl'lpldd, 

rv~M to 

o 

gar h't., ""t''1.7 
5 ~A ht :; :t}J CQ tre c- ~ 

d y 



Problem 2: 

An infinitely long wire of radius a carries a current density Jo which is uniform and 

constant. The current points "out of' the page, as shown in the figure . 

.",. ............... 
,. '" " , 

/ " / \ 
I J ,. \ 

I f.\l \ , ~ , 
I , 

\ 
\ 

\ 

" 

\ 
\ 

r 

' .... ,. I 

, " '" ,. ............... .",. 

a) Calculate the magnitude of the magnetic field B(r) for (i) r < a and (ii) 
r > a. For both cases show your Amperian loop and indicate (with arrows) 
the direction of the magnetic field. 

The dashed lines above are the Amperian loops I will use for (i) and (ii). They both 
have a radius of r, and in both cases the paths are counterclockwise, as is the B field , 
due to a current out of the page (right hand rule). 

(i) r < a . 

From Ampere's Law: 

(ii) r > a. 

Now we just contain all of the current: 

-11;, l~ fAvl! d~rd(,l t 
(o p&:! (ro ," \'1cf4 ~ -k ,,-bit ~o Jo', 



(b) What happens to the answers above if the direction of the current is reversed so that it 
flows "into" the page? 

If the direction of cunent flips then so does the direction of the magnetic field , so it is 
clockwise rather than counterclockwise. The magnitude of the field remains the same. 

c) Consider now the same wire but with a hole bored throughout. The hole has radius b 
(with 2b < a) and is shown in the figure. We have also indicated four special points: 0, 
L, M, and N. The point 0 is at the center of the original wire and the point M is at the 
center of the hole. In this new wire, the current density exists and remains equal to Jo 
over the remainder of the cross section of the wire. Calculate the magnitude of the 
magnetic field at (i) the point M, (ii) at the point L, and (iii) at the point N. Show your 
work. 

Hint: Try to represent the configuration as the "superposition" of two types of wires. 

The point here is that we have two wires superimposed on top of each other. The large 
(radius a) wire carries current out of the page while the smaller (radius b) wire canies 
cunent into the page (with the same current density). At all point L, M and N we are 
inside the large wire and on the right, so the counterclockwise B field is pointing up the 
page. What is happening from the small wire changes from place to place 

(i) the point M: 

Here we are at the center of the small wire, so it contributes nothing. We are at a radius 
r = a - b inside the big wire, so from part (a. i) of this problem we have: 



(i i) at the point L: 

Here we are to the left of the small wire (at a radius r = b), so the clockwise field (as we 
said in part b) is pointing up, just like the CCW fie ld from the big wire We are at a radius 
r = a - 2b inside the big wire, so : 

(iii) at the point N: 
Here we are to the right of the small wire (at a radius r = b), so the clockwise fie ld is 
pointing down, opposite the CCW field from the big wire so they subtract rather than add 
We are at a radius r = a inside the big wire, so: 

e AJry wtve 
I, Vvhrd J ~qd 

A comment about people's work on this problem: I was stunned at how many people 
tried to do Ampere's law on the wire with a hole in it. Since the hole breaks the 
cylindrical symmetry of the problem you just can' t do this. That is, since B is no longer 

constant around an Amperian centered on 0 , 1n. as .. 2nrB. B isn't constant, so you 

can ' t just pull it out! 

-J'J 1 rio tI'j 
ve 1/ .)vt{'r :., ,Ed I 

wl/~ 



Problem 3: Sliding Bar on Wedges 

A conducting bar of mass m slides down two frictionless 
conducting rails which make an angle 0 with the 
horizontal , separated by a distance R. and cOlmected at the 
top by a resistor R, as shown in the figure. In addition, a 

uniform magnetic field B is applied vertically upward. 
The bar is released from rest and slides down. At time 1 

the bar is moving along the rails at speed v(f). 

(a) Find the induced current in the bar at time I. Which 
way does the current flow, from a to b or b to a? 

The flux between the resistor and bar is given by 
<lJ B = B f.x( I) cos 0 

where x(f) is the distance of the bar from the top of the rails. 

Then, 
d d 

& = --<lJ /J = --B f.x( I)CO SO = -B £V(I)COSO 
dl dl 

Because the resistance ofthe circuit is R, the magnitude of the induced current is 

J J::l = B R. v(l) cos 0 
R R 

By Lenz' s law, the induced current produces magnetic fields which tend to oppose the 
change in magnetic flux. Therefore, the current flows clockwise, from b to a across the 
bar. 

(b) Find the terminal speed v,. of the bar. 

At terminal velocity, the net force along the rail is zero, that is gravity is balanced by the 
magnetic force: 

. (B R. V (t)COSO) mgs1l10=JBf.cosO= I R BR. cosO 

or 

() 
_R,-IIC-'1 g,--s,--i n,-07 

v 1 = 
I (Bf.cosO)' 

After the terminal speed has been reached, 

(c) What is the induced current in the bar? 



1 = B ev,(t)cosB = B RcosB ( Rmgsin B) = mgsin B = mg tan B 
R R (Bf.cosB)' Bf.cosB BR 

(d) What is the rate at which electrical energy is being dissipated through the resistor? 

The power dissipated in the resistor is 

P = 1' R = ( ~~ tan B J R 

(e) What is the rate o6rkv done by gravity onetlbar? The rate at whiclvrk IS done 

is F· v. How does this compare your answer in (d)? hyW 

_ -. . (RmgsinB) (mg ) ' F·V=(mgsmB)v,(t)=mgsmB , = -tanB R=P 
(BR cos Bt Be 

That is, they are equal.All of the work don§! gravity is dissipated i1lihe resistor, 
which is why the rod ilmlccelerating past its teil1lll velocity. 

th; I ($ ~(/{J. ltI/o ""'/ lNDr~ 
r shov kl hVv't .; Ca.ltytJ ; I ; , 



Problem 4 EMF Due to a T ime-Varying Magnetic Field 

A uniform magnetic fld Ii is perpendicular to antl3turn circular loop owire of 
negligible resistance, asshown in the figure bruo The fie ld changes itkw time as 
shown (the z direction is out of IiJhge). The loop is oiidius r= 50 cm and is 

cOIUlected in series with resistor of resistance'? = 20 O. The "+" direction arodnthe 

circuit is indicated in thti.gure.ln order to obtain credit you must show you r work; 
par tia l answers without work will not be accepted. 

@ @ @ @ @ 
B, 

- @~ (!) sJ B @ @ @ 

@ @ @ ~ 

-;;; 
® @ :< , 

, 
0 2 4 6 I; 10 

second 

(a) What is the expressiofur EMF in this circuit timns om, 1 (f)Jr this arrangement? 

Solution: When we choose a "+'lrattion around the circbishown in the figure al!!Q 
then we are also specif)gnthat magnetic fl ux ouf tile page is positive. ~Tlmnit vector 

n = +k points out of the page )lU:f the dot product bec()]$l 

f wl'f~ 
(0.1) 

From the graph, the z-cqmnent of the magneticefd B, IS gIven by 

B, = 

(2.5 T · S")I ; 0 < 1 < 2 s 

5.0T ; 2s<I<4s 
.(0.2) 

l OT - (1.25 T . S" )I ; 4 s < 1 < 8 s 

0;1>8s 

The derivative of the magnetic field is then 

2.5T·s" ;0<1<2s 

dB. 0 ; 2 s < I < 4 s - ' = 
dl -1.25 T· s·, ; 4 s < 1 < 8 s 

0; 1>8s 

The magnetic fl ux is therefore 

(0.3) 



The electromotive force is 

c = -~(D = - dB, :rr' (0.5) 
dl maglleltc dl 

So we calculate the electromotive force by substituting Eq. (0.3) into Eq. (0.5) 
yielding 

-(2.5 T ·s·'):rr' ; 0 < 1 < 2 s 

0 ;2s< I < 4 s 
c= ~.~ 

(1.25 T . s·, ):rr' ; 4 s < I < 8 s 

0;1>8s 

Using r = 0.5 m , the electromotive force is then 

c= 

Solution: 

-1.96V;0<1<2s 

0 ;2s< I < 4 s 

0.98 V ;4s <I <8s 

0;1>8s 

(0.7) 

(b) Plot the EMF in the circuit as a fu nction of time. Label the axes quantitatively 
(numbers and units). Watch the signs. Note that we have labeled the positive direction of 

the emf in the left sketch consistent with the assumption that positive B is out of the 
paper. 

Solution: 

01 .0 

CVJ /.0 

f I 
't 6 Ii" 

- I.G -



(c) Plot the current J through the resistor R. Label the axes quantitatively (numbers and 
units). Indicate with arrows on the sketch the direclion of the current through R during 
each time interval. 

Solution: The current through the resistor ( R = 20 n ) is given by 

-9.8 x 10-' A ; 0 < 1 < 2 s 

C 0;2 s< I < 4 s 
/ =-= (0.8) 

R 4.9x I0-' A; 4 s < I < 8 s 

0 ; 1> 8 s 

I o-z 

'C 1\.1 
0 ./ 

-0. / 

- O .":/. 

(d) Plot the power dissipated in the resistor as a function of time. 

Solution: The power dissipated in the resistor is given by 

p = / ' R = 

1.9 x I 0-1 W ; 0 < 1 < 2 s 

0 ; 2s< I < 4 s 
. (0.9) 

4.8 x I0-' W ; 4 s< 1 < 8s 

0;1 > 8 s 

r , 
b 

$Pc... 

r 



Problem 5: Inductor 

An inductor consists of two very thin conducting cylindrical 
shells, one of radius a and one of radius b, both of length h. 
Assume that the inner shell carries current lout of the page, 
and that the outer shell carries current I into the page, 
distributed uniformly around the circumference in both 
cases. The z-axis is out of the page along the common axis 
of the cylinders and the r-axis is the radial cylindrical axis 
perpendicular to the z-axis. 

a) Use Ampere's Law to find the magnetic field between 
the cylindrical shells. Indicate the direction of the magnetic 
field on the sketch. What is the magnetic energy density as 
a function of r for a < r < b? 

The enclosed current Iene in the Ampere's loop with radius r is given by 

1

0, r < a 

leo, = I , a < r < b 

0, r >b 

Applying Ampere's law, diB' d'S = B(2nr) = f.1oIeo" we obtain 

0, r < a 

B
- __ f.1oI­

--q>, 
2nr 

0, r >b 

a < r < b (counterclockwise in the figure) 

The magnetic energy density for a < r < b is 

It is zero elsewhere. 

b 

1 2 
b). Calculate the inductance of this long inductor recalling that U/J =-LI and using 

2 
your results for the magnetic energy density in (a). 

The volume element in this case is 2nrhdr. The magnetic energy is : 

I 
® 



(Ce~ev 
'(\1 ~.e5 

UB = fU/JdVol= P022 2"hrdr=-o-ln -R 
12 ) p12 h (b) 

v a 8" r 4" a 

Since U
B 

= Po12 1 In (~)= .!..Ll2, the inductance is 
4" a 2 

L = Poh In (~) 
2" a 

c) Calculate the inductance of this long inductor by using the formula 

cI:> = Ll = f B· dA and your results for the magnetic field in (a). To do this you 
open .wrfacc 

must choose an appropriate open surface over which to evaluate the magnetic flux . Does 
your resu lt calculated in this way agree with your result in (b)? 

I 

r 

B 
-=::;;:=;;: 

... ---- , , 

- ----- ---

h 

The magnetic field is perpendicular to a rectangular 
surface shown in the figure. The magnetic flux through a 
thin strip of area dA = ldr is 

Thus, the total magnetic flux is 

cI:> H = f dcI:> H = r" Polh dr = Polh r" dr = Polh In (~) 
1, 2"r 2" 1, r 2" a 

Thus, the inductance is 

which agrees with that obtained in (b) . 

d011 t 
, 

'f1.vJ in/A f ao , 

- ~o fQ \ (~s~., '\, r e l/lt ~ 

cb f"" GIl , h", ( Wi (!) 
--') 

- J. P ( f{,1 t(, ( 0 Ll€"'5 (o{/4: ~ 1/1 sfu;< tt;-
- reV(tw- fitS 6>,- foJu { 

-J\r ~ L~II "2 ~ lo.v 



Problem 6: Trying to open the switch on an RL Circuit 

The LR circuit shown in the figure contains a resistor R, and an inductance L in series 

with a battery of emf co' The switch S is initially closed. At t = 0, the switch S is opened, 

so that an additional very large resistance R2 (with R, D R,) is now in series with the 

other elements. 

I 
• 

(a) If the switch has been closed for a long time before I = 0, what is the steady current 
10 in the circuit? 

There is no induced emf before 1 = O. Also, no current is flowing on R2.Therefore, 

Co 
10 =­

R, 

(b) While this current 10 is flowing, at time I = 0, the switch S is opened. Write the 

differential equation for 1(1) that describes the behavior of the circuit at times I 2: O. 

Solve this equation (by integration) for 1(1) under the approximation that Co = O. 

(Assume that the battery emf is negligible compared to the total emf around the circuit 
for times just after the switch is opened.) Express your answer in terms of the initial 
current 10 , and R" R" and L. 

The differential equation is 

dI(t) 
Co - I(I)(R, + R2 ) = L-­

dl 

Under the approximation that Co = 0, the equation is 

-I(I)(R, +R, )=L dIet) 
dl 

The solution with the initial condition 1(0) = 10 is given by 



(R, + R, ) 
1(1) = 10 exp( L t) 

(c) Using your results from (b), find the value of the total emf around the circuit (which 
from Faraday's law is -LelI ! dt) just after the switch is opened. Is your assumption in (b) 
that Go could be ignored for times just after the switch is opened OK? 

S· Go 
lI1ce 10 =­

R ' , 

d1(t)1 G=-L-- =10(R, + R, ) 
dt /00 

Go (R, ) G=-(R, +R,)= 1+- Go »Go 
R, R, 

(,:R,»R,) 

Thus, the assumption that Go could be ignored for times just after the switch is open is 

OK. 

(d) What is the magnitude of the potential drop across the resistor R, at times t > 0, just 

after the switch is opened? Express yom answers in terms of Go, R" and R, . How does 

the potential drop across R, just after t = 0 compare to the battery emf Go, if 

R, =100R, ? 

The potential drop across R2 is given by 

RI (R')( R,) R, ,",V, = G = 1 + - Go = -Go 
R, + R, R, + R, R, R, 

If R, =100R" 

l1V2 = 100 &0 

Th is is why you have to open a switch in a circuit with a lot of energy 
sto red in the magnetic field very carefully, or yo u end up ve,'y dead!! 



Problem 7: LC Circuit 

An inductor having inductance L and a capacitor having capacitance C are connected in 
series. The current in the circuit increase linearly in time as described by 1 = KI. The 
capacitor initially has no charge. Determine 

(a) the voltage across the inductor as a function of time, 

The voltage across the inductor is 
dI d 

6, =-L-=-L-(Kt)=-LK 
. dl dt 

(b) the voltage across the capacitor as a function of time, and 

Using 1= dQ , the charge on the capacitor as a function of time may be obtained as 
dl 

, , I 
Q(/) = fIdl' = fK"d" =-KI' 

o 0 2 

Thus, the voltage drop across the capacitor as a function of time is 

o KI' 
f).V: =-==--

c C 2C 

(c) the time when the energy stored in the capacitor first exceeds that in the inductor. 

The energies stored in the capacitor and the inductor are 

U =~C(f).V: . )' =~C(- Kt'J' 
c 2 c 2 2C 

K' t' 

8C 

U =~LI' =~L(Kt)' =~LK'I' 
I. 2 2 2 

The two energies are equal when 

K' ,,' I 
_1_ = _ LK'(' => t' = 2.J LC 

8C 2 

Therefore, Uc > U,. when t > I'. 



Problem 8: LC Circuit 

(a) Initially, the capacitor in a series LC circuit is charged. A switch is closed, allowing 
the capacitor to discharge, and after time T the energy stored in the capacitor is one­
fourth its initial value. Determine L if C and Tare known. 

The energy stored in the capacitor is given by 

U (I) = Q(t)2 = (Qa cos aV)' = Qg cos'w 1 
c 2C 2C 2C a 

Thus, 

cos' waT cos' waT 
=----"-

cos' (0) 1 4 

1 
=:> cos waT = -

2 

which implies that WaT = Jr rad = 60° . Therefore, with Wa = ~ , we obtain 
3 vLC 

(b) A capacitor in a series LC circuit has an initial charge Qa and is being discharged. 

The inductor is a so lenoid with N turns. Find, in terms of Land C, the flux through each 
of the N turns in the coil at time I, when the charge on the capacitor is Q(I). 

We can do this two ways, either is acceptable. First,we can make the explicit assumption that 

Q(t) = Qo cos Wol and the total flux tlu'ough the inductor is LJ = L :7 = - LwoQo sin av 

Therefore the flux through one turn of the inductor at time 1 is <D "" ",m = - LwoOo sin wot 
N 

or in terms of Land C, <Do"""m = -~ ~ sinwol. Or second, we can simply leave Q(I) 

as an unspecified function of time and write (using the same arguments as above) that 

<D =!:... dQ 
one tum N dt . 

(c) An LC circuit consists of a 20.0-mH inductor and a 0.500-,uF capacitor. If the 
maximum instantaneous current is 0.100 A, what is the greatest potential difference 
across the capacitor? 



The greatest potential difference across the capacitor when U e m", = Ul.ma< ' or 



Rtdo 
tor ~(dl1 \ ((l 

~ (1~ 

PRS: Ampere's Law 

Integrating B around the loop shown gives us: 

0% 1. a positive number 

0% 2. a negative number _ 
0% 3 zero r 

PRS: Ampere's Law 

Integrating B around the loop shown gives us: 

0% 1. a positive number .". cD a negative number 

0% 3. zero 

PRS: Loop 

The magnetic field through 
a wire loop is pointed 
upwards and increasing 
with time. rAe Induc1ld 
current in the coil is 

Jii > 0 
d, 

II, i, up .md ir;;'fUina 

0% CD Clockwise as seen from the top 

0% 2. Counterclockwise 
."- . 

V\w.;1tus VJh.if J:r ;t 
Class 31 0 alll,:) 

'& B r V'~[{ Ca}vz C; 
be {Iv r-. \roil 1/ ht () 

PRS Answer: Ampere's Law 

Answer: 3. Total penetrating current is zero, 
so 

rlin·dS=lI! =0 LJ '-0 enc 

"" 

PRS Answer: Ampere's Law 

Answer: 2. as. cis <0 

Net penetrating current is out of the page, so 
field is counter·clockwise (opposite path) 

PRS Answer: Loop 

Answer: 1. Induced current 
is clockwise 

This produces an "induced" 
B field pointing down over 
the area of the loop. 

.. I-I-i~~r 
ltlT( 

The "induced" B field "'~ .• ~ * 
opposes the increasing flux ~I ~ 
through the loop - Lenz's - [ , 
Law .5)J 

f..,. 11'),., 

J 

J 

i' 1 :1 14-' . Go.' 1 ga r rllC 
( 

~ Ie 1 



PRS: Loop 

The magnetic field through 
a wire loop is pointed 
upwards and decreasing 
with time. The l1'Fciuced 

current in the coil is ~ 0 

0% 1. Clockwise as seen from the top 

0% v counterciockwise 
~" , 

ikrubv-'l ( t, 1 itt tJ 0J 
~ VI,/I~ (7t/t r \'" ~'7 ~ 

PRS: Loop Below Magnet 

~ 
A conducting loop is below a magnet and moving 
downwards. This induces a current as pictured. The 
I ds x B force on the coil is ...---

0% G Up 
2. Down 
3. Zero 

Il[2] PRS: Loop in Uniform Field 
8,,, 0 0 000 000 

o OOEJ- (- 00 
00 0 00 · 00 

_ v 

A rectangular wire loop is pulled thru a uniform 8 field 
penetrating its top half, as shown. The induced 
current and the force and torque on the loop are: 

l4 1. Current CW, Force Left, No Torque 
'.4 2. Current CW, No Force, Torque Rotates CCW 
:4 3. Current CCW. Force Left, No Torque 
:4 4. Current CCW, No Force, Torque Rotates CCW 

:4 D No current. force or torque ", II 

Class 31 

PRS Answer: Loop 

Answer: 2. Induced current 
is counterclockwise 

This produces an "induced" 
B field pointing up over the 
area of the loop. 

The "induced" B field 
opposes the decreasing 
flux through the loop -
making up for the loss -
Lenz's Law 

ii ... __ 

1-1-1-1 ( ) 
rrrn 

<lIn! . ii, .... t 

~l~?t , 

PRS Answer: Loop Below Magnet 

Answer: 1. Force is Up 

Lenz' Law.: 
Must oppose motion ~ 

force is up 

More detail: 
Induced current is counter-clockwise to oppose 
drop in upward flux. 
This looks like a dipole facjng upward. so it is C attracted to the ~ 

:l r Jy, f V''1(}~'' 0 /I 
>v {the\} f~I I (, 

j"'(. 

-f l'P pr ( 1: /l"L 

PRS Answer: Loop in Uniform Field 

8,,, 0 0 000 000 
o OOEJ-,- 00 
00000' - 00 

_ v 

Answer: 5. No current, force or torque 

The motion does not change the magnetic flux, so 
Faraday's Law says there is no induced EMF, 'Or 
current, or force , or torque. 
Of course, if we were pulling at all up or down there 
would be a force to oppose that motion. 

2 



- PRS: Faraday's Law: Loop 
A coil moves up 

fr~ und~rh~a!h a 
m gnet Wit Its 
north pole pointing 
upward. The 

coil: 

current in the coil -;1 
and the force on the 

'~~ __ L-~ __ ~~ 

0""" 1. Current clockwise; force up 
0% "S.... Current counterclockwise; force up 

0% ff) Current dockwise; force down 

0% ~ Current counterclockwise; force down 

{ ~ fi t ~ l' 
O?PV,~t ()) 

J" {"(( O<SI'~j 
forCe Q posen 

PRS: Circuit 
A circuit in the form of a 
rectangular piece of wire is 
pulled aw~m alOng 
wire carry'!!9£JJLLent I in 
the direction shown in the 
sketch. The induced 
current in the rectangular 
circuit is 

0% 

0% 

fJ Clockwise 
~ Counterclockwise 

3. Neither, the current is zero 0% , 

o 
I 
I!; 

rUrrPlit 
8 ((ovA\. 

PRS: Generator 
A square coil rotates in a 
magnetic field directed to 
the right. At the time 
shown, the current in the 
square, when looking 
down from the top of the 
square loop, will be 

0% .. " .. " .. " 
~

CIOCkWise 
Counterclockwise 

. Neither, the current is zero 
4. I don't know 

NOIMC! !i 7 (,(f''' ~ 
Class 31 ( dee ~ "tilt 

cPs l :, ltf£, ~ 

901 Is it 1" or ~ 

PRS Answer: Faraday's Law: Loop 
Answer: 3. Current is clockwise; force is ~own 

The clockwise current ~ 
creates a self· fl eld , '" 
downward, trying to offset 
the Increase of magnetIc _ 
flux through the coil as it -----:21f~-
moves upward Into stronger I 0 C 

fields (Lenz's Law). ;~ 

The I dl x B force on the coil is a force which is 
trying to keep the flux through the coil from 
increasing by slowing it down (Lenz's Law again). 

PRS Answer: Circuit 
Answer: 1. Induced current 1·"O"mQI11 '1 

is clockwise 

B due to I~~ge; the flux ,) -_!I &. 
through the circultCfue to that field 
decreases as the circuit moves 
am.y.(po the induced current is - '-1-"'-1 
clockwise (to make a B into the 

page) \) f,"D-? 

Note: f"" dl x B force is left on the left segment and yb ; ';> MlhV/'r 
right on the right, but the force on the left is bigger. (1/((PI1) 
So the net force on the rectangular circuit is to the 
left, again trying to keep the flux from decreasing by hviJ-Ij VI 
slowing the circuit's motion HI ." 

Answer: 1. Induced current 
is counterclockwise 

Flux through loop 'decrease as 
normal rotates aw y from 8. To 
try to keep flux from decreasing, 
induced current will be CCW. 
fijifrg l O Reef51he magrlE!tlc flux 
from decreasing (Lenz's Law) 

Note: 'ind dl x B force on the sides of the square loop 
will be such as to produce a torque that tries to stop 
it from rotating (Lenz's Law) . 

3 



Ae t1-eMt, '(0) 

vic \Ot-
t(O /'1\ 

C~~) 

PRS: Stopping a Motor 

Consider a motor (a loop of wire rotating in a B 
field) which is driven at a constant rate by a 
battery through a resistor. 
Now grab the motor and prevent it from 
rotating. What happens to the current in the 
circuit? 

0"" 6) Increases 

.... 2. Decreases 

.... 3. Remains the Same 
0% 4. I don't know 

IIfOl PRS: Faraday Circuit 
~gnetic field B penetrates this 

circuit outwards, and is increasing 
at a rate such that a current of 1 A 
is induced in the circuit (which 
direction?). 
The potential difference VA-VB is: 
0% 1. +10V 
0% 2. -lDV 
0% 3. +100 V 
0°,(, 4. -100 V 

0% 5. +11DV 
0% 6. -110 V 

0% 7. +90V 
0% a -90V 
0% f 9.1 None of the above 

A 

PRS: Voltage Across Inductor 

In the circuit at right the ~--,' " 
switch is closed at t = O. A I R 

voltmeter hooked across :L I. 

the inductor will read: E 
\ 

: 8 
0% C{ 

, b 

VL = Ee-I
" IrUec~I!'~ 

VL = E(l- e-" ') J(I("ec~l~ 
VL =0 

'" 4. I don't know 

Class 31 f- Te.. -Lft ~ O 
d f 

- V~ = [-1~ 

PRS Answer: Stopping a Motor 
Answer: 1. Increases 

When the motor is rotating in a magnetic field 
an EMF is generated which opposes the 
motion, that is, it reduces the current. When 
the motor is stopped that back EMF disappears 
and the full voltage of the battery is now 
dropped across the resistor - the current 
increases. For some motors this increase is 
very significant, and a stalled motor can lead to 
huge currents that burn out the windings (e.g. 
your blender). 

PRS Answer: Faraday Circuit 
A 

Answer: 9. None of the above 

The question is meaningless ...... 
There is no sucfi thing as 
potential difference when a 
changing magnetic flux is present. 

By Faraday's law, a non-conservative E is 
induced (that is, its integral around a closed 
loop is non-zero). Non-conservative fields 
can't have potentials associated with them. 

PRS Answer: V Across Inductor 

Answer. L Vl. - Ee R j . - -1/' r-l0 
The inductor "works hard" at + L ~ 
first, preventing current flow, -L I 
then "relaxes" as the current /'0--. b 

becom~stant in time . 

Although ''voltage differences" between two 
points isn't completely meaningful now, we 
certainly can hook a voltmeter across an 
inductor and measure the EMF it generates. 

(J (rfI\1 

IN 'II I 
StO.J7 t 

I i /"0' .. ~ i \ I I 

,~ 'v J V I (('.j '91 

4 



~7 F 

-\t\\ '{oj 

(}\1\'1"," '1 

PRS: LC Circuit 
Consider the LC circuit at 1 
right. At the time shown the 

value. At this time 
L current has its ~Wr:A fC - L-~C_I __ ..J 

0% 'A. The charge on the capacitor has its maximum va!uoytl~" 
'" ~The magnetic field is zero 
0% I Tile electric field has its ~aximum value ...,,~ 
0% 4. The charge on lhe capaCitor Is zero J 
0% . Don't have a clla -P~1i. fe ,'\.V·"W) 

'3 (\l M.'h UU 
, 
Ie :( 

PRS: LC Circuit 
In the LC circuit at right the C J 'I ' k I 
current is in the direction ~( 6 J\~ 
shown and the charges on • 

the capacitor have the signs - + (10 
shown. At thiS time, Q Q 

0% A I is increasing and Q is increasing 
0% (31'1 is increasing and Q is decreasing 
0% 3. I is decreasing and Q is increasing 
0% 4. I is decreasing and Q is decreasing 
0% 5. Don't have a clue 

PRS: LC Circuit 

V I 

on a c~r (black curve) .... ., I 
The plot sh.owS the charge 'OC!, ,~ 

and the current through it j ! 
(red curve) after you turn 6 u:".I--I-+.J.-4-+-1-!-l.-+-iCl, ~~ f 
off the power supply. If yOU ! ....... .. ... 1 
put a core into the inductor a 
what wmt,appen to the ., ..... ~. ----=-----,:.-----,.,-------,!,., .. 
time T La ? r_ 1mSI 

.. GJlt will increase 
"" fi,J t will decrease 
"" ~It will stay the same 
'" 4. I don't know 

Class 31 

, 
CUr{ef\~ l(}W~ c~.;·(~e 

PRS Answer: LC Circuit 
Answer : 4. The curren t is 
maximum when the charge 
on the capacitor is zero D 
Current and charge are exactly 90 degrees out of 
phase in an ideal LC circuit (no resistance), so when 
the current is maximum the charge must be 
identically zero. 

rtnM 1M tIJ fi € U 
f ~c\'-,x. v'd lJ~ 

PRS Answer: LC Circuit 
Answer: 2. I is increas ing ; 

Q is decreasing 

With current in the direction 
shown, the capacitor is 
discharging (0 is decreasing). 

But since Q on the right plate is positive, I must be 
increasing. The positive charge wants to fJow, and 
the current will increase until the charge on the 
capacitor changes sign. That is, we are in the first 
quarter period of the discharge of the capacitor, 
when 0 is decreasing and positive and I is 
increasina and positive. 

PRS Answer: LC Circuit 
Answer: 

I 

1. T Lag wi ll} ncrease l~' "I 
S ~"'.H-H-i4+-1+i+l'-l, ~". t 
!~~ . ~i 

., .... ~. ----'--.-----,.,-------.,1,;" ... 
r_ ... 

Putting in a core increases the inductor's J 
inductance and hence decreases the natural 
freq~ of the circuil. Lower frequency means 
longer period. The phase wi ll remain at 90' (a 
quarter period) so T Lag wi ll increase. 

------=-- --

Q/,) dO""~t.> 

J~I 
(Off.. l' L 
{;O wh61+ 

ktl 1£."'-3 

1L lJ tfoc 
tVWtt; 7' L 

~" ~thr: ~=- uft ( e ""e,1\ Ow t'h 'is 



PRS: LC Circuit 
If you increase the - - ' .... 
resistance in the circuit - '- ..... ! 
what will happen to rate •• ~ 
of decay of the pictured ! 
amplitudes? ..... j 

., .... , " co, 

'" @ It will increase (d~cay ";;bi'E;''l-~pidIYi 
2. It will decrease (decay less rapidly) '" 
3. It will stay the same 

'" 4. I don't know -

Class 31 

PRS Answer: LC Circuit 
Answer: 1. It will increase I ..... 

(decay more rapidly) i ' 0. 

s ~"',f+t+-f-lr\-l-;l+'t+I 

t~· 
. . -.. 

Resistance is what dissipates power in the circuit 
and causes the amplitude of oscillations to 
decrease. Increasing the resistance makes the 
energy (and hence amplitude) decay more rapidly. 

u 

6 
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Spring 2009 

la,r/- yeu.{ Some (possibly useful) Relations: 

dE=_I_dq r 
47l"C

o 
,.2 

cf:f E . dA = Q ;m;do 

So c10sedsurfnce 

dA points from inside to outside 

1- - d ff- -E·ds=-- B·dA dCD tot:1I &=---
dl dl 

b 

!1 Vrn oving from a to b = ~ - Va = - JE . cIS 
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Problem 1: Five Short Questions. Circle your choice for the correct answer. 

Question A (4 points out of 20 points): 
Consider a circular parallel plate capacitor, initially charged 
to ±Q, then discharged through a resistor connecting the 
centers of the two plates, as pictured at right. A standard 
anal ic roblem is to calculate the E & B fields and the 

C;~;;;;;~~=~O· t P. Which of the following 

M he Poynting vector at P points to the left (-I direction) 1'\ 0 t (!Jvereci 

~ The Electric Field at P, calculated by Faraday's law, points up (+ j direction) 

3) Using ~mpe~ Law to calculate the .~ field at P, you would find that both the displacement 
current and physical current lead to B fields out of the page, so you need to sum their effects 

4) None of the above 

Question B (4 points out of 20 points): 
Consider a standard solenoid, driven by a current supply to 
have a linearly decreasing counterclockwise current 1(1) 
when VieWe<tfrom above, as pictured at right. A standard 
an<!h'tic problem is to calculate the E & B fields and the 

rPoyn~eete~point P. Which of the following 
"'--stat<m1errtSiStiUe? 

1) The Poynting vector at P points to the left 

(-I direction) 6~ {(pro.. ;) ~ ~ f) e ~ 
~TIle Electric Field at P, calculated by Faraday's law, points up (+ j direction) o Using Ampere's Law to calculate the B field at P, you would find that both the displacement 

current and physical current ~ad to B fields out of the page, so you need to sum their effects 
4) None of the above . ' (ovid be. I 

~ (ALcQ J cV((e ht-

~ ~ ~. t 9 JQ ~ -1l 
r Q ~ 

~F« id'Cl5 
Ict ov 
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Question C (4 points out of 20 points): 
" In experiment six you observed an "Initial" intensity pattern for light coming from two slits and 

hitting a screen. If you had used a green laser rather than a red one, would you have seen a 
pattern similar to "Final" below? 

·2 y o 

.. _------------------------:---- -------------.-.-------_ ... _------_. __ ... _ ........... - ...... _-_. __ ._--_._---_ ..................................... _.:-....... _---------------------

........................ ~ ... . .. ... ... ... ... ........... ... .... .... ,- ........ ~ ...... . 

-2 y 
6) Yes 
2. 
3. 

No, the distance d between the slits must have changed in going from Initial to Final 
No, the width a of the slits must have changed in going from Initial to Final 

4. No, the change depicted results from a change in wavelength the other direction (as if we had 
started with green light in Initial and moved to red light in Final) 

Question D (4 points out of 20 points): 

Take another look at the "Initial" intensity pattern above (in Question C). What can be deduced 
about the ratio of the distance between slits d to the width of each slit a? 

l. dla = 8 
2. dla = 6 
~dla = 5 
V dla = 4 
5. dla =3 
6. dla can not be determined from the intensity pattern alone 

8.02 Exam #3 Spring 2009 
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Question E (4 points out of 20 points): 
Two perfectly conducting sheets are placed in vacuum parallel to the xy plane at z = 0 and z = 60 
cm. A plane electromagnetic wave is generated in the region between the sheets, and continual 
reflection off of the sheets sets up a standing wave. It is found that a proton held between the 
sheets on the z-axis at z = 5 cm feels a reversal of force every half a nanosecond. That is, the 

force will be in the + i direction for half a nanosecond, then in the - i direction for half a 

nanosecond, and then in the + i direction again, and so forth . 

How many places on the z-axis can the proton be placed in between (not touching) the two 
sheets so that it would at~e feel a force? 

1) 9 
2) 8 
3) 7 - ---=---- (0 C--vI 
4) 6 

s-c~N~ 5) 5 

t-{ 6) 4 
(j ) 3 

"Ic(l1.u 
8) 2 ~ r~ 5eCd~~ J 001 ; f 

~ 
1 
0 
More than 9 

12) There is not enough information given to determine the right answer 

L 
C-' l (~ l~ 

0 Strer'~h~ 

~I 

7' 

J ' t ~ no) 11,1\0", ~1vO> 01\ 't C\«(;, 

wAs 0 \tv rv l 
ot\rr ?ed-;~ ,'\ \ 
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Problem 2: Back of the Envelope Calculation (5 Pts) 
As always, you are not given enough information to exactly determine the answer to this 
question. Make your best estimates [or unknowns, clearly indicating what your estimates are 
(e.g. Radius R - .... ) NO CREDIT will be given [or simply guessing a final numerical answer 
from scratch. It must be properly motivated (i.e. write equations!) 

The average power density o[ sunlight hitting the earth is about 1 kW/nl. About how much force 
would it take for you to hold an electron at rest in light of the sun's rays? 

1 

co\/ IcL 
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Problem 3: Electromagnetic Plane Wave (25 pts) 

A perfect conductor fills the xy plane (at z = 0 m). An electromagnetic plane wave traveling 
normal to the conductor approaches it in vacuum from above (z > 0). It has a wavelength of300 
nm. At time t = 0 the wave just reaches the conductor, and the magnetic field happens to be a 
maximum at the conductor's surface, pointing purely in the positive x direction. The power 
density carried in the wave at the surface of the conductor at this time is 1201t W/m2

• 

a) Identify a variable name (using the conventional labels is good!) and numerical value for 
each o[the following quantities (feel free to leave factors 0[1t in your answers): 

Frequency = __ = _ ________ _ 

Angular Frequency = __ = _________ _ 

Velocity = __ = _________ _ 

Wave number = = _________ _ 

E Field Amplitude = __ = _________ _ 

B Field Amplitude = __ = _________ _ 

Also tell us the Direction of Propagation = __________ _ 

8.02 Exam #3 Spring 2009 
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Problem 3: Electromagnetic Plane Wave continued ... 

In answering the following use the variable names rather than the numeric quantities you 
arrived at in part (a). 

b) Write an equation for the position and time dependent incoming Magnetic Field 

c) Write an equation for the position and time dependent incoming ElectTic Field 

d) Now the light source is very slightly (negligibly) tilted, so that the light is no longer hitting 
the surface perfectly normal. The surface is also split in two, with the half in the x > 0 part of 
the plane pushed downwards (so that it sits at z < 0 while tile x < 0 part remains at z = 0). 
How far down will the x > 0 half of the conductor need to be pushed before an observer 
looking down at the reflected light would first see an interference minimum (destructive 
interference between the light bouncing off the part at z = 0 and that off the part at z < OJ? 
(HINT: We want a numerical answer here - we gave you the numbers you'll need above) 

8.02 Exam #3 Spring 2009 
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Problem 4: Transmission Line (50 pts) 
The rest of this exam is an extended question dealing with ~lines. There are a variety 
of transmission lines used in the world. A simple example is two wires running next to each 
other with current flowing one direction in one and the opposite in the other. Another example 
that you considered in the sample exam of problem set II was the coaxial cable, where current 
flowed up the inside wire and back along the outer shield. 

In this problem you will calculate the properties of a microstrip transmission line. It consists of 

two thin parallel plates of ",idth w and length J', separated by a small distance d (they are 

typically held apart by a dielectric, but to make your life simple let's just pretend there is air 
between the plates). It is shown both in side view and front view below. 

The dimensions are such that you should assume that any fields created by the transmission 
line are confined to the region between the two plates. 

We use transmission lines to carry power from batteries or power supplies to loads (typically 
modeled as resistors): 

.;. 

In this problem you will calculate the capacitance and inductance of the micros trip transmission 
line and then study energy flow at DC. 

NOTE: PLEASE READ TillS CAREFULLY 

In several parts of this problem you will be asked to calculate something that will require the use 
of one of Maxwell's equations. Make sure that you state the name of the equation and the write 
it in the form that you plan to use it before you do that part. Be explicit in the calculations and 
draw and label anything that you need to use. I will not provide any further drawings. Please 
duplicate drawings from this page (simplified to remove the perspective of course) when you 
think they will be useful. 

Do not forget to give both magnitude and direction of vector quantities. 

Feel free to tear out this page so that you do not have to continually tum back to it. 

8.02 Exam #3 Spring 2009 
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Problem 4A: Capacitance of the Microstrip Transmission Line continued 

RtV'i~1.v 6V&\55 ~ L(;Ao, 

-{Ivx th(q1~ G\ ~r// f a,C.t 

...J -> 

¢ :: E 14~ 
c [; 1-/ (Q$ (-) 

ql r ::;011-
/1lL- -
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Problem 4A: Capacitance of the Microstrip Transmission Line (15 points) 

In the first two parts of this problem (A and B) we will consider the transmission line in 
isolation (no battery or load resistor). 

Calcu late the capacitance of the transmission line. 

111/5 
. \ 

Jlt 

GAle 

( 

• - - I E-·o.11, O.r(i 

~~ 
ytI {( ffel) 

I " k i{,Y I ~ 

(: ~ I eo II ( 

~ fleU 

r 
~ 

!1 tf,d ~e,lf ;" 
( evl..vv' 

In~vVee{1 .f1l f (a I ~) 
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Problem 48: Inductance of the Microstrip Transmission Line (15 points) L :;;--V 

r'it!:} 
Calculate the inductance of the transmission line. 
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Problem 4B: Inductance of the Microstrip Transmission Line continlled 
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Problem 4C: DC Power Transmission with the Microstrip Transmission Line (20 points) 

We now connect the transmission line to a battery (EMF &) on the left and a resistor (resistance 
R) on the right, as pictured at the beginning of this problem. We are interested in wbat happens a 
long time after this connection has been made (after any transient behavior has passed). Make 
sure that your answers below only involve the variables we have proyided I u.. (( / !<,Cr ~ 
(a) What is the electric field between the plates? HINT: This is much easier than you probably 

think now that the battery fixes the potential difference between the plates. 

~ ~f ~ 
A h. ,(~ 

/ kit r: 1. . . -. 

-> .J 

V xg dr 

) ./~ I diJ 
Ni l dJ i) 

ri9~ 1-
f:-f J,,~ 

I') J ({wr(llll~ I -J!)1 t 
~(ve ro ta lcQ. 

(b) What is the magnetic field between the plates? HINT: You probably already did this, at 
least in part, in 4B. Feel free to make use of your previous result, but make sure that it isn't 
clearly wrong (e.g. wrong units). Clearly wrong answers will be penalized both there and 
here. 

IN 

7 ' . f ~vf/d 
T 
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Problem 4C: DC Power Transmission with the Microstrip Transmission Line continued 

(c) What is the Poynting vector between the plates? Does the direction make sense? 

(d) Integrate the Poynting vector over a relevant area (be clear what this is and exp lain why) and 
show that the result simplifies to what you would expect given the meaning ofthe Poynting 
vector. If you were unable to obtain an expression for the Poynting vector, you should sti ll 
answer this question qualitatively - explain what the relevant area is and what result you 
expect. 
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Please Remove this Tear Sheet from Your Exam 

Some (possibly useful) Relations: 

aE=_I_dq r 
4Jr& ,. ' o 

<ff E.dA = Q'ffi'd, 
ctosedsurface 

dA points from inside to outside 

rC- - d ff- -'jE.ds=- dt B·dA 
dCD IOtal E = ---

dt 
b 

/j.VmOVing from (l 10 b = ~ - ~ = - fE. cIS 
u 

B = flo qv x r IVI« c dB = fl) dS x r 
4Jr r' 4Jr ,. ' 

where r points from source to observer 

cf.f B ·dA = 0 
closed 
sur/ace 

where Itlucough is the current flowing through 
any open surface bounded by the contour: 

I,,,,,,,"" = If J ·dA 
opcnsurf:lCc 

ds is right-handed with respect to dA 
I, 8' 

uE ='2&0£- U B =2 
flo 

F=q(E+vxBcr,) dF=IdSxB~, 

F ecal. = mv
2
/r 

fi=IA ii 

T = fi x B 

t::.V=IR 

U = -fi·B 

R=pL 
A 

, L'lV' 
P =IL'lV=I-R=--ohmic heating R 

L = N(DD.scl f,sg] coil 

I 

dI 
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back dt 

co = 2ITf = 2IT/T k = 2IT/A 

c = A/T = AI = col k = (floEo rX 

- I - -
S=-Ex B 

flo 

ExB=p 

S 
~bsorb =­

C 

2S 
F;cflcct =­

C 

Intelierence 

2 slit interference: dsinB = rnA. Constructive 

I slit diffraction: asin B = rnA. Destructive 

Far field: sin B '" ir 
Cross-products of unit vectors: 

" " " " " " 
i x i=j x j=kxk=O 

i x j=k ]xk=i bi=] 

Some potentially useful numbers 

k, =_1_= 9x 10' N m' flo = 4JrX 10-7 TAm 
4Jr&0 C' 

Breakdown of air E - 3 X 106 V im 
Earth's B Field B - 5 X 10.5 T = 0.5 Gauss 
Speed of light c = 3 x 108 m/s 
Light (violet to red) A = 400 nm to 700 11m 
Electron charge e = 1.6 x 10-19 C 
Avogadro's number NA = 6.02 X 102l mor l 

Calories I cal = IO-l Cal = 4.184 J 
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Problem 1: Five Short Questions. Circle your choice for the correct answer. 

Question A (4 points out of 20 points): 
Consider a circular parallel plate capacitor, initially charged 
to ±Q, then discharged through a resistor connecting the 
centers ofthe two plates, as pictured at right. A standard 
analytic problem is to calculate the E & B fields and the 
Poynting vector at point P. Which of the following 
statements is true? 

I) The Poynting vector at P points to the left (- i direction) 

__ ~~ .•••.•.•.•.•. w .v. ::::::::::::':~:;::::.~::::~~:::::;:~~~~-.::a-Q 

t.i 1 .p 

--"'~~:~:~: :,::':::::':::.,»:. ::::.~ :::::::::::: :!:::::::::::*,~~ +Q 

2) The Electric Field at P, calcnlated by Faraday's law, points up (+J direction) 

3) Using Ampere's Law to calculate the B fi eld at P, you would find that both the displacement 
current and physical current lead to B fields out of the page, so you need to sum their effects 

4) None of the above 

The electric field at P is up, but by Gauss's Law, not Faraday's (there is no changing magnetic 
flux to generate an E field in that way). Current flows up the wire from the +Q to the - Q charge 
(discharging). This generates a magnetic field into the page at point P. The displacement current, 
being negative, points opposite the direction of the E field (down), meaning it generates a B field 
in the opposite direction (out of the page). But an Amperianloop through P won't contain as 
much displacement current as physical current, so tbe net field is into the page, meaning the 
Poynting vector is to the left. 

Question B (4 points out of 20 points): 
Consider a standard solenoid, driven by a current supply to 
have a linearly decreasing counterclockwise current I(t) 
when viewed from above, as pictured at right. A standard 
analytic problem is to calculate the E & B fi elds and the 
Poynting vector at point P. Which of the following 
statements is true? 
I) TIle Poynting vector at P points to the left 

( -I direction) 

2) TIle Electric Field at P, calculated by Faraday's law, 

points up (+ J direction) 

3) Using Ampere's Law to calculate the B field at P, you would find that both the displacement 
current and physical current lead to B fields out of the page, so you need to sum their effects 

4) None of the above 

By Ampere's law the B field is out of the page. There is no displacement current here (no 
changing E field). Since B is decreasing, Faraday's law says there is a CCW E field (same 
direction as the current), so pointing up at P). The Poynting vector is to the right (energy is 
leaving the solenoid). 



MIT PHYSICS DEPARTMENT p. 3 of II 

Question C (4 points out of 20 points): 
In experiment six you observed an "Initial" intensity pattern for light coming from two slits and 
hitting a screen. If you had used a green laser rather than a red one, would you have seen a 
pattern similar to "Final" below? 

.... . ........ _-- ................... __ ................................. ·T .... ······················ .. ··········· 

·2 y \) 

.... ..............uuu Pinaluu 

--·-·--·-·-·---··--1-----····--·----·---·.··-- ----_ .. _---------------:-------_ .. _---

·········· ········ ··1··· ·······f················ 

-2 y 2 

I. Yes 
2. No, the distance d between the slits must have changed in going from Initial to Final 
3. No, the width a of the slits must have changed in go ing from Initial to Final 
4. No, the change depicted results from a change in wavelength the other direction (as if we had 

started with green light in Initial and moved to red light in Final) 
The angles of both the interference maxima and diffraction minima both shrink by the same 
amount, meaning the wavelength shrank. 

Question D (4 points out of 20 points): 

Take another look at the "Initial" intensity pattern above (in Question C). What can be deduced 
about the ratio of the distance between slits d to the width of each slit a? 

I. d/a = 8 
2. d/a=6 
3. d/a= 5 

14. d/a= 4 
5. d/a-3 
6. d/a can not be determined from the intensity pattern alone 

Note that the m=4 interference maximum is "missing" because it lies at the same location as the 
n= 1 diffraction minimum. So equate those two angles and you get the ratio dla = 4. 
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Question E (4 points out 0[20 points): 
Two perfectly conducting sheets are placed in vacuum parallel to the xy plane at z = 0 and z = 60 
cm. A plane electromagnetic wave is generated in the region between the sheets, and continual 
reflection off of the sheets sets up a standing wave. It is found that a proton held between the 
sheets Oil the z-axis at z = 5 cm feels a reversal of force every half a nanosecond. TI,at is, the 

force will be in the + i direction for half a nanosecond, then in the - i direction for half a 

nanosecond, and then in the + i direction again, and so forth. 

How many places on the z-axis can the proton be placed in between (not touching) the two 
sheets so that it would at no time feel a force? 

I) 9 
2) 8 
3) 7 
4) 6 
5) 5 
6) 4 

8) 2 
9) I 
10) 0 
II) More than 9 
12) TIlere is not enough information given to determine the right answer 

That the direction of force changes every half a nanosecond tells us that the period is a 
nanosecond. From that we can get the wavelength: 
Af=A/T= c 

A = cT = (3 X 108 
ill S·I )(1O-9s) = 0.3 m = 30 cm 

So we get two complete wavelengths into the region between the sheets: 
~ 1 ~--~ __ --~---,----~-,~~~ ____ ~ __ ~ 

" <i) 

II: 
o ." 
~ 0+---~---+--~--~~--~--4---~--~ [jj -o 
<\) 
-0 

~ 
C. E _1+-__ ~ __ -+ __ ~L-~~ __ +-__ ~~~L-~ 
«: o 30 60 

Position Between Sheets (em) 

Note that there are 3 nodes (where the field strength is always zero) between the two sheets! 
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Problem 2: Back of the Envelope Calculation (5 Pts) 
As always, you are not given enough information to exactly determine the answer to this 
question. Make your best estimates for unknowns, clearly indicating what your estimates are 
(e.g. Radius R - .. .. ) NO CREDIT will be given for simply guessing a final numerical answer 
from scratch. It must be properly motivated (i.e. write equations!) 

The average power density of sunlight hitting the earth is about 1 kW/m2 About how much force 
would it take for you to hold an electron at rest in light of the sun's rays? 

The "power density" is the magnitude of the Poynting vector, from which we can get the 
magnitude of the Electric field: 

To do the math, 24n - 75, which is between 64 and 81, so I assume that the square root is 
halfway between as well (not bad, it is really closer to 8.7). To get the units, I always get rid of 
Tesla using F = qvB. So the T turns into another N, and eliminates the charge (A *s) and the 
velocity (m/s). The factor ofY, came from the time average - in this kind ofa problem it is fine 
to drop that. 

Anyway, the question was what force we'd apply. Of conrse the force is sinusoidal, so if you 
were clever you could say the average force was zero and be done with it. But I was really 
asking about the magnitude of the sinusoidal force: 

This is a pretty darn small force, but that's good (otherwise our electrons would be flying all over 
the place every time we walked outside in the sun). If you wanted to see how small snch a force 
is, you could compare it to the Coulomb force on an electron in, for example, a Hydrogen atom. 
There we have: 

kq' _ (9 x 109Nm'G2)(1.6 x IO-19Cf _ -8 
F=-, - ,_2.5xlO N 

r (lO-IOmr 
This is eight orders of magnitude bigger - the force of the sunlight is just tiny. 

Please note: If you tried to use radiation pressure on this problem it is just wrong. As many of 
you noted, you have no idea what the "area" of an electron is (we consider it to be a point 
particle, it certainly does not have a radius of a nm or larger as some of you seem to think - that 
is 10 times the size of an atom!). Also, as always, way too much math (too many equations) and 
notllearly enough units. If you write a physical quantity, make sure a unit is attached. 
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Problem 3: Electromagnetic Plane Wave (25 pts) 

A perfect conductor fills the xy plane (at z = Om). An electromagnetic plane wave traveling 
normal to the conductor approaches it in vacuum from above (z > 0). It has a wavelength of300 
nm. At time t = ° the wave just reaches the conductor, and the magnetic field happens to be a 
maximum at the conductor's surface, pointing purely in the positive x direction. The power 
density carried in the wave at the surface of the conductor at this time is 120rt W/m2

• 

a) Identify a variable name (using the conventional labels is good!) and numerical value for 
each of the following quantities (feel free to leave factors ofrt in your answers): 

It is in vacuum, so the velocity is c. The wavelength iI. is given, from which we can get the wave 
number k = 2rt/il.. The frequency we get from il.f= c, from which we can get the angular 
frequency (J)= 2rt! Finally, the amplitudes we get from the power density (Poynting vector) . 
Since the B field is a maximum at that point we wi ll calculate it in terms of the B field 

amplitude: S = -1-EoBo = cBg ::::> Bo = ~ JioS and then Eo is just c times bigger. 
Jio Jio c 

Frequency = L = __ --'l-"O_lS--'H=z ___ _ 

Angular Frequency = ~ = 

BO=~ Velocity = _c_ = ____ 3 x 1 0'': __ 

(4"XI0-' ~)( [20"~) Wave number = _k_ = ---,rt",l""l.=.S""O-"n",m,,--_1 ____ _ 
(3x 10' m ,,) 

( 40" T· m)(40" N '1~) 
A s·m X[O-' 

( ms") 

E Field Amplitude = ~ = ___ --'1""2"'Ort"'--'CN"'/C"-__ 

= 40" x [0-8 T 
B Field Amplitude = Bo = 40rt X 10-8 T -----"-"-"-''''-'-''----'-----

The direction of propagation we get from the fact that it is approaching z = ° from above, so it is 
moving downward: 

Also tell us the Direction of Propagation = ____ -k ____ _ 
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Problem 3: Electromagnetic Plane Wave continued ... 

In answering the following use the variable names rather than the numeric quantities you 
arrived at in part (a). 

b) Write an equation for the position and time dependent incoming Magnetic Field 

We get the direction ci) from the statement that at the surface of the conductor the magnetic 
field is pointing purely in the positive x direction. The amplitude we calculated above and 
labeled Bo and the argument of the cos is such that it is a maximum at z=O, 1=0 and that it is 
traveling in the ':'z direction. . 

B = iBo cos(/cz + WI) 

c) Write an equation for the position and time dependent incoming Electric Field 

We get the direction (j) from the fact that it x B = j x j = S = - k. The amplitude we calculated 
above and label~d Eo and the rest is the same as above: 

d) Now the light source is very slightly (negligibly) tilted, so that the light is no longer hitting 
the surface perfectly normal. The surface is also split in two, with the half in the x > 0 part of 
the plane pushed downwards (so that it sits at z < 0 while the x < 0 part remains at z = 0). 
How far down will the x > 0 half of the conductor need to be pushed before an observer 
looking down at the reflected light would first see an interference minimum (destructive 
interference between the light bouncing off the part at z = 0 and that off the part at z < O)? 
(HINT: We want a numerical answer here - we gave you the numbers you'll need above) 

The extra path distance the light travels to bounce off the lower plate is twice the distance it is 
pushed down. This gives destructive interference when that distance is half a wavelength. So: 
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Problem 4: Transmission Line (50 pts) 
The rest of this exam is an extended question dealing with transmission lines. There are a variety 
of transmission lines used in the world. A simple example is two wires running next to each 
other with current flowing one direction in one and the opposite in the other. Another example 
that you considered in the sample exam of problem set 11 was the coaxial cable, where current 
flowed up the inside wire and back along the outer shield. 

In this problem you will calculate the properties of a microstrip transmission line. It consists of 

two thin parallel plates of width wand length f , separated by a small distance d (they are 

typically held apart by a dielectric, but to make your life simple let's just pretend there is air 
between the plates). It is shown both in side view and front view below. 

The dimensions are such that you should assume that any fields created by the transmission 
line are confined to the region between the two plates. 

We use transmission lines to carry power from batteries or power supplies to loads (typically 
modeled as resistors): 

d 
In this problem you will calculate the capacitance and inductance of the microstrip transmission 
line and then study energy flow at DC. 

NOTE: PLEASE READ TillS CAREFULLY 

In several parts of this problem you will be asked to calculate;something that will require the use 
of one of Maxwell's equations. Make sure that you state the name of the equation and the write 
it in the form that you plan to use it before you do that part. Be explicit in the calculations and 
draw and label anything that you need to use. I will not provide any further drawings. Please 
duplicate drawings from this page (simplified to remove the perspective of course) when you 
think they will be useful. 

Do not forget to give both magnitude and direction of vector quantities. 

Feel free to tear out this page so that you do not have to continually lurn back to it. 
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Problem 4A: Capacitance of the Microstrip Transmission Line (15 points) 

In the first two parts of this problem (A and B) we will consider the transmission line in 
isolation (no battery or load resistor). 

Calculate the capacitance of the transmission line. 

STE~ I: Place ±Q on the plates and calculate the electric field between them 

· . · . · : 

· .... -

We have a charge +Q on the top plate so an electric field will be 
created pointing downwards. We will use Gauss's Law to 

calculate the electric field between the plates: 4.f it· dA = {1." 
. Pillbox Go 

We use a Gaussian pillbox with end cap area A. The only 
surface of the pillbox we care about is the one between the plates. 
The field runs perpendicular to the area vector on the sides 
(doesn't penetrate them) and the field is zero outside becanse the 
fields from the two plates cancel there. 

STEP 2: Calculate the voltage difference between them 

I1V=Ed= Qd 
We Eo 

STEP 3: Calculate the capacitance 

C - Q _We Eo -----
I1V d 
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Problem 4B: Inductance of the Microstrip Transmission Line (15 points) 

Calculate the inductance of the transmission line. 

STEP I: Place current ±1 on the plates and calculate the magnetic field between them 

x :- .... . . 
- ..... ooo!o:-@ 

...... 

---~ 

We have a current! flowing out the top plate and in the bottom 
plate meaning that a magnetic field is created between the two 

plates pointing to the right (-I direction). The field is zero 
outside by cancellation. We use Ampere's Law with the 
Amperian loop pictured at left and note that only the bottom 
leg contributes (B=O at top and is perpendicular to ds on the 
sides): 

rf- x BjI1I' ':l' B . liS = Ex = 1101,,," = 11, -1 => B = - - '- i 
, w w 

STEP 2: Calculate the inductance 

We will use energy to calculate the inductance. The magnetic field is unifornl so we can just 
mUltiply the energy density by the volume: 

Alternatively you could have used flux, with the flux penetrating the area normal to the field 
direction (i.e. the area M). So: 

L = (Pu = EM = (11)) M = I 110M I 
I 1 w I w 
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Problem 4C: DC Power Transmission with the Microstrip Transmission Line (20 points) 

We now connect the transmission line to a battery (EMF s) on the left and a resistor (resistance 
R) on the right, as pictured at the beginning of this problem. We are interested in what happens a 
long time after this connection has been made (after any transient behavior has passed). Make 
sure that your answers below only involve the variables we have provided 

(a) What is the electric field between the plates? HINT: This is much easier than you probably 
think now that the battery fixes the potential difference between the plates. 

- s" E= - -k 
d 

(b) What is the magnetic field between the plates? HINT: You probably already did this, at 
least in part, in 4B. Feel free to make use of your previous result, but make sure that it isn't 
clearly wrong (e.g. wrong units). Clearly wrong answers will be penalized both there and 
here. 

B- flo /' flo s , =-- 1= - --1 
W w R 

(c) What is the Poynting vector between the plates? 

(d) Integrate the Poynting vector over a relevant area and show that the result simplifies to what 
you would expect given the meaning of the Poynting vector. If you were unable to obtain an 
expression for the Poynting vector, you should still answer this question qualitatively ­
explain what the relevant area is and what result you expect. 

The relevant area is the cross-sectional area of the transmission line, wd. The Poynting vector is 
uniform so we can just multiply rather than integrate: 

2 

ffS. dA = SA = ~ = Power· dissipated by the resistor 
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Exam Three: Equation Sheet 

Force Laws: Ii = q(E~, + v x B~,) 

dF=lasxBo , 

Current: 

1 = HLTa 

Source equations: 

aE=_I_dq f 
4Jre, ,.' 

dB = 11,! asxf 
4Jr ,. ' 

Maxwell's Equations: 

cf.f it -era = Q,",,,,, 
Ii. 

cffB .dii = 0 

git-ar=- ~ JIB -cia 

~ B -c/r = 11./~, + l1, eo ~ HE -dii 

Electromotive Force: 

C = ~(E+ vxB)-c/r 

Electric Potential Dirference: 
b 

t'. Va w b = v" - v" = - fE -c/r 

N 

V= L: q~_ 
i=' 4Jre, Ir - ril 

Capacitance: C = Q / t'.V 

Uc =yQ' /C=yC(t'.V)' 

Ohm's Law: t'.V = 1 R 

- -
J = CT,E where CT, is the conductivity 

E = p, J where p, is the resistivity 

Inductance: L = Nella / 1 

Energy Density Stored in Fields: 
11 - ' ~ £ ' . 11 - ' B' / " E - 2""0 , B - "2 ro 

Capacitors in Parallel: C = C, + C, + ---
'q -

C . ·S· I I I apacltors 10 erIes: - = - + - + ---
C,q C, C, 

Resistors in Parallel: _1_ = _I + _1_ + __ _ 
R,q R, R, 

Resistors in Series: R = R, + R, + ---'v -

Joule Heating: 

~O"" = 1 t'.V = I ' R = t'.V' / R 

AC Circuits: 

Series RLC : 

Z=.JR' + X ' = JR' +(XL - X,)' 

tan¢=(XL - X c ) / R ; V. = l oZ 

Some potentially userul numbers: 
11. = 4Jrx lO-' T -m- k' 

1 9 2 .2 k =--=9 x IO N- m -C 
e 47(&0 

c=3xIO' m-s·' 

F - I ~ 
0(1 , ( 

~ - (' 
! "h,d I;' \ 

M i ('I YlIl ~f) 
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Section I: (25 points) Five Concept Questions. Please circle your 
answers. 

Question 1 (5 points): In an LC circuit, the electric and magnetic fields are shown in the 
figure. At the moment depicted in the figure , 

(: 

J 
.:.:.w,.,.......... 

-0 +Q J '( , chM(~ i>'l9 

Q~ I r 
~e current in the circuit is increasing and the charge on the positive plate of the 
Uc~pacitor is decreasing 

b) the current in the circuit is increasing and the charge on the positive plate of the 
capacitor is increasing 

c) the current in the circuit is decreasing and the charge on the positive plate of the 
capacitor is increasing 

d) the current in the circuit is decreasing and the charge on the positive plate ofthe 
capacitor is decreasing 

Question 2 (5 points): The switch on the circuit shown below is closed at t = 0 . Let i 

denote the current through the resistor. Consider the current i(t = 0+) and the current 

i(t =oo) . 

a) i(t = 0+) - i(t = (0) > o. 

J 

J 

@ i(t=O+) - i(t=oo)= O. 0~ 
I oA­

vovlJ IA flo,." J- ({ /I (~ 
f -l~ --Qt 

c. 
() i cfJ t "Otl , q l! 

III d"dor ~ \ 
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Question 3 (5 points): A driven RLC circuit uses a lightbulb for the resistor and is 
~ driven a~, below the resonance fre uenc th . . so that the flashing of 

the bulb can easilY be seen. If a seco light bulb is placed in parallel to the power 
supply, this bulb will flash: 

close 

• 
switch 

a) At the same times as the first bulb 

. ~st before the first bulb 

~st after the first bulb 

d) Not at all 

j1~{\ ~t!VI+C~ C\O:R) 

let ~S be~ ~'\ C {)r.S ~ 

- -: Con II cb,~~ 

'w' 'f Vv~~ l-

Oh Ve 1\ 

cJ fQ, ()~ 

~I\ ~ Oi-k l 9't 

i'\Q'1- 0v1 

, 
-') C1((r/H ( f\. 

'C ~ hOw d.? ,/01./ 

Kf)f}\Iv .V"hCl I J'7(1.;/(r/f) 

'I'\. 

(J-d 

i1vOvfJh 211 J 
~A~!z 

L,I- ~ (~ P'I( h l~rrAr ( 
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Question 4 (5 points): What is the value of the time constant T that governs the time 
dependence of currents and charges in the RC circuit shown below? Assume that all 
resis~ors have a common value R of the resistance and that the capacitor is initially 
charged. 

a) T = (5 I 8)RC . 

b) T = (8 / 5)RC. 

c) T = (3 / 8)RC. 

@l =(8 / 3)RC . 

e) T= 5RC. 

f) T=(1/5)RC . 

g) T = (5 I 2)RC . 

h) T = (2 / 5)RC. 

c 

:I~" 

r 
I 

'I ' 1tv~41" vJ()..!> I') 

fOr~ !!fA r; 

L.oL-L Ii 
;> T A. 11l 3 

cAl(fOfJ f- Il'iJ he( ~ , I 

2 b,+ ~ . (d..-to.itrt~e t/ 
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Question 5 (5 points) In Experiment 6, Faraday ' s Law, a coil moves up [rom underneath 
a magnet (with its north pole pointing upward hOWlW ia ram) and then back to 
i &-stal'ting..Roint. In the figures below, ositive current is in the countercloc wIse 
direction when looking down on the coil. 

" \ / / 
............. ' ... , .. -

". /~:::·"·· 11 d ~ l 11~ 1- ) eJl 
'''' ... ~ 

".f 
.r,o-

f . \ \ " ,. -hov~vJ fill 'I!:> t. I.{ 

tRlrE' 
~ 'i ... : '\ 'r"/ ...... ............ : .. . 
' I ,~ 

(8) l ...... ......• ... ........ ..... ....... ... 1 ....... ................. + .. . . ~ { . ;, 

t ;~~I<9P=LtA-~-b-=; 
'i t ..... )... i \ ' 

(A) ,, ' ... , ...... ...... .... ~. ... l \ . . 

l(:cl~~t~=J , 
..... j ............. {-... . ......... . ; ............. -~ ........ .. ..... . . ~ .~ ~ 

f(I:, .....................•.•.••.•.•.•...•.•.•.•.•.•.•.•.•.• 1/1".'.\ ...•. \, ...................... . 
~ . ~ ....... ...... ~ ... . 

. , / 1 ~._ . 
"._.~ - .. .......... .. ............ : ... ",_ I , (C) 

Moving from below to above and back, you measured a current of 

@ A then A e) B then B 

@ Cthenc f) 

c) A then C 

d) C then A 

I I 

(f\. creAS{~ j 
I 

h~v<.e. 

g) 

h) 

B r J ecreos~J rY) 
:h~vte C 0) 



Section IT: Three Analytic Problems. Answers without work receive no 
credit. 

Problcm 1 (25 pOints): In the circuit shown in the figure, the electromotive force of the 
battery is Ii, all the resistors are equal, RI = R, = RJ = R, and the inductance in the right 

loop of the circuit is L. You do not ncc~ to find or solvc any diffcrential equations in 
order to answer thc questions in this problcm. 

S/ Rfl 
'y '~----r-II.M,----. 

10 , 

+ 11 I . 

t: L-______ --1. ___ ·'_.....Jr L 

(a) Find II ' I" and I) immediately after switch S is closed. 

£ - r~, t &) ~ 0 

1;:- 4(( =-1- 1 / 

(b) Find II , I" and I] a l'?,ng time later. 

c{.t1~&ktk tor (Jete h 
I yO~ 

/10 ;,,,lJCLJ € J 
/ 

~ -~ R - 11 R Co 0 

s~ 

4-y t_ 1Q1 ~O 
et~ 

Com Dr-t \IV) JJr{1'ro/\ 
I 2J - I? :4. '" 0 

fULe-



I::: 2R€' 1 ______ 

3~2 

= 2 f -

J1 ::-J3_ 

[ 
3(\ 
~~"k t 

ffi I4IOji- d~ 
~ '(J -bJL 
/\O.j ~v' Ii 7 
9()o~ ~o 

d iJ 1\0) (Ie ~. {jl!( {i/) d 
(c) What is the energy stored in the inductor a long time later? 

U - _I LT 1 
l - I ~ 3 r J 

" 

L ~-1-- q ~ 811 [D5f} 

~1' T -18A l r 
-2 1D- T i 1 ; ~IW J~ 
. .:e. , , ft B cis=-~ lpAL "-f iv.",; 

1\ '1 d IJ ~i f 1<1 Ie l (L,!), IVC(::' 1-- <$; tJ/IJ 
(d) A long, long time later, switch S is opened again. Find I, , 1" and '!" immediatelY rr (JSe( h ~",) 
after switch S is opened again. I • , 

C (; I hNtl ''') 

L ~ - ~[PI FQt) :=: 0 

11... '" - -r'j 
,.----1 

.5eptrq'r- '[ =-0 
( ~ l ~eFo rt J 

(e) Find I , ' 1" and 13 a long time after switch S is opened. 

J 

, 
I 5 fl1 ./d, 1Y't/lfe JP 1"\ ~ 



Problem 2 (25 points): 

A conducting rod of mass m slides on frictionless rails in a uniform magnetic field B. 
The magnetic field is directed out of the page. The rails are a distance a apart, and are 
connected by a resistor with resistance R. At time I, the rod is a distance x(t) fTom the 

resistor, moving with a speed v(t) = dx(t) / dt (see sketch). 

B out of paper 

888888888 
8 ~ 8 8 x 8 ~ 8 8 8 
8$88888888 
R a ~ Y 
8 8888888 
888888888 
888888888 

(a) What is the magnetic flux (1)8 at time t through the circuit consisting of the 

resistor, the rod, and the intervening rail s, in terms of tile quantities given? 

J 

(b) What is the emf in the circuit at time t , in terms of the quantities given? What is the 
current? Show on the sketch clearly (by means of arrows) the direction ofthis current. 

~ ~ ~ I O · I -f~~B'91 
-- ~ 0 rA fr ho(rYlJA 111 
~~ cH 

- G ~ V(!) 
, 

I 

r J IJ /10 t reu it-ZQ 

k 'v ~ofF [.s ;"IP'j 



, 'lJvred 
(0((( 1AJ...;ef 

I " 
I f\ ~\ o \-0 

- (Ov id Mf 
(; '1~ ;, 

hoi-e> 

10 ,- t'11! re 
(c) What is the force F on the rod at time t, in terms of the quantities given? Give its 

magnitude, and indicate its direction on the sketch_ I I.v <>;.;' a: lL,;"\. 'P ba.d ",f 1h ~ 
SQ (C 6 '( ",t i "''\ (,e. 

--C\ 

I (L X 8) 
'{' i (l J.;d (All f­

( J 0 r &-.vt h 
6 rpa~ f+ t f v I )~~~ fO r( { 

~ 

~ 

fGl xG 
ca.I,Jt~e 

t --

otic 
- I ct B-/ -

( ; /I I 

I I) 

0V\v ~ B 
~ 

&"-- L c.t V 

--R 

(d) What is the rate of energy dissipation at time t due to ohmic heating in the resistor, 
in terms of the quantities given? I 

hert O~4. I/) 

p~ I Z R J! 
t I'\or r-

(B 4 ~my r p 
-----

B'W- (}.~ V l K 
R:Z-



Problem 3 (25 points): ~ J,M ~ tn''''~ ()" te:J1- r (i / e. 
The circuit shown below contains an Cc'benerator which provides a source of 
sinusoidally varying emf ~I , a~~r with resistance R = 6 n , and a "black 

box", which contains either an inductor or a capacitor, or both. The amplitude of the 
driving emf is eo = 6 volt. We measure the current in the circuit at an angular frequency 

OJ = 2 rad ·s·' and find that it is exactly in phase with the driving emf. We measure the =--
current in the circuit at an angular frequency OJ = I rad· s" and find that it is out of phase 
from the driving emfby exactly" / 4 radians.--

? 
• 

R 

a) What does the black box contain - an inductor or a capacitor, or both? Explain 
your reasoning. Does current lead or lag at OJ= I rad·s·' ? 

vw 

~~ 
b.e ~o~v (P5J,I1O(Q. 

~ 

~) 



b) What is the numerical value of the capacitance or of the inductance, or of both, as 
the case may be? Indicate units. Your answer(s) will involve simple fractions 
only, you wi ll not need a calculator to find the value(s). 

pe~l~ 

[ 
" ' fOr -I C AL- _I 

w.( :- -I -1\ 
~ / e Gl,;e l i~'( rha~ 

tI ~ 1-] 
10"$ h Sl/~ /11 (':.) \A.CI.> (.;, 7 

c) What is ratio ofthe amplitudes of the current 10 ((0= 2 rad·s·' ) ? 
10 ((0= 1 rad·s·' ) 

(' 
~ .s&"'t ..-

1 
C00p lU 0-...> \,veil 
- i10·t I 

( pf '1//\!:J <--- Set ad 

-1 

j~ee~ 
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Department of Physics 

Exam Three: Solutions 
Spring 2008 

Section I: (25 points) Five Concept Questions. Please circle your 
answers. 

Question 1 (5 points): In an LC circuit, the electric and magnetic fields are shown in the 
figure. At the moment depicted in the figure, 

( : .' 

1 

-Q +Q 

a) the current in the circuit is increasing and the charge on the positive plate of the 
capacitor is decreasing 

b) the current in the circuit is increasing and the charge on the positive plate of the 
capacitor is increasing 

c) the current in the circuit is decreasing and the charge on the positive plate of the 
capacitor is increasing 

d) the current in the circuit is decreasing and the charge on the positive plate of the 
capacitor is decreasing 

Solution: (a). As the charge on the capacitor decreases the current increases. 
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Question 2 (5 points): The switch on the circuit shown below is closed at t = O. Let 
denote the current through the resistor. Consider the current i(t = 0+) and the current 

i(t= oo). 

a) i(t=O+) - i(t= oo»O . 

Solution: (b) At i(t = 0+) . no current flows through tbe inductor and the capacitor acts as · 

a short so all the current flows through that branch and is equal to i(t = 0+) = V / R . At 

i(t = 00) • the inductor acts like a short and no current flows through the capacitor so 

i(t = 00) = V / R . Thus i(t = 0+) - i(t = 00) = 0 . 
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Question 3 (5 points): A driven RLC circuit uses a lightbulb for the resistor and is 
driven at I Hz, below the resonance frequency ofthe circuit, so that the flashing of 
the bulb can easily be seen. If a second light bulb is placed in parallel to the power 
supply, this bulb will flash: 

close .. 
switch 

a) At the same times as the first bulb 

b) Just before the first bulb 

c) Just after the first bulb 

d) Not at all 

Solution: (c). Before the switch is closed the circuit, tbe circuit is drive below resonance 
frequency so the current leads the voltage. When the switch is closed, the current and the 
voltage throught eh second light bulb are in phase lagging behind the current throught eh 
first light bulh, so the second light bulb goes off just after the first light bulb. 
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Question 4 (5 points): What is the value orthe time constant T that governs the time 
dependence of currents and charges in the RC circuit shown below? Assume that all 
resistors have a common value R of the resistance and that the capacitor is initially 
charged. 

a) T = (5 / 8)RC . 

b) T = (8/5)RC. 

c) T = (3 / 8)RC. 

d) T = (8 / 3)RC . 

e) T= 5RC. 

1) T=(l / 5)RC. 

g) T = (5 / 2)RC . 

h) T=(2 / 5)RC. 

c 
~ ~ . . , l_ AAJL .... 
i l ·lfVV 

Solution: (d). The three resistors in parallel have an equivalent resistance of 

R~/,pa"'fI" = R / 3. The two series elements have an eqnivalent resistance of R,q.",;cr = 2R. 

So the total eqnivalent resistance is the swn ofthese two R,q = 2R + R / 3 = (8/3)R . Thus 

the time constant is T = R",C = (8!3)RC. 
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Question 5 (5 points) In Experiment 6, Faraday's Law, a coil moves up from underneath 
a magnet (with its north pole pointing upward as shown in the diagram) and then back to 
its starting point. In the figures below, positive current is in the counterclockwise 
direction when looking down on the coil. 

.............. ~,,', 
... ( ~ (" 

\ \ ,! / 

: ~ \ 

! 

(A) 

'(9L. _. 'y.' / 'd- • -. 
, .~ ....•.. 'c.~_._,~ ___________ ~ ______________ ~ _____ ._._-'1 
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Moving from below to above and back, you measured a current of: 

a) A then A e) B then B 

b) C then C l) D then D 

c) A then C g) B then D 

d) C then A h) D then B 

Solution: (b). When tbe coil is moving up but before it reacbes the center o[the magnet, 
it encounters flux up and increas ing so the induced flux is down and hence the current 
flows clockwise when seen from above and thus is negative. After the coil passes tbe 
center of the magnet, the flux is up and decreasing so the induced flux is up . 
corresponding to a counterclockwise current whicb is positive. So tbe graph of the 
current vs. time for this part is (c). When the coil is above the magnet and moves down, 
tbe flux is up and increasing so tbe induced flux is down corresponding to a clockwise 



current. After the coil passes the magnet, the flux is up and decreasing so the induced flux 
is up corresponding to a counterclockwise current which is positive so once again the 
graph of the current vs time is (c). 



Section II: Three Analytic Problems. Answers without work receive no 
credit. 

Problem 1 (25 points): In the circuit shown in the figure, the electromotive force of the 
battery is & , all the resistors are equal, R\ = R, = R, = R, and the inductance in the right 

loop of the circuit is L. You do not need to find or solve any differential equations in 
order to answer the questions in this problem. 

[ , ., 

(a) Find 1\ ' I" and I, immediately after switch S is closed. 

The current through the inductor is zero at t=O.because the self-induced emf prevents the 
current from rising abruptly. Therefore, h = 0 and II = h 

Applying tbe Kircbboff's loop rule to the left loop yields 

(b) Find 1\ ' I" and I , a long time later. 

Now, there is no induced emf. Therefore, Kirchboffs loop rule gives 

for the left loop, and 

I,R - I,R = 0 

for the right loop. Combining tbe two equations with the junction rule II = h + h we 
obtain 



1= 2Re = 2e 
, 3R' 3R 

Rl' e 
1=1 =-=-

, , 3R' . 3R 

(c) What is the energy stored in the inductor a long time later? 

The energy stored in,the inductor is given by 

U =~LI ' =~L (~)' =_1 L(!"')' 
B 2 ' 2 3R 18 R 

(d) A long, long time later, switch S is opened again. Find I, , I" and I, immediately 

after switch S is opened again. 

The current through R, is zero, i.e., I, = O. This implies that 1, = h + h = O. On the other 
hand, the right loop now forms a decaying RL circuit and h starts to decrease, but initially 
is unchanged. Thus, lz immediately after the switch is opened reverses and h stays the 
same. 

e 
1, =-

3R 

I =-~ 
, 3R 

(e) Find I, ' I" and I, a long time after switch S is opened. 

A long time after the switch has been closed, all the currents will be zero. That is, 

1, = 1,= 1, =0 



Problem 2 (25 points): 

A conducting rod of mass m slides on frictionless rails in a uniform magnetic field B . 
The magnetic field is directed out of the page. The rails are a distance a apart, and are 
connected by a resistor with resistance R. At time I, the rod is a distance x(t) from the 

resistor, moving with a speed V(I) = dx(l) / dl (see sketch). 
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(a) What is the magnetic flux (1)B at time I through the circuit consisting of the 

resistor, the rod, and the intervening rails, in terms of the quantities given? 

Solution: At time t, the flux through the loop is giveu by 

Note: That wehave chosen the unit normal out of the page and thus the flux is positive. 

(b) What is the emf in the circuit at time I, in terms of the quantities given? What is the 
current? Show on the sketch clearly (by means of arrows) the direction of this current. 

The electromotive force is equal to the negative of the time derivative of the flux 

deD dr: 
& = ___ /1 = - Ba- = -Bav 

dl dl 

The magnitude of the current is equal to 

J =J.g= Bav. 
R R 



The flux is out of the page and increasing so the induced flux must be into the page. By . 
the right hand rule this correspond to a current flowing in the clockwise direction. 

(c) What is the force F on the rod at time I, in terms of the quantities given? Give 
its magnitude, and indicate its direction on the sketch. 

The induced force is given by 

_ _ " B'a'v ' 
F =1ax B =IaB(-i) = --(-i) 

R 

The current is directed downwards, the magnetic fields out of the page so the cross 
product points in the opposite direction of the motion of the bar (opposing force). So the 
induced force is 

_ , B'a' v , 
F=IaB(- i) =--(- i) 

R 

Note: The problem states that at time 1 the bar moves with a speed v(t). however it 
doesn't explicitly mention that there are no other forces acting on the bar. There is no 
additional external force pulling the bar illtiJeOirectJon of the velOCity of the rod. There 
are in fact two other forces acting on the bar, the gravitational force pointing downwards 
and the normal force of the rails on the bar acting upwards. Since these forces add to 
several, the force on the rod at time 1 is only the induced force . 

(d) What is the rate of energy dissipation at time t due to olunic heating in the 
resistor, in ternlS of the quantities given? 

The rate of energy dissipatiOil is given by 

P=I'R 



Problem 3 (25 points): 

The circuit shown below contains an AC generator which provides a source of 
sinusoidally varying emf C = Co sin (VI , a resistor with resistance R = 6 n, and a "black 

box", which contains either an inductor or a capacitor, or both. The amplitude of the 
driving emf is Co = 6 volt. We measure the current in the circuit at an angular frequency 

(V = 2 rad ·s·\ and find that it is exactly in phase with the driving emf. We measure the 

current in the circuit at an angular frequency (V = I rad · s'\ and find that it is out of phase 

from the driving emf by exactly Jf / 4 radians. 

? 
• 

R 
'-----<\' tvn." .-----' 

a) What does the black box contain - an inductor or a capacitor, or both? Explain 
your reasoning. Does current lead or lag at (V = I rad ·s·\? 

Solution: Since the current is exactly in phase with the inductor at (V = 2 rad ·s·\ , the 
circuit is resonance and therefore the box must contain both an inductor and capacitor in 
series. For (O = I rad· s'\ , the driving angular frequency is below resonance, therefore the ' 
circuit is qcting capacitively, which means the current leads the driving emf. 

b) What is the numerical value of the capacitance or of the inductance, or of bolh, as 
the case may be? Indicate units . Your answer(s) will involve simple fractions 
only, you will not need a calculator to find the value(s). 

When (V = 1 rad ·s·\ , the phase angle t/> = - Jf / 4. So tant/> = tan( -Jf / 4) = -I. Since 

x - X 
tant/> = L C 

X. 

We have that for (V = I rad ·s·\ 

I 
(VL--

_-""OJC"", = - 1. 
R 



. • I ~ L--=-R . 
C 

. + 
We can divide through by L in the abcwe equafion yielding 

Irad.s.' 1 R 
LCCl rad·s·') L 

We also have the resonance condition at w = 2 rad· s·' , 

., 1 
w=2 rad·s = .JLC . 

Thus 

w' = 4 rad' . s·, = _1_ 
LC 

Substituting that in the above equation yields 

Solving for L then yields 

L 

From tbe resonance condition 

4 rad ' ·s·'C 

1 d ·, 4 d·' R ra ·s - ra ·s =--. 

R 

3 rad ·s·' 

L 
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From the phase condition (oL--I-=-R, the amplitude at lO = l rad· s·' becomes me 

IO(lO = I rad ·s·') = &0 112 

(R' +R' ) 

Therefore the ratio of the amplitudes of the current is 
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