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Summary of Class 31 Exam 3 Information

TEST THREE Thursday Evening April 29 from 7:30-9:30 pm.

The Friday class immediately following is canceled because of the evening exam.
Please see announcements for room assignments for Exam 3.

What We Expect From You On The Exam

1. An understanding of how to calculate magnetic fields in highly symmetric
situations using Ampere’s Law, e.g. as in the Ampere’s Law Problem Solving
Session.

2. An understanding of how to use Faraday’s Law in problems involving the
generation of induced EMF's. You should be able to formulate quantitative
answers to questions about energy considerations in Faraday’s Law problems, e.g.
the power going into ohmic dissipation comes from the decreasing kinetic energy
of a rolling rod, etc.

3. The ability to calculate the inductance of specific circuit elements, for example
that of a long solenoid with N turns, radius a, and length L.

4. Anunderstanding of simple circuits. For example, you should be able to set up the
equations for multi-loop circuits, using Kirchhoff’s Laws that include inductors.
You should be able to understand and graph the solution to the differential
equations for a circuit involving a battery, resistor, and inductor, and a circuit just
involving a resistor and inductor. You should be able to compare and contrast RL
and RC circuits, and should understand the meaning of time constants (t = L/R, 1

=RCO)s
5. An understanding of the concept of energies stored in magnetic fields, that is
U=1LI" for the total magnetic energy stored in an inductor, and u, =-2]EBZ for

the energy density in magnetic fields. You also should review the concept of
energies stored in electric fields, that is U =1CV? =0 for the total electric

energy stored in a capacitor, and u, =1¢,E° for the energy density in electric
fields.

6. An understanding of the nature of the free oscillations of an LC circuit.
To study for this exam we suggest that you review your problem sets, in-class
problems, Friday problem solving sessions, PRS in-class questions, and relevant
parts of the study guide and class notes.
Note: This exam will not include questions regarding undriven and driven

RLC circuits but will include questions about free oscillations of LC
circuits.

Class 31



Quigw Gesion Tt 2 Y(28

Read |
Chval . q ,
6{ 0 c/b{) 0 f = PL/H 9 C/I'a C!, Hﬁg/e,; )L{a,/ P@ |
5 *(a‘(gj't} Fomvd P fdgf\ﬁﬁ‘j “neid ko Gew asiin o L ch
~ (ombiapng ey
‘“gira‘}’:gi @6{5
Cm VAL a Pad' Cxam d l#@fh b otuga  before

LD“Q lCDOxﬂiaJ Cy liador -

~Very Thia
@ 0\]\:«/&19 )\W( ((/ffé’nf te tout o f /wa/(/

@_ﬁ 20 ot beller  Thas 7/)

L
il |
- g

I whicly ~d (cr-f’

| deer s g
{B& = My Te

Cor Rach  gizp shap

—
2 ]/\/OL75 {a 691[ L

() L- %ﬂé_ ubuc oyl SR8




@

=55 2

[ - W
L
ok B for kan Inelhads
SBeds ¥y Lea
‘ﬂ171$%;[ azfc alega
Q 1 L 0 JJJ > d#
Og ﬁl\wP
(D CYC]‘J/\AQﬂ)
3 Torods

@ Plﬂn(pj

é 1&(0{8:\4 ( (’aﬂ‘wm)

9 &

O@ O o
QD ocrch
@ (7h

B €d& }Wwﬁ”

Y Amger . | g
L(/lfl-f thig Fﬂ"//{/
Wl ~ dir
o i ;s ,,-L.,/
< Wil e O

(koo Thig buthes

611175 ) Por@“ﬂ’ "L" &/({4[‘6 Vdcj

f-g.{»fw‘ H “(E,Q?L
yv!'urd)

ot



g

md-l\e a @ooé Jra,wl':”j

(L0
o e cand g B s by
§Bds | wT

_l‘o—t‘;'} ‘hﬁbl' T ‘L
Bomr (=0 b walt

Pf‘xrf’d:m
T ®

B /]) f 5(/34,,/(!/;%/ ﬂCﬂ"é l\
Cight haed 7cle




3

ﬂwlk s to st 't ﬂ\ra.vh
o & ol

‘l)a’ mwgl" fgg a,;wig *ﬂ (f_G
Hﬂw L\a/d?(r‘

,{’om’d/ (rev'um)

vho'\'a]néhmi‘ B){?el({

T Solid

‘B (J]r,l (%!;‘ ok € Ry -((om t#

Wk Yo abad  L)d hallow
“hver dught of by
e ak s of ﬁ’""ys T vl Confese

Mn colid § €ild

)

f""
o = Coh reg
Pt’c{& 0 ampwt{an \POP ‘m;i!ie

ék@“a,j | Moﬁg&da

Mot 66 T
pigb L{d-l VVHLA ™. :n"(’_ﬁrﬂ'e

r',a\ (‘}Aﬁ w/ qu"
f\hli(,ikr\etaj




§

AU T gmall ey

'
C | l \
A, go (' 2ne! &
da

M, 27 g SR

M C?Elg
3

0o (h

{%Q *)(“pw‘_e L S |

\ —

&2%(Wﬂ0C22§

b= CCEG rug
3

@ E gy g Yhed |

L‘=ZQ‘ /ug“fi
™ LM

ALzl

Lo Mle

I, (AL
"

f"“%r J{dﬁ']
htsd +o §



L~ 2V
T
= £ ( MT?
Tt Y1r”

Vg’“””{ :’f!}tﬂa/ﬂ!

Comflex §o 45

puk 4 Vil
how Mick Fmg’,
dv="7M1r4, .
- L gb M, T2
L8 g “apis
r“a 7
& Jaol Li’,;
LM > r
= Ao jn (%)

dy

ol omont

¥ ~
v 'ﬁEIf '




@
D i V)

o |1 dand ey o

g Fuhs

N %8s

loop
forad b Aied g oops

[ Cui av
@ hoch of e
| (Dﬁfa( :/Vélﬂlf

=N (B d7
)gwf' ‘fin UI!;(WM
Mt chooce  an  oma glomgs

"\

N

I

'-) 1
G L g
!; Y COMVH dﬁw/\

Giace /)Pff(ndr(;,.jﬂ?.r

Tmale 7 ﬂ.(]lf]ﬁ? u!}@, f*’tff
= 1
5ide 9 ‘(1(’“’ non e, farm
h @ et §
B a1 5
2Mr

da= 4



©)
s
A T
= o on Jde

T
f\O"' Lat’d ,;’/;'}._ﬂf;J ’{/(

L - w Egare  angu ¢
T

(l’ia}{j‘fﬂﬂe 7@;/‘

—(oax ’/5’)

e

5 s el P (Wl -of o bray
dit( a"PP/%"gS /) 59[( f’naudwﬁ

Y cosee
Py Jem‘:b« l%_v Congy /}‘
Cealas

§ TS g,.’)-.ﬁ:_'e

01 Pl Law 1 Todeod comment -
&= I
o I'( 1[) = 17 (W
IV\ O Coppor - wigp i d‘ﬁ"’”&f”"“
bops I\ L > g ES;élfdn[‘g Fa '
\—3} (adis b - {f"d ‘I iaduat! [4. J,'f)

| eI Lolidngid
50 lidnoid gy b

L/i” e ("”5359/ fnducéé cmda' afte ey

E {*“d ~ Yot cvirept

Ve are moly 4 ﬂ

‘ \Cﬁm bD 9( I'deaj
7 /*’65/(

4fpecx



¢ T 4@
N ..
ho @ )-8 ((f.07
} §§°rﬁf‘f loop

ﬁ;r 60”[,’nmd_ hWQ N
bt vt lorb..iﬁg abt- €lux
hw(o.,fjh_ ({)

b Bt of 6012&01&

Am?fre 3 L{,\u{ ({A.ESUIIL;/F} \ggui{q;d o 1.0"3)

I
9 @ PJ ) 45\ *46{0 TF/\C
n=1V_
Oouglde Bﬂ ;. Ju ﬂ-ﬁl g
Only e ivode tht e * i
> s Mﬁjh
= 0 W
l}\/'r\:(,ln WAy Jgeg }ﬂdv(Ed (V[[Pﬁ+ -‘Flﬂu/
Ve ({C‘LHT 5 J.- h“)

well  how 1y b Maving o
wil) OppoR_  yanttoa

LQ“Z’ Lo



©

2 51l b AQumip *

ANOA R
& bt s T
CD (s P }l(smwe s os B fidld)

{’ /X ha+ @LMLZ_S J/

Mg+ lo ok al ). (/eaalﬂg / J@C(fa&}ﬁﬁ

((-‘fum }’i‘lg {0 l“;a?)

(99'#‘“& L"”‘-ﬂd < Lovt Y ipes ,,neynprq,b}é)

(p l'£» "l‘ (reas :«j

¢:n‘,°(?d \]/ "}9 OPPIJS'Q Jﬂy.—yg

by ., |
Catent Goos /3 cgy
5@1%.«41 ;Jp/ (U?p

Qf’% this o ,4)
Wow o magaiid o

- [Jﬂn ‘fl {,val'f), f?ti} Q(J.?,: @ Sllg n

\\’“Cj)- ‘J{h‘ ‘w/ ;f
g ﬂ&l& t5 nilsren ‘If'E;[(_lQ Qﬂl;ing;d
. =
g‘/‘} I Chaagt“ﬂ 513 B (‘-0} CC‘ﬂS%{.{AL

\I.‘,\d { , = @—H&) N}



T <4 Mﬁ,_cﬂ) b2
?’W' : ( . 3 d (tterptalg
- Z‘Ma Ve M’ ?a
d R

UGQ ﬂmwfﬁé LGLW 7(9 f:nd [7) fflél‘{

gdm[a(g aea 15 freq |
"6 Ol Lede sl
— W[' “ h& g (‘;”d
UOHQE’{ Prod,(/(éj f ﬂQ )é
‘}lr‘u{ G lrorge ;n Wil 4



()
Re=—= 204 =1

\ |
4(;1‘1(1‘ E P\/Q/VWVQ/(_G

F o B
d— Bt
Q[” ?0(((‘)&&/5 ’qw/ J;_Q
Ji
¢ 40 .
D N
. -
§E .42 ==L (07
Pdfl‘(l_u/ I"Pﬂ d {Ucp
il anmfe. s \ogg
i & | Sufae §
bt ﬁf/ f@%

o = I

E (il h,g%ﬂral

= Choe (ol
WAL Crptre & [o

- fg, mo.gywi f( FIVX

En, :(‘,4_ B) Mt reo

d * ;"52(1'; Se !:‘di‘\ﬁl‘é'




: ~
é I E frold Oﬁs}daf

Yes

r 20

' s *JB ﬂaz
E?ﬂ\f a-d—;*

Teall ol

——

E\/en W/o coPPg_?r V“‘l/{’/ t {\;gll Ch,f[ 'ht/{g_
/d)l?. *o és B I(‘ir?,l{

n lﬁ'ﬁ{{) CUNQM1 5}%!? and Nno :z ‘L»CE& Currog-

(Wl oko bl chogg 0rtq

-8 J# 0 [t =aet = - ma’ ft
ot
0( CM!‘\&I’/’& ﬂra}f)

- G& d Ces@
dt



@ LC C;fcujlls
~ake da LR

—0pta 4 (lae o
(0[& w| this, bd nd {itHoedil %)

1

"‘? Qs fo f’h A abo zL
.--e ,,»-'-5’{3 7 (Q&‘[r;qé‘x)

hébfed t Caﬁ\mh” oC :"aauﬁf‘of

£FEJU¢ Fﬁg Q)

(ﬂu.é Fo tj’ﬁf Lottor at Ly C{PP”’Q{’{&
(I ,VFE Vg v{}j.gm gppé Q‘i- .angl/}

7
st
‘(9 ﬂ_:’ i
‘ é d 1
i ) 1 @ hotn ffl(,'h//fj

TR ~dlpnys |
(o T Qlptrgs
~T 7 -4
d 1

I( hf(t !-5 a (:(/ff’@f'.’j ‘h(_,f_ {’L ct 8
tleld



(o fungh o (Ul Cule
SOI"Q Pfoﬂf)?’ (:m-’ M st Y, aud{ld Some hov.
51L0A U\) Gbgl EM{{{);’ s (Uy"'\ﬁ.'/‘r

+\_C_L_)
Y %
7

CU((?:“} Moy wha 1o [Lorge 0 (af‘(cg}!‘ﬂf—

ghﬂs C\”-f"{j:”'ﬁ oty - f}V"Q

Cﬂ,"‘]‘(f'ﬁb"o ~ (Quprtes & }&, A

e
) ?Ej@iiiﬁ %£ Eafity

L
Now Lﬁl{ o ‘b\/& ,al—. Ck,-(!'@_
‘\’;?\fv CW(”’)‘ U( & OT—QI \)\,6*7

BO‘{ ‘f_-‘ L,\JN(C g,f’w’?lf‘fo‘d
U‘ Conglast o)
({U = T (]
Ab Sy 2Tl
s R S A

[\ LA pufe oA BOWL VB, Cj"“‘ ~ pol Ttﬂ L)



i ({an oll of 1o (asy
- %% —lead [lag
~ e ahl Ts 4o

:5'%" T, [TdTdf <0
D canig
QC-\ Li;l; .:()
4+

L [jj ‘4" EN‘ F": (p&{) f(,fJQ_

T Goe. OS5 U
Now hu o @ differlial o9
dT- 0 (ol

T
(R
T 5 0

‘ M__*(: 5Hm ) 0(5}{2—.;;}/ [151’

CIZQ |
— -}l . ll 9

etl a0 sl ik e
b L[ 5P[M\7 d”/ 7 f m )( O

~—




O T4 17d
i d }
LdE g
g ot
4T _
CTour 0
Sant R,
R
Shime e

~dogs ret molter  which i~y

BC’ e {v} F{I" [ﬁb’i ,fufg

Mﬁhe 9J1¢
|, Underdand rerg y

“,; /W4

2, CCM g) ﬁ«muijl{ . \/"’hf&a("_ Czc[Q_

30 Tl vay Pregh e

& ik



After Qe 23

18

dt

\Iﬁ \L\lf 06 Cd(.fpr\-—

L@pp %Q«ﬂr m’(‘o i = 2 Pﬁﬁf son

ol A\ 15 0 m
50 (N\:‘Qr-- g
e % JV coes ol oafte”
N
L1t

T dt W
o= A os(ut o0

ET%%‘ J i of s (o B0
< M, @ 5n(H Fed)  elhas

\}UﬁJr )A(\-Ot/»— s ﬁltfﬁtffzw

\/\L/lr Jwg,.}ﬁ o Pﬁ/? o &«7616

T L6



e N
bl g
Chwﬁ‘ﬂﬁ j:#w?a @ f‘af( &wa_/ & plak

Yoy T @ Pl oy © (i

awaf
=] A
) 3
% }"fﬂ‘i(fﬁ*"¥ wha no curceab
r!\ndar,fw @'M’)

[ ‘ | |
mdllc*ﬂr ](L{ ;nD/") {O({




MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics

8.02 Spring 2010
Problem Set 11 Solutions

Problem 1: Current Slabs

R@\!‘l " "{ The figure below shows two slabs of current. Both slabs of current are infinite in the x
' j“”‘_' J and z directions, and have thickness d in the y-direction. The top slab of current is
L// ’/, located in the region 0 < y < d and has a constant current deﬂSity jaw = Ji out of the
(o page. The bottom slab of current is located in the region -d < y < 0 and has a constant
current density J, =—JZ into the page. —— = B =c
]f{;',‘- o > - p
i = 5 Y 3fc
Iy pse? SR | Sl “:z
£l J -4
L el ny o JOut | ¢ E i\
i l e } b —’*—“\-? :“’u‘/"o
| i @ “T
® J in \ | ._H_._:._w '
-d : !
/—l = 3/6)9( 06t e B =e
(a) What is the magnetic field for |y| >d ? Justify your answer. Lo
Zero. The two parts of the slab create equal and opposite fields for | y|>d.
outst of clab — U7  would b nice
b) Use Ampere’s Law to find the magnetic field at y = 0. Show the Amperlan Loop
that you use and give the magnitude and direction of the magnetic field.
g frva ‘g‘f"’ e l'“ﬂ%;:c = e
merseessansensy Amperian Loop Ay i B2
H ; : i —-'” 3 [? CE_;. // '''' \
e BLAFHE)
e e
: = T B(e) p.F o
i L
\/( ;_}F ,

U Am&’/ﬁ Lﬂu
The field at y = 0 points to the right (both slabs make it point that way). So walk counter
clockwise around the loop shown in the above figure and Ampere’s Law gives:

3

1 ) £ | ‘ '
Clh it J}’ :’ Wi S j' .,)r 7-

f

-
2718



[Iﬁ.d§=Bl+0+0+0_4—”]m‘ =, (Jld) =

B =y, Jdi (to the right)

c) Use Ampere’s Law to find the magnetic field for 0 < y <d.  Show the Amperian T"".‘.‘J
Loop that you use and give the magnitude and direction of the magnetic field B [9 ‘{
Vi M

wA
; 1y
mgﬂﬂ“’ﬂ O prsassny Amperian Loop y d Cor vivy
(b HNC 2 _.,.-—-.g T ; Yy
d-yl|: t ® ' progy. M
0) yIs 79 '
i --------------- L) .
| Ry p—

The field for 0 <y < d still points to the right. So walk counter clockwise around the
loop shown in the above figure and Ampere’s Law gives:

[jl‘a-d§=31+0+0+o=p,,1m=4—”Jl(d »)= B =uJ (d- )i (to the right)
ey
b ¢ d -y

Q reasve  outsibe
(d) Plot thé x- compor{ent of the magnetlc field as a function of the distance y on the

graph below. Label your vertical axis.

J o]
J Mok 6*‘?’23:4
\\ 5ln \ﬁ * i ; |

Bx | N7 Zhas '

HoJd

-d ’ 0 d

Complelel, got Tt alsy
/\/?Q\J to aﬁl ' ;J::_:_ Cg({'}’-r(-



Problem 2:

An infinitely long wire of radius a carries a current density J; which is uniform and
constant. The current points "out of" the page, as shown in the figure.

,.—-—«-.‘
, \

a) Calculate the magnitude of the magnetic field B(r) for (i) »r <a and (ii)

r>a. For both cases show your Amperian loop and indicate (with arrows)
the direction of the magnetic field.

The dashed lines above are the Amperian loops [ will use for (i) and (ii). They both
have a radius of r, and in both cases the paths are counterclockwise, as is the B field,
due to a current out of the page (right hand rule).

() r<a.

From Ampere’s Law:

Bt todom® _ podyr

=y Tyt => = counterclockwise
2w 2

B-ds = 2B = 1,1

penetraie

(i)r>a.

Now we just contain all of the current:

J.ma? ot y
L Hovo — Hovo counterclockwise

{B-ds = 2B = 1,1 = s, J a* = |B

penetrate

‘j‘/‘lh} 5 'Eb ‘!/; ‘/lf ¢ ',} / :.‘E A W

27 2r




(b) What happens to the answers above if the direction of the current is reversed so that it
flows "into" the page ?

If the direction of current flips then so does the direction of the magnetic field, so it is
clockwise rather than counterclockwise. The magnitude of the field remains the same.
_—q_——-—-—_-._._.—-—

——

¢) Consider now the same wire but with a hole bored throughout. The hole has radius b
(with 2b < a) and is shown in the figure. We have also indicated four special points: O,
L, M, and N. The point O is at the center of the original wire and the point M is at the
center of the hole. In this new wire, the current density exists and remains equal to J;
over the remainder of the cross section of the wire. Calculate the magnitude of the
magnetic field at (i) the point M, (ii) at the point L, and (iii) at the point N. Show your
work.

Hint: Try to represent the configuration as the "superposition" of two types of wires.

The point here is that we have two wires superimposed on top of each other. The large
(radius a) wire carries current out of the page while the smaller (radius b) wire carries
current into the page (with the same current density). At all point L, M and N we are
inside the large wire and on the right, so the counterclockwise B field is pointing up the
page. What is happening from the small wire changes from place to place

(i) the point M:

Here we are at the center of the small wire, so it contributes nothing. We are at a radius
r= a - binside the big wire, so from part (a.i) of this problem we have:

= ﬂoJo(a_b)
D

B up
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(i)  atthe point L:

Here we are to the left of the small wire (at a radius r = b), so the clockwise field (as we
said in part b) is pointing up, just like the CCW field from the big wire We are at a radius
r= a - 2b inside the big wire, so:

B #oJo(;_Zb)+ .Uo;ob up = #o-]oga_b) up

(iii)  at the point N:

Here we are to the right of the small wire (at a radius r = b), so the clockwise field is
pointing down, opposite the CCW field from the big wire so they subtract rather than add
We are at a radius r = a inside the big wire, so:

D v 0/ N rc'rf'/(’

'-ll
n P’ ‘,.
N A CRD) Gamt [
= - up = up , = e
2 2 2 —h'ak o Bl 1o wWhat EFidf, ]

“n

A comment about people’s work on this problem: I was stunned at how many people
tried to do Ampere’s law on the wire with a hole in it. Since the hole breaks the
cylindrical symmetry of the problem you just can’t do this. That is, since B is no longer

constant around an Amperian centered on O, 4ﬁ-d§ #2mB. B isn’t constant, so you
can’t just pull it out!

e ! \ ],‘1‘ ‘_h.'j

well S postd hole dwr wire



Problem 3: Sliding Bar on Wedges

A conducting bar of mass m slides down two frictionless
conducting rails which make an angle @ with the MW/I
horizontal, separated by a distance £ and connected at the r : b
top by a resistor R, as shown in the figure. In addition, a Sy
uniform magnetic field B is applied vertically upward. RN O @'
The bar is released from rest and slides down. At time ¢ a % T
the bar is moving along the rails at speed (/). '

(a) Find the induced current in the bar at time . Which ]
way does the current flow, from a to b or b to a? ) ( N

The flux between the resistor and bar is given by
O, =B/lx(t)cosd
where x(7) is the distance of the bar from the top of the rails.

Then,
a——idﬁ) ——iBﬂx(t)cosﬁ——va(t)cosé?
Pl

Because the resistance of the circuit is R, the magnitude of the induced current is
el Bev(r)coso
R R
By Lenz’s law, the induced current produces magnetic fields which tend to oppose the

change in magnetic flux. Therefore, the current flows clockwise, from b to a across the
bar.

I

(b) Find the terminal speed v, of the bar.

At terminal velocity, the net force along the rail is zero, that is gravity is balanced by the
magnetic force:

mgsinf = IBlcosf = (%}COSGJBE cosd

or
_ Rmgsind

WE (BlcosB)’

After the terminal speed has been reached,

(c) What is the induced current in the bar?



I

_Biv/(f)cosd _ Bé’cosﬁ( Rmgsin 6 )_ mgsint mg I

R R\ (Bfcos#)? ) Blcos® BL

(d) What is the rate at which electrical energy is being dissipated through the resistor?

The power dissipated in the resistor is

2
P=rR=|"8mo| R
Bl

(e) What is the rate obrkv done by gravity onetlbar? The rate at whiwlork is done
is F-¥. How does this compate your answer in (d)?hyW

F.V =(mgsin@)v,(t) = mgsinf ngsmtﬁ: = Z8 tang | R=P
(Bfcosb)* BY

That is, they are equal.All of the work dony lkravity is dissipated ithe resistor,
which is why the rod ismiccelerating past its ternul velocity.

”’ a!"l (§ [ / ('i /0 ﬁ’"ﬁ Wp / "

. G
_1 SLﬂulJ ho.se f;’fwarz’,i( (r (-



Problem 4 EMF Due to a Time-Varying Magnetic Field

A uniform magnetic fid B is perpendicular to anesturn circular loop ofvire of
negligible resistance, asshown in the figure belo The field changesithv time as
shown (the z direction is out of phge). The loop is ofidius r= 50cm and is
connected in series with resistor of resistanc®® =20Q. The "+" direction arodnthe

circuit is indicated in th&gure.In order to obtain credit you must show your work;
partial answers without work will not be accepted.

501 T
=] | |
i I |
I I
( ‘. . ; —
0 2 4 6 8 10
second

(a) What is the expressiofor EMF in this circuit ttams ofB, 7 (fpr this arrangement?

Solution: When we choose a "+'rettion around the circtishown in the figure also
then we are also specifignthat magnetic flux ouf the page is positive. €lunit vector
n=+k points out of the pagehud the dot product becam

Cwhe”

B-i=B-k=B8.. (0.1)
From the graph, the z-cqmnent of the magneticefd B, is given by

(25T -s");0<t<2s
50T:2 t<4

B, = SE=fS (0.2)
10T-(1.25T-S'])t;4s<r<85

0;1>8s
The derivative of the magnetic field is then

25Ts':0<t<2s

0;2s<t<4
4B, _ > . (03)
dt  |-125T:s':4s<t<8s

0;r>8s

The magnetic flux is therefore



= [[B-f dA = [[B.dd=B.ar*.(0.4)

magmrrc
The electromotive force is

g = _iq)mu pnelic = _ﬁ.n"z e (05)
dr " dt

So we calculate the electromotive force by substituting Eq. (0.3) into Eq. (0.5)
yielding

~(25T -s)art;0<t <2s

0:2s<t<4s

&= , . (0.6)
(1.25T-s")zr’ ;4s<t<8s
0:1>8s

Using » =0.5 m, the electromotive force is then

-1.96V:0<r<2s
0;2s<t<4

g ° 0.7)
098V ;4s<t<8s

0;r>8s

Solution:

(b) Plot the EMF in the circuit as a function of time. Label the axes quantitatively
(numbers and units). Watch the signs. Note that we have labeled the positive direction of

the emf in the left sketch consistent with the assumption that positive B is out of the
paper.

Solution:

V]

1

10 -

‘1-

Y& F
- re .

— 3.0 '—1v



(c) Plot the current 7 through the resistor R. Label the axes quantitatively (numbers and
units). Indicate with arrows on the sketch the direction of the current through R during
each time interval.

Solution: The current through the resistor (R =20 Q) is given by

-9.8x102 A;0<t<2s
E 0;2s<t<4ds
[=Z= . (0.8)
R |49x107 A;4s<1<8s

0;t>8s

i
TA]

0.2-—--

0.l T

Qs
-
o
op

~

-~ 0-| sec

- 0.2

(d) Plot the power dissipated in the resistor as a function of time.

Solution: The power dissipated in the resistor is given by

1.9x107" W;0<r<2s
0;2s<i<4ds

48x102 W;ds<i<8s
0;1>8s

'P

EN]O.-'&

o.1 -L

P=I*R= (0.9)

=
—




Problem 5: Inductor

An inductor consists of two very thin conducting cylindrical
shells, one of radius a and one of radius b, both of length A.
Assume that the inner shell carries current / out of the page,
and that the outer shell carries current / into the page,
distributed uniformly around the circumference in both
cases. The z-axis is out of the page along the common axis
of the cylinders and the r-axis is the radial cylindrical axis
perpendicular to the z-axis.

a) Use Ampere’s Law to find the magnetic field between
the cylindrical shells. Indicate the direction of the magnetic
field on the sketch. What is the magnetic energy density as
a function of r fora < r < b?

The enclosed current /gy in the Ampere’s loop with radius r is given by

O el L2
I =41, a<r<b
0, r>b

Applying Ampere’s law, [ﬁﬁ -ds=BQ2nr)=yl,,., we obtain

0, r=a

'U—GI(I), a <r <b (counterclockwise in the figure)

27r
0, r>b

we]l
Il

The magnetic energy density fora <r < bis

Bk [
20, 2u,\2zr

It is zero elsewhere.

b). Calculate the inductance of this long inductor recalling that U, =%L1 * and using

your results for the magnetic energy density in (a).

The volume element in this case is 2zrhdr . The magnetic energy is :



b 2 2
N } sk (Gh
Uy = J,M,,a’\fol = ![8;:%2 J27;hrdr = Z{ﬂ_ ln(;

2
Sinee U, i= ol ln[é-):%sz, the inductance is

4 a
=Ml [E]
27 a

c) Calculate the inductance of this long inductor by using the formula

b=LI= _[ B-dA and your results for the magnetic field in (a). To do this you
apen surface

must choose an appropriate open surface over which to evaluate the magnetic flux. Does

your result calculated in this way agree with your result in (b)?

: The magnetic field is perpendicular to a rectangular
/ surface shown in the figure. The magnetic flux through a
thin strip of area dA =ldr is

d®, = Bad =| 2L |(nar) = L7 g
2mr 2nr
/ Thus, the total magnetic flux is
-l ¥ > "\. i
A 7 [ 0= fa0,= (£l -t rd_fh 1n[ﬁj
-‘*:'E;-n-. Lt e Al L a
A W7 " fSssq | Thus, the inductance is
TS
& >-‘__,f’ J ngﬁ.z &hln(éj
S uz 1 25, X0

C]C') f ft 'r}"-:’ l A4 IJ 'J" i E
L i ¢
o 6 s |"f" I .: /‘. G gf ¢
- b { A !
}3 { l y I
e P ( ¥ j g. g | F/ } A »



Problem 6: Trying to open the switch on an RL Circuit

The LR circuit shown in the figure contains a resistor R, and an inductance L in series
with a battery of emfeg,. The switch S is initially closed. At ¢ = 0, the switch S is opened,

so that an additional very large resistance R, (with R, R,) is now in series with the
other elements.

!
S N
o AN
A — |
il Ry (2

&y

(a) If the switch has been closed for a long time before ¢ = 0, what is the steady current
I, in the circuit?

There is no induced emf before 1 = 0. Also, no current is flowing on R,.Therefore,

(b) While this current /, is flowing, at time ¢ = 0, the switch S is opened. Write the
differential equation for /(¢) that describes the behavior of the circuit at times ¢ > 0.
Solve this equation (by integration) for /(f)under the approximation thatg, =0.

(Assume that the battery emf is negligible compared to the total emf around the circuit
for times just after the switch is opened.) Express your answer in terms of the initial
current /j,and R, R,,and L.

The differential equation is

- _ g 4
g0~ 1R +Ry)=L—

Under the approximation that ¢, =0, the equation is

5 _ 9@
IOR +Ry) =L

The solution with the initial condition 7(0) = [, is given by



(R +R,) :

I(t) =1, exp(— 7

)

(¢) Using your results from (b), find the value of the total emf around the circuit (which
from Faraday's law is —Ld[/dt) just after the switch is opened. Is your assumption in (b)
that &, could be ignored for times just after the switch is opened OK?

di(t)
i 7@ =1, (R, +R,)

Since I, :E_O,
R

R
5=%<R1+R2)=[”R_ZJ%>>EO (- Ry >>R)

1 1

Thus, the assumption that &,could be ignored for times just after the switch is open is
OK.

(d) What is the magnitude of the potential drop across the resistor R, attimes¢ > 0, just
after the switch is opened? Express your answers in terms of &,, R,, and R,. How does
the potential drop across R, just after 1+ = 0 compare to the battery emf &, if
R, =100R?

The potential drop across R» is given by

R R R, R
Ri +R; R, +R, R, R,

AV, =100 &,

This is why you have to open a switch in a circuit with a lot of energy
stored in the magnetic field very carefully, or you end up very dead!!

If R, =100R,,



Problem 7: LC Circuit

An inductor having inductance L and a capacitor having capacitance C are connected in
series. The current in the circuit increase linearly in time as described by I = Kf. The
capacitor initially has no charge. Determine

(a) the voltage across the inductor as a function of time,

The voltage across the inductor is

£, = 2 Eh -Li(Kr) =—LK
: dt dt

(b) the voltage across the capacitor as a function of time, and

do

Using [ = e the charge on the capacitor as a function of time may be obtained as

1 [ 1
o) = |1dt' = | Kt'dt' ==Kt
it e

Thus, the voltage drop across the capacitor as a function of time is

Al s R
SR G

(c) the time when the energy stored in the capacitor first exceeds that in the inductor.

The energies stored in the capacitor and the inductor are

332 2,4
A (LA
= 8 2 2C 8C

1

U ==
LTS

gl LKt = 1k
2 2

The two energies are equal when

Klfﬂl
8C

=%LK21"2 =heln=0015C

Therefore, U. >U, when ¢t >1".



Problem 8: LC Circuit
(a) Initially, the capacitor in a series LC circuit is charged. A switch is closed, allowing
the capacitor to discharge, and after time T the energy stored in the capacitor is one-

fourth its initial value. Determine L if C and 7 are known.

The energy stored in the capacitor is given by

00 _(Qucosat)’ _ O3

L L e
U-(t) = 5C °C °C cos” wyt
Thus,
: T 2 2
Ue(T) _ cos 2co[,T _cos"a,l" _1 I
U.(0) cos™(0) 1 4
T 1
which implies that @,7 = —rad = 60°. Therefore, with@w, = ——, we obtain
p 0 3 0 ILC

r= X 2 JIc = L:i(g]
By 45 c\ 'z

(b) A capacitor in a series LC circuit has an initial charge O, and is being discharged.

The inductor is a solenoid with N turns. Find, in terms of L and C, the flux through each
of the N turns in the coil at time ¢, when the charge on the capacitor is O(1).

We can do this two ways, either is acceptable. First,we can make the explicit assumption that

: ) d ,
Q(t) = O, cosw,t and the total flux through the inductor is LI = LT‘? =—Lw,0, sin wyt
: ; ; LayQ, .
Therefore the flux through one turn of the inductor at time 7 is @ .. = —Tsm Wyt
: L Oy ;
orinterms of L and C, @\ =— E-Esm w,t. Or second, we can simply leave O(f)
as an unspecified function of time and write (using the same arguments as above) that
ot GO0
one tum N d[ *

(¢) An LC circuit consists of a 20.0-mH inductor and a 0.500-uF capacitor. If the

maximum instantaneous current is 0.100 A, what is the greatest potential difference
across the capacitor?



The greatest potential difference across the capacitor whenU,.  =U or

max Lmax ?

l(:VC?rna.\: = -1_ L [l’f'lax T VCmax e \/zfmux = M (OIOOA) = 20 V
3 2 @ (0.500 uF)
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o 1, a positive number
0% 2. anegative number
0% 3 Zero

Integrating B around the Ioop shown glves us:

GJ{ . Qe rgt 4o

R
MW e

PRS: Ampere’s Law

Answer 3. Total penetratlng current is zero,

JB-ds=p, m—o

=N
~ Integrating B around the loop shown gives us:
0% 1. apositive number 4
0% (2.)anegative number 1
0% 3. zero '
,TL’[.,.:T' Il l_‘f‘l‘—a' _{.' .,': I( { ¥ v
Lt) _‘""H ;‘;' " '/’ /
[lo] PRS: Loop
1; mereasing
The magnetic field through
a wire loop is pointed
upwards and increasing '\
with time. The induced
current in the coil is * } +
@ is up and increasing
0% @ Clockwise as seen from the top
0% 2. Counterclockwise
- Matess  hed  duc /1
Class 31 ', ./
w L iyl ol (
¢ b
\ ,-\\‘
{7
o (lux will be |

PRS Answer: Ampere’s Law

Answer: 2. Eﬂﬁcﬁ <0:

Net penetrating current is out of the page, so

field is counter- ctocszse (opposite path)

V7 I biTH > w\f- 'é-b;j v €5

PRS Answer: Loop

LHHT

Answer: 1. Induced current
is clockwise

This produces an “induced”
B field pointing down over
the area of the loop.

The “induced” B field
opposes the increasing flux
through the loop — Lenz's
Law




PRS: Loop
B.,, decreasing
The magnetic field through
a wire loop is pointed . 1 :
upwards and decreasing '(__ _,_)

with time. The fnduced

curtent i the col 5 ,0 I H‘

@ is up and decreasing

0% 1. Clockwise as seen from the top

(A1

PRS Answer: Loop

deoreasing

This produces an “induced” I ’ } ’ |
B field pointing up over the
area of the loop. <o

D i op and drcresing
The “induced” B field D, Bt
opposes the decreasing
flux through the loop — ,'j)- —r
making up for the loss —
Lenz's Law

Answer: 2. Induced current
is counterclockwise

‘-~_,,_ __‘_—

1ot wi g

QJP C {"}f_:'/ '.}

0% @Counterciockwise
l/ f\
0 wand rf e \way

PRS: Loop Below Magnet

A conducting loop is below a magnet and moving
downwards. This induces a current as pictured. The

1 ds x B force on the coil is

s Up : \

0% @ Down I (L ¥ ,i')l}
= /

0% 3. Zero

iy

&) 15 —’T’_\L’i Coclea |

\*’!1 (w{f 15 Mive !/} ;

PRS Answer: Loop Below Magnet

Answer: 1. Force is Up L

.r""V‘
Lenz’ Law: /
Must oppose motlon -
force is up
More detail:

Induced current is counter-clockwise to oppose
drop in upward flux.
This looks like a dipole faci ward, so itis

attracted to the ot_hEiJBO_Ie\

Il PRS: Loop in Uniform Field

BMGG)@G)@@@O
O O0LOPOOO
O@O@@ 9 G0

—_—

A rectangular wire loop is pulled thru a uniform B field
penetrating its top half, as shown. The induced
current and the force and torque on the loop are:
i3 1. Curmrent CW, Force Left, No Torque
o 2. Current CW, No Force, Torque Rotates CCW
Pe 3. Current CCW, Force Leit, No Torque

4. Current CCW, No Force, Torque Rotates CCW
F’ @ No current, force or torque

(T

1 "_rﬂl_ A .J

e/ B -
()\///\ ’ /: n {' '{.‘ f-‘j{

Class 31

PRS Answer: Loop in Uniform Field

-0 (000 00 00
O OOLOPOO
(ONONO](ONONDRONO!

iy ]

Answer: 5. No current, force or torque

The motion does not change the magnetic flux, so
Faraday's Law says there is no induced EMF, or
current, or force, or torque.

Of course, if we were pulling at all up or down there
would be a force to oppose that motion.

-

/



= PRS: Faraday’s Law: Loop

A coil moves up
frc;m,urie_rr?am.a\
magnet with its
north pole pointing
upward. The
current in the coil

and the force on the
coil: :

0% 1. Currentclockwise; force up

0% “2.. Current counterclockwise; force up
0% Current clockwise; force down

0% "% Current counterclockwise; force down

=i

LAl 7 ey ¢
Og&@@f Y

o

for( e Q }'JY/(/J’:J

llo] PRS: Circuit
A circuit in the form of a © T Porm,
rectangular piece of wire is , -7 27— |
pulled away fromalong ;{1 .
wire carrying current /in ML .12 —
the direction shown inthe ~ & J
sketch. The induced 0 !
current in the rectangular f ===
circuitis :
0% Clockwise
0% Counterclockwise
0% 3. Neither, the current is zero

3 '\ . P20y

r*F hp'! g O U

y g !
Moll what (4 § Crom wiy

e torresd

PRS: Generator

Asquare coil rotates in a i
magnetic field directed to
the right. Atthe time _,:.—-/’/’\‘ B
shown, the current in the e A ,
square, when looking ® ,_\_,})\ \
down from the top of the e
square loop, will be 4 ()0 -
0% Clockwise
0% () Counterclockwise i
0% . Neither, the current is zero
0% 4. ldon't know

No/ma ” 1 Cear f

Class 31

5 e

L

PRS Answer: Faraday’s Law: Loop

Answer: 3. Current is clockwise; force is down

The clockwise current
creates a self-field
downward, trying to offset
the increase of magnetic
flux through the coil as it
moves upward into stronger
fields (Lenz’s Law).

/7?\
AN
The | dl x B force on the coil is a force which is

trying to keep the flux through the coil from .
increasing by slowing it down (Lenz's Law again).

S

PRS Answer: Circuit
Answer: 1. Induced current woreally
: T Wormginy c
is clockwise

= i1 |
B due to | is into page; the flux f‘ ‘ | b8
through the cirafe'a'n Ue to that field ( § B v
decreases as the circuit moves l i |
away. 5o the induced current is L :,1._ v

clockwise (to make a B into the
pag_e) \: 19 Ny

Note: I,,, dix Bforce is left on the left segment and
right on the right, but the force on the left is bigger.
So the net force on the rectangular circuit is to the
left, again trying to keep the flux from decreasing by

slowing the circuit's motion

¥il1s

IS

Aw l\‘- (V¢ f‘\{‘Ht” - ‘L'Jv' J\‘

L 7 gwiy @it Wis

PRS Answer: Generator
Answer: 1. Induced current i
is counterclockwise

Flux through loop jdecreases/as o e~ B
normal rotates awdy from B. To ¢ .3 =

. Fo - e
try to keep flux from decreasing, " S~
induced current will be CCW, Zi (a0

fryifig to keep the magnatic flux

from decreasing (Lenz's Law)

Note: [,,; dl x B force on the sides of the square loop
will be such as to produce a torque that tries to stop
it from rotating (Lenz's Law).

E=1 (L X

I

b

la
e\

\."{. 4 15 r‘\')f-'f\k‘l-’}'
(ff, :’
1‘}\4)}_'] {\
, - i. 31 4
K0y Wasy
o
R



PRS: Stopping a Motor

Consider a motor (a loop of wire rotating in a B
field) which is driven at a constant rate by a
battery through a resistor.

Now grab the motor and prevent it from
rotating. What happens to the current in the
circuit?
0% Increases

0% 2. Decreases

0% 3. Remains the Same
0% 4, | don’t know

=3,

PRS Answer: Stopping a Motor
Answer: 1. Increases

When the motor is rotating in a magnetic field
an EMF is generated which opposes the
motion, that is, it reduces the current. When
the motor is stopped that back EMF disappears
and the full voltage of the battery is now
dropped across the resistor — the current
increases. For some motors this increase is
very significant, and a stalled motor can lead to
huge currents that burn out the windings (e.g.
your blender).

¥itag

v

VG OU'1

PRS: Faraday Circuit
Armagnetic field B penetrates this
circuit outwards, and is increasing
at a rate such that a current of 1 A
is induced in the circuit (which
direction?).
The potential difference VA-VB is:
0% 1. +10V
0% 2. -0V

PRS Answer: Faraday CircAuit
Answer: 9. None of the above

The question is meaningless.
There is no such thing as
potential difference when a
changing magnetic flux is present.

B

By Faraday’s law, a non-conservative E is
induced (that is, its integral around a closed
loop is non-zero). Non-conservative fields
can’t have potentials associated with them.

¥

PRS Answer: V Across Inductor
Answer: 1.V, =ge™* | b 7

The inductor “works hard” at
first, preventing current flow,
then “relaxes” as the current
becomes constant in time.

Although “voltage differences” between two
points isn't completely meaningful now, we
certainly can hook a voltmeter across an
inductor and measure the EMF it generates.

it
Vifoma [ ) Elas

0% 3. +100V
0% 4. -100V
0% 5. +110V
0% 6. -110V
0% 7. +80V
0%  B. 90V
0% [/ B.) None of the above vita)
O!V na , :x 9
fu - 1'/
£ ',’ ;.I
g ‘
PRS: Voltage Across Inductor
In the circuit at right the PSR ) | Aot
switch is closed at t=0.A i
voltmeter hooked across — ;.@
the inductor will read: o
‘ o'a iy
0% i 1) VL_—.gg"’” f,”\(f;"'ijj;i\,‘;‘f.’\:j
i =1/ | =Y
2 Vil J;’-'L.('Jﬁia}’fwj
ox =30y =0 i E
% 4. |don't know ol
i B 1 T+
-Te-LdL -g
[ p L O [
Class 31 © =T U
01

(v(cea

WU ] oy

b f“
slomly
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PRS: LC Circuit

Consider the LC circuit at
right. At the time shown the
current has its maxipaum.
value. At this time

et

The magnehc field is zero .

The electric field has its maximum value .af;
The charge on the capacitor is zero

© Don't have a clue

33888 %

PRS Answer: LC Circuit

Answer: 4. The current is
maximum when the charge
on the capacitor is zero

Current and charge are exactly 90 degrees out of
phase in an ideal LC circuit (no resistance), so when
the current is maximum the charge must be
identically zero.

1A

) Mg {/ ;['
i / F { ' ik ") #
[ g I -

hix  Vd A

{.

[

[o] PRS: LC Circuit

In the LC circuit at right the
current is in the direction
shown and the charges on
the capacitor have the signs
shown. At this time,

| is increasing and Q is increasing

| is increasing and Q is decreasing
3. |is decreasing and Q is increasing
4. |is decreasing and Q is decreasing
5

0%
0%
0%
0%
o% 5. Don't have a clue

PRS Answer: LC Circuit

Answer: 2. | is increasing;
Q is decreasing
With current in the direction

shown, the capacitor is
discharging (Q is decreasing).

But since Q on the right plate is positive, I must be
increasing. The positive charge wanits to flow, and
the current will increase until the charge on the
capacitor changes sign. That is, we are in the first
quarter period of the discharge of the capacitor,
when Q is decreasing and positive and I is
increasing and positive.

iy

P
o

Lr Qb

PRS: LC Circuit

100,

PRS Answer: LC Circuit

The plot shows the charge e ] Answer: T =]
on a capagcitor (black curve) [ = T i Sibiai= T ou 3
pe VE) el \ ] os, - will increase PSR @ :
and the current through it 3 \ /X‘\ /\\ / E‘ Lag WETTEE22, 8 \ \ ;‘\\:\ A\ 2 :
(red curve) after you turn s  EE R 77\ ook & Bl / (R \)/; 8 \
off the power supply. Ifyou & Vi \} \,/f o Beal \ Yy \/J,- el /
put a core into the inductor © h/ 3 = M 3 %
what will happen to the e = 5 e iy  trmains B
time T ,.? S '
o Gj Ml incieTos Putting in a core increases the inductor's s
= . It will decrease inductance and hgnce_ decreases the natural
oo t will stay the same frequency of the circuit. Lower frequency means.
o 4. 1 don't know longer period. The phase will remain at 90 (a
quarter period) so ng will increase.
! R T ;
C!‘-/)’-(O!LI 1’7}‘: 9 E.” \ 1.0) ' 3 A
Class 31 - . - , SThys 5 Uy
Q\/‘} e grrm S Coce. 1 L o 7 |
) y ] |} ML
a L] T . 4'[\ T\
) i =
__> I =>¢ g AN .J/ L{H’L &
- . s | { [ —_
) PP, W = r~ b a \ Y 't
i ¥ &1 VLl ergior TG



PRS: LC Circuit

If you increase the

resistance in the circuit 3
what will happen to rate g
of decay of the pictured §m

amplitudes?

ARl
§

3. It will stay the same

0%
0%
0%
ox 4. |don’t know

@ It will increase (decay nqt')’?é“l';pidly;;
2. It will decrease (decay less rapidly)

E/( At 4

Class 31

PRS Answer: LC Circuit

Answer: 1. It will increase

(decay more rapidly) & *<j

800,

3

n
=

S
5
b

150,

3
=

=
=
Cuitent through Capaciior

b

Resistance is what dissipates power in the circuit
and causes the amplitude of oscillations to

decrease. Increasing the resistance makes the
energy (and hence amplitude) decay more rapidly.

Biigy
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Physics 8.02 Exam Three {Spring 2009 |
Please Remove this Tear Sheet from Your Exam i

Some (possibly useful) Relations: la ;/ \/Q o
dE = l g—?—-f' C=£ UleAszg/
4rg, 1’ AV 2 2C
E_ dx& = Q‘:nsidc
cloicdsurt'nc'c . 6:0 . P N (DB.sclf.sgl coil ghm:k . Lﬂ
dA points from inside to outside I dt
dt dt :

b
AVmoving fromatod — Vf-z —I/; = —J'Edg

’ ©=2nf = 2n/T k =2/
—d v r ~- 4 I — —_— — = —}/:
Bt 4VXF [¥]<<c i = 2ol d"s':cr e=MT =\Af m/kﬁ (l‘fogu)

47r“ r . dr r E, = VugmBo ExB=p
where r points from source to observer 1 g o
S=—ExB B ===} Pl‘cﬂccl=_
Jf B-dA=0 Fo ¢ ¢
closed
surface Interference
= d® " : .
(i B-ds =,uo[l rough + &0 th J 2 slit interference: dsin@ = mA Constructive

il 1 slit diffraction: asin@=mA Destructive

where Jinrougn is the current flowing through ) y
any open surface bounded by the contour: ~ Far field: sin@ = A

Iywp= || J-dA
open surface

ds is right-handed with respect to dA ChassPraducts of unje uechus:

ug =lé‘gEZ Uy, = 5 i.XI.z'l_xJz.ki(kTOA o
24, ixj=k jxk=i kxi=j voh @l
qu(E+Vxl§m) dF =I1dsxB,,
L, = m"z/ r Some potentially useful numbers
1 N m® Tm
= TR k= =9x10° —; =47 %107 —
p=I4 x ) * 4rne, C* e A
T=ixB U=-i-B Breakdown ofair ~ E~3x 10° V/m
" Earth’s B Field B ~5x 107 T=0.5 Gauss
AV =IR B Speed of light c=3x 10" m/s
A4 Light (violet to red) A =400 nm to 700 nm
AV? Electron charge e=1.6x10"C
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Problem 1: Five Short Questions. Circle your choice for the correct answer.

Question A (4 points out of 20 points):

Consider a circular parallel plate capacitor, initially charged =~ i

to =Q, then discharged through a resistor connecting the i ) 3

centers of the two plates, as pictured at right. A standard Li T :

analytlc problem 1s to calculate the E & B fields and the :
7Poynting vector at p(B]t P. Which of the following S NN

statements is true?

£y

1) The Poynting vector at P points to the left (—I direction) N (A el

2)) The Electric Field at P, calculated by Faraday’s law, points up (+j direction)

3) Using Ampere’s Law to calculate the B field at P, you would find that both the displacement
current and physical current lead to B Tields out of the page, so you need to sum their effects
4) None of the above

Question B (4 points out of 20 points):

have a linearly decreasing counterclockwise current /(¢)

jt_; 1(?)
Consider a standard solenoid, driven by a current supply to : Q @
v

when viewed from above, as pictured at right. A standard

analytic problem is to calculate the E & B fields and the

Poynting vectorat point P. Which of the following
tatements 1s true?

1) The Poynting vector at P points to the left
(—1 dxrectlon) [ ) ( b 5 4 E: i 0 ({
m The Electric Field at P, calculated by Faraday s law, points up (+ i dlrectlon)

@ Using Ampere’s Law to calculate the B field at P, you would find that both the displacement
current and physical current lead to B fields out of the page, so you need to sum their effects
4) None of the above o Gould “J{’
Y o

€~ (F.dg

! A by
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Question C (4 points out of 20 points):

In experiment six you observed an “Initial” intensity pattern for light coming from two slits and

hitting a screen. If you had used a green laser rather than a red one, would you have seen a

pattern similar to “Final” below? W |0 gh

e

g

ob 1f

| -y
(1) Yes

2. No, the distance d between the slits must have changed in going from Initial to Final = -

3. No, the width a of the slits must have changed in going from Initial to Final

4. No, the change depicted results from a change in wavelength the other direction (as if we had

started with green light in Initial and moved to red light in Final)

Question D (4 points out of 20 points):

Take another look at the “Initial” intensity pattern above (in Question C). What can be deduced
about the ratio of the distance between slits d to the width of each slit a?

1. dla=8 Ay 1
2. dla=6 sl
3. da=5
’Q-L/'d/a=4
5. dla=3

6. d/a can not be determined from the intensity pattern alone

8.02 Exam #3 Spring 2009
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Question E (4 points out of 20 points):

Two perfectly conducting sheets are placed in vacuum parallel to the xy plane at z = 0 and z = 60
cm. A plane electromagnetic wave is generated in the region between the sheets, and continual
reflection off of the sheets sets up a standing wave. It is found that a proton held between the
sheets on the z-axis at z = 5 cm feels a reversal of force every half a nanosecond. That is, the

force will be in the +i direction for half a nanosecond, then in the -i direction for half a
nanosecond, and then in the +i direction again, and so forth.

How many places on the z-axis can the proton be placed in between (not touching) the two
sheets so that it would at no time feel a force?

) 9

2) 8 |

3) 7 | |-

H 6 oy B

5 3 A *\/ \_

6) 4 _ Sem ! o

1y 3 A TR

9 2 T S5€Cond VY ] it ot
1
0

9
)
More than 9

12) There is not enough information given to determine the right answer

$d gl low was s Y

B ) .\h .{’ Was 0w ( k ]\

K?l ) (fj “\[ f ‘7-.(‘.-1 I (VI
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Problem 2: Back of the Envelope Calculation (5 Pts)

As always, you are not given enough information to exactly determine the answer to this
question. Make your best estimates for unknowns, clearly indicating what your estimates are
(e.g. Radius R ~ ....) NO CREDIT will be given for simply guessing a final numerical answer
from scratch. It must be properly motivated (i.e. write equations!)

The average power density of sunlight hitting the earth is about 1 kW/m®. About how much force
would it take for you to hold an electron at rest in light of the sun’s rays?

o g T

1 s s (

8.02 Exam #3 Spring 2009
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Problem 3: Electromagnetic Plane Wave (25 pts)

A perfect conductor fills the xy plane (at z = 0 m). An electromagnetic plane wave traveling
normal to the conductor approaches it in vacuum from above (z > 0). It has a wavelength of 300
nm. At time t = 0 the wave just reaches the conductor, and the magnetic field happens to be a
maximum at the conductor’s surface, pointing purely in the positive x direction. The power
density carried in the wave at the surface of the conductor at this time is 120n W/m®.

a) Identify a variable name (using the conventional labels is good!) and numerical value for
each of the following quantities (feel free to leave factors of  in your answers):

Frequency = =

Y167 Could  do Angular Frequency = =

@5 Velocity =

Wave number = =

E Field Amplitude =

B Field Amplitude =

Also tell us the Direction of Propagation =

8.02 Exam #3 Spring 2009
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Problem 3: Electromagnetic Plane Wave continued...

In answering the following use the variable names rather than the numeric quantities you
arrived at in part (a).

b) Write an equation for the position and time dependent incoming Magnetic Field

c) Write an equation for the position and time dependent incoming Electric Field

d) Now the light source is very slightly (negligibly) tilted, so that the light is no longer hitting
the surface perfectly normal. The surface is also split in two, with the half in the x > 0 part of
the plane pushed downwards (so that it sits at z < 0 while the x < 0 part remains at z = 0).
How far down will the x > 0 half of the conductor need to be pushed before an observer
looking down at the reflected light would first see an interference minimum (destructive
interference between the light bouncing off the part at z = 0 and that off the part at z < 0)?
(HINT: We want a numerical answer here — we gave you the numbers you’ll need above)

8.02 Exam #3 Spring 2009
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Problem 4: Transmission Line (50 pts) |
The rest of this exam is an extended question dealing with transmission lines. There are a variety
of transmission lines used in the world. A simple example is two wires running next to each
other with current flowing one direction in one and the opposite in the other. Another example
that you considered in the sample exam of problem set 11 was the coaxial cable, where current
flowed up the inside wire and back along the outer shield.

In this problem you will calculate the properties of a microstrip transmission line. It consists of
two thin parallel plates of width w and length /, separated by a small distance d (they are

typically held apart by a dielectric, but to make your life simple let’s just pretend there is air
between the plates). It is shown both in side view and front view below.

The dimensions are such that you should assume that any fields created by the transmission
line are confined to the region between the two plates.

We use transmission lines to carry power from batteries or power supplies to loads (typically
modeled as resistors):

AL AL AR

Batten

3

RN KRR RS

SRR RN

d

In this problem you will calculate the capacitance and inductance of the microstrip transmission
line and then study energy flow at DC.

NOTE: PLEASE READ THIS CAREFULLY

In several parts of this problem you will be asked to calculate something that will require the use
of one of Maxwell’s equations. Make sure that you state the name of the equation and the write
it in the form that you plan to use it before you do that part. Be explicit in the calculations and
draw and label anything that you need to use. I will not provide any further drawings. Please
duplicate drawings from this page (simplified to remove the perspective of course) when you
think they will be useful.

Do not forget to give both magnitude and direction of vector quantities.

Feel free to tear out this page so that you do not have to continually turn back to it.

8.02 Exam #3 Spring 2009
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Problem 4A: Capacitance of the Microstrip Transmission Line continued
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Problem 4A: Capacitance of the Microstrip Transmission Line (15 points)

In the first two parts of this problem (A and B) we will consider the transmission line in
isolation (no battery or load resistor).

Calculate the capacitance of the transmission line.

e be what  Tonetd helpin
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Problem 4B: Inductance of the Microstrip Transmission Line (15 pomts) f' /}r?
Calculate the inductance of the transmission line. [ Y L{ [
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Problem 4B: Inductance of the Microstrip Transmission Line continued

8.02 Exam #3 Spring 2009
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Problem 4C: DC Power Transmission with the Microstrip Transmission Line (20 points)

We now connect the transmission line to a battery (EMF &) on the left and a resistor (resistance
R) on the right, as pictured at the beginning of this problem. We are interested in what happens a
long time after this connection has been made (after any transient behavior has passed). Make
sure that your answers below only involve the variables we ha\ie proyided
3 C (G
(a) What is the electric field between the plates? HINT: This is much easier than you probably
think now that the battery fixes the potential difference between the plates.

s - : {

> N / b 4 t; i - ] (4 5 ‘ 1h I ’
=) hal 7 4 . ) hag to H We
& /3 S e P ok T
| \
~ Y - JL{ ,}‘ (€ (‘. !l{
3 1‘ l "\I,‘
AV s O F
£ = ‘ - | - ;
jﬂ {— (J > ; / .l('js'-.‘ij_
Vs ~ Ed sl e ¥ duh

Y ;

(b) What is the magnetic field between the plates? HINT: You probably already did this, at
least in part, in 4B. Feel free to make use of your previous result, but make sure that it isn’t
clearly wrong (e.g. wrong units). Clearly wrong answers will be penalized both there and
here.
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Problem 4C: DC Power Transmission with the Microstrip Transmission Line continued

(¢) What is the Poynting vector between the plates? Does the direction make sense?

(d) Integrate the Poynting vector over a relevant area (be clear what this is and explain why) and
show that the result simplifies to what you would expect given the meaning of the Poynting
vector. If you were unable to obtain an expression for the Poynting vector, you should still
answer this question qualitatively — explain what the relevant area is and what result you
expect.

8.02 Exam #3 Spring 2009



Physics 8.02 Exam Three Solutions Spring 2009
Please Remove this Tear Sheet from Your Exam
Some (possibly useful) Relations:
- 1 dg. 0 1 :_OF
dE=———-r C=== U==CAV*= /
4z, r* AV 2 2C
Oﬁ B dA = Qe
ciaiedsurfar:c ‘ Eio . I = N(D B,self,sgl coil gbﬂck - _Lﬂ
dA points from inside to outside 1 dt
= . d s o O B )
ch-ds——E”B-dA pen il U, =+LI
b
AVmov'mg from a to b = V;J _P; = _IEdg
’ w=2nf =2n/T k =2m/A
Sy ~ _ A f— _ -
B=f—"quxr |\7|<<c dﬁzz_fi‘(@ C“A/T“kf—m/k:(*fogo)
HA d . = 7 E,= Vign Bo ExB=p
where r points from source to observer
2 1= = S 28
S=—ExB Bvents =5 Tagen =
f B-aA=0 Ho i
closed
surface Interference
- do, )3, I .
é B-ds =1, | 1 + & o . 2 slit interference: dsin@ = mA Constructive

contour
where Jirougn 18 the current flowing through
any open surface bounded by the contour:

1 through — J-_[ J-dA

open surface

ds is right-handed with respect to dA
Uy =l£0E2 Uy, = i

2 2p,
F:q(f}+?xlﬂ3m) dF =I1dsxB,_,
Fow = mvz/ r
p=I4An
T=jixB U=-ji-B
AV = IR p=£L

A

P =JAV =1’R o

ohmic heating

I slit diffraction: asin@=mA Destructive
Far field: sin@ = %

Cross-products of unit vectors:

ixi=jxj=kx

~ ~ ~ ~

~

0

ixj=k jxk=i kxi=j

Some potentially useful numbers

2
0L S e
4re, 3 A

Breakdown of air E~3x10°V/m
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Light (violet to red) A =400 nm to 700 nm
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Problem 1: Five Short Questions. Circle your choice for the correct answer.

Question A (4 points out of 20 points):
Consider a circular parallel plate capacitor, initially charged
to +Q, then discharged through a resistor connecting the

TR N

; . J
centers of the two plates, as pictured at right. A standard l i
analytic problem is to calculate the E & B fields and the
Poynting vector at point P. Which of the following AN

statements is true?

1) The Poynting vector at P points to the left (—1 .direc't'ion)

2) The Electric Field at P, calculated by Faraday’s law, points up (+] direction)

3) Using Ampere’s Law to calculate the B field at P, you would find that both the displacement
current and physical current lead to B fields out of the page, so you need to sum their effects
4) None of the above

The electric field at P is up, but by Gauss’s Law, not Faraday’s (there is no changing magnetic -
flux to generate an E field in that way). Current flows up the wire from the +Q to the —Q charge
(discharging). This generates a magnetic field into the page at point P. The displacement current,
being negative, points opposite the direction of the E field (down), meaning it generates a B field
in the opposite direction (out of the page). But an Amperian loop through P won’t contain as
much displacement current as physical current, so the net field is into the page, meaning the
Poynting vector is to the left, - -

Question B (4 points out of 20 points):
Consider a standard solenoid, driven by a current supply to 3

i : . j (1)
have a linearly decreasing counterclockwise current /(¢) 3
when viewed from above, as pictured at right. A standard
analytic problem is to calculate the E & B fields and the
Poynting vector at point P. Which of the following
statements is true?
1) The Poynting vector at P points to the left

(—i direction)

2) The Electric Field at P, calculated by Faraday s law,
pomts up (+ j dlrectlon)

3) Using Ampere’s Law to calculate the B field at P, you would find that both the displacement

current and physical current lead to B fields out of the page, so you need to sum their effects
4) None of the above

By Ampere’s law the B field is out of the page. There is no displacement current here (no

changing E field). Since B is decreasing, Faraday’s law says there is a CCW E field (same
direction as the current), so pomtmg up at P). The Poynting vector is to the right (energy is
leaving the solenoid).
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Question C (4 points out of 20 points):

In experiment six you observed an “Initial” intensity pattern for light coming from two slits and
hitting a screen. If you had used a green laser rather than a red one, would you have seen a
pattern similar to “Final” below?

IS | e 1

[ O]

. y {

Yes |

No, the distance d between the slits must have changed in going from Initial to Final

No, the width a of the slits must have changed in going from Initial to Final

No, the change depicted results from a change in wavelength the other direction (as if we had
started with green light in Initial and moved to red light in Final)

The angles of both the interference maxima and diffraction minima both shrink by the same
amount, meaning the wavelength shrank.

B W ot

Question D (4 points out of 20 points):

Take another look at the “Initial” intensity pattern above (in Question C). What can be deduced
about the ratio of the distance between slits d to the width of each slit a?

l. dla=38
2. dla=6
3. dla=5
4. dla=4
5. dla=3
6. dl/a can not be determined from the intensity pattern alone

Note that the m=4 interference maximum is “missing” because it lies at the same location as the
n=1 diffraction minimum. So equate those two angles and you get the ratio d/a = 4.
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Question E (4 points out of 20 points):

Two perfectly conducting sheets are placed in vacuum parallel to the xy plane at z = 0 and z = 60
cm. A plane electromagnetic wave is generated in the region between the sheets, and continual
reflection off of the sheets sets up a standing wave. It is found that a proton held between the
sheets on the z-axis at z = 5 cm feels a reversal of force every half a nanosecond. That is, the

force will be in the +1i direction for half a nanosecond, then in the -i direction for half a
nanosecond, and then in the +i direction again, and so forth.

How many places on the z-axis can the proton be placed in between (not touching) the two
sheets so that it would at no time feel a force?

1)
2)
3)
4)
3)
6)

B

RW R L Oy 00O

8)
9] 1

10) 0

11) More than 9

12) There is not enough information given to determine the right answer

That the direction of force changes every half a nanosecond tells us that the period is a
nanosecond. From that we can get the wavelength
Af=4T=c -

Aol (3><108ms )(10?s)=0.3 m =30 cm

So we get two complete wavelengths into the region between the sheets:

-k

o

]
-

Amplitude of Electric Field (E)

o

60

Position Between Sheels {(cm)

Note that there are 3 nodes (where the field strength is always zero) between the two sheets!
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Problem 2: Back of the Envelope Calculation (5 Pts)

As always, you are not given enough information to exactly determine the answer to this
question. Make your best estimates for unknowns, clearly indicating what your estimates are
(e.g. Radius R ~ ....) NO CREDIT will be given for simply guessing a final numerical answer
from scratch. It must be properly motivated (i.e. write equations!)

The average power density of sunlight hitting the earth is about 1 kW/m®. About how much force
would it take for you to hold an electron at rest in light of the sun’s rays?

The “power density” is the magnitude of the Poyntlng vector, from which we can get the :
magnitude of the Electric field: -

ExB 2 e
<§)=<EXB> 1 —E,B, = = o : o
Hy Qe 2 .
. ~ _TTm : kW | N Y N
E,= 2;10c<S)~\/2(47rx1_0 - ](3x10 ms )[1 F) \/(247“40 XJ[E)( S J"_’:?SOE

To do the math, 24n ~ 75, which is between 64 and 81, so I assume that the square root is
halfway between as well (not bad, it is really closer to 8.7). To get the units, I always get rid of
Tesla using F = qvB. So the T turns into another N, and eliminates the charge (A*s) and the
velocity (m/s). The factor of %2 came from the time average — in this kind of a problem it is fine
to drop that.

Anyway, the question was what force we’d apply. Of course the force is sinusoidal, so if you
were clever you could say the average force was zero and be done with it. But I was really
asking about the magnitude of the sinusoidal force:

Fogk el 6%l 0. 8so%~ 14x107°N

This is a pretty darn small force, but tllat;s good .(otherwise our electrons would be flying all over
the place every time we walked outside in the sun). If you wanted to see how small such a force -

There we have:

kg* _(9x10°Nm’C? (1.6 10-‘90)
7 (107"m)’

This is eight orders of magnitude bigger — the force of the sunlight is just tiny.

i S s =) SX}.O_SN

Please note: If you tried to use radiation pressure on this problem it is just wrong. As many of
you noted, you have no idea what the “area” of an electron is (we consider it to be a point
particle, it certainly does not have a radius of a nm or larger as some of you seem to think — that
is 10 times the size of an atom!). Also, as always, way too much math (too many equations) and
not nearly enough units. If you write a physical quantity, make sure a unit is attached.
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Problem 3: Electromagnetic Plane Wave (25 pts)

A perfect conductor fills the xy plane (at z = 0 m). An electromagnetic plane wave traveling
normal to the conductor approaches it in vacuum from above (z > 0). It has a wavelength of 300
nm. At time t = 0 the wave just reaches the conductor, and the magnetic field happens to be a
maximum at the conductor’s surface, pointing purely in the positive x direction. The power
density carried in the wave at the surface of the conductor at this time is 1207 W/m”.

a) Identify a variable name (using the conventional labels is good!) and numerical value for
each of the following quantities (feel free to leave factors of 7 in your answers):

It is in vacuum, so the velocity is ¢. The wavelength A is given, from which we can get the wave
number k£ = 2n/A. The frequency we get from A /= ¢, from which we can get the angular
frequency @ = 2nf. Finally, the amplitudes we get from the power density (Poynting vector).
Since the B field is a maximum at that point we will calculate it in terms of the B field

amplitude: § = —1—15'01‘30 B = B, =, VILS and then Ej is just ¢ times bigger.
< % ¢ SR s
Frequency= _f = 10¥ Hz
Angular Frequency = @ = 2nx102 57
1S _
B.= |5 N g
c Velocity=_¢ = 3>_<_1Q ‘%
' 7 Tm W
|l 47 x107 = || 1207 —
- ( L A ][ : mz] Wave number= k= 1/150 nm’’
(3x108m s")
( 40ET-m)[ 0D -HZIJ E Field Amplitude = £, = 120m N/C
i A S-1m -8
= = x10
(ms)
R -8
=010 1 B Field Amplitude =38). = #0axio®7

The direction of propagation we get from the fact that it is approaching z = 0 from above, so it is
moving downward:

Also tell us the Direction of Propagation = -k
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Problem 3: Electromagnetic Plane Wave continued...

In answering the following use the variable names rather than the numeric quantities you
arrived at in part (a).

b) Write an equation for the position and time dependent incoming Magnetic Field

We get the direction (i) from the statement that at the surface of the conductor the magnetic

field is pointing purely in the positive x direction. The amplitude we calculated above and
labeled By and the argument of the cos is such that itisa maxunum at z=0, =0 and thatitis
traveling in the —z direction. e

B = iB, cos(kz + o)

c) Write an equation for the position and time dependent incoming Electric Field

A

We get the direétion (i from the fact that E x_ﬁ -~ jxi=S=-k The amplifﬁdé'we caiculat_ed;
above and labeled Ej and the rest is the same as above: : G

E = jE, cos(kz + ar)

d) Now the light source is very slightly (negligibly) tilted, so that the light is no longer hitting
the surface perfectly normal. The surface is also split in two, with the half in the x > 0 part of
the plane pushed downwards (so that it sits at z < 0 while the x < 0 part remains at z = 0).
How far down will the x > 0 half of the conductor need to be pushed before an observer
looking down at the reflected light would first see an interference minimum (destructive
interference between the light bouncing off the part at z = 0 and that off the part at z < 0)?
(HINT: We want a numerical answer here — we gave you the numbers you’ll need above)

The extra path distance the light travels to bounce off the lower plate is twice the distance it is
pushed down. This gives destructive interference when that distance is half a wavelength. So:

2d =—= dz%m?S nm
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Problem 4: Transmission Line (50 pts)

The rest of this exam is an extended question dealing with transmission lines. There are a variety
of transmission lines used in the world. A simple example is two wires running next to each
other with current flowing one direction in one and the opposite in the other. Another example
that you considered in the sample exam of problem set 11 was the coaxial cable, where current
flowed up the inside wire and back along the outer shield.

In this problem you will calculate the properties of a microstrip transmission line. It consists of
two thin parallel plates of width w and length £, separated by a small distance d (they are

typically held apart by a dielectric, but to make your life simple let’s just pretend there is air
between the plates). It is shown both in side view and front view below.

The dimensions are such that you should assume that any fields created by the transmission
line are confined to the region between the two plates.

We use transmission lines to carry power from batteries or power supplies to loads (typically
modeled as resistors):

&5
2

RN A AR

tRESsISTOr
In this problem you will calculate the capacitance and inductance of the microstrip transmission
line and then study energy flow at DC.

NOTE: PLEASE READ THIS CAREFULLY

In several parts of this problem you will be asked to calculate:something that will require the use
of one of Maxwell’s equations. Make sure that you state the name of the equation and the write
it in the form that you plan to use it before you do that part. Be explicit in the calculations and
draw and label anything that you need to use. I will not provide any further drawings. Please
duplicate drawings from this page (simplified to remove the perspective of course) when you
think they will be useful.

Do not forget to give both magnitude and direction of vector quantities.

Feel free to tear out this page so that you do not have to continually turn back to it.
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Problem 4A: Capacitance of the Microstrip Transmission Line (15 points)

In the first two parts of this problem (A and B) we will consider the transmission line in
isolation (no battery or load resistor).

Calculate the capacitance of the transmission line.

STEP 1: Place iQ on the plates and calculate the electric field between them

FEaA-pa-e L4 g O ¢

Pillbox

We have a charge +Q on the top plate so an electric field will be

created pointing downwards. We will use Gauss s Law to

calculate the electrlc field between the plates Cﬁ E- dA L
Pillbox i 60

We use a Gaussian pillbox w1th end cap area 4. The only

surface of the pillbox we care about is the one between the plates.

The field runs perpendicular to the area vector on the sides

(doesn’t penetrate them) and the field is zero outside because the

fields from the two plates cancel there.

& g wl - wle,

o

STEP 2: Calculate the Voltage d1fference between them

STEP 3: Calculate the capacitance

AV Ed— Od
wlg,
C,z_g_zwﬂso
AV d
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Problem 4B: Inductance of the Microstrip Transmission Line (15 points)

Calculate the inductance of the transmission line.

STEP 1: Place current :t[ on the plates and calculate the rnagnenc ﬁeld between them

We have a current / ﬂowmg out the top plate and in the bottom
v : plate meanmg that a magnetlc field is created between the two
‘ plates pointing to the right ( o dlrectlon) The field is zero
: _ @ outside by cancellation. We use Ampere’s Law with the
L _ Ampenan loop pictured at left and note that only the bottom

leg contributes (B=0 at top and is perpendicular to ds on the

@ l sides):

dB-ds=Br=p,l, =p,~1= B Al
. 5 5 w

W

STEP 2: Calculate the inductance

We will use energy to calculate the 1nductance The magnetic ﬁeld is umform S0 we can just
multiply the energy dens1ty by the volume

z .1
g -t A j wd it 1, |, ptd
24, - 28 2w 2 W

Alternatively you could have used flux, w1th the flux penetrating the area normal to the field
direction (i.e. the area ¢d ) So: :

@, Btd (pI\td |utd
l w
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Problem 4C: DC Power Transmission with the Microstrip Transmission Line (20 points)

We now connect the transmission line to a battery (EMF &) on the left and a resistor (resistance
R) on the right, as pictured at the beginning of this problem. We are interested in what happens a
long time after this connection has been made (after any transient behavior has passed). Make
sure that your answers below only involve the variables we have provided

(2) What is the electric field between the plates? HINT: This is much easier than you probably
think now that the battery fixes the potential difference between the plates.

P
aod

(b) What is the magnetic field between the plates? HINT: You probably already did this, at
least in part, in 4B. Feel free to make use of your previous result, but make sure that it isn’t
clearly wrong (e.g. wrong units). Clearly wrong answers will be penalized both there and
here.

B. Lo Aoy
W w

(c) What is the Poynting vector between the plates?

g;_l_‘_'xfg:L[_Eﬁ]x[_&ii)=£_l_j
W Y wR |

(d)Integrate the Poynting vector over a relevant area and show that the result simplifies to what
you would expect given the meaning of the Poynting vector. If you were unable to obtain an
expression for the Poynting vector, you should still answer this question qualitatively —
explain what the relevant area is and what result you expect.

The relevant area is the cross-sectional area of the transmission line, wd. The Poynting vector is
uniform so we can just multiply rather than integrate:

Hg dA=SA= % = Power dissipated by the resistor
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Force Laws: F= q(Em ok 5 Em)

J =0 E where o, is the conductivity

dF =I1dsxB,_, E = p,J where p, is the resistivity
Gl Inductance: L=NO,/]
1= [[3-di Eou =—Ldl/dt U, =1L
Source equations: Energy Density Stored in Fields:
dE = 1 d_?f- u, =Le,E* 5 u,=1B*/p,
4dre, re
JB _HL d§:<f~ Capacitors in Parallel: C,, =C, +C, +--
47 r- 1 1 1
Capacitors in Series: —=—+—+---
Maxwell’s Equations: w G G
(ﬁﬁ-aE:% Resistors in Parallel: : :L+-—1-+---
& eq 1 Rl
Cﬁﬁ-dﬁ =0 Resistors in Series: R, =R, + R, +-+-

Joule Heating: J L

B = TRV =P R=NF*R

AC Circuits: w, =1/JLC ;
X,=wL ; X.=1/wC ; X,=R

L

Cfﬁ-dfzpolm+p080%”ﬁ-dﬁ

Electromotive Force:

€ =¢(E+vxB)-dr
Series RLC :
Z=AR+ X" =\[R+(X,-X,} ;

tang=(X,-X.)/R ; V,=1,Z

Electric Potential Difference:

AV

b
atob =Vb_V:1 =_IEdi:
N ’

y=> 9 Some potentially useful numbers:

i 47, [F T 4, =47x107T-m-A"
1 1 2
Capacitance: C=Q/AV k, = =9x10°N-m*-C?
4re,

Uc=10"/C=4C(AV)

c=3%x10"m-s’ e=1.6x10""C

Ohm’s Law: AV =/ R
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Section I: (25 points) Five Concept Questions. Please circle your
answers.

Question 1 (5 points): In an LC circuit, the electric and magnetic fields are shown in the
figure. At the moment depicted in the figure,

O e
R ) :‘ .y :/)f"”)
-— . |/ 2 [
e F
; § 3 ; \
Q g ] Juchingiag
l'\.‘.‘ t&?j ‘,.-'g
] Ly 4

@e current in the circuit is increasing and the charge on the positive plate of the
capacitor is decreasing

b) the current in the circuit is increasing and the charge on the positive plate of the /
capacitor is increasing _—
\/
c¢) the current in the circuit is decreasing and the charge on the positive plate of the
capacitor is increasing
d) the current in the circuit is decreasing and the charge on the positive plate of the
capacitor is decreasing
Question 2 (5 points): The switch on the circuit shown below is closed at 1 =0. Let i
denote the current through the resistor. Consider the current (¢t =07) and the current
i(t=0).
R
X oA =
e e Z /
a) i(t=0")—i(t=0)>0. \
L ad ()
: | | F £ U 7 a Dt
\f’OJ t [/} {\ 0w ! L kL 1 4
) i(t=0")—i(t=20)<0. ‘
4 5
Y \k) ! | = .",r} L
L. = el
) “ 4./
i i # J Q {7 ¥ i f}‘ é 4
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. Question 3 (5 points): A driven RLC circuit uses a lightbulb for the resistor and is
n\[ WLl < driven at L Hz

, below the resonance frequency of the ci]:cuilkso that the flashing of
the bulb can easily be seen. Ifa secéﬁd\\light bulb is placed in parallel to the power
supply, this bulb will flash: ;

1

\
S

.
Q@
close _]_
i S ¢
R switch ) _g_
L L

- |

M.

a) At the same times as the first bulb On h?‘ N
(BNust before the first bulb 0 ‘f Cr puy
A
(&) Jystafter the first bulb o T b/
d) Not at all wt O
;,) \ \ |
ot ()f( ?/u-;!c'.‘ ( {,%J ¥ il “i A
p—— :
L L/ i L} \J’., L uf } “'L)(
J\‘ [:I\ \Ilj - & { l'\}‘.},”’
|
A/ 10w
Wen ity logd
\ N A l'i‘_, N\ | L’ "\ (’ ] J. [." NEY
‘ s Cviten | ’ 7
j ' l by { zﬂlJ“ Lu'{
(A We V) In ‘
. ) 2 )N I O lrs # L0 / Ao
A
) o JA |
"—:)Jf” a4 ’gu‘fl

(1)
S0 A RITU 7
|



MIT PHYSICS DEPARTMENT g page 6

Question 4 (5 points): What is the value of the time constant 7z that governs the time
dependence of currents and charges in the RC circuit shown below? Assume that all
resistors have a common value R of the resistance and that the capacitor is initially
charged.

)
£
LANMN,

a) 7=(5/8)RC.

b) r=(8/5)RC. L"WW‘”

)z =(3/8)RC.

@z=(8/3)Rc. X

¢) 7=5RC. C / rhat wos i

P R - pacall”
g) r=(3/2)RC. EL\ = 2/{1_&, = 2 | /)

h) z=(2/5)RC. > ? L —\'c-L‘L; . |

u‘.f!'r‘(’uf' U:L(« hq

Tk ﬁ“ii\ ’3
2 ’%{(L,‘f’ﬁ nﬁ/‘/f\;]t tr

but- LI-\
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Question 5 (5 points) In Experiment 6, Faraday’s Law, a coil moves up from underneath
a magnet (with its north pole pointinwjm%mo
1 ;tingp_@t_.lrﬁlﬂg@gl_o@_,positive current is in the counterclockwise _
@when looking down on the coil.

Moving from below to above and back, you measured a current of:

@ A then A

ata

') /C then C
¢) AthenC

d) Cthen A

Whal

Al

A l/f\-fffié‘-:’f"_fg C

Wil bie v Loy Wi
o0 B0 iy & Q1

RPIEENANS) A A



Section II: Three Analytic Problems. Answers without work receive no
credit.

Problem 1 (25 points): In the circuit shown in the figure, the electromotive force of the
battery is&, all the resistors are equal, R =R, =R, =R, and the inductance in the right

loop of the circuitis L. You do not need to find or solve any differential equations in
order to answer the questions in this problem.

Ry,
f’!ﬁ %;'1’
TR
+ 1y
E Tum I

kﬁlif(ll\‘ﬂ () gal h & + 0 ]1’: ry .“»“ "V .f
T' - J 20 ]/a; L |
Fordy 3 it § v
| -
) M o "j o ({ /’:) Z A o 1
¥, 797 s 35 S 7 EXLT dep

g WRIE p y
Cuitny St ﬁvgr{dk ) 7 é— j Np, —’-’-O

ho
=

:} - .]/1 '} ‘j C 'L"«'?J)f’t i\) ), k\f}’\ 7 b,(
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‘u

: ; o Vs
Jid ndd acdally {iag

(c) What is the energy stored in the inductor a long time later?
_.., = K &
U= 3 LT2 L~4 Q= BAusd
[. Y q‘:, Jg ,7\ I ’L .
Ao 26A L e
- ‘ I 2/ 7 R LSV P
j" Cl j f , —é) £ df’:ﬂo l?AL ' Yae, “
1 oot £t | [loe nas F ; ,
(d) A long, long time later, switch S is opek}led aga?ﬁ‘ Fmdl I, LI2 1 Ant"}?/ iﬁlglzdial{teﬁ"ﬁgﬂﬁg { }o &Mw)

after switch S is opened again.
{ ,. ,j-{.f /'.

ﬂg L‘“ “1[/ u%)

T T’L =~ 1,4

1 1 3 Y
‘ ! | F I L ala 1OV Py
(\ cga’ haul g | o “Y -
v

o f?‘l l' }fl’{
-0 N mobdiahtly

,\3/[53/% AS  bgfore \/

(e) Find 7, , I,,and /, along time after switch §'is opened.

0l
Y4



Problem 2 (25 points):

A conducting rod of mass m slides on frictionless rails in a uniform magnetic field B .
The magnetic field is directed out of the page. The rails are a distance a apart, and are
connected by a resistor with resistance R. At time ¢, the rod is a distance x(#) from the

resistor, moving with a speed v(¢) = dx(¢)/ dt (see sketch).

B out of paper

ONONORONCNONONONO
O ONONONORONONONO
R_-L-»@ ONORONO] ONONO
- Y % 4

P

ot U(ren J
"':! ({:‘-’" l/:z.{-fv '

(a) What is the magnetic flux @, attime ¢ through the circuit consisting of the
resistor, the rod, and the intervening rails, in terms of the quantities given?

O=08 ~F aX ,

(b) What is the emf in the circuit at time ¢, in terms of the quantities given? What is the
current? Show on the sketch clearly (by means of arrows) the direction of this current.

(3'“—-—~—~_—-O - LB & dx |

> g
¥,
L

horma'l 4 [ }m(r'm:a,-f-)
i1 : J
¢ { 9y, /U

—la /(1)




‘ff‘-l 5 f 041 v, / 0 b {'g‘a,vf

(c) What is the force F on the rod at time ¢, in terms of the quantities given? Give its
magnitude, and indicate its direction on the sketch. _ . T\ {
I was A [k/ﬂ_‘;ﬁ bb’{d qf n &

aluced i (eotatianc

> : Cale

to/ (¥ ! B - ==

ks 7: B I(L)(@ :I(,\, XB . Ic{ﬁ*?
(a M o o »'f*ddcfri'i”‘"Jr' P C‘” ;
“Gall (do T hee fo calulafé ﬂ
“r'\d ;/'

ot OPpasih ¢ P“’“x”?ﬁ force Bav a B
- R

2- 7

Ba’ v

ML

(d) What is the rate of energy dissipation at time ¢ due to ohmic heating in the resistor,

in terms of the quantities given? K
herg 28614

P-T2R »

—

D ot F
{gﬂrﬁmv 2 F




Problem 3 (25 points): /'- (:_‘j,’_l."- 'i 'h nie gn .}f’ .‘/'.;m Nne /7 e

|

The circuit shown below contains an @enerator which provides a source of
sinusoidally varying emf & =& sinwt, a reSistor with resistance R =62, and a "black

box", which contains eithe an inductor or a capacitor, or both. The amplitude of the
driving emf is &, =6 volt. We measure the current in the circuit at an angular frequency

@=2rad-s" and find that it is exactly in phase with the driving emf. We measure the
current in the circuit at an angular frequency @ =1rad-s” and find that it is out of phase
from the driving emf by exactly /4 radians.

path

Vie Ve ) e ?

R
Wy

a) What does the black box contain — an inductor or a capacitor, or both? Explain
your reasoning. Does current lead or lag at @=1rad-s"?

both /o

/"r‘(ﬂg

( ‘v a- Cj B) i
Cu (rend ; () , B /Iu”fﬁ > ¢
o [/\’{ [\g‘/ﬁl %" C I

<i dp(cy '(0 4 -57{! ¥,
o v




b) What is the numerical value of the capacitance or of the inductance, or of both, as
the case may be? Indicate units. Your answer(s) will involve simple fractions
only, you will not need a calculator to find the value(s).

D)o’J' an  poalk  af any

h £ lan, :
@ :7Lcm\' ( u & NLM(

Al Xe= l

/e{l\/{’ “l‘(, “'a‘){

.ﬂ]f?ugh; 5/)}‘,\9 H'J(F,\( )\\Ckb

—_ . -1 ! :
¢) What is ratio of the amplitudes of the current ot L : ) # 0 P ’0 > Wy (axﬂ,ﬂfﬁr
I (w=1rad-s™)

CSM—L,,}
5 <

COI"”?’Q / Ao L\/(%N

ol (ﬁﬁh,;,\g “5eL Qes Slegl
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Exam Three: Solutions

Section I: (25 points) Five Concept Questions. Please circle your
answers.

Question 1 (5 points): In an LC circuit, the electric and magnetic fields are shown in the
figure. At the moment depicted in the figure,

LB

s

44

QO g
%

%,

I

1

i

WA

a) the current in the circuit is increasing and the charge on the positive plate of the
capacitor is decreasing

b) the current in the circuit is increasing and the charge on the positive plate of the
capacitor is increasing

c¢) the current in the circuit is decreasing and the charge on the positive plate of the
capacitor is increasing

d) the current in the circuit is decreasing and the charge on the positive plate of the
capacitor is decreasing

Solution: (a). As the charge on the capacitor decreases the current increases.
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Question 2 (5 points): The switch on the circuit shown below is closed at 1 =0. Let i

denote the current through the resistor. Consider the current i(# =07) and the current
i(t =m).

R
DS YV L A—

a) i{t=0")-i(t=0)>0.
b) i(t=0")-i(t=0)=0.
¢) i(t=0")-i(t=0)<0.

Solution: (b) At i(z=0"), no current flows through the inductor and the capacitor acts as
a short so all the current flows through that branch and is equal to i(t.'= 0" )=V/R.At
i(t = ) , the inductor acts like a short and no current flows through the capacitor so
i(t=w)=V/R.Thus i(t=0")—i(t=c0)=0.



MIT PHYSICS DEPARTMENT X page 3

Question 3 (5 points): A driven RLC circuit uses a lightbulb for the resistor and is
driven at 1 Hz, below the resonance frequency of the circuit, so that the flashing of
the bulb can easily be seen. If a second light bulb is placed in parallel to the power
supply, this bulb will flash:

R

R
, close
P
sw1tch
XN ?

a) At the same times as the first bulb

b) Just before the first bulb
c¢) Just after the first bulb

d) Not at all

Solution: (c). Before the switch is closed the circuit, the circuit is drive below resonance
frequency so the current leads the voltage. When the switch is closed, the current and the
voltage throught eh second light bulb are in phase lagging behind the current throught eh
first light bulb, so the second light bulb goes off just after the first light bulb. '
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Question 4 (5 points): What is the value of the time constant 7 that governs the time
dependence of currents and charges in the RC circuit shown below? Assume that all
resistors have a common value R of the resistance and that the capacitor is initially
charged.

a) 7=(5/8)RC.
b) r=(8/5)RC.
)z =(3/8)RC.
d) r=(8/3)RC.
¢) 7=5RC.

f) z=(1/5)RC.
g) r=(5/2)RC.
h) r=(2/5)RC.

Solution: (d). The three resistors in parallel have an equivalent resistance of

R,, poraie = R/3. The two series elements have an equivalent resistance of R, .. =2R.
So the total equivalent resistance is the sum of these two R .= 2R+R/3=(8/3)R. Thus

the time constantis z =R, C=(8/3)RC.

series
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Question 5 (5 points) In Experiment 6, Faraday’s Law, a coil moves up from underneath
a magnet (with its north pole pointing upward as shown in the diagram) and then back to
its starting point. In the figures below, positive current is in the counterclockwise
direction when looking down on the coil.

©)

Moving from below to above and back, you measured a current of:

a) Athen A e) BthenB
b) CthenC f) DthenD
c) AthenC g) BthenD
d) Cthen A h) D then B

Solution: (b). When the coil is moving up but before it reaches the center of the magnet,
it encounters flux up and increasing so the induced flux is down and hence the current
flows clockwise when seen from above and thus is negative. After the coil passes the
center of the magnet, the flux is up and decreasing so the induced flux is up :
corresponding to a counterclockwise current which is positive. So the graph of the
current vs. time for this part is (¢). When the coil is above the magnet and moves down,
the flux is up and increasing so the induced flux is down corresponding to a clockwise



current. After the coil passes the magnet, the flux is up and decreasing so the i_ﬁduced flux
is up corresponding to a counterclockwise current which is positive so once again the
graph of the current vs time is (c).



Section II: Three Analytic Problems. Answers without work receive no
credit.

Problem 1 (25 points): In the circuit shown in the figure, the electromotive force of the
battery is¢, all the resistors are equal, R =R, =R, =R, and the inductance in the right

loop of the circuit is L. You do not need to find or solve any differential equations in
order to answer the questions in this problem.

S R R.
Y Ay
7, 2

(a) Find 7, , 1,, and I, immediately after switch § is closed.
The current through the inductor is zero at 7=0.because the self-induced emf prevents the

current from rising abruptly. Therefore, /3 =0 and /; = b.

Applying the Kirchhoff’s loop rule to the left loop yields

& &

R+R, - 2R

L=1,=

(b) Find 7, , 1,, and /; a long time later.

Now, there is no induced emf. Therefore, Kirchhoff’s loop rule gives
e-IR-LLR=0
for the left loop, and
LR-LR=0

for the right loop. Combining the two equations with the junction rule /; = b + I3, we
obtain



'"3R? 3R

Reg &
L=l,=—r=—o
Fasdonant g

(c) What is the energy stored in the inductor a long time later?

The energy stored in the inductor is given by
ool L) 1 (e}
2 e aR g B

(d) A long, long time later, switch S is opened again. Find 7, , /,, and /; immediately
after switch S is opened again.

The current through R, is zero, i.e., /; = 0. This implies that /; = I, + I3 = 0. On the other
hand, the right loop now forms a decaying RL circuit and /; starts to decrease, but initially
is unchanged. Thus, /> immediately after the switch is opened reverses and /3 stays the
same.

&
L=
* 3R
£
7= =
R

(e) Find 7, , 1,, and I, a long time after switch S is opened.
A long time after the switch has been closed, all the currents will be zero. That is,

1 3

L=1,=1,=0



Problem 2 (25 points):

A conducting rod of mass m slides on frictionless rails in a uniform magnetic field B .
The magnetic field is directed out of the page. The rails are a distance a apart, and are
connected by a resistor with resistance R. At time ¢, the rod is a distance x(7) from the

resistor, moving with a speed v(¢) = dx(¢)/ dt (see sketch).

B out of paper

OOOOOOLOOO

0P OOOQRO OO

s

ONORCHONO (CHORO!
R —) v
® © 00O OOo
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CRCRORCBONONCEO R,

(a) What is the magnetic flux @, attime ¢ through the circuit consisting of the
resistor, the rod, and the intervening rails, in terms of the quantities given?

Solution: At time ¢, the flux through the loop is given by
®, = [[B-di=Bxa
the: That we have chosen the unit normal out of the page and thus the flux is positive.

(b) What is the emf in the circuit at time 7, in terms of the quantities given? What is the
current? Show on the sketch clearly (by means of arrows) the direction of this current.

The electromotive force is equal to the negative of the time derivative of the flux

= 20 pu®_ By
dt . at
The magnitude of the current is equal to
7_lél_Bav
KR



The flux is out of the page and increasing so the induced flux must be into the page. By
the right hand rule this correspond to a current flowing in the clockwise direction .

(c) What is the force F on the rod at time ¢, in terms of the quantities given? Give
its magnitude, and indicate its direction on the sketch.

‘The induced force is given by

: 22
F= f&B nmen_gaven

The éurrent is diréctedl dowhwards ' the magnetié fields out of ihe page so the cross
product points in the opposite dlrectlon of the motion of the bar (opposing force). So the
induced force is i

Bza V

F = laB(-i) = (1)
Note: The problem states that at time ¢ the bar moves with a speed v(t) however it |
doesn’t explicitly mention that there are no other forces acting on the bar. There is no
additional external force pulling the bar in the direction of the velocity of the rod. There
are in fact two other forces acting on the bar, the gravitational force pointing downwards

and the normal force of the rails on the bar acting upwards. Since these forces add to
several, the force on the rod at time ¢ is only the induced force.

(d) What is the rate of energy dissipation at time 7 due to ohmic heating in the
resistor, in terms of the quantities given?

The rate of energy dissipation is given by

P=I’R=




Problem 3 (25 points):

The circuit shown below contains an AC generator which provides a source of
sinusoidally varying emf &= & sinwt, a resistor with resistance R =6, and a "black
box", which contains either an inductor or a capacitor, or both. The amplitude of the
driving emf is &, =6 volt. We measure the current in the circuit at an angular frequency
@=2rtad-s" and find that it is exactly in phase with the driving emf. We measure the
current in the circuit at an angular frequency @=1rad-s and find that it is out of phase
from the driving emf by exactly 7 /4 radians.

&) e ?
R
My

a) What does the black box contain — an inductor or a capacitor, or both? Explain
your reasoning. Does current lead or lag at @w=1rad-s"?

Solution: Since the current is exactly in phase with the inductor at @w=2rad-s™, the
'clrcmt is resonance and therefore the box must contain both an m_du_ct_or and capamtor m

series. For w=1rad-s”, the driving angular frequency is below resonance, therefore the ‘
circuit is acting capacitively, which means the current leads the driving emf.

b) What is the numerical value of the capacitance or of the inductance, or of both, as
the case may be? Indicate units. Your answer(s) will involve simple fractions
only, you will not need a calculator to find the value(s).

When @=1rad-s”, the phase angle ¢ =—x/4. So tang = tan(—z/4) =—1. Since

CUL..H._._]:._
tan¢:X‘:mX‘7— oC _

We have that for @=1rad-s”
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Solving for L then yields
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¢) What is ratio of the amplitudes of the current iRy ) ?
I,(w=1rad-s™)
At resonance w=2rad-s”:
Io((o:2rad—s“)=i=ﬂ=lA.
R 6Q
J'l'. l ll R ,r’v P o ‘I‘"V". A5
Below resonance \ !H ¥ f') | 07 4 £ / l o f/
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I(w=1rad-s7) = — % - %
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From the phase condition @L — % =—R, the amplitude at @ =1rad-s" becomes
w

£ L

b
(. 8

I(w=1rad-s")=

Therefore the ratio of the amplitudes of the current is

I(w=2rad-s')  &/R _,"D
L(w=1rads") g, /2R o
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