
The electromotive force is then 

d dz 
& = --¢>magllcliC: = -Ex- w = -Bxv.w > O. 

dl dl-

Note that the z-component of the velocity of the loop IS negative, v, < 0, so the 

electromotive force is pos itive. 

The current that fl ows in the loop is therefore 

I = [; = _B,V, lV > O. 
mel R R 

Note that a positive current corresponds to a counterclockwise flow of charge agreeing 
with our Lenz' s Law analysis in part (a). 

(c) Besides gravity, what other force acts on the loop in the ±k direction? Give its 
magnitude and direction in terms of the quantities given. 

Solution: There is an induced magnetic force acting on the upper leg of the loop given by 

- BVlV -
F = hv x B =-"--'--lV J' x B i = 

illtl R :r 
B/ v,w

2 
k > O. 

R 

Note that this force is in the positive k -direction since v, < O. 

(d) Assume that the loop has reached a "terminal velocity" and is no longer accelerating. 
What is the magnitude of that terminal velocity in terms of given quantities? 

Solution: If terminal velocity (denote the z-component by (v,)"",J is reached, some 

portion of the loop must still be in the magnetic fi e ld. Otherwise there will no longer be 
an induced magnetic force and the loop will accelerate uniformly downward due to the 
gravitational force. Terminal velocity is reached when the total force on the loop is zero, 
therefore 

- - -
F ilii/Jam - mg k = 0 

The substitute our result for (v')",m in the expression for the induced force to yie ld 

B 2(V) lV' - -
x = lerm k - mg k = 0 . 

R 

We now so lve thi s equation for the z-component of the terminal ve loc ity: 

PS09-12 



IIIgR 
(V;),erm=- B 2 :2 < 0. 

W ., 

Substitute the above results for (v'),,,m into our expression for the induced current to find 

the induced current at terminal velocity, 

(e) Show that at terminal velocity, the rate at wh ich gravity is doing work on the loop is 
equal to the rate at which energy is being diss ipated in the loop through louie heating. 

Solution: When the loop is moving at terminal velocity the power exerted by 
gravitational force is given by 

- _ ' ( IIIgR, ) III ' g' R 
= ·V = -117 k· - ---k = P gnlV,/crm Fgmv term g B:2 2 B:2 2 . 

x lV x W 

The power assoc iated with the l ouie heating at terminal velocity is g iven by 

2 :2 

p = (1' ) R=!!!....!I......R 
jim/I: ,1um inti ,1erm B 2 W2 • 

x 

Thus comparing these two last equations shows that 

p -p 
grav,lerm - JOII/c,lI!nn · 

PS09-1 3 



Problem 6: Generator 

A "pie-shaped" circuit is made from a stra ight vertical 
conducting rod of length a welded to a conducting rod 
bent into the shape of a semi-circle with radius a (see 
sketch). The circuit is completed by a conducting rod of 
length a pivoted at the center of the semi-circle, Point P, 
and free to rotate about that point. This moving rod 
makes electrical contact with the vertical rod at one end 
and the semi-circular rod at the other end. The angle B is 
the angle between the vertical rod and the moving rod, as 
shown. The circuit sits in a constant magnetic field Be" 
pointing out of the page. 

Bext 

o 

a 

(a) If the angle B is increasing with time, what is the direction of the resultant current 
flow around the "pie-shaped" circuit? What is the direction of the current flow at the 
instant shown on the above diagram? To get cred it for the right answer, you must 
justify your answer. 

The flux out of the page is increasing, so we want to generate a field into the page 
(Lenz' Law). This requires a clockwise current (see arrows beside pie shaped wedge). 

For the next two parts, assume that the angle B is increasing at a constant rate, 
dB(t)/ dt = OJ. 

(b) What is the magnitude of the rate of change of the magnetic flu x through the "pie­
shaped" circuit due to Bex. only (do not include the magnetic field associated with 
any induced current in the circuit)? 

~<D =~(B A)=B ~(rra"~)= B" ,a' dB = B",a' (j) 

dt B dt '" ,." dt 2rr 2 dt 2 

(c) If the "pie-shaped" circuit has a constant resistance R, what is the magnitude and 
direction of the magnetic force due to the external fi eld on the moving rod in terms 
of the quantities given. What is the direction of the force at the instant shown on the 
above diagram? 

The magnetic force is determined by the current, which is determined by the EMf, which 
is determined by Faraday's Law: 

PS09-14 



dBa' 
E = - cD = - "-' - (() =:> 

dl B 2 

F 'B _B",~,,--, a_' (()_ 
=:> = 1a = 

c.'t\ 2R 

The force opposes the motion, which means it is currently down and to the left (the cross 
product ofa radially outward current with a B field out of the page) . 

Bex! 

o 
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Summary of Class 26 8.02 

Driven LRC Circuits 
We can also add a force to our circuits - the AC power supply. In this 
case the current responds at the drive frequency. However, depending on 
the frequency of the drive, the current may be out of phase (either leading 
or lagging the drive) and its amplitude will also vary. This is easily seen :"", 
in mechanical systems. For a fantastic example, play with the pendula at -+1 --"";';;:;:'---ffiro 

the Kendall T station. Depending on how fast you drive them they will respond either in or 
out of phase with your drive, and they will either move a little or a lot. When you drive at 
the natural frequency, the amplitude increases greatly, and the system is " in resonance." 

One Element at a Time 
In order driven LRC circuits its easiest to start thinking about individual circuit elements. A 
resistor obeys Ohm' s law: V=IR. Neither the amplitude nor phase of the voltage depends on 
the frequency (the response voltage is always in phase with the current). 
A capacitor is different. At low frequencies the capacitor "fills up," but at high frequencies it 
begins discharging before "filling up." The voltage is frequency dependent and the current 
leads the voltage (current flows before the charge/potential on the capacitor appears). 
An inductor is the opposite - it hates the change of high frequencies and thus has large 
voltages there - and the current lags - the inductor fights before current flows. 
When put together in LRC circuits, the capacitor "dominates" at low frequencies, the 

inductor at high ones. At resonance (£lio = ~l/ L C) the frequency is such that these two 

effects balance and the current will be largest in the circuit. Also at this frequency the 
current is in phase with the driving voltage (the AC power supply). 

Seeing it Mathematically ~ Phasors 

1 
" 0 Y uc 

To do this mathematically we will use phasor diagrams. A phasor is a 
vector whose magnitude is the amplitude of either voltage or current 
and whose angle corresponds to its phase. Phasors rotate CCW about 
the origin with time as their phase evolves, and their current amplitude 
is their component along the y-axis, which oscillates as it should. 
Phasors allow us to add voltages that are not in phase with each other. 
For example, the phasor diagram above illustrates the relationship of 

voltages in a series LRC circuit. The current I is assigned to be at "0 phase" (along the x­
axis). The phase of the voltage across the resistor is the same. The voltage across the 
inductor L leads (is ahead of 1) and the voltage across the capacitor C lags (is behind 1). If 
you add up (using vector arithmetic) the voltages across R, L & C (the red and dashed blue & 
green lines respectively) you arrive at the voltage across the power supply. This then gives 
you a rapid way of understanding the phase between the drive (the power supply) and the 
response (the current) - here labeled 1/1. 

Important Equations 

Summary for Class 26 WIID2 p.2/3 



Summary of Class 26 8.02 

Natural Frequency of LC Circuit: 
I OJ ---

0- .JLC 

Current 

Driving Voltage Source: 

Current Response: 

Amolitude: 

Phase: 

;/\ ~uto r5 

- L J.i 
d1 

Summary for Class 26 

Vet) = Vo sin (OJt) 

1(/)=10 sin(OJ/-¢) 

vkn I" Jlfeci ioA ~1 
Cvrr~A 

Offost It, 
f)( [v(fl-r 

(j~IiJ~;"j I d,'SChor8:) 

WIID2 p.3/3 



Class 26: Outline 

Hour 1 & 2: 

Resonance & Driven LRC Circuits 

" 

I· 

l' 

Driven Oscillations: 
Resonance 

Mass on a Spring: 
Simple Harmonic Motion 

A Second Look 

v 
c'" ,i':,' .' 

Class 26 

... - ~ 

~;1tE (uf1D~J ' r(f'Q:{j 

quid; I r 
C{; (TQ>I~ Y1~ r {oil t i.,e Ii--'~ 

f\= \! _ 2s-v 

ski - / 
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Mass on a Spring 
(1 ) (2) We solved this: 

I . vd:; lINHlM1':' d' x 
F = - /(x= ma = m-\N~"'."'N .. dt' . ;; .. 

I 
~3 ) 

,,' .. , d 2x 
m- +ia:= O !(4) 

bt, l ~ 
dt' 

Simple Harmonic Motion IIHlmof .. 
I. 

X(I) = Xo cos(mol + ¢) 

, 

1" ' - I ", ,,' 
Moves at naturart:equenc,Y 

What if we now move ther all? 
Push on the mass? 

I 

l, 

Demonstration: 
Driven Mass on a Spring 

Off Resonance 

, . I I 
(,.,.. ()~" n tJ ( 

Driven Mass on a Spring -- Now we get: 

.,.. 

d'x 
F =F(t) - ia: =ma=m-

dt' 
• ," 0 F(t) d' r ......... .(:1'-- 1II-',+ia: = F(I) 

dt 

,tA1 Assume harmonic force: 
F(!) = Fa cos(mt) 

Simple Harmonic Motion 

X(I) = x""" cos(mt+¢) 
~oves at driven frequencY n... + 

'iIF tort€-
Class 26 

-cJ~ ~oL~ "/ [1,01 

, 
hO(MPIi Ie 

- ~.::&~ ~.fiO ,.,- 11 SQlvlin" 
-

( 

(nul (a l/l ~(.sfe"'1 

,>~r( Ie ( I) 

v 

2 



Resonance 

x(t) =Xmax cOS(wt+¢) 

Now the amplitude. xmax• depends on how 
close the drive frequency is to the natural 
frequency 

X
m

" A 
Let's 

),\ See ... 

v 

~, 

.:::::::-{e & 9 11.G{.f'{ Q.., 
....... -

~I!..!> JQrltf~r 1v ~re..,Q,t >1 t rOI'l 

6oifl~ h~ fir 

Demonstration: 
Driven Mass on a Spring 

.,.. . 

Resonance 

x(t) = Xmax cos (cot + ¢) 
x",ax depends on drive frequency 

Xm eK Many systems behave like this: . , A f:\ I:' 

ji\ 
S;Jn,l!s ' fV10vt~~fp 
Some cars ~ 

0.1 lop \ ~lfo"l 0 { 

'-1k:i ~u c/ cepPr 

iNlof (0 (1 

Kendall T Station 

... 

ro ,;. ... ~ 
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Famous Resonance Examples 

That wasn't really Resonance 
but Aeroelastic Flutter 

(It's impressive anyway) 

This next is really resonance 

... " 

Famous Resonance Examples 

Class 26 

as -fre~ , 

(Q( J 
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Electronic Analog: 
RLC Circuits 

Analog: RLC Circuit 

Recall : 
Inductors are like ~ (have inertia) 
Capacitors are like §jl[icgs (store/release energy) 

Batteries supply external force (EMF) 
,~ 

Charge on capacitor is like posHion, 

Current is like velocity - watch them resonate 

Now we move to "frequency dependent batteries:' 

AC Power SupplieslAC Function Generators 

Demonstration: 
RLC with Light Bulb 

Class 26 5 



PRS: RLC Circuit wi Light bulb 
As I slide the core into the inductor the light bulb 
changes brightness. Why? 

I am driving the circuit through resonance by .. . 

1. continuously increasing the frequency of 
current oscillations in the circult 

2. continuously decreasing the frequency of 
current oscillations in the circuit 

3. continuously increasing the -natural frequency 
of oscillations in the circuit 

4 . continuously decreasing the natural frequency 
of oscillations in the circuit 

5. I don't know 

Start at Beginning: 
AC Circuits 

Group Problem: Discovery 
Mathlet 

Driven RLC Circuits 

Class 26 

Ci 

¥: (' k(Q;l1'i t" j 

~ rlli~ cere pJ. of ~4.c..iOf­
(",(I\l.t.s i.) h."tcr \ 0 51 Ole CJ,OI;1t 

(dH/L~I~ 1 ,,~,.(Iv.'e) 
, 

J.tIc " -'-

6 



Alternating-Current Circuit 
• direct current (dc) - current flows one way (battery) 

• alternating current (ac) - current oscillates ___ I II 
-WI PQNt l 

I 

• sinusoidal voltage source I ~...;;;- , 

V (t) = Vo sin OJ! iL-~_"--<-;--~...I1 
m = 21i f: angu lar frequency 

Vo: voltage amplitude 

r 

AC Circuit: Single Element 
V; - V 

_ lelement l -

f-- Jj_~ 1 ~ 
= Vosinm( "-

I (t) = 10 sine mt - ¢) 
"" 

V=Vosin WI Questions: 

1. What is f o? 

2. What is ¢? 

~~ 

L 

AC Circuit: Resistors 
v, l v v. 

~ ... I I
R

= -.!!.. :;;:: ......2.. sin{J)( 0--
R R R 

R 
=10 sin (all-D) 1'= 0 

VR =IRR 
'0 and Va are In phase 

'V 

"A ;;:' V= Vosin fiJI 
Vo .. v, 

\iT I 

P'~' 

(kl) 

Class 26 

\ 
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AC Circuit: Capacitors 
I i---,~cf-__ Jj c(t ) = ~~ r.] o- =- (j)- e=vo,1 

c i rp __ ,,1 
Q I = mCVo cos tvt - 12 

Vc = c I = 10 sin(tV/- -y,) 

I I f---f~ ____ ---1 I leads Vc by n12 

I I,ll) 

r v~1 k3t 

, ( I' ' \1 - a, .p ~.e ' lill j/l 

Q(I) = eVe = evo sin 01/ 

~t>"'''f J J.\e -IX) 

O t1(Q..- OS&I/a}or 

(u(/~,tt' 

fI~JHe\ 

([,~., , , (;.10
' 
f - ~~. ), V C c;I'~"d '7 

~/f. ;0 He/It (0 {f~f 70 '" () ,,;j lief f f l ;~p ; 113 Vlt d t 15 I-j/ 

AC Circuit: Inductors 
- v, - i I L(I)=V;{ f s in wI dl ] =.!i. 

I. 
=- V~L cos wi 

o O1L 

V =L dlL " = /0 s in (WI- Y, ) tp=-
L dt 2 

~ I lags V by "'2 

Va Vusi" ttlf 

1
0

;;(\ ;~4) dI V V, , Vo -, 1 ~(,) 1 
_L = -f. = -.Q. sm fi)t . . . 
dl L L , 

/ ~'Q. 
, 

- '*" 

AC Circuits: Summary 
Current / 

Element 10 vs. Resistance ~ 

Voltage Reactance 

Resistor VoN In Phase R=R 
I? 

1 
Capacitor ",evoc leads Xc =-we 

Inductor VOL lags XI, =OJL O1L 
Although derived from single element circuits, 
these relationships hold generallyl ~. 

V 
~f 

I 

(nq, = l' CU((etlt flow"A ~ , 
{c/r((r1 PPO/IS 900 htfo(~ c/()Ua.~{ 

= 

Ir 1-. ,e 
~D ------------------------------

J~._'~3-/~~~~~~~~r~>~Q~~-~~;,~qL----­"'pe c.ll/ta; 1 
'L.\ <toy r~<Je. re{Q.t iPlJhip 
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PRS: Leading or Lagging? 

The pial shows the 
dnving voltage V 
(black curve) and 
the current I (red 
curve) in a driven 
RLe circuit. In 
this circuit, 

1. The current leads the voltage.! 

1''The current lags the voltage 

~on't have a clue. _ 

PRS: Leading or Lagging? 

The graph shows 
current versus voltage 
in a driven RLe circuit 
at a given driving 
frequency. In this plot 

0lI ri) The current leads the voltage by about 45' 
0lI 2. The current lags the voltage by about 45' 
0lI ( 3:\The curnent and the voltage are in phase 
0% 4..AJon't have a due 

I I 

f) o} t 'V-i\ ;,J~ ;'" I .. 0 f //1 P' Ilk 

Phasor Diagram: Resistor 

Class 26 

' ;"11 

relQ~ 'Vt dMprl"Je.s 
hiof ) ~ ley:, 

oJ!J +u g' ,'nQ-- Y -) ( Vrre /\T- V 
(0 mp d-vl' vp/lt</t -) C vrre.A / PCG!.It.,S 9rY 

~~~ '-) l~ 4-) CII'rren l 90" 

9 



Phasor Diagram: ~pacitor 

III 
-- ---- 1, ~ 

Ie leads Vc by rr/2 

Vo =/oXe 

l 
=10 -we 

9'=-Yz 

Phasor Diagram: Inductor .---

} 
h ---- - 10 

Vo = 10XI, 

= l owL 

1t 
fJJ='2 

Put it all together: 
Driven RLC Circuits 

Class 26 

fn :L\ t~ al.e5 
~'" ~II 

'f- eCts r 1-0 f v f-
roC) eN 
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Question of Phase 

We had fixed phase of voltage: 

V~I = V:o sin wi I(t) =10 sin(wf-¢) 
~ 

It's the same to write: 

cvrreA- ct, 1/ fl Sq«e 

i 

lJelemenll = Vo sin(wt + ¢) I(t) = 10 sin wt _/(I deliAleL t; IlL- j 
1 (Just shifting zero of tlme) ~, l-~='=~===~=:::="'-='-------

Driven RLC Series Circuit 
I~ v. -+- v, -+- v" _ 11(1) = 10 sin(w/) 

A.AA """ I I- . ( ) TYl ~ II V.=VROSID w/ 

R 1. C V - v: sin ((0/ +"') L- /.0 2 

Vc = Veo sin ({ill + -z") 

What is I. (and VR• =loR, VLO =/OXL' Vco =1.Xc )? 
What is 'P? Does the current lead or lag V,? 

Must Solve: 

Recall: Phasor Diagram 

Nice way of tracking magnitude & phase: 

nIl = V. sin ( OJ! ) ... ::\ 

~ Vo 

Notes: (1)As the phasor (red vector) rotates, the 
projection (pink vector) oscillates 

(2) Do both for the current and the voltage ~ 

Class 26 

to- eOisQ( -s'II'((J (().~ ,ctd d veJOI) 
c/0v'1( It j 

/ 
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Driven RLC Series Circuit 
1-", -1--1', -1--1',-1 ~ ~ 
r-;~ OL v: !! 

R I. C as -. 

f ~-----7,------ ~ ! 
~ 
~Io I VOR 

, , 
• 

Vac 

Now Solve: 'J 'c . 
VS = VR ~ VL +Vc 

Now we just need to read the p ~sor diagram! 

.'. 
~ 

, ! , ~GI( 1"0 J' 

i rd-dor .! tap, 4 J / 

Driven RLC Series Circuit 
)-~V. -+_~~'-I. 

R L C 

Q (t) = 10 :(llJt-q» 

v,s = ~VRO' +(v,0 -Vco)2= 10~R2+(XL-Xc)2= 1,Z~ ~ _____________ _ 

1/0 = 1; l iz = JR' + (X , _ Xc? I I, = tan-I ( x,. - Xc )1 ----- 2.. --,~:>,,--_fl.t-,,-,-,-; rI-+p-=9_J,_~tI\( __ t ------- -

Impedance . R r~ 

Class 26 

05 0-. fV'GI,~ 
0" t- t i,,-t -T" ~v(fCF) (·.,L 

- (Q" 4v(h/~ {?j 
- P, Q,r/(r 

;" <} £M.dra iv1 
""t (Ji' J Q ·r) 

9 (; (l 

o r. 

1) 
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PRS: Who Dominates? 

·1 
.'--
:\ 

The graph shows current & voltage vs, time in a 
driven RLC circuit at a particular driving frequency, At 
this frequency, the circuit is dominated by its 

11% 1. Inductance 
11% Jt!I. Capacitance 
11% '"3. I don't know 

PRS: What Frequency? 

-:1-,-1/---\,\ 

The graph shows cument & voltage vs, time in a 
driven RLC circuit at a particular driving frequency. Is 
this frequency above or below the resonance 
frequen9Y.of the circuit? 

0% (i) Above the resonance frequency 
0% ~f Below the resonance frequency _ 
0% 3, I don't know 

RLC Circuits: 
Resonances 

Class 26 

c 

(off, 9 F C ~a" !'F ? h ~1 ~ re£? 
Soot ~'?V<L , re f.o (\~{,,-( € f~ 1-
~ {( ('1 d v'drr { l ~' If-
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Resonance 
v. V. I . 

I - -.!!... - 0 . X -(tJL Xc=-
O- Z-~R2+(XL _XC)2 ' L - ' we 

At very low frequencies. C dominates (XC»XL): 

it fills up and keeps the current low 
At very high frequencies. L dominates {XL»Xcl: 

the current tries to change but it won't let it 
At intermediate frequencies we have resonance 

10 reaches maximum when XL = X c 

" 
C-like: 

<0 
leads 

IOJo = ,j~c 1 

Resonance 

Rl L-like:, 
~ >O 
I lags 

Demonstration: 
RLC with Light Bulb 

Class 26 

..... 

wLt" XL ~ ')\c ht~ will crJ.",le 
to/ vQ f" r \.MI - I (1c!JQrcl / 

JEt ><-
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PRS: RLC Circuit wI Light bulb 
Imagine another light bulb connected in ~ralle l to 
this LRC circuit. With the core pulled out that light 
Dulb wou a be flashing: --
0% $. before the LRC light bulb (leading) 
0% 2. after the LRC light bulb (lagging) 
0% . in time with the LRC light bulb 
0% 4. not at all 
0% 5. I don't know 

-~, 

- 0 
~I-o-

, , 
I 

RLC Circuits: 
leading/lagging 

-

r:rr PRS: Leading or Lagging? 
-~m 

The graph shows 
/ ~ current versus voltage 

in a driven RLC circuit 
at a given driving """'" 
frequency. In this plot \... V 
~ 1. Current lags voltage by -90· 
~ 2. Current leads voltage by -90· 
D% 3. Current and voltage are almost in phase 
D% 4 . Not enough info (but they aren't in phase!) 
0% 5. I don't know. 

""" 

Class 26 

~o tf <.. 

~ M c ivt. 
~ Y/9 ,tiJ ;~ JtfJe~J q" re lal;,~ sl-re'it6 --; 

~ Dr:. PJl/eJ. 'Iv 1-/ ( O/((r.tt-or dO.71 fr U tlj 
) , ;" d,.duA Ie e. j, l 

'('C~P;(~f(Y5 7 /or) 0'(: v'o lh&eJ 
p/ } 0" p p,..I:'r Sv/f!17 

To p 1 ;~ lt l 
~f} }?O"l 

Hl. 
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In Class Problem: RLC Circuit 

"~"j'" 11.1 lilt ;'f tcon, sider plots of Vel Vsand !.. "-'J u~ J made at 3 frequencies: 
... . 1I,.u: -a very low angular 
•• ."... frequency (100 S" ), a very 

i. ..i u~ resonance frequency, which 'M" j" high one (10
5 

S·,) and the 

I o~ uJ is somewhere in between 
.. 403'''~ .,. ... ... 

- -Each plot allows you to find la' ~[l:., one of R,L,C, In that order, .. tj.. which plot do you use, which J. _ _'" "~ frequency Is it and what are 
_ . .J'." the values of R, L & C? .... 
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Department of Physics: 8.02 

In Class W03D2 1 Solutions: RLC Circuit 

5.0 1.0 

~ g 2.5 0.5 ~ 
ro 

~ 00 +--\-~.---+--I---\---'\---f--I 00 '5 
~ > 
~ 

c3 -2.5 -0.5g-

-5.0 

Time 

U 
-1.0 

100 

~ 50 .s 

1.0 
;;-

0.5 OJ 
Ol 
ro 

~ 0 +--f--\.------\---I--f--\.------\--l 0.0 '5 
~ > 
~ 

c3 -50 -0.5g-

-100 

Time 

U 
-1.0 

2 0.4;;-

~1 02~ 
Ol 

C 0 +-f---lc--\--+-f----lf-----\---j 0.019 
~ ~ 
::J 
U -1 -0.20. 

-2 

Time 

ro 
U 

-0.4 

1.0 C-

0.5 ~ 
19 

00 ~ 

en -0.50.: 

-1.0 

10 ~ 

0.5 ~ 
ro -00 ~ 

-0 5~ 
'0.. 

-1.0 

10~ 

0.5 ~ 
19 

00 ~ 

en -0.50.: 

-1.0 

Problem: Consider plots of Vc, Vs 
and I made at 3 frequencies: a very 
low angular frequency (100 S·I), a 
very high one (105 S·I) and the 
resonance frequency, which is 
somewhere in between 

Each plot allows you to find one of 
R,L,C. In that order, which plot do 
you use, which frequency is it and 
what are the values of R, L & C? 

Solution: 
The resistance is most easily 
determ ined from the curve on 
resonance (the middle one, where 
Vs and I are in phase and Vc lags). 
At this frequency Z = R, so 

R = Vps = IV Ion 
I 100 rnA 

For the inductor to dominate we 
need to be at high frequency, 
where the power supply will lead 
the current which leads the 
capacitor (bottom plot). Here: 
Vo = l oX /. = I owL ::::;. 

L =~= IV 5mH 
wlo la' s I ·2 rnA 

At very low frequencies the capacitor will dominate. Now the power supply is the same voltage 
as the capacitor, and the plot shows one curve (current) leading the other two (top curve). Here: 

V = I X =!.L::::;. c =..!s", = 5 rnA 50 JiF 
o 0 C wC wV laOs '·1 V o 

In Class Problem Solution Class 07 (W0302) p. 1 of 1 
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Summary of Class 27 8.02 

Topics: Driven LRC Circuits 
Related Reading: Course Notes: Sections 12.8-12.9 

Topic Introduction 

Today's problem solving focuses on the driven RLC circuit, which we discussed last class. 

Terminology: Resistance, Reactance, Impedance 
Before starting I would like to remind you of some terms that we throw around nearly 
interchangeably, although they aren't. When discussing resistors we talk about their 
resistance R, which gives the relationship between voltage across them and current through 
them. For capacitors and inductors we do the same, introducing the term reactance X. That 
is, Vo=IoX, just like V=IR. What is the difference? In resistors the current is in phase with 
the voltage across them. In capacitors and inductors the current is n/2 out of phase with the 
voltage across them (current leads in a capacitor, lags in an inductor). This is why I can only 
write the relationship for the amplitudes Vo = loX and not for the time dependent values 
V=IX. When talking about combinations of resistors, inductors and capacitors, we use the 
impedance Z: Vo = 10Z. For a general Z the phase is neither 0 (as for R) or n/2 (as for X). 

-like: 
<0 
leads 

RI L-like: 
~>O 
I lags 

Resonance 
Recall that when you drive an RLC circuit, that the current 
in the circuit depends on the frequency of the drive. Two 
typical response curves (I vs. drive OJ) are shown at left, 
showing that at resonance (OJ = OJo) the current is a 
maximum, and that as the drive is shifted away from the 
resonance frequency, the magnitude of the current 
decreases. In addition to the magnitude of the current, the 
phase shift between the drive and the current also changes. 
At low frequencies, the capacitor dominates the circuit (it 
fills up more readily, meaning it has a higher impedance), 

so the circuit looks "capacitance-like" - the current leads the drive voltage. At high 
frequencies the inductor dominates the circuit (the rapid changes means it is fighting hard all 
the time, and has a high impedance), so the circuit looks "inductor-like" - the current lags the 
drive voltage. Notice that the resistor has the effect of reducing the overall amplitude of the 
current, and that its effect is particularly acute on resonance. This is because on resonance 
the impedance ofthe circuit is dominated by the resistance, whereas off resonance the 
impedance is dominated by either capacitance (at low frequencies) or inductance (at high 
frequencies). 

Summary for Class 27 p.1I2 
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Seeing it Mathematically - Phasors 
It turns out that a nice way oflooking at these 
relationships is thru phasor diagrams. A phasor is just a 
vector whose magnitude is the amplitude of either the 
voltage or current through a given circuit element and 
whose angle corresponds to the phase of that voltage or 
current. In thinking about time dependence of a signal, 
we allow the phasors to rotate about the origin (in a 
counterclockwise fashion) with time, and only look at 
their component along the y-axis . This component 

oscillates, just like the current and voltages in the circuit, even though the total amplitude of 
the signal (the length of the vector) stays the same. 
We use phasors because they allow us to add voltages across different circuit elements even 
though those voltages are not in phase with each other (so you can ' t just add them as 
numbers). For example, the phasor diagram above illustrates the relationship of voltages in 
a series LRC circuit. The current 1 is assigned to be at "0 phase" (along the x-axis). The 
phase of the voltage across the resistor is the same. The voltage across the inductor L leads 
(is ahead of 1) and the voltage across the capacitor C lags (is behind 1). If you add up (using 
vector arithmetic) the voltages across R, L & C (the red and dashed blue & green lines 
respectively) you must arrive at the voltage across the power supply. This then gives you a 
rapid way of understanding the phase between the drive (the power supply voltage V s) and 
the response (the current) - here labeled $. 

Power 
Power dissipation in AC circuits is very similar to power dissipation in DC circuits - only the 
resistors dissipate any power. The big difference is that now the power dissipated, like 
everything else, oscillates in time. We thus discuss the idea of average power dissipation. 
To average a function that oscillates in time, we integrate it over a period of the oscillation, 

T 

and divide by that period: < P >= 2. f P (t) dt (if you don't see why this is the case, draw 
To 

some arbitrary function and ask yourself what the average height is - it's the area under the 
curve divided by the length). Conveniently, the average ofsin2(wt) (or cos2(wt)) is v,. Thus 

although the instantaneous power dissipated by a resistor is P (t) = 1 (t)' R , the average 

power is given by < P >= + 19 R = 1';,."R , where "RMS" stands for "root mean square" (the 

square root of the time average of the function squared). 

Important Equations 
Impedance ofR, L, C: R = R (in phase), Xc = _1_ (I leads), XL = wL (I lags) 

we 

Impedance of Series RLC Circuit: Z = JR' + (XL - X c )' 

Phase in Series RLC Circuit: rp = tan - I ( X L ~ X c ) 

Summary for Class 27 

Look at phasor 
diagram to see this! 
Pythagorean Theorem 
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Department of Physics 

Problem Solving 8: Driven RLC Circuits 

OBJECTIVES 

1. To explore the relationship between driven current and driving emf in three simple 
circuits that contain: (I) only resistance; (2) only inductance; and (3) only 
capacitance. 

2. To examine these same relationships in the general case where R, L, and C are all 
present, and to do two sample problems on the LRC circuits. 

REFERENCE: Sections 12.1 - 12.4, 8.02 Course Notes. 

General Properties of Driven LRC Circuits 

An LRC circuit is the electrical analog of a mass on a spring. We distinguish two 
behaviors. In the first, we consider its "free" oscillations that occur when we "kick" the 
circuit (charge the capacitor or send a constant current through) and then stand back and 
watch it osci llate. If we do this we will see a natural frequency of oscillation that decays 
in a finite time. 

A second behavior emerges if we "drive" the LRC circuit with a source of emf with some 
(arbitrary) amplitude and frequency. If we drive the circuit with an emf V(t) = V. sin wt , 

where w is any frequency we desire (we get to pick this) and Vo is any amplitude we 

desire, then the "driven" response of the system is given by 

where 

[ 
1 1 wL- -

tan ¢ = R wC (8 .1 ) 

Note the "driven" response is at the (arbitrary) frequency of the driver, and not at the 
natural frequency of the system. However the system will show maximum response to 
the driving enif when the driving frequency is at the natural frequency of oscillation of 

the system, i.e. when w = 1/.,) LC. We can compute the average power consumed by the 
circuit by calculating the time average of J(t)V(t) (see Section 12.4,8.02 Course Notes): 

1 
(P(I)) = (1(t)V(t)) = - l oVo cos ¢ 

2 
(8.2) 

Solving 8-1 



Example 1: Driven circuit with resistance only 

We begin with a circuit which contains only resistance. The circuit diagram is shown 
below. 

R 

v = Vo sin Wt 

The circuit equation is 

IR(t)R -V(t) = o. 

Question 1: What IS the amplitude 1 RO and phase ¢ of the current 

IR(I) = I RO sin(evt -¢)? 
Answer: (answer this and subsequent questions on the tear-off sheet at the end) 

Question 2: What values of Land C do you choose in the general equation (8. I) to 
reproduce the result you obtained in your answer above? HINT: This is as easy (and as 
strange) as you probably first think. 
Answer: 

Question 3: What is the time-averaged power (PR(t) ) = (IR(t)VR(t)) dissipated in this 

circuit? You need to know that the time average of sin 2 ev t is (sin 2 ev t) = 1/ 2 . 

Answer: 

Solving 8-2 



Example 2: Driven circuit with inductance only 

Now suppose the voltage source V (t) = Vo sin (wt) is connected in a circuit with only 

self-inductance. The circuit diagram is 

The circuit equation is 

L 

V= Vosin 0)1 

Vet) = L dI 
dl 

Question 4: Solve the above equation for the current as a function of time. If we write 
this current in the form IL (t) = I LO sin(wt -¢), what is the amplitude I LO and phase ¢ of 

the current? You may need to use the trigonometric identity that 
sin(wt -¢) = sin wt cos ¢- sin ¢cos wt . 
Answer: 

Question 5: What values of Rand C do you choose in the general equation (8.1) to 
reproduce the result you obtained in the question above? 
Answer: 

Question 6: What is the time-averaged power (PL (t)) = (IL (t)VL (t») dissipated in this 

circuit? You will need to know that the time-average of sinwtcoswt IS 

(sinwtcoswt )= O. 

Answer: 

Solving 8-3 



Example 3: Driven circuit with capacitance only 

The ac voltage source V (t) = Vo sin (WI) is connected in a circuit with capacitance only. 

The circuit diagram is 

c 

'------{rv)---

The circuit equation for this circuit is 

Q -V(t)=O 
C 

Ifwe take the time derivative of this equation we get 

Ie d I e --- V(I)=--wV. coswt = O 
C dl C 0 

Question 7: Solve the above equation for the current as a function of time. Ifwe write 
this current in the form I e (I) = l eo sin(wt - ¢) , what is the amplitude I eo and phase ¢ of 

the current? You may need to use the trigonometric identity that 
sin(wt - ¢) = sin wI cos ¢ - sin ¢ cos wt . 

Answer: 

Question 8: What is the time-averaged power (Pe(t) ) = (Ie (t)Ve(t) ) dissipated in this 

circuit? You will need to know that the time-average of sinwtcoswt IS 

(sinwtcoswt ) = O. 

Answer: 

Solving 8-4 



Sample Problem 1 

The circuit shown below contains an AC generator which provides a source of 
sinusoidally varying emf 8(/) = 8

0 
sinaJI, a resistor with resistance R, and a "black box", 

which contains either an inductor or a capacitor, bllt not both. The amplitude of the 

driving emf, 80, is 100J2 Volts, and the angular frequency lV is 10 rad/sec. We 

measure the current in the circuit and find that it is given as a function of time by the ~ 
expression: /(1) = (10 Amps) sin(aJI + 7t/4 [Note: 7t/4 radians = 45 0 , tan (7t/4) = + 1J. _ 

l:I ~ol ~Iz. 1: , \.. 
Question 9: Does this current lead or V\.Ct) 0.. ( 1':,1(;>1 Q (" 

lag the emf c(/)=8
0 
sin( aJI) 

Answer: 

( vII )' \ .-_. [(t) 

Question 10: What is the unknown 
circuit element in the black box--an inductor or a capacitor? 
Answer: 

Question 11: What is the numerical value of the resistance R? Indicate units. 
Answer: 

- -T - 6 

160JL 
10 

?<:: . <_ . . . . 
.. 

"s~~R:d 1 ~ 0 
I 

SI/l(ciM * '~ l"6 
11\ ( t~l 8 
9ds p~lt.t. 

.1 0 1t.F+ 
C~ ~ j It€( lJ 

Question 12: What is the numerical value of the~acitance,or of -the inductllnce, as the 
----'"' 

case may be? Indicate units. 
Answer: 

-~- I -

L ::: 
/0 C 
'I 
~ ·0 

C 

c - Solving 8-5 
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Sample Problem 2 

The circuit shown below contains an AC generator which provides a source of 
sinusoidally varying emf 6{t) = Go sin( wt), a resistor with resistance R = 3 Q, and a "black 
box", which contains either an inductor or a capacitor, or both. The amplitude of the 
driving emf, Go, is 6 Volt. We measure the current in the circuit at an angular frequency 
w =1 radians/sec and find that it is exactly i hJI&e with the driving emf. · We measure 
the current in the circuit at an angular frequency (!J = 2 radians/sec and find that it is out 
of phase with the driving emfby exactly rc/4 radians. 

Question 13: What does the black 
box contain - an inductor or a 
capacitor, or both? Explain your 
reasoning. Does current lead or lag at 
w = 2 radians/sec? 
'= Answer: 

I," fh".~ Q.. 
J v J ~ Cot" "...,Jv.:1-r;y? 

.--' E (t) 

Nt Woo. '2 {"ad ( Je 
f C 

b(c Chd."e~~.M{ 
,lJf0M.c\trr JrJvyU "ccks :so W\'Y"eJI\-\- .l~s: vo I h9f 

f?'vt hl.~ly,.. fru,," 

Ch Q(' '\le,) pr d'>e COfCia/or d'l'· ; ,( ~( 7 cd (0 v f t-
Question 14: What is the numerical value of the capacitance or of the inductance, or of 
both, as the case may be? Indicate units. Your answer(s) will involve simple fractions 
only, you will not need a calculator to find the VaIUe(S)~ 0 
Answer: .... 1' _ L v _ .-L 

T \J t-.L - W "'- we.. 
.Lo ~ \J. = 0 \) 

6 1 ~9--!(yc tel 1- -l.", ~ -" ~ 
...'\> 4 J2 
ra~_V" 9'+ (~l'=m l:,mL~14)= \ C?5L)""kvi~ "'"?, 

'm Question 15: What is numerical value of the time-averaged power dissipated in this 
circuit when w = I radians/sec? Indicate units, that is the time-average of I(t) Vet) . You 
will need to know that the time-average of sin ' wt is Y:.. 
Answer: 

Solving 8-6 



Sample Exam Question (If time, try to do this by yourself, closed notes) 

A circuit consists of a battery with emf V, an inductor L, a capacitor C, and two resistors, 
each with resistance R, as shown in the sketch. The capacitor is initially uncharged and 
there is no current flowing anywhere in the circuit. The switch S has been open for a 
long time, and is then closed, as shown in the diagram. 

S R R 
H.J.! ,u.J.! 

~ ~ n. n'T 

) ;21 ) 

· v _. 
; 1 i3 

(a) Using Faraday's Law, what is the sum of the potential drops around the outer loop 
(the loop including both the battery and the inductor) if we move clockwise around the 
loop? 

(b) JllSt after the switch S is closed, what are the currents ii, i2, and i3 in terms of the 
given quantities? Assllme that the left loop of the circllit has zero inductance. You do 
not have to solve any differential equations to answer this question. 

(c) A long, long time after switch S is closed, what are the currents ii, i2, and i3? You 
do not have to solve any differential equations to answer this question. 

Solving 8-7 



(d) A long, long time after switch S is closed, what is the charge on the capacitor? You 
do 1I0t have to solve any differential equations to answer this question. 

(e) The switch S is now opened again. Just after the switch is opened again, what are 
the currents ii, i2, and iJ in terms of the given quantities? Assume that the left loop of 
the circuit has zero inductal/ce. 

R R 

) 

---,_ C 
L 

Solving 8-8 
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Department of P hys ics 

Tear off this page and turn it in at the end of class! !!! 

Note: Writing in the name of a student who is not present is a COD offense. 

Problem Solving 8: Driven RLC Circuits 

Group lie LO\ (e.g. L02 6A Please Fill Out) 

Names -,-rl_~v_~_<t_I_....:~.,...{_{(,_r.t_i...:..( _/ ___ _ 

Example 1: Driven circuit with resistance only 

Question 1: What is the amplitude I RO and phase ¢ of the current I R (/) = I RO sin(tV /- ¢) ? 

Answer: I RO : _________ _ ¢:- - ---

Question 2: What values of Land C do you choose in the general equation (8.1) to reproduce the 
result you obtained in your answer above? 

Answer: L: ________ _ C: ___ __ _ 

Question 3: What is the time-averaged power ( PR(!} ) = ( IR(t)VR(!} ) dissipated? 

Answer: 

Example 2: Driven circuit with inductance only 

Question 4: What is the amplitude I LO and phase ¢ of the current I L (I) = 11.0 sine tV t - ¢)? 

Answer: 1LO : _ _________ _ ¢:- ----

Question 5: What values of Rand C do you choose in the general equation (8. 1) to reproduce the 
result you obtained in the question above? 

Answer: R: ________ _ C: _____ _ 

Solving 8-9 



Question 6: What is the lime-averaged power ( PL (I) ) = ( IL (t)VL (I)) dissipated? 

Answer: 

Example 3: Driven circuit with capacitance only 

Question 7: What is the amplitude I co and phase ¢ of the current I c (t) = I co sin(mt - ¢)? 

Answer: Ico : __________ _ ¢:-----

Question 8: What is the lime-averaged power ( pc (t) ) = (l c (t)Vc (t) ) dissipated? 

Answer: 

Sample Problem 1: 

Question 9: Does this current lead or lag the emf c(t) = Eo sin (£J/ 

Answer: 
iJlllf 

Question 10: 
capacitor? 
Answer: 

What is the unknown circuit element in the black box--an inductor or a 
I 

COp f(fJ (}r 

Question 11: WlJli is the numerical value orthe resistance R? 

~= l~?- ==- /() \~ 12 
Answer:1Q_-'l'-'(}=-___ _ ~.'_'_ ___ _ 

Indicate units. 

Question 12: What is the numerical value of the capacitance or of the inductance? Indicate units. 

V ::- ±c :: LOA -) C ~ ~~ Answer: ' 'C. V·l I () o . 
Sample Problem 2: 

Question 13: What does the black box contain--an inductor or a capacito~ Explain 
your reasoning. Does the current lead or lag at OJ = 2 radians/sec? 

Answer: loss b/( ;I'~"chv / 
Question 14: What is the numerical value of the capacitance or of the inductance, or of both, as 
the case may be? Indicate units. Your answer(s) will involve simple fractions only, you will not 
need a calculator to fi~d the value(s) . 

Answer: L: '3( '1. 1" c. \ .S 
Question 15: What is numerical vaJue of the lim e-averaged power dissipated in this circuit when 
(j) = J radians/sec? Indicate units. 

Answer: 

Solving 8-10 



MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Dcpartmcnt of Physics 

Problem Solving 8 Solutions: Driven RLC Circuits 

OBJECTIVES 

1. To explore the relationship between driven current and driving emf in three simple 
circuits that contain: (I) on ly resistance; (2) only inductance; and (3) only 
capacitance. 

2. To examine these same relationships in the general case where R, L, and C are all 
present, and to do two sample problems on the LRC circuits. 

REFERENCE: Sections 12. 1 - 12.4. 8.02 Course Notes. 

General Properties of Driven LRC Circu its 

An LRC circuit is the electrical analog of a mass on a spring. We distinguish two 
behaviors. In the first, we consider its " free" oscillations that occur when we "kick" the 
circuit (charge the capacitor or send a constant current through) and then stand back and 
watch it osc illate. lfwe do this we will see a natural frequency of osci llation that decays 
in a finite time. 

A second behav ior emerges if we "dri ve" the LRC circuit with a source of ellifwith some 
(arbitrary) amplitude and frequency. If we drive the circuit with an ellif Vet) = V. sin ml , 

where m is any frequency we des ire (we get to pick this) and Vo is any amplitude we 

desire, then the "driven" response of the system is given by 

l(t ) = 10 sin(m 1-¢) 

where 

[ 
I 1 mL- -

1 = Vo tan '" = (Vc 
o , ' r R 

' ( I )-R- + mL - mC 

(8. 1) 

Note the "driven" response is at the (arbitrary) frequency of the driver, and 1101 at the 
natural frequency of the system. However the system will show maximum response to 
the driving ellifwhen the driving frequency is at the natural frequency of oscillation of 

the system, i.e. when m = l / .J LC . We can compute the average power consumed by the 
circuit by calculating the time average of l (I)V(i) (see Section 12.4,8 .02 Course Notes): 

1 
( P(t) ) = (!(t)V (I) ) = - l oVo cos¢ 

2 
(8.2) 

Solving solutions 8-1 



Example 1: Driven circuit with resistance only 

We begin with a circuit which contains only resistance. The circuit diagram is shown 
below. 

R 

'------1"-' }------' 

V=V"sin OJI 

The circuit equation is 

IR(t)R-V(t) = O. 

Question 1: What IS the amplitude I RO and phase ¢ of the current 

IR(t) = I RO sin(OJI-¢)? 

Answer: (al/swer this al/d slIbseqllel/t qllestiol/s 01/ the tear-off sheet lit the emf) 

Vo I - "'=0 RO- ii ' 'I' 

Question 2: What values of Land C do you choose in the general equation (8.1) to 
reproduce the result you obtained in your answer above? 
Answer: 

L = 0 and C = 00 (this value of C makes q / C zero) 

Question 3: What is the lime-averaged power (p,,(t)) = (1,,(t)VR(t)) di ssipated in this 

circuit? You will need to know that the time average of sin ' OJI is (sin' OJI) = 112. 

Answer: 

v:' v:' (p,,(I) ) = (1"(I)V,, (I) ) = _0 (sin' OJI ) = _0 
R 2R 

Solving so lutions 8-2 



Example 2: Driven circuit with inductance only 

Now suppose the voltage source V (I) = Vo sin (WI) is connected in a circuit with only 

se lf-inductance. The circuit diagram is 

The circuit equation is 

v, _I 

L 

V= Vnsin WI 

V(t)=L
dI 

dl 

Question 4: Solve the above equation for the current as a function of time. If we write 
this current in the form I ,. (I) = 1'.0 sin(wl- ¢) , what is the amplitude 1'.0 and phase ¢ of 

the current? You may need to use the trigonometric identity that 
sin(wl-¢) = sin wlcos¢-sin ¢COSWI. 

Answer: 

V. 11.0= - and ¢=1f/2 
wL 

Question 5: What va lues of Rand C do you choose in the general equation (8.1) to 
reproduce the result you obtained in the question above? 
Answer: 

R = 0 and C = 00 (this value of C makes q 1 C zero) 

Question 6: What is the lillie-averaged power (P'.(t) ) = (I L(t)VI. (t)) di ss ipated in thi s 

circuit? You will need to know that the time-average of sin W I cos W I IS 

(s inUJlcoswl )= O. 

Answer: 

I ,JI) = 110 sin(UJ 1-1f 12) = -(Vo IUJL) cos WI 

V, ' 
(p' (t))= (I, (t)V, (t)) =- w~ (CosWlsin (j)f) = 0 

Solving solu tions 8-3 



Example 3: Driven circuit with capacitance only 

The ac voltage source V (I) = Vo sin (WI) is connected in a c ircuit with capacitance only . 

. The c ircuit diagram is 

c 

L-----~rvr------

The c ircuit equation for thi s c ircuit is 

V= Jlos in WI 

Q - V(t )= O 
C 

If we take the time derivative of this equation we get 

Ie d Ie --- - V(t) =---wv' cosw l = 0 
C dl C 0 

Question 7: So lve the above equation for the current as a fun ction of time. If we write 
this current in the form Ie (t ) = l eo sinew 1- ¢) , what is the ampli tude l eo and phase ¢ of 

the current? You may need to use the trigonometric identity that 
sinew 1-¢) = s in w I cos ¢ - si n ¢ cos wI. 

Answer: 

l eo =wCVo and ¢=-JrI2 

Question 8: What is the lillie-averaged power (Pe (I))= (Ie (t)Ve (I) ) dissipated in thi s 

circui t? You w ill need to know that the time-average of sin w I cos w I is 

(s in WICOSWI) = O. 

Answer: 

Ie (t) = leo sin(w l + Jr/2) = v,wCCOSilJl 

(Pe (t) ) = (Ie (t)Ve (I)) = Vo' wC (cos wI s in WI) = 0 

Solving solutions 8-4 



Sample Problem 1 

The circuit shown below conta ins an AC generator which provides a source of 
sinuso idally varying emf e(r) = eo sinwt, a resistor with resistance R, and a "black box", 
which contains eilher an inductor or a capacitor, bill 1101 bolh. The amplitude of the 

driving emf, eo, is 100.fi Volts, and the angular frequency OJ is 10 rad/sec. We 
measure the current in the circuit and find that it is g iven as a function of time by the 
expression: 1(1) = (10 Amps) sin(OJI + n/4) [Note: n/4 radians = 45 0

, tan (n/4) = + I). 

Question 9: Does thi s current lead or 
lag the emf Ef..1)=eo sin(OJI) 

Answer: 

The current leads the AC generator, 

that is, it peaks before the driving 

voltage. 

~. £(t) 

. . . . . . 

R 

Question 10: What is the unknown circuit e lement in the black box--an inductor or a 
capacitor? 
Answer: 

The unknown circuit element must be a capac itor, because the current is lead ing (need a 
current to charge and hence get voltage on the capacitor). 

Question 11: What is the numerica l value of the resistance R? Indicate units. 
Answer: 

In this series RC circuit we have: 

tan¢= tan (:) = I =; => X c =R 

J = eo eo 100.fi Volts = 10 Amps 

o [R'+ Xc'T' [R' +R' J' 12 . -.i2R' 
=> R = IO Ohms 

Question 12: What is the numeri ca l value of the capacitance or of the inductance, as the 
case may be? Indicate units. 
Answer: 

T h . . C I I e capacItance IS = - = -;------.,.-,---,-
OJR (10 rad ians/sec)( IO n) 

I 
- Farads = 10 mF 
100 

Solving solutions 8-5 



Sample Problem 2 

The circuit shown below conta ins an AC generator which provides a source of 
sinusoidally vary ing emf 0(1) = "0 sin(wt) , a resistor with resistance R = 3 Q , and a "black 
box", which contains eilher an inductor or a capacitor, or bolh. The amplitude of the 
driving emf, "0' is 6 Volt. We measure the current in the circuit at an angular frequency 

w = 1 radians/sec and find that it is exactly in phase with the driving emf. We measure 
the current in the circuit at an angular frequency w = 2 radians/sec and find that it is out 
of phase with the driving emf by exactly rr/4 radians. 

Question 13: What does the black 
box contain - an inductor or a 
capacitor, or both? Expla in your 
reasoning. Does current lead or lag at 
w = 2 rad ians/sec? 
Answer: 
It must contain both because that is 
the only way to get the drive exactly 
in phase with the current (unless there 
are neither, but that wasn' t an option). 

.. .. .. . 

~~ [ (t l ·····2·· ·· ··· 
; T~~~) !T 
.... . . . 

Question 14: What is the numerical va lue of the capac itance or of the inductance, or of 
bOlh, as the case may be? Indicate units. Your answer(s) will involve simple fractions 
only, you will not need a ca lcul ator to find the value(s) . 
Answer: 
There are two unknowns (L & C) so we need two equations: 

I 
wL- -

. I wC I 
At w = I s I : tan" = tan 0 = 0 = I => L = - -I " R w' C 

I 

I 
(J).,L---

I " 7r - w,C I At w, = 2s' : tan" = tan-= I = - => w,L--- = R 
- 4 R - w,C 

Solving: R=w, L - _ I- = w, _~ _ _ _ I_=> C = -,-(w; __ 1_ ) = _ 1_ (2 s -'!" s) = .!.. F 
- w,C - wl-C w,C R wl- W, (3 Q) 2 2 

. 1 I 
L=-= 2 H 

wl' C (l s" )(1/2 F) 

Question 15: What is numerica l value of the lillie-averaged power di ss ipated in thi s 
circuit when w = 1 radians/sec? Indicate units, that is the time-average of I(/)V(I). You 
will need to know that the time-average of sin ' w I is y,. 
Answer: 

_ I [; ' (6 v)' 
On resonance: P = _ 1' R = _0_ = - -- = 6 W 

2 0 211 2(3 0 ) 

Solving so lutions 8-6 



Sample Exam Question (If time, try to do this by yourself, closed notes) 

A c ircuit consists of a battery with emf V. an inductor L, a capacitor C, and two res istors, 
each with resistance R, as shown in the sketch. The capacitor is initi ally uncharged and 
there is no current fl owing anywhere in the c ircuit. The switch S has been open for a 
long time, and is then closed, as shown in the diagram. 

S R R 

) ) 

i 21 
· v 

i 1 i3 

1 L 
C 

(a) Using Kirchhoff s Loop Rule as modified for inductors, what is the sum of the 
potential drops around the outer loop (the loop inc luding both the battery and the 
inductor) if we move clockwise around the loop? 

V . R . R L di, 0 -1 -1 - - = , , dt 

(b) Just after the switch S is closed, what are the currents i /, i2, and i3 in terms o f the 
given quantities? Assume that the left loop of the circuit has zero il/ductal/ce. You do 
not have to so lve any differentia l equations to answer this question. 

i, = 0 Inductor prevents change fro m no current 

i, = i, = V / R Capacitor looks like a wire 

(c) A long, long time after sw itch S is c losed, what are the currents ii, i2, and i;? You 
do I/ot have to solve any di fferentia l equations to answer thi s question. 

i, = 0 Capacitor is full 

i, = i, = V/ 2R Inductor looks li ke a wire 

Solving solutions 8-7 



(d) A long, long time after switch S is closed, what is the charge on the capacitor? You 
do 1101 have to solve any differential equations to answer thi s question. 

The capacitor is in parallel with the 
resistor and inductor. The inductor isn' t 
doing anything at this point, so 

. V CV 
Q ~CVc ~CVR ~Ci,R ~ RC-~-

2R 2 

s 

· v --

--> 
i 1 

R 

'" 
R 

'" 
) 

(e) The switch S is now opened again. Jllsi (ifler the switch is opened again, what are 
the currents i /, i2, and i3 in terms of the given quantities? Assllme Ihal Ihe lefl loop of 
Ihe eircllil has zero illdllclallce. 

R 

) 

---,_ C 
L 

Just after the switch is opened the inductor will try to keep the current the same as it was 
just before the switch was opened, so 

i, ~O 

i, ~ -i2 ~ V/2R 

lt's an open circuit 

Inductor looks like a wire 

Solving so lutions 8-8 
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Department of Physics 

8.02 Spring 2010 
Problem Set 10 

Due: Tuesday, April 20 at 9 pm. 

Hand in your problem set in your section slot in the boxes outside the door of 32-
082. Make sure you clearly write your name and section on your problem set. 

Text: Liao, Dourmashkin, Belcher; Introduction to E & M MIT 8.02 Course Notes. 

Week Eleven AC Circuits 

Class25WIIDI MffAprl2113 

Reading: 
Experiment: 

Class 26 WIID2 W/R Apr 14115 
Reading: 

Class 27 WIID3 F Apr 16 
Reading: 

Undriven RLC Circuits; Expt. 8: RL Circuits and 
Undriven RLC Circuits 
Course Notes: Sections 11.5-1 1.11 
Expt. 8: RL Circuits and Undri vcn RLC Circuits 

Driven RLC Circuits 
Course Notes: Sections 12.1-1 2.7 

PS08: RLC Circuits 
Course Notes: Sections 12.8-12.9 

Week Twelve SelfInductance & Magnetic Energy 

M Apr 19-T Apr 20 Patriot' s Day Holiday 

Class 28 WI2D2 W/RApr21 /22 

Reading: 
Experiment: 

Drop Date Thurs Apr 22 

Class 29 W 1203 F Apr 23 
Capacitor 
Reading: 

Expt. 9: Driven RLC Circuits, Maxwe ll 's Equations 
and Displacement Current; Poynting Vector & 
Energy Flow. 
Course Notes: Sections 13.1-1 3.3, 13.12.3-13.12.4 
Expt. 9: Driven RLC Circuits 

PS09: Poynting Vector and Energy Flow in a 

Course Notes: Sections 13.1-13.3, 13.1 2.3-13.12.4 



Problem 1: Show that 

A COSll)/ + Bsin OJI = Q", cos( OJI + ¢) , 
where 

Problem 2: In an LC circuit, the e lectric and magnetic fie lds are shown in the figure. 
Which of the following is true? Expla in your answer At the moment depicted in the 
figure, the energy in the circuit is stored in 

C 

1= 0 

-Q~ +Q~ ~ 
I . the e lectric field and is decreasing 

2. the electric field and is constant. 

3. the magnetic fie ld and is decreasing. 

4. the magnetic field and is constant. 

5. in both the electric and magnetic field and is constant. 

6. in both the e lectric and magnetic field and is decreasing . 

Problem 3: In a freel y osci ll ating LC circuit, (no driving vo ltage), suppose the maximum 
charge on the capacitor is Q"" .,. Assume the c ircu it has zero resistance . 

a) In terms of the maximum charge on the capacitor, what value of charge is present 
on the capacitor when the energy in the magnetic field is three times the energy 
in the electric field. 

b) How much time has elapsed from when the capac itor is fu lly charged for thi s 
cond ition to arise? 

c) Ifthe resistance is non-zero, will the natura l frequency of osci llat ion compared to 
the natural frequency of the ideal LC c ircuit (with ze ro resistance) 

i) increase 
ii) stay the same 
iii) decrease 



Problem 4: A toroi do il co il has N turns, and an inner radius a, outer rad ius b, and 
height h. The coil has a rectangular cross section shown in the fi gures below. 

f1PJ\,frrrJ 
b 

D t f 
a 

"- h 
.J, 

~ CL 

< 
b axis 

The coil is connected via a switch, S" to an ideal vo ltage source with electromotive 

force [; . The circuit has tota l resistance R. Assume all the se lf-inductance L in the 

circuit is due to the coil. At time 1= 0 S, is closed and S, remains open. 

R 

r·s~ ) ~ L S, -.!L 
£ C 

1 T 1 
a) When a current I is fl owing in the circui t, find an express ion fo r the magnitude 

of the magnetic fi e ld inside the coil as a function of distance r from the axis of 
the coil. 

b) What is the se lf-inductance Lofthe co il? 

c) What is the current in the c ircui t a very long time (t » LI R) after S, is c losed? 

d) How much energy is stored in the magnetic fi eld of the co il a very long t ime 

(t » LI R) after S, is closed? 

For the next two parts, assume that a very long time (t » LI R) after the switch S, was 

closed, the voltage source is di sconnected from the circuit by opening S" and by 

simultaneously c los ing S, th e toro id is connected to a capaci tor of capac itance C . 

Assume there is neg li gible resistance in thi s new circuit. 



R 

s, 
c 

T T 
e) What is the maximum amount of charge that will appear on the capacitor? 

f) How long will it take for the capacitor to first reach a maximal charge after S, 

has been closed? 

Problem 5: For the underdamped RLC circuit, with R' < 4LIC, let 

y = (1/ LC -R'/4L'yt' anda = RI2L. 

(a) Show by direct substitution that the equation 

has a solution of the form 

(b) Denote the current by 

Q(t) = Ae-m cos(yt + ¢) 

J(t) = dQ(t) = Fe-m cos(yt + ¢ + fJ) 
dt 

Find the constants F and fJ in terms of R, Land C as needed. 

(c) Calculate the energy loss due to joule heating after one cycle of oscillation. For 
simplicity assume that ¢ = o. 



Problem 6: Review Experiment 8: RL and Undrivcn RLC C ircuits Read 
Experiment 9: Driven RLC Circuits 

R ~ C -

L---Irov}-__ -1 

V(/) 

Consider the circuit at left, cons isting of an AC function 
generator ( V (I) = Va sin (cot) , with Vo = 5 V), an inductor 

.L = 8.5 mH, resistor R = 5 n, capacitor C = 100 I-lF and 
switch S. 

The c ircuit has been running in equilibrium for a long 
time. We are now going to shut off the function 
generator (instantaneously replace it with a wire) . 

(a) Assuming that our driving frequency (j) is not necessarily on resonance, what is 
the frequency w ith which the system will ring down (in other words, that current 
will oscillate at after turning off the function generator)? Feel free to use an 
approximation if you wish, just make sure you know you are. 

(b) What (numerical) frequency Jshou ld we drive at to maximize the peak magnetic 
energy in the inductor? 

(c) In this case, if we time the shut off to occur when the magnetic energy in the 
inductor peaks, after how long will the e lectric energy in the capacitor peak? 

(d) Approximate'fy·how much energy will the resistor have dissi pated during that 
time? 

Problem 7: A s~ries RLC circuit with R=IO.On , L=400mH and C=2.0jiF is 

connected to an AC voltage source V(I) = Va sin cut which has a maximum amplitude 

Va = 100 v. 

(a) What is the resonant frequency coo? 

(b) Find the rms current at resonance. 

(c) Let the driving frequency be co = 4000 rad/s . Assume the current response is given by 
1(1) = 10 sin(col-¢) . Calculate the amplitude of the current and the phase shift between 

the current and the driving vo ltage . 



Problem 8: The c ircuit shown be low contains an AC generator which provides a source 

of sinusoida lly varying emf C= Co si n 11)/ , a resistor with resistance R = 6 n , and a 

"black box", which contains either an inductor or a capacitor, or both . The ampli tude of 
the drivi ng emf is Co = 6 volt. We measure the current in the c ircuit at an angular 

frequency 11) = 2 rad ·S·I and find that it is exactly in phase with the driv ing em f. We 

measure the current in the c ircuit at an angul ar frequency 11) = I rad · S·I and find that it is 

out of phase from the driving emf by exactly Jr / 4 radians. 

? 
• rv E(l) 

R 

a) What does the black box conta in - an inductor or a capac itor, or both? Explain 

your reasoning. Does current lead or lag at 11) = I rad · S·I ? 

b) What is the numerical value of the capacitance or of the inductance, or ofba/h, as 
the case may be? Indicate units. Your answer(s) will involve simple fractions 
only, you will not need a ca lculator to find the value(s). 

) Wh · . f h I· d f h l o(I1)=2rad. s·
I
) ? c at IS ratIo 0 t e amp Itu es 0 t e current I . 

1
0
(11)= 1 rad· s· ) 
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Template:SI electromagnetism units 
From Wikipedia, the free e ncyclopedia 

SI electromagnetism units 

Symbol[I] Name of Quantity Derived Units Unit Base Units 

1 Electric current ampere (SI base unit) A A (= W/V = Ci s) 

Q Electric charge coulomb C A s 

U, /::;V, /::;rp; Potential difference; 
volt Y 2 - 3 - 1 

E Electromotive force llC = kg·m·s ·A 

R;Z;X 
Electric resistance; Impedance; 

ohm n VIA = kg·m2·s- 3·A- 2 
Reactance 

p Resistivity ohm metre n·m kg·m3·s- 3·A- 2 

p Electric power watt W Y·A = kg·m2·s- 3 

C Capacitance farad F C/V = kg- I·m-2·A2·s4 

E Electric field strength volt per metre VIm - 1 - 3 N /C = kg·m·A ·s 

D Electric displacement field 
coulomb per square 

C/m2 -2 
metre As·m 

c Permittivity farad per metre F/m - 1 - 3 2 4 kg ·m ·A·s 

Xe Electric susceptibility (dimensionless) - -

G; Y;B 
Conductance; Admittance; 

Slemens S n - I = kg- I.m - 2 s3 A2 
Susceptance 

K , y, (J Conductivity siemens per metre Si m - 1 - 3 3 2 kg ·m ·s·A 

B 
Magnetic flux density, 

tesla T 
Wb/m2 = kg.s- 2.A - 1 = 

Magnetic induction - 1 - 1 N-A ·m 

1) Magnetic flux weber Wb Y.s = kg·m2·s- 2·A- I 

H Magnetic field strength ampere per metre Nm Am - 1 

L,M Inductance henry I-I 
Wb/A = Y s/A = 

2 - ? - ? kg·m ·s -A -

11 Permeability henry per metre HIm - ? - ? kg·m· s -·A -

X Magnetic susceptibility (dimensionless) - -

References 

This reference list does not appear in the article. 
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LC Circuit 
It undergoes simple harmonic motion, just like a 
mass on a spring, with trade-off between charge on 
capacitor (Spring) and current in inductor (Mass) 

/=0 / = l'nA~ ------.. /=0 1=/m!l' ...--

c c 

L . 1=+ Q=O 
/~----=7 

(=0 ",., 
/' 7 

L I=tr Q=O 
< 7 

< , 

Qm,., 

s CY -0 lB B --- ---+-

\I lII a\ 

t mnJITnh ":,0 
I , l' tU~ .~ 

"=0 ~-:- --k 

11/ I ~ 111 

~/I --I 
,<'"ur ~- I }~ -T -:r=ur 

x=O x=O x=O .1" =0 

P25-2 1 

Il 

L 



--'f, 

____ ~ ______ ~X ,~ -~ m~~~-I~--------
~# ('V'I_ ¥Oc.J ~'(OVL- ~ _ LW 
_~~_OL-~O~~~~ ~(' -).A;l 'X 6 ____ ---'<-__ _ 

_ Be.~Sel. -VD 
__ - -¥.Jrb :; t () 1\ - / \)v'Jrv-

-----~~-~Tt - YO 
____ -::d==f/l':±I~1 5 ~t1.{ .IM ~ i l) ~ ~~ 

\ , 

( ,\ : rT'f 
____________ ~X~~TI J1f 

-- --~---------



--------------~~~ )~~d---------------------
bO_~1-'--Q t,-------7 _ :0 ~~OS v1J.i.) j-~;'1 h }'---__ 

---------- Or o!,J.At,. fi n ~;(\.Mtf -------
~ -----

Do( r \ 
I 



J-4[QVtJ 2. \­

------- ---,,-,-Q yY\ " Q~ 

~ ~ +tl" ~) ' .-O~~ ~-) 
-- ~(Q~ ) 

~ : hl1 ~I (s ~ a _j 
C o j (j 

~-~------if; =- J~tt - I (t6:tt ~)J ­
L P __ 

_ MvCl ... be Her 1 



-----i e-- \ E:= 
______ -+----lE::::"' 

-e= 



___ ...:.:d<..'..J-) ---==:::f1.~-m.\L/~'((\~> ->o,-,-t _ /"l V\X C kQ(~ e oUr' (~ ~ I (<t10I'/ lJ~a ~ va,l,A! ... 
t/{ dorgt i W"'PeJ.I' ; 0 n h (ep I(a i-o r '" 112>1 

_______ -U~~+-L clt O~---------T- 01-
--------------

________ ----'h""~'_'__i i'f r,--",,,~_ " u f rei ~ 

_________ -"'-C""hO*--':, -}L -----------
~ __ ------L...---- 6 r -Ov--

______________ ~Q~, ~~lCc ~d~r __ -
~+-

--------- '-, 
Or (/g If (>"lflr~ ':/ 

________ ~CJ_L.2...::::....I,,~ V ___ ~_ ... ________ __ 
- f) 1.. 

-----------==-....-<'~~~L r? :::: l,(11 
7.. L Z - 2 C. - -== -'=---"'--- -----

- ___ -1[ (1) ~ a6~~ LujJ 
~1&r l' ...:.' _ _ _ 

cJL( 
--------------~ - ----------

_ M_tf.:lc_l.s.....::-d::.:...«':.-,...I ___ ___ \;Je, wafl1 -Vv~v1- UB :: ml-~ ________ _ 
u,. .. ",k;,\ 
~t---------

_---'U ~ 3Jf 
_ _________ .,./ i Uc ____________ __ 



_______ 6r ~V\o\.V~~t p~ose 1h~ 0(((/(3 wf'----____ _ 

U (\L -i j , ~-
_______ ~~ _~ co6 )4 / ' ______ _ 

- 2( /' 
-------~U-~ ~QQ CQ~~?~.lL-----------~--

'2 )--
-"'-~_ I 05 kO ' 

( 

U ~ L2~~ --;;;?{-L tj­
---------/ - -~ ~ 

_______ -'-~-'-"-1(0", ~ (rJIJ J(J{ f 0 {-o Q ": 

_____ -'Ur W'~ v6~ Vvu~L1e_ ~ ~,-,----v0J"--",-,-k"",,t}'-L-___ _ 
______________ ~UB ~JU~ 



__ ---'--___ ~~ ()f')I!Vl r ed~r1} 
____ ~--~0.1~ t bfA.v<! to l\~ I' 

k :: 1}'1fc 
'3 

--------',tj) ~...l'J! ~o ~ I 
Ufc 

--------;--_JA1o- ;LS£jl L ----­
t!lc 

______ £1) _ Ild.lvrc;tL f~~ W(oU _ b<'.. fi SaML ____ _ 

\(0 li CO.\ rbls) SQ{! tn((~ (I' R}-lQ£,Or, It 

a 
nib '(<, [,\H~ 

_ ___ -:--____ ~ _~ - Jo~ I'oJ 
---------- -- - - -------

---------~~ - -



-----,L~ 
L 

lVQtJ Ar~rLi la.. (jl' iOlrus 

_______ --'-(-"-'ed"-"((),={>/_t~_'_'o/'__'_(_'_'_VS _ _""'!p cur(rrri Cart S PlIt 0 { ~p...IC __ _ 

_ COv/ e Shovl~ be dblt In J,) _ 
- jwi ~ol cPMfo,jah It 



- + 

--- --.,.. -

- + 

- ~ 

+ 

- + -

---- + 

- ---- - -+ 

+ 

- -- + 

T 

0-

f 
~ 

---.fuV" ~ ~ r ;e l r ; ~dvtt (I ~ ( {. 

________ - J;J{d~ 0111 (v(t:eri" __ 

dr 



-- <L Crfalt t fp~( 

----t- .& ~. hl_~_-c~tflL-0~- -------=-= 
---------------~ 

-- - ----

------ ---

-------t-! - -

-------"i-f-) _ i [P'v rt\tI(JI 11'0r9/ 

\L : 11~ - 2 

Gfortd.- ,r (Oa 'CA v'QL7 10'[9 t lV'{ 
_-=->-cz -,-,f+w ~Y;{Gh C{O~ed 

r.--- ---- --

L::c w.lv'e () f ; '1 ~t,-,{) r_ __ ______ _ 

fOv'l J ; 11 fbI f'--=0..'-'--_______ _ _ 

___ ~N~w ~----~--~IO-,'~-t~I~---,.-a-{-~-~~~~l~L-5-t J-/--;~, - (~-O-~-~-d--

___________ o..lL~ 52. "" c lose ~ 
fIIo reoi'OtW>it 
I U-- C;f()/;r) 



- - .... 

ro' (I "~C " 4, 1. - 0 
1dH., hi' ~ JiL' ,-L r", ';;1 ( T ,,) d r. r 

Sol U, 0 Of y) /~l -,--_ ___ _______ _ 

[0 J /r r Ie, 1:' [ 
-=---.~ - (. ---

-------'uc _~ 1 ~ z c 

~ '1 tk old J)~ ~w U( __ 
_ _ ~ l -l{o tv 2Ct{liJ -

, l-l1f r:r:. 
----- -+---- --

f-'-J{ 6 N ~)J)~ -
~ f/l rt'J..- ~ 2-::---_____ _ 

tile '( c,,'#ex - 0« 

________ --"'\N'-',,'d (,.1 /,t~ jl\D~tJ J;1 (;L( f"~1 
_____ ''Ui l' 'i '-,,"lj.~ 'f" 0IP(jJ( ~'-__ 



(ea.,~ 

____ -'-___ 'f---'=dc...:.r:/'-'--[ -------,,?It fh: ) wk .!:.:.l('_" _' _--.-_,.... 

____ ---+-___ --'-t-"-'ol_ JI{;,r il,;! ~ rreq ;1 'ill 

---~,-,. r 
~!) rI (~ 'l I -------~ ~~j--

- - -----

c------~ -



oL::- , 

r!.<::P 
!':T: ~o 

1M:::' IA.. __ 

----- Q!U : Ae-J 
I- ~(Yl---;-~-J-----

---,---..l,U~~6.-.~ ,zrF {!- ~~* (9 ,[y f-d) ~ Y e. 'l t-s ;m~ 

~ ____ ~J-,,2-Q=----=-~A T~L e -rrfC;; 111 t ¢ ~-y e -r,t ;i/li1Lt-(21 
eLF t=- ,~ I 

---------"'-"'--- ,,-)I ,- t A ~-t:--ct. t ~ 
_----'-+--'---,('c"--',.y ,-e &11' l~Y' t-r e [osLtft¢)-

______ -----"~'_"__j "-------'-I '-'--(\. ---"J~;r.'_"__J-----"e q" --L~"'---il _ -"<1C ~ __ ____ _ 



_____ J d 2(1 i M ~ -t d -6-------
dtl.- cH l 

____ -=-L It ~ L £ -de;; ~¢ ) 1- rJ. Y --e ---::tJ.X:: s~/\. ~~-

. + !i Y e -rJ..k 6:" {,(I r¢) _ ~, -(fO f Co5~~ 

----R 11 ["- e ""r~ to 'rt) - t e -~ ) SiA {'(f 1f/J-.-,--t- _ 

__ ~_(~I t~ ~~frli7I ~~ ___ _ 

C\I\J ~t war o]r ode fo 0 

_______ r='=---~do=" i~re~I\7 ...,ani h) rel,/;rITe.A( I ~ tl S l , ' t 

----~L"-'-'A'----ffi~ e ;kJ Coo ITL -y~, ,r, 9 C f L " , 

_______ 'L~~-~~i 11 ~;cfvf 
_______ .::..;<bJ--'------' ~(_,__i oJ\ CQ~( Ie) e Jr h 

~ ____ r L 0( '2 - U 1 - R c;( + q _(('UL,s --,,-C--'.,-j -,-=--J _f --'-¢ f--) __ _ 

-~----'---------'=--\- -C lLY-~ - ~ Y-J 01 {t f t-~6,_' _ _ _ 



__ -----!.l)_ DeI\Ql-e w {(e,lj- t==-------_ 

I1 t) :c slJitJ:o- F e -o--~y f ~ Uft)­
_______ ----,-----_ J + 
--_~ ___ ~ Ore f Q,1d i- (, ;" arms e0LC --= 
___ -,------_y, eil & __ It [- dL e -~05 ( l( f- r¢ J--=-Ye -ctJGf1l l( iJJ 

dJ- - "tt 
-- ~ 

__ ~_T~ ~ cfJ&ffi t¢) - ~';"r&-7!J--__ _ 
_____ ~JJt 10vl lo~et- naT la> r O( f j1 ~ 
___ _____ '~50=rw. tbl~ ?t~lVt '0 d HAg) (" ;d 0 f ~r;;:( 

n-)'Sk:1--1 1:.)--------------



c Cd /((lin H AEtJ.1 1~& II&i (J fler I --L-¥G Ie. , 1t-~~UF!'f.. i ::r0 __ _ 

____ +-__ ID"'rA~~ fAdlJr UV ' :: ).M!D'l. - '{L 
- ---+1 -

\r.I ------;----' () -
----t--- _ SLc-= 

_ ______ 0 r Jp (/ eJllt'11 v(~ - 0--=:'-----

_ -----"'Or 11-y g i"L oJ'l - -Q-o e 41: c~ w}J I r)) 

I?" IleLg 1 (,5 /% I nrou.th n re~& l 0 /' 

.oD = T' 1IL 
---- ~ --

__ cJr U -- C:<a= 
---- ~ 

~---
'7...C 

e Xcep ~ 

J (.j --:::-.r-~A - ~. V 
d4 

- F 
I r ~ rID 
,fer OY1fv~ ~ - ---- ---



- ,c, 

------------~~~-

__ L -:c'g~ M r' ______________ _ 
R = 5Jl--=-_______ _ 
C~)({)p _____ _ 

____ -'--__ '--'rv.-'-!'rI(I"-'--,~('J_ r_, ,,·jbr Tv"l ~/ )O~~ 1"'£_-________ _ 

_____ ____ ...Y ~I ~([ (",/llirt 9&rrJ/-o r I ".J ""'!/f.. __ _____ _ 

---,,_-.< __ ~ 456 V/'J ~/Jd.~~- 11 tJ ~ ;e~50t.dt.~ tJ/' 1f'i?IJM/I(f r= ,=-_ 

--------'\,,<:- ...L~-t.:....c..~t~> ;~,""]"i"; ~~'~~I~.,r"~ih;; ;;j:~ 
____ -c-_---+(:,,_ p'kr __ ~(J(..b a1 curle-Ii ""iii ff() vv"PJ fvrll r?(C. _ 
____ -'-__ ....:...tv::....' -"-.£1_10 r . f.rfi«.,f 0 r )1-------

_______ ~~~~~ -l-~~-~~~~~-jj~~~£~.h~ir-=~----
__________ --"-'U Le- - J1T:7oo l' ",-/wi v>;l-s It, ttl ;ro ~ 

c ydCfPr ~eWt1(1 
f ~ ~ ~ (ad/c; e. c. 

, 
____ O!d..~~ 

2Tr 
t~ d~ I (1eed to CfJ1J/d 10 t-/e..,·J ~f.!> tJlJd Fora<!i. 

________ --"'or / ~f !L-P d; tI eM (t.) j. fYll ( r.<:....~=r=" ./-'---"---I _ __'_I7'_""w.:.:.c;,tlc..::do 



F \ 
v+ L N:::--~;J~ /'rfJUr.O qe 1,-
~11r.t1 SeC+'\> vv( Of'3 rOl> 1 

- --+ -

------
0 ..... " -- - + 

------+- -

-------<I -

----+-1--

------1-

- - -- - t-

- -- t---

---- - ~ 

-----+-- --

----+--- -

- - - -+ 

---- ~ 

t 72b~r-IL­
_ - mvc;-l bd ~ ( 

___ ----i' _ __ _ _ _ 

----- - ------

~ t If t ; ~ Uf()~1 J j -l 

It> s (;\ (fJ tel ,~ )_ 



+ 

~ -

to 

--- -- ~ 

~ /fl J\I~+o r lqm)" ~fe) Ai hr~h freq; &":"ce ;f 
~;lI~jtJ (C\ p:J {hr{"-8e5 GficI Cv/rtAf ",,'1/ 1~ 

PetlJ _ 1'I\a.3~i;( _ &{I'~~ VB lS \r'~" ({Ii e;(J/~ I' in 
III dvcJQ[ - JA;h;(~ ,> ~f lfr~e5r f rltt, 

_ UL - ~ LI'Z ~ Ufi 

K;+-- [;Vt G\,lsp ltvwlf h fY1C()<~"':~e I -Vih Jq 
vv;IT --dO 0:1/10 

[;/.. IJ' dr;A:n <:£,aptfl' /-Il L 

U I L, 2 ..:: Ll/ ?... 
t-~::: :2 -ro 6 

2~ 

PU:;;(;Gf,t!t ~J7t fil'l{ t - Jl;I ;-/ cvL For wl,p) F0iI 
-li~~U 1.v~1\ l fp f v'1 Ln([ Mell t-re'(; ~ _ 

Y'1.N<. L (>af r eSO,Q;lf!.- Ereq 

.w", ~ y,{/o- - -L _ 
JU ... 



---L) ----'I~a th ~J ( ~J~ If ItVt j-;Nt ~>~3off- +0 occvr 
/.J 4A It 'fV1~(J9-.-o{(( £'WB }'-I" r ~ 1" Uvcror fCP G 
oJ-f-w ~~ )0"8 ",, ;/1 e~(~-y /" ~Ol/ottor Pt-i(~ 

.t- T 
L 

'i' T = -1 -------- t 
------ L J-=: 

T 2 In ,~ 

- ---

+ 



c 

f"e1'9t \ ~ U ::;-Ll V 

dv ~ JI\[( 
d-l-- -d+ \ I 

I d-D ! I)e~d f.\ (ILl F;o,rll J.;reJuf( - (o1~J-

1 ~ lL =0--' ~&;~~t =- 10 d'\ -4<J 
---~ ~ -1-----"<-­

L _ ~Jy' lA::- I ~L 

POl'v'pr ..: I V Cot> Q _ ,_'='---__ 
'I' P~Wif (cLrf~ r 

- -- ----------
,/, ; 

j i 



9 t l?J"17., h l L 0 0 1 2 

S 
2hhI09'''J 

o 7../5 ~-

tf &9f\ tlln/OfY. -

-rILl 
")~~hl 09' -:: Jhj. )J'sOLj 00 I ~\ = 1 

JII(,IW cl~/' r I 'dl 

"5 I M'I~ VI 'l1jtO/1 )) 0-

J..Jd4\1)~5 L2 STlJp· p~dIo~ 

ta~JoJhJ" 
J, 

CJ ()~ 

1P·~~ d ~{ 

rJtPJtJ <~f ./OI"'<JJ ~'8; 

~ ----

.. \Jtv'lO 

~--



7. 

__ ------"~I1J ;) rQ)-;:;;i fL~~4Lo-r;-~ ______ _ 

---~Jt;- \ - I -
~ ____ o JL~~~M(~11 

011-" br=6J ~ CfY\~(/((Q~.J- e<J (eSf}(lqA( ~,-----______ _ 

----_~ J(!Vl-) ~ -=tD-
If; 

0_ 

J f/"~{44{,L{ - ~),----'L_ 
. lLZ=---



1---­- -- , 



---------'eW e ~ d(;J;It~ r~ (& =-l{OcJO rcJ.dZL'-'sec"------_ 

!tS5vlf'{\e 11e. (Vr (9ll /- (p!?(.]tlfl 5e ~ '> 5-'-=!vfi..CI\-'------"'~+7 _____ _ 

~-------=:::l=-->--{"-r)~ _::--=To b\~ ( JAt J - f) 
P::1V=I '2 jt 

-------------- --

________ ---A'Xc =- L=-:c---
J.t( 

-----4 = tQII -I ( 4L;..SL_Q. --':. t-"t::.!,.' .:::...9-+-)--------
_________ 1 o_~ -----,(,---. _J/t~--'-lLL ~ Ll!3' !6;X20_Q'1....L~ ____ _ 

---------------'¢fL-~--1 (lo1l r~d;ul'j>---,----____________________ _ 
~ (--~Q¢~a~Lc_ 0'------

_______ - Xc o..ir"Qd--;::: ~ ________ _ 
___ ---+ ______ '----"c;\.J r e.sOftaM t ~ ~._~ ____ ,---__ _ 
_______________________ 1' ~~;rb :~ ~ n (<It 
_________ ____ 15~ __ 

(PoOf1{I"(~ ~ rl:::: Q _ 
_ fP. 

---- -



_____ --L~ : ~ Q6- )6! =- n· ~VTQ7===~~------­
_ J ~7Tlx~t? 1 

____ ----;-____ .:::::-~fc:(1;O~vl\~<I-J..Ilith:~ rC'(t ~ ______ _ 

________ ~ ___________ 7~07 ~~~~S---------------------

-----, --



L-- 71· 

-f\--) -=t 
" I 

,,1\N1 .... 

-----------G-~ :: 2utrlLs ~(\.---­__ j ;", fh rt~~ Iv~ht elA f 
J1 :_lvdhe( --

_________ ____ _ ------"..::(),,-'----t of ph C(5e ~ nd&v-j-

l 't ~e ~ rO Hp"L so I v(I1j-1 S({l'1-r I e._ frob (e r~ 

_ _____ ~ i'rI thi be Mtrc. &r ;f- 1-1' he lL ~ h§U{ 

_______ dC+~___'_1 rrAJ.lsli t4. (a./calor w:P b.e led ;!' q 
______ ----"'S9-CI!W?A+ I tctds .JL~L J 

hJ RJ;tlJ 15 [ 01' d c~ 

IH tMj il rIA d ~ ::: hll ¢:::: ~Q ~ O : 
>t ,U{I-L=-._L [7 !!JC 1: 

8.- V0:7T 
r' d' r w e '{("ce. I 

~'t - 1;;;Jl$t( At - +MI 11l -
! - -

- &'/. I - 1--
tPt t C 

IZ 



----

-----

ML'k L-L 
__ ~v<J.i. t( 

60 lve fa r (\ 

_ t1 
- I~ 



---- -------- ---

---c.) -Whd.i i~ ~ (~~;o of ~. {If''fi;1vJfLJJ f tl( __ _ 
c (;r((J,,~ 

1 0 I,M..:: 2 raJ ,cc) 
;to Uf(:::- l('o..~ 5~ 

1MJ-=-1- ~ 

- - - - -+ - --

r,2- -1-[, 2'1-~) z. 
l ,ll 

[ ::: .9J P 7 f3 

I 9997~'j 
- dJ9 7"81 

~ ~ 5. 'he.. c.uW't I'l~ 
w~ 'It. ... ·07 . . _ 

'-l 

r , ~~ it do L", t5 t1 G"clt?e -

Y.(i,rJ. ~£(( es {,:,.wd at! (v((' ef1 fj 
5'rJ.~ 



8.02 

MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Department of Physics 

Problem Set 10 Solutions 

Problem 1: Show that 

Acos aJI + B sinaJI = Qm cos( cot + ¢) , 

where 

Qm = (A ' +B' ),/' , and ¢ = tan-1 (- B/ A). 

Solution: Use the identity 

Qm cos( co/ + ¢) = Qm cos(co/) cos(¢) - Qm sin(co/) sin(¢) . 

Thus 
A cos(co/) + B sin(aJI) = Qm cos(co/) cos(¢) - Q

m 
sin(ev/)sin(¢) . 

Comparing coefficients we see that 

Therefore 

(A' + B') = Qm' (cos' ¢ + sin' ¢). 

So 

( ' ' )V' Qm = A- +B- . 

Also 

tan ¢ = sin¢ = - B/ Qm B 
cos¢ A/Qm A 

Hence 

Spring 2010 



Problem 2: In an LC circuit, the electric and magnetic fields are shown in the figure . 
Which of the following is true? Explain your answer At the moment depicted in the 
figure, the energy in the circuit is stored in 

C . 
r", 0 

-Q .. +Q ... d 
g-; 

.~ 

I. the electric field and is decreasing 

2. the electric field and is constant. 

3. the magnetic field and is decreasing. 

4. the magnetic field and is constant. 

5. in both the electric and magnetic field and is constant. 

6. in both the electric and magnetic field and is decreasing. 

Explain your answer. 2. The total energy in the LC circuit is constant since there is no 
resistance and hence no dissipation of electromagnetic energy into thermal energy. At the 
moment depicted in the figure the capacitor is completely charged, with maximum 
electric fie ld strength between the plates, and electric potential energy stored in the 
electric field. Immediately after the instant depicted in the figure, the capacitor starts to 
discharge, the electric field strength and electric fie ld energy decreases. At the moment 
depicted in the figure no current is flowing, so the magnetic field strength is zero and 
magnetic field energy is zero. Immediately after the instant depicted in the figure the 
current flows clockwise and the magnetic fie ld strength and field energy increases. But 
the decrease in the electric field energy is equal to the increase in the magnetic field 
energy. 



Problem 3: In a freely oscillating LC circuii, (no driving voltage) , suppose the maximum 
charge on the capacitor is Q,,,,, . Assume the circuit has zero resistance. 

a) In terms of the maximum charge on the capacitor, what value of charge is present 
on the capacitor when the energy in the magnetic field is three times the energy in 
the electric field. 

Solution: The total energy is constant hence 

Suppose Urn" = 3U"" . Then the electromagnetic energy in the system is 

Q,,,,, ' - U + U - 4U _ 4 Q' 
2C - dec mag - eler - 2C 

We can solve the above equation for the charge on the capacitor and tind that 

Q= Q,,,,, . 
2 

b) How much time has elapsed from when the capacitor is fully charged for this 
condition to arise? 

The initial conditions for the charge and the current at time I = 0 are 

Q(t = 0) = Q,,,,, 

/(/=0)=0 

Tberefore the charge on the capacitor varies in time according to 

Q(t) = Q~" cosaV 

where llio =../1/ LC . When 

we can solve for the time, 

I = _I cos-'(l / 2) =../ LC(Jr / 3) 
llio 



c) If the resistance is non-zero, will the natural frequency of oscillation compared to 
the natural frequency of the ideal LC circuit (with zero resistance) 

i) Increase 
ii) stay the same 
iii) decrease 

Solution: The frequency of oscillation for an underdal11ped RLC circuit is less that the 
frequency of oscillation for an ideal LC according to 

2 (R)2 ({i)LC) - 2L = -27< 



Problem 4: A toroidoil coil has N turns, and an inner radius a, outer radius b, and 
height h. The coil has a rectangular cross section shown in the figures below. 

b 

f c]t[[tr:[] 
!\. <.-.. w .... .. . . ." ... ·.·.w .. -•. · .. -.·.-..... .. '1 

L 

a 

D f 
h 

~ 
axis 

The coil is connected via a switch, SI' to an ideal voltage source with electromotive 

force G. The circuit has total resistance R. Assume all the self-inductance L in the 
circuit is due to the coil. At time t = 0 SI is closed and S, remains open. 

e ·· c;, 

T 

R 

s. 
S2 ~ 

c 

I 
a) When a current 1 is flowing in the circuit, find an expression for the magnitude 

of the magnetic field inside the coil as a function of distance r from the axis of 
the coil. 

Solution: The magnetic field is zero for r < a and r> b. Choose a circle of radius r 
with a < r < b for your Amperian loop (see figure below). 



Then the left hand side of Ampere's Law, dB. df = Po! ~'" ' becomes dB. df = B2JZT . 
circle circle 

Since all N turns cuts tbrough theAmperian circle, ~he right hand side of Ampere's law 
becomes Po!,", = PoN! . So setting the two sides equal yields 

E2m· = PoN! . 

Thus the magnitude of the magnetic field in the toroid is non-uniform (varies with 
distance r from the center) and is equal to is 

B= N! 1
0, r < a and r > b 

~ a<r<b 
2;rr ' 

The field points in the clockwise direction when viewed from above 

b) What is the self-inductance Lofthe coil? 

Solution: We first need to find the magnitude of the magnetic flux through the toroid. 
We need to integrate the non-uniform magnetic field over the cross sectional area of one 
turn so we use for the area element da = hdr . Then the 

r=b 

f B·dA = N f BdA = N f PoN! hdr 
. 2n,-

torOId olle tum r =Q 

PoN'h In(b / a) ! . 
2n 

The magnetic flux through the toroid is proportional to the current, 

N f B·dA=Ll. 
onelurn 

The constant of proportionality is called the self-inductance, 

L= N f B.dAll. 
one /unl 

The unit of self-inductance is the henry, [H], [H] = [T . ", ' ]/[A] and is given by 

PoN' h In(b / a) 

2n 



c) What is the current in the circuit a very long time (t » L/ R) after SI is closed? 

Solution: A very long time after the switch SI was closed, the cyrrent is steady so the 

inductor acts like a short and the current in the circuit is 

J=5 / R 

d) How much energy is stored in the magnetic field of the coil a very long time 

(I » L/ R) after SI is closed? 

Solution: The energy stored in the magnetic field .is equal to 

U =~LI' = floN'hln(b/ a) 5 ' 
m'g 2 4;rR' 

For the next two parts, assume that a very long time (I » L/ R) after the switch SI was 

closed, the voltage source is disconnected from the circuit by opening SI ' and by 

simultaneously closing S, the toroid is connected to a capacitor of capacitance C. 

Assume there is negligible resistance in this new circuit. 

R 

c 

T I 
e) What is the maximum amount of charge that will appear on the capacitor? 

Solution: When the switch S, is closed the current in the circuit is J = 5 / R. The 

maximum amount of charge occurs when all the magnetic energy is converted to 
electrical energy 

We can solve the above equation for the maximal charge on the capacitor 



2CPoN' h In(b / a) s/ R. 

4" 

f) How long will it take for the capacitor to first reach a maximal charge after 5, 
has been closed? 

Solution: It will take one quarter cycle, or 

t=]..T=].. 2" = " .JLC=" CPoN'hln(b / a) 
4 4 Wo 2 2 2" 



· . , / I ( / '/' )1/' Problem 5: For the underdamped RLC cIrcuIt, R- < 4L C , et y = I LC - R- 4L-

anda = R/2L. (a) Show by direct substitution that the equation 

has a solution of the form 

(b) Denote the current by 

Q(t) = Ae-a
, cos(yt + ¢) 

I (t) = dQ(t) = Fe-a> cos(yt + ¢ + fJ) 
dt 

Find the constants F and fJ in terms of R, Land C as needed. 

Solution: (a) The first approach is by direct subst itution. Calculate the first and second 
derivatives 

dQ =-aAe-a> cos(yt+¢)-yAe-a, sin(yt +¢) 
dt 

d'Q 
- ,- = a' Ae-a> cos(yt + ¢)+ ay Ae-a

, sin(yt + ¢)+ yaAe-a> sin(yt + ¢) - y' Ae-a> cos(yt + ¢) 
dt-

Then the differential equation becomes 

becomes 

0= L (a' Ae -a' cos(yt + ¢) + ay Ae-a> sin(yt + ¢) + ya Ae -a' sin(yt + ¢) - y' Ae-a> cos(yt + ¢)) 

+R ( - aAe-a> cos(yt + ¢) - y Ae-a> sin(yt + ¢)) 

+ ~ (Ae-a
, cos(yt + ¢)) 

This simplifies to 



RHS = ( L( a ' - y2) - aR + ~ J Ae-"' cos(yt + ¢) +((2La - R) y ) Ae-a, sin(yt + ¢) 

Recall that 

Thus 

Also 

, , (/ )2 (/ 'I ' ) R2 1 a - -y-=R2L -ILC - R 4L =---
2L C 

R 
(2La-R)=2L--R=O 

2L 

So both coefficients on the RHS vanish hence 

RHS = (L( a 2 - y2 )_ aR + ~ )Ae-a, cos(yt + ¢) + ((2La - R) y ) Ae-a, sin(yt + ¢) = 0 

(b) From part (a) 

1 = dQ = - aAe-a, cos(yt + ¢) - y Ae-"' sin(yt + ¢) = e-"' (C cos(yt + ¢) + D sin(yt + ¢)) 
dt 

where 
C=-aA and D= -yA 

Using the results from problem 1 

1 = e-a, (Ccos(yt + ¢) + Dsin(yt + ¢)) = Fe-a, cos(yt + ¢ + fJ) 

where 

( ' , )1 12 ( , , )112 ( ' ,)112 F= C- + D- = (-aA) +(-yA) =A a -+ y -

= A((R/2L)2+ (I/LC-R 2/4L2)f' = .J:c 
and 



!/LC-R' 4L' 

[ 
( / )'" J fJ = tan- I (-D I c) = tan- I (-y I a) = tan-

I RI2L 

Note: A second approach to part (a) explicitly solves the equation by first conj ecturing 
that the solution is of the form 

Q = Ae" 

where z is a number (possibly complex). Then 

dQ A" - =Z e , d'Q 'A" --=Z e 
df' df 

so the circuit equation becomes 

0=( Lz' + zR ++ ~ )Ae" 

The condition for the solution is that the characteristic polynomial 

I 
Lz'+zR ++ - =O 

C 

This equation has solutions of the form 

- R ±(R'- 4LICt' 
z = ----'---::-::----"---

2L 

When R' < 4LIC, we have two solutions for z, however the so lutions are complex. Let 

y = (II LC - R' /4L' )'/' anda = R/2L. Recall that the imaginary number i =..[:i . Then 

Zl = -a + iyf and z, = -a - iy f . So the charge becomes 

where Al and A, are constants. 

We shall transform this expression into a more familiar equation involving sine and 
cosine functions with using the Euler formula, 



e±i
y

, = cos y' ± i sin yl. 

We can rewrite our solution as 

Q = (A, (cos yt + isin yt)+ A2 (cosyt - isin yt ))e-a
, 

A little rearrangement yields 

Q = (( A, + A,)cosyt +i(A, - A, ) sin yt)e-"' 

Define two new constants 

Then our solution looks like 

Q = (Ccos yt + Dsinyt)e-W 
• 

Now use the identity from problem 1: CcosWl + D sinwt=AcoS(WI +¢) where 

A = (C2 + D2t ' and ¢ = tan-'(-D I C). Thus 

Q(t) = Ae-w cos(yt + ¢) 



Problem 6: Review Experim('nt 8; RL and Umlriven !tLe Cin,uits 
Experiment 9: Driven RLC Cir"uit.s 

Read 

:··· .. ·········· ...... ·\Q~\C~~~:· · ················ 

L , 

c ~L 

V(I) 

Consider the circuit at left, consisting of an AC function 
generator (V(t) = Va s in(£u!) , with Va = 5 V), an inductor 

L = 8.5 mH, resistor R = 5 0., capacitor C = 100 JlF and 
switch S. 

The circuit has been running in equilibrium for a long 
time. We are now going to shut off the function 
generator (instantaneously replace it with a wire). 

a) Assuming that our driving frequency OJ is not necessarily on resonance, what is 
the freqnency with which the system will ring down (in other words, that current 
will oscillate at after turning offthe function generator)? Feel free to use an 
approximation if you wish, just make sure you know you are. 

The ringdown frequency is independent of the drive frequency. It will always ring down 
at the natural frequency. Actually, when there is resistance in the circuit the natural 
frequency is modified slightly (the approximation I mention in the question is ignoring 
the effect of the resistance). So the ring down frequency is: 

£Uo = IN LC '" 1100 S·l 

(b) What (numerical) frequency Ishould we drive at to maximize the peak magnetic 
energy in the inductor? 

The peak magnetic energy depends on the peak current, which is maximized when we 
drive on resonance, in other words, we should drive at j~ = £uo/27r '" 175 Hz . ' 

(c) In this case, if we time the shut off to occur when the magnetic energy in the 
inductor peaks, after how long will the electric energy in the capacitor peak? 

The electric energy is max when the current goes to zero, which is a quarter period after 
the current is a maximum. So after 1= T/4 = 1/( 4/0} = 1.4 ms 

(d) Approximately how much energy will the resistor have dissipated during that 
time? 

The current will be 1= (v,/ R) sin (/Jol so the average power dissipation (recalling that the 

average of sin2(x) = y,) will be P = v,' /2R = 2.5 Watts. So over 1.4 ms, about 3.6 mI. 



Problem 7: A senes RLC circuit with R=IO.OQ, L=400mH and C=2.0,uF is 

connected to an AC voltage source V(I) = Vo sin WI which has a max imum amplitude 

Vo=100 V. 

(a) What is the resonant fTequency wo? 

I I 
ill =--= 

o .JLC ~(400mH)(2.0~) 
I 

1.1 X IOJ rad/s 

(b) Find the rms current at resonance. 

At resonance, Z = R. Therefore, 

CV o/ J2) (lOOV IJ2) 
7.07A 

R 1O.0Q 

(c) Let the driving fTequency be w=4000 rad/s. Assume the current response is given by 
1(1) = 10 sin(wl - ¢) . Calculate tbe amplitude of tbe current and tbe phase shift between 

the current and the driving voltage. 

So 

I
_v. 

0-
Z 

X =_1_= I =125Q 
c wC (4000 rad/s)(2.0IlF) 

XL = wL = (4000rad/s)(400mH) = 1600 Q 

Z=~R2 +(XL -Xc)' = ~(l0.OQ)2+(l600Q-125Q)2 =1475 Q 

Vo 100 V 

~(l0.OQ)2 + (1600Q-125Q)2 

100 V 

1475Q 
6.8xlO-2 A 

¢ = tan(X L - Xc) = tan-,(1600 -125) = tan -' (147.5) = 89.60 
R 10.0 



Problem 8: The circuit shown below contains an AC generator which provides a source 
of sinusoidally varying emf c= Eosinwt , a res istor with resistance R = 6Q, and a 

"black box", which contains either an inductor or a capacitor, or both. The amplitude of 
the driving emf is Eo = 6 volt. We measure the current in the circuit at an angular 

frequency w = 2 rad· s·\ and find that it is exactly in phase with the driving emf. We 

measure the current in the circuit at an angular frequency w = I rad· s·\ and find that it is 

out of phase fTom the driving emfby exactly Jr / 4 radians. 

? 
• "9 .. E(t) 

R 

a) What does the black box contain - an inductor or a capacitor, or both? Explain 
your reasoning. Does current lead or lag at w = I rad· s·\ ? 

Solution: Since the current is exactly in phase with the inductor at w= 2 rad·s·\, the 
circuit is resonance and therefore the box must contain both an inductor and capacitor in 
series. For w= I rad·s· \ , the driving angular frequency is below resonance, therefore the 
circuit is acting capacitively, which means the current leads the driving emf. 

b) What is the numerical value of the capacitance or of the inductance, or o/both, as 
the case may be? Indicate units. Your answer(s) will involve simple fractions 
only, you will not need a calculator to find the value(s). 

When w = 1 rad· s·\ , the phase angle ¢ = -Jr / 4. So tan ¢ = lan( -Jr / 4) = - I . Since 

x -X 
tan¢ = L C 

XR 

I wL-­
OJC 

R 

We have that for llJ = had· s·\ 

1 
L - -=-R. 

C 

- I. 

We can divide through by L in the above equation yielding 



1 d ·, I R ra . s - --------,,... 
LC(l rad·s·') L 

We also have the resonance condition at OJ = 2 rad ·s·', 

Thus 

., I 
OJ=2 rad· s = . ./LC. 

Substituting that in the above equation yields 

Solving for L then yields 

R 
I rad·s·'-4 rad·s·' = - -. 

L 

L= R 
3 rad· s· ' 

6Q 

3 rad ·s·' 
2H. 

From the resonance condition 

4rad' . s·'C= I IF. 
L(4 rad' ·s·') (2 Q)(4 rad' ·s·' ) 8 

) W1 . . f I I· d f I Io(0J=2rad· s·' ) ? 
C 1at IS ratIo 0 t 1e amp ltu es 0 t 1e current , . 

10 (OJ = I rad·s·) 

At resonance (u = 2 rad· s·' : 

Below resonance 

6· o 6· o 



From the phase condition O)L __ 1_ = -R, the amplitude at 0) = 1 rad '5" hecomes 
O)C 

Therefore the ratio oftlle amplitudes of the current is 

10(0)=2rad· s·') 

10 (0) = 1 rad '5") 

lio =_. 1_ A 
J2R J2 . 



Summary of Class 28 8.02 

Topic: Driven RLC Circuit Lab, Displacement Current, Maxwell's Eqs., Energy Flow and 
Poynting Vectors 
Related Reading: Course Notes: Sections 13.1-13.3, 13.12.3-13.12.4 
Experiments: (9) Driven LRC Circuits 

Topic Introduction 

Today we continue thinking about self inductance, in which the changing flux from a circuit 
induces an EMF in itself, and address the question of magnetic energy. We then turn to the 
important question of how energy moves around - power flow and the Poynting vector. 

Fixing Ampere's Law: Displacement Current 
When thinking about power flow with the Poynting Vector, it is clear that both an electric 
and magnetic field must be present in a region of space if power is going to flow into or out 
ofthat region. This works fine for (dis)charging a solenoid, for example, where you know 
from Ampere ' s law that the current in the solenoid makes a B field , and that the changing B 
field, by Faraday's Law, will create an E field. In a parallel plate capacitor, on the other hand, 
although we know that the charge on the capacitor creates an E field (Gauss's Law), since no 
current is flowing THROUGH the capacitor (in the region between the plates), it would seem 
at first that by Ampere's law there should be no B field in there. This can' t be though - we 
know that we can bring energy into/out of a capacitor. 

The problem is that Ampere's law, as you have seen it thus far, is incomplete. Magnetic 
fields can be generated by currents, but they can also be generated by changing electric fields 
(hence in a charging capacitor, the changing electric field between the plates generates a 
magnetic field which then allows calculation of a Poynting vector and the rate of energy flow 
into the capacitor). Since changing electric fields generate magnetic fields, just like the flow 

of current, we define the "displacement current" Id = Co del> E • Ampere's Law then becomes 
dt 

slightly modified to account for this new "current": dB. d s = 110 (Ip,n'Im" + Id) 
C 

Maxwell's Equations 
Now that we have all of Maxwell ' s equations, let' s review: 

(I) dJE. dA = Q'n 
s Co 

(2) dJB.dA = 0 
s 

(4) dB ·ds = 110/ p ,n,,,.,, + 110Co d:£ 
c 

(3) dE.ds = _ del> 8 

c dt 

(I) Gauss's Law states that electric charge creates diverging electric fields. 
(2) Magnetic Gauss's Law states that there are no magnetic charges (monopoles). 
(3) Faraday' s Law states that changing magnetic fields induce electric fields (which curl 
around the changing flux). 
(4) Ampere-Maxwell's Law states that magnetic fields are created both by currents and by 
changing electric fields, and that in each case the field curls around its creator. 

Summary for Class 28 p. 1/2 



Summary of Class 28 8.02 

These equations are the cornerstone of the theory of electricity and magnetism. Together 

with the Lorentz Force (F = q(E + v x B)) they pretty much describe all ofE&M, and from 

them we can derive mathematically the major equations you learned this semester (like 
Coulomb's Law and Biot-Savart). People even put them on T-shirts. They are important and 
you should try hard to keep them in mind. 

Energy and the Poynting Vector 
We have now described the energy stored in capacitors and inductors in terms of the voltage 
across and current through them respectively. We have also described that energy in terms of 
the E & B fields contained inside them. We have, however, only described the power, the 
change in energy, in terms of current and voltage: P = VI. As you might imagine, we can 

also think of this power in terms of the fields. We define the Poynting Vector, § = -L Ex B, 
P, 

which describes how energy is travelling per unit area per unit time. If a capacitor or inductor 
is "charging" (increasing in stored energy) then the Poynting vector will point into the 
element. When discharging S points outward. Integrating the Poynting Vector over the 
surface of an object allows us to determine how much energy in entering or leaving. 

Important Equations 
Energy stored in Inductor: U = 1 LI' 

Energy Density in B Field: 

Poynting Vector: 

Displacement Current: 

Maxwell Eqs. 

s' 
uB =--

2110 

§ =-LExB 
Po 

I = G dC!J E 

d 0 dt 

(I) ~f E ·dA = Q;" 
s Go 

(3) ~E.ds =_ dC!J 8 

c dt 

(2) ~f B . dA = 0 
s 

(4) ~ B . d s = 1101 p,"",a" + PoGo ddC!J E 

c t 

Experiment 9: Driven LRC Circuits 
Preparation: Read pre-lab 

In this lab you will drive a series RLC circuit around its natural frequency to confirm that it is 
the resonance frequency (or at least close to it) and to determine the properties ofthe circuit 
both on and off resonance. 

Summary for Class 28 p.2/2 



OBJECTIVES 

MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Department of Physics 

8.02 

Experiment 9: Driven RLC Circuits 

I. To explore the time dependent behavior of driven RLC Circuits 
2. To understand the idea of resonance, and to determine the behavior of current and 

voltage in a driven RLC circuit above, below and at the resonant frequency 

PRE-LAB READING 
INTRODUCTION 

In the last lab, Undriven RLC Circuits, you did the equivalent of getting a push on a 
swing and then sitting still, waiting for the swing to gradually slow down to a stop. Most 
children will tell you that although that might be fun, it's much more fun to get repeated 
pushes, or, if you have the coordination, to move your body back and forth at the correct 
rate and drive the swing, making it swing higher and higher. 

This is an example of resonance in a mechanical system. In this lab we will explore its 
electrical analog - the RLC (resistor, inductor, capacitor) circuit - and better understand 
what happens when it is driven above, below and at the resonant frequency. 

The Details: Oscillations 

In this lab you will be investigating current and voltages (EMFs) in RLC circuits. 
Although in the previous experiment these decayed after being given a kick (Fig. I b), 
today we will drive the circuit and see continuous oscillations as a function of time (Fig. 
la). 

('lbJ\l\J ~)i nZ$~"2;=~1 
o ·x ~ ~ I 

OT 1T 2T 1T 2T 3T 4T 5T 

Time (in Periods) Time (in Periods) 

Figure 1 Oscillating Functions. (a) A purely oscillating function x = Xo sin (OJ! + rp) has 

fixed amplitude Xo, angular frequency aJ (period T= 2rc/aJ and frequency f= rd2rc), and 
phase ¢ (in this case ¢ = -0.2rc). (b) The amplitude of a damped oscillating function 
decays exponentially (amplitude envelope indicated by dotted lines) 

Driven Circuits: Resonance 

EOS-I 
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In the previous lab we charged the capacitor in a series RLC circuit and then "let it go," 
allowing the energy to gradually dissipate through the resistor. This time we will instead 
add a battery that periodically pushed current through the system. Such a battery is called 
an AC (alternating current) fonction generator, and the voltage it generates can oscillate 
with a given amplitude, frequency and shape (in this lab we will use a sine wave). When 
hooked up to an RLC circuit we get a driven RLC circuit (Fig. 2a) where the current 
oscillates at the same frequency as, but not necessarily in phase with, the driving voltage. 
The amplitude of the current depends on the driving frequency, reaching a maximum 
when the function generator drives at the resonant frequency, just like a swing (Fig. 2b) 

(a) 
L 

R C 

Vet) 

(b) 
10 

, , 
I roo 

co 

Figure 2 Driven RLCCircuit. (a) The circuit (b) The magnitude of the oscillating 
current fo reaches a maximum when the circuit is driven at its resonant frequency 

One Element at a Time 

In order to understand how this resonance happens in an RLC circuit, its easiest to build 
up an intuition of how each individual circuit element responds to oscillating currents. A 
resistor obeys Ohm's law: V = fR. It doesn't care whether the current is constant or 
oscillating - the amplitude of voltage doesn't depend on the frequency and neither does 
the phase (the response voltage is always in phase with the current). 

A capacitor is different. Here if you drive current at a low frequency the capacitor will 
fill up and have a large voltage..across it, whereas if you 'drive current at a high frequency 
the capacitor will begin discharging before it has a chance to completely charge, and 
hence it won't build up as large a voltage. We see that the voltage is frequency 
dependent and that the current leads the voltage (with an uncharged capacitor you see the 

current flow and then the charge/potential on the 
capacitor build up). 

Figure 3 Current and Voltage for a Capacitor 
A capacitor driven with a sinusoidal current will 

· 1'--\--4-I--7--\'--':~ t develop a voltage that lags the ~ent by 90° (the 
voltage peak comes 1. period later than the current 
peak). 

E05-2 

htv'et t~p. 
01=- )1- A5 

t~f-



An inductor is similar to a capacitor but the opposite. The voltage is still frequency 
dependent but the inductor will have a larger voltage when the frequency is high (it 
doesn't like change and high frequency means lots of change):J"!OW"tIre-cnrrent1ags the 
voltage - if you try to drive a current through an inductor with no current in it, the 
inductor will immediately put up a fight (create an EMF) and then later allow current to 
flow. 

When we put these elements together we will see that at low frequencies the capacitor 
will "dQmi~" (it fills up limitin~the_cUlIent)_and current will lead whereas at high 
frequencles~ inductor will dominate (it fights the rapid changes) and current will lag. 
At resonance the frequency is such that these two effects balance and the current will be 
largest in the circuit. Also at this frequency the current is in phase with the driving 
voltage (the AC function generator) . ..-h. ' " d' J/) 

1'115 Ij /1\ ( Ivell \ I 

Resistance, Reactance and Impedance _ ",PS Mt 11..$ c /ttfr ;1[ b~IN~~ 

We can make the relationship between the magnitude of the current through a circuit 
element and magnitude of the voltage drop across it (or EMF generated by it for an 
inductor) more concrete by introducing the idea of impedance. Impedance (usually I 
denoted by Z) is a generalized resistance, and is composed of two parts - resistance (R) a { ore­
and reactance (X). All of these terms refer to a constant of proportionality between the Sdn,e idea. 
magnitude of current through and voltage across (EMF generated by) a circuit element: 
Vo = IoZ, V = IR , Vo = loX. The difference is in the phase between the current and voltage. 
In an element with only resistance (a resistor) the current through it is in phase with the 
voltage across it. In an element with only reactance (capacitor, inductor) the current 
leads or lags the voltage by 90°. A combination of these elements in series or parallel 

will lead to a circuit with impedance Z = .J R' + X ' and a phase that depends on the ratio 
of the reactance and resistance: tan qJ = X /R J note that the phase ¢ has the correct 

behavior as X -+ 0 or R -+ 0). 

The reactance of an inductor X L = wL and of a capacitor X c = -1/ we. First of all, note 

that these have the correct fr~ dependence. An inductor has a high reactance at 
high frequencies (it takes a I'ot of e ort to change the current through an inductor at high 
frequencies) whereas a capacitor has a high reactance at low frequencies (it "fills up" to 
have a large potential across it). The sign on the capacitive reactance is a convention, 
indicating that it leads to the current leading rather than lagging 
(V(t) = V. sin(wt + ¢) & I(t) = 10 sin wt , so phase ¢ is negative for capacitors). Some 

people instead write X = X L - X c and keep all reacta~es positive - feel free to use 

whichever convention you prefer. 

EOS-3 



APPARATUS 

1. Science Workshop 750 Interface 

In this lab we will again use the Science Workshop 750 interface as an AC function 
generator, whose voltage we can set and current we can measure. We will also use it to 
measure the voltage across the capacitor using a voltage probe. 

2. ACmC Electronics Lab Circuit Board 

We will also again use the circuit board, set up with a 100 IlF 
capacitor in series with the coil (which serves both as the 
resistor and in.ductor in the circuit), as pictured at left. 

Figure 4 Setup of the ACIDC Electronics Lab Circuit Board. 
In addition, we will connect a voltage probe in parallel with the 
capacitor (not pictured). 

GENERALIZED PROCEDURE 

In this lab you will measure the behavior of a series RLC circuit, driven sinusoidally by a 
function generator. 

Part 1: Driving the RLC Circuit on Resonance 
Now the circuit is driven with a sinusoidal voltage and you will adjust to frequency while 
monitoring plots of l(t) and Vet) as well as V vs. 1. 

Part 2: What's The Frequency? 
The circuit is driven with an unknown frequency and you must determine if its above or 
below ~nce. -

Part 3: What's That Trace? 
Current and voltage across the function generator and capacitor are recorded, but you 
must determine which trace is which. 

END OF PRE-LAB READING 
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IN-LAB ACTIVITIES 

EXPERIMENTAL SETUP 

1. Download the LabView file from the web and save the file to your desktop. Start 
Lab View by double clicking on this file. 

2. Set up the circuit pictured in Fig. 4 of the pre-lab reading (no core in the inductor!) 

3. Connect a voltage probe to channel A of the 750 and connect it across the capacitor. 

MEASUREMENTS 

Part 1: Driving the RLC Circuit on Resonance 

Now we will use the function generator to drive the circuit with a sinusoidal voltage. 

1. Enter the frequency that you measured in part I of the previous lab as a starting 
point to find the resonant frequency. If you don't recall this frequency, you can 
just start at 150 Hz. 

2. Press GO to start recording the function generator current and voltage vs. time, as 
well as a "phase plot" of voltage vs. current. 

3. Adjust the frequency up and down to find the resonant frequency and observe 
what happens when driving above and below resonance. 

Question 1: 

What is the resonant frequency? What are two ways you can determine this? 
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Question 2: 

What is the impedance of the circuit when driven on resonance (hint: use the phase plot)? 
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Question 3: 

When driving on resonance, insert the core into the inductor. Are you now driving at, 
above or below the new resonant frequency of the circuit? How can you tell? Why? 
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Part 2: What's The Frequencv? 

For the remainder of the lab you will make some measurements where you are given 
incomplete information (for example, you won ' t be shown the frequency or won't be 
told what is being plotted). From the results you must determine the missing 
information. If you find this difficult, play with the circuit using the "further 
questions" tab to get a better feeling for how the circuit behaves. 

1. Remove the core from the inductor 

2. Press GO to record the function generator current and voltage 

Question 4: 

At this frequency is the circuit capacitor- or inductor-like? Are we above or below 

resonance? C rJ(relli f a.g fj ;"'0 -) ;l1(ldor Ji If 
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Part 3: What's That Trace? 

1. Press GO to record the function generator current and voltage as well as the 
voltage across the capacitor. Note that you are not told which trace corresponds 
to which value. 

Question 5: 

What value is recorded in each of the three traces (I, VFG or V c)? How do you know? 
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Are we above, below or on resonance? How do you know? 
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Further Questions (for experiment, thought, future exam questions ... ) ~ 

• For a random frequency can you bring the circuit into resonance by slowly inserting 01/, 
the core into the coil? Are there any conditions on the frequency (e.g. does it need to fG 
be above or below the resonant frequency of the circuit with the empty coil)? / - L \ 

• Could you do part 3 if you were given only two traces instead of three? Would it l\ 1/1(18:t.1« 

matter which two you were given? It.1 AI. 
• What i~ ,the energy doing in the driven circuit? Is the resistor still dissipating power? f/ . r::O 

If so, where is this power coming from? V 
• With a resistor in series with the coil and capacitor, at what frequency is the energy VI 

dissipation a maximum? How could you verifY this experimentally? 
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Class 28: Outline 

Hour 1: Download LabVlew 

Expt.9: Driven RLC Circuits 
Maxwell's Equations and 
Displacement Current 

Hour 2: 
Poynting Vector and Energy Flow 

Experiment 9: 
Driven RLC Circuit 

• 

What to Learn from Lab 

1) Properties of resonance? How can 
you tell when you are on resonance? 

2) From plot I & V vs. t OR I vs. V: 

Which is leading (lor V)? 
L-like or C-like? 
Above or below resonance? 
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PRS Questions: 
Resonance 

PRS: Leading or Lagging 

The graph shows the 
current versus the 
voltage in a driven RLC 
circuit at a given driving 
frequency. In this plot 

"''' ' 

1..-__ --=- ,., 
0% 1. Current lags voltage by -900 
0% 2. Current leads voltage by -goo 
0% 3. Current and voltage are almost In phase 
'"' 4. We don't have enough information (but they aren't in ph 
OK 5. I don't know 

The graph shows current & voltage vs. lime in a 
driven RLC circuit. We had been in resonance a 
second ago but then either put in or took out the core 
from the inductor. Which was it? 

... ct) Put in the core 

... 2. Took out the core 

... 3. 1 don't know 
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Maxwell's Equations 

r]fE.dA = Q. (Gauss's Law) 
, c, 

r]fii.dA=O (Magnetic Gauss's Law) , 
~E r d<t>, . s=--
c dl 

(Faroday's Law) 

~ii.di = p,I~, (Ampere's Law) 
c 

Is there something missing? .-, 

\. 
Maxwell's Equatitlo--n'"'s- -- I----

(Gauss's Law) 

(Magnetic Gauss's Law) 

,,- d 11- -LJE-di=-- B -dA 
c dt s 

(_'s/;aw) 

[jJj.dA=-.!. JIfpdV=- dQ,. (Cbarge~nservntion) 
s dt , tit 

f .. =q(E+ v" x B) (Lorentzrorce Law) 

Is there something missing? 

Maxwell's Equations 
Class Discussion: Can you 

find the missing piece? 
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Maxwell's Equations 
One Last Modification: 
Displacement Current 

Ampere's Law: Capacitor 

Consider a charging capacitor: 

...d:!:::.... Use Ampere's Law to calculate the . 
~ magnetic field just above the top plate 

. I Ampere's law: [ji n.dS=,uoI,.c 

1) Red Amperian Area, I~= 1 
2) Green Amperian Area, I = 0 

What's Going On? 

Displacement Current 
We don't have current between the capacitor 
plates but we do have a changing E field. Can we 
"make" a current out of that? 

c~~ 
Q 

E = - =;. Q = Go EA = Go<l> , 
GoA 

, '4Y ., IdQ 
= G d<l>. ,,1,\ 

dt 0 dt ' " 
This is called (for historic reasons) 

the ,I!!cement C.lluent 
m il 
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Maxwell-Ampere's Law 

~ ali . as =. /-io (lend + I d) \ 
c 

Displacement Current: 
Direction 

The displacement current flows in the direction of 
the electric field if positive or opposite it if negative 

,,," 

~ ., . ~ 
d<f>E 

Id =80--

II t , '- 1, ' 
dt 

If we enclose all of the flux then Ed = / 

Maxwell's Equations 

Iif- - Q. E,dA= -
, e, 

(Gauss's Law) 

..... 

... " 

lifiiaA=O (Magnetic Gauss's LaW) I , 
~t.ds =_ d<f>1I 
c dl 

diii d- I dil>, .. ' s = Po ,..., + /Jolio-' 
c m 

'; 
curle'/,1 
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PRS Questions: 
Capacitor 

PRS: Capacitor 
Consider a circular capacitor, 
with an Amperian loop (radius 
r) in the plane midway b I 
between the plates. When the 
capacitor is charging, the line 
integral of the magnetic field 
around the Amperian loop (in 
direction shown) is 1--------'1 
"" I'1JZero (No current through loop) 
0% .~ Positive 
"" 3. Negative 
"" 4. Can't tell (need to know direction of 
"" 5. t don't know 

h.JlJ PRS: Capacitor ---"""'11 
If instead of integrating il 

around the pictured -if p-i 
Amperian loop we were to . I . . r b , : 
integrate around an - "" 
Amperian loop of the same I 
radius as the plates (b) then _ s _ 
the integral would be 

'"' 
'"' 
'"' 

1. The same 
2. Larger 
3. Smaller 
4. I don't know 
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PRS: Capacitor 

~ -0 
tE 

The figures above show a side and "lop view of a 
capacllor with charge Q and eleclric and magnelic 
fields E and B al time t. AI this lime Ihe charge Q is: 

"" 1. Increasing in time 
... 2. Constant in time. 

"" 
3. Decreasing in time. 
4. I don't know 

Energy Flow 

Poynting Vector 

F 

~
" 

s . " , , 

Power flow per unit area: 

- ExB s = -- : Poynting vector 
flo 
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Group Problem: Resistor Power 

Consider the above cylindrical resistor, 
with current! and voltage drop LI V. 
Calculate the power in terms of the 
electric and magnetic fields at the 
surface of the resistor. 

There is a geometric factor. What is it? 

In Class Solution: Resistor Power 

!J. V = EL 

.>u 

PCM>r (:::" 1'-"«1":/0 4.( ---
Energy Flow: Resistor 

- ExD s = - On surface of resistor is INWARD 
Po 

15 :t ,'z, J4t111 uJ-~\ 
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Power & Energy in Circuit Elements 

IVW 

\ ~ 
p = II s· dA Dissipates 

Power 
SlIrface 

UE - 2: 8 0 Energy 

POWER _ I I 

- I EJ Store -I 

n HlI1 U = _1_B2 When loih eo C ~(~~(llq tYf.(~y 
~ B 2J1o (dis)charging :;;""-,"""': . .:c.

j
'-"- >,..L--::.....::..J..I..1.J7----:-

h
------

~ ________________ ~==,.~~"'" __ ( _~_(,~\~~~+_-~-r----1-0-t--WJ+-~~~j+----

PRS Questions: 
Poynting Vector 

PRS: Capacitor 

+0 
The figures above show a si e and top view 0 a 
capacitor with charge Q and electric and magnetic 
fields E and 8 at time /. At this time the charge Q is: 

"" 1. Increasing in time 
.,. 2. Constant in time. 
GO< 3. Decreasing in time. 
GO< 4. I don't know 
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Another look at Inductance 

Group Problem: Inductor 

A solenoid of radius 1I and length h 
has an increasing current 1(1) as 
pictured. 
Consider a point P at radius r (r < (I). 

1. Find Ihe magnelic field 8(1) at P vs. time I 
2. Find the electric field E(I) al P 
3. Find the Poynling vector S(I) at P 

4. What is the lolal power flux inloloul of Ihe inductor? 

5. Does this make sense? How? (Hint: What's U? l'l"'lt 

PRS: Inductor 

The figures above show a side and lop view of a 
solenoid carrying current I with electric and magnetic 
fields E and B al lime t. In the solenoid. the currenl I is: 
"" CD Increasing in time 
"" 2 Constant in time . 
.,. 131 Decreasing in time. 
.,. I.j( I don't know 
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Energy Flow: Inductor 
- ExB 
S~--

# 0 

..J 

On surface of inductor with increasing 
current is IttWAI~p 

5 tc--

Energy Flow: Inductor 
- ExB 
s ~--

# 0 

On surface of inductor with decreasing 
current is OUTWARD ~ 

-:;-

Faraday & Inductors 

i~J3f~iILI = Q) Self I 
c=- d<D B = -L dI 

dt dt 

~"J) 
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PRS: Leading or Lagging 

The graph shows the 
current versus the 
voltage in a driven RLC 
circuit at a given driving 
frequency. In this plot 

D% 1. Currenllags voltage by -900 

0% 2. Current leads voltage by _90° 

e-. .. , 

0% 3. Current and voltage are almost in phase 
0% 4. We don't have enough infonnalion (bullhey aren't in ph 
0% 5. 1 don't know 

PRS: What'd You Do? 

TI",~ 

The graph shows current & voltage VS. time in a 
driven RLC ci rcuit. We had been in resonance a 
second ago but then either put in or took out the core 
from the inductor. Which was it? 

0% 1. Put in the core 
0% 2. Took out the core 

3. I don't know 

PRS: Capacitor 
Consider a circular capacitor, 
with an Amperian loop (radius 
r) in the plane midway 1 
between the plates. When the--a.:­
capacitor is charging, the line 
integral of the magnetic field 
around the Amperian loop (in 
direction shown) is 

.!>. , 

,' b I _s_r-
0% 1. Zero (No current through loop) 
0% 2. Positive 
0% 3. Negative 
0% 4. Can't tell (need to know direction of 
0% 5. I don't know 

Class 28 

PRS: Answer Leading or Lagging 
~, 

Answer: 4. Can't Tell 
/ 1\ 

Without the direction you can't 
tell whether the current or 

~~ 

voltage is leading or lagging. '--V You can only tell that you aren't 
" in phase (in fact, you are out of 

phase by -90') 

' :0,. , 

PRS Answer: What'd You Do? 

Answer: 1. You put in the core 

The current lags the voltage which means that the 
circuit is inductor-like which means that we made 
the inductance bigger (put in the core). 

PRS Answer: Capacitor 

Answer: 2. The integra l of B as shown is positive 

Here the displacement 
current is the same direction 
as the current regardless of 
whether we are charging or 
discharging, so the B field is 
in the direction in which we 
are integrating 
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s_ 
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PRS: Capacitor 
If instead of integrating 

around the pictured t P-
Amperian loop we were to I r b I 
integrate around an ~ 
Amperian loop of the same 
radius as the plates (b) then _ s _ 
the integral would be 

'" 1. The same 

'" 2. Larger 

'" 3. Smaller 

'" 4. I don't know 

PRS: Capacitor 

I -0 

tE 
I +0 ... 

The figures above show a side and top view of a 
capacitor with charge Q and electric and magnetic 
fields E and B at time t. At this time the charge Q is: 

'" 1. Increasing in time 
0" 2. Constant in time. 
'" 3. Decreasing in time. 
'" 4. I don't know 

PRS: Capacitor 

I -0 
t E 
I +0 ... 

The figures above show a side and top view of a 
capacitor with charge Q and electric and magnetic 
fields E and B at time t. At this time the charge Q is: 

0 % 1. Increasing in time 
0 % 2. Constant in time. 
0" 3. Decreasing in time. 
0% 4. I don't know 

Class 28 
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PRS Answer: Capacitor 

Answer: 2. The integral is larger for larger r 

As we increase the radius t P-
of our Amperian loop we b 
enclose more fiux (up until -L r I 
we enclose all of it) and 
hence the magnitude of the 
integral will increase. - s -

PRS Answer: Capacitor 
Answer: 1. The charge Q is increasing in time 

I -0 
tE 
I +0 

The B field is counterclockwise, which means that the 
current (real & displacement) must be flowing out of 
the page = up. So positive charge is being carried to 
the bottom plate, and the total charge is increasing. 

PRS Answer: Capacitor 
Answer: 1. The charge Q is increasing in time 

I -0 
t E 
I +0 

The direction of the Poynting Flux S (= E x 8 ) ins ide 
the capacitor is inward. Therefore electromagnetic 
energy is flowing inward, and the energy in the electric 
field inside is increasing. Thus Q must be increasing, 
since E is proportional to Q. r ... " 

2 



PRS: Inductor 

E, 
The figures above show a side and top view of a 
solenoid carrying current I with electric and magnetic 
fields E and B at time t. In the solenoid, the current I is: 

'"' 1. Increasing in time 
'"' 2. Constant in time. 
'"' 3. Decreasing in time. 
'"' 4. I don't know 

Class 28 

PRS Answer: Inductor 
Answer: 3. The current I is decreasing in time 

The Poynting Flux S (= E x B ) inside the solenoid is 
outward from the center of the solenoid. Therefore 
EM energy is flowing outward, and the energy in the 
magnetic field inside is decreasing. Thus 1 must be 
decreasing, since B is proportional to I. "' .. .. 
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Solution: 

MASSACHUSETTS INSTJTUTE OF TECHNOLOGY 
Department of Physics: 8.02 

In Class W12Dl 2 Solutions: Resistor Power 

Problem: For the cylindrical resistor at left, with current 1 
and voltage drop LlV, calculate the power in terms of the 
electric and magnetic fields at its surface. 
There is a geometric factor. What is it? 

Resistors are pretty straight forward. Assuming the electric field is uniform we simply have: 
!'.V =EL 

The magnetic field we get from Ampere's Law: 

B = flo! =>! = 2rcaB 
2rca flo 

So then power is given by: 
2rcaB EB 

P=!'.V·! =EL·--=2rcaL·-
flo flo 

The geometric factor, 2rcaL , is simply the surface area of the resistor. The field dependence, 
EBI flo, is the magnitude of the Poynting vector, which has units of power per unit area. In the 

case of the resistor the Poynting vector points radially inwards (by example, at the top of the 
pictured resistor, it is to the right, B is out of the page, and it x B is thus down, into the 
resistor. The power "consumed" by the resistor is simply the Poynting flux, the integral of the 
Poynting vector dotted into the surface area of the resistor. 

In Class Problem Solution Class 32 (WI2Dl) p. I of! 



MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Department of Physics: 8.02 

In Class WI2DI 3 Solutions: Inductor 

Problem: A solenoid of radius a and length h has an increasing 
current I(t) as pictured. Consider a point P at radius r (r < a) . 

I(t) 
_____ ~a 1_ 

,--- --~~ 

~ \Z 1 §§3. 
N 

I. Find the magnetic field B(t) at P vs. time t (mag. & dir.) 
2. Find the electric field E(t) at P 
3. Find the Poynting vector Set) at P §§§ 

turns - - h 4. What is the total power flux int%ut of the inductor? 
5. Does this make sense? How? (Hint: What's U?) 

Solution: 
I . Find the magnetic fie ld B(t) at P vs. time t (mag. & dir.) 
This is just Ampere's law with a loop of length e passing 
through point P (as shown for the cutaway picture at right) 

ef B· cis =pJ'hw",h ::::;. Be = 1'0 NI ej h 
comour 

2. Find the electric field E(t) at P 

. ..--
I(t) 

The electric field arises from induction, so we use Faraday's Law, with the 
loop as shown in the top view at bottom right: 

eft. d'S = -~ JJB. dA ::::;. E21fr = - clB 1fr' 
cit cit 

t(l) = -.::.lclBlj = _porN Iclllj 
2 cit 2h cll 

3. Find the Poynting vector Set) at P 

S- ExB 1 rlclBIB' (. d' II' d) = - - = --- - 1 I.e. fa Ja y mwar s 
Po Po 2 cit 

4. What is the total power flux int%ut of the capacitor? 

JJ- - a IclB I ' B IclBI p= S·clA =SA=-- B·21fah = 1fa-h·---
21'" cit 1'0 cll 

5. Does this make sense? How? (Hint: What's U?) 

, B IclBI cI ( , B' J clU Yes! P = 1fa-h· p" dt = cll 1fa-h· 21'" = cI/ 

In Class Problem Solution Class 32 (WI2Dl ) 
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Summary of Class 29 8.02 

Topics: Displacement Current, Energy Flow and the Poynting Vector 
Related Reading: Course Notes: Sections 13 .1-13.3, 13.12.3-13.1 2.4 

Topic Introduction 

Today you will work through analytic problems related to what you studied this week: 
displacement current, EM Waves and the Poynting vector. 

Displacement Current 
Recall that the displacement current is what we call the ability to create a magnetic field by 
allowing an electric field to change in time. Although calling it a "current" isn't strictly 

accurate (there is no flowing charge), the displacement current Id = "0 dctJ E does act very 
dt 

much like a current, creating a magnetic field that curls around it. We derived the idea from 
thinking about a capacitor. In a capacitor, no current flows between the plates, but when the 
capacitor is charging or discharging (with a current 1 flowing ontoloff of the capacitor plates) 
then the electric field between the plates changes, and the displacement current looks like a 
current 1 as well , unifonnly distributed across the plates and flowing between them. 

Energy and the Poynting Vector 

The Poynting Vector S =...L E x Ii describes how much energy passes through a given area 
1', 

per unit time, and points in the direction of energy flow. Although this is commonly used 
when thinking about electromagnetic radiation, it generically tells you about energy flow, 
and is particularly useful in thinking about energy in circuit components. For example, 
consider a cylindrical resistor. The current flows through it in the direction that the electric 
field points. The B field curls around. The Poynting vector thus points radially into the 
resistor - the resistor consumes energy. In today ' s problem solving session you will 
calculate the Poynting vector in a capacitor, and will find that if the capacitor is charging 
then S points in towards the center of the capacitor (energy flows into the capacitor) whereas 
if the capacitor is discharging S points outwards (it is giving up energy). 

Important Equations 
Displacement Current: [d = "0 dctJ £ 

dt 

Poynting Vector: S = ...L E x Ii 
Po 
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Department of Physics 

Problem Solving 9: The Displacement Current and Poynting Vector 

OBJECTIVES 

1. To introduce the "displacement current" term that Maxwell added to Ampere ' s Law 

2. To find the magnetic field inside a charging cylindrical capacitor using this new term 
in Ampere's Law. 

3. To introduce the concept of energy flow through space in the electromagnetic field. 

4. To quantify that energy flow by introducing the Poynting vector. 

5. To do a calculation of the rate at which energy flows into a capacitor when It IS 
charging, and show that it accounts for the rate at which electric energy stored in the 
capacitor is increasing. 

REFERENCE: Sections 13-1 and 13-6,8.02 Course Notes. 

The Displacement Current 

In magnetostatics (the electric and magnetic fields do not change with time), Ampere's 
law established a relation between the line integral of the magnetic field around a closed 
path and the current flowing across any open surface with that closed path as a boundary 
of the open surface, 

[] B· ds = 14,", = Po fJ J. d A . 
closed open 
pa th surface 

For reasons we have discussed in class, Maxwell argued that in time-dependent si tuations 
this equation was incomplete and that an additional term should be added: 

or 

di B· ds = Jlol ,", + Jlol " 
closed 
loo p 

where I d = liO dcJ> E is the displacement current. 
dl 

(9.1) 

(9.2) 

Solving 9-1 



An Example: The Charging Capacitor 

A capacitor consists of two circular plates of radius a separated by a distance d (assume 
d « a). The center of each plate is connected to the terminals of a voltage source by a 
thin wire. A switch in the circuit is closed at time I = a and a current I(I} flows in the 

circuit. The charge on the plate is related to the current according to I(I) = dQ(I). We 
dl 

begin by calculating the electric field between the plates. Throughout this problem you 
may ignore edge effects. We assume that the electric field is zero for r > a. 

d 
--~~-.Q 

+Q 

Question 1: Use Gauss' Law to find the electric field between the plates when the charge 

on them is Q (as pictured). The vertical direction is the k direction. 
Answer (write your answer to this and subsequent questions 011 the tear-sheet!): 

QO¥l<. ~ Q [. . '\1(/ -=. ~ 
1:." 

Now take an imaginary flat disc of radius r < a inside the capacitor, as shown below . 

..JLa 
d r 

Question 2: Using your expression for E above, calculate the electric flux through this 
flat disc of radius r < a in the plane midway between the plates. Take the surface normal 
to the imaginary disk to be in the + k direction. 

Answer: tP£ = HE.dA = 
flat 
disk 

~ ~ 

E~ 
'" Cf'- :. ~ 

Eo Solving 9-2 



This electric flux is changing in time because as the plates are charging up, the electric 
field is increasing with time. 

Question 3: Calculate the Maxwell displacement current, 

through the flat disc of radius r < a in the plane midway between the plates, in terms of 
r, 1(/), and a. 
Answer: 

f 

Question 4: What is the conduction current ff,j ·dA through the flat disc of radius r < a? 
s 

"Conduction" current just means the current due to the flow of real charge across the 
surface (e.g. electrons or ions). 

Answer: 

Since the capacitor plates have an axial symmetry and we know that the magnetic field 
due to a wire runs in azimuthal circles about the wire, we assume that the magnetic field 
between the plates is non-zero, and also runs in azimuthal circles . 

... aiil!!!!~-Q 
d .;< =.r ~'" 

I ~l +Q 

Solving 9-3 



Question 5: Choose for an Amperian loop a circle of radius r < a in the plane midway 
between the plates. Calculate the line integral of the magnetic field around the circle, 

[j S· as. Express your answer in terms of lSi and r . The line element as is right-
circle 

handed with respect to dA , that is counterclockwise as seen from the top. 

Answer: [j S· as = 
circle 

Question 6: Now use the results of your answers above, and apply the generalized 
Ampere' Law Equation (9.1) or (9.2), find the magnitude of the magnetic field at a 
distance r < a from the axis. --" 
Answer: 

j go"~ ~ S ~ JA 0 (Ttr-c. -I r J ) 

() (21i'r ) :; A6 (0 ' I d) 
B ~ Au t Ce v 

'Z (J\ r 

rD',. ~ , ~J;r f -f CUr l 

Question 7: If you use your right thumb to point along the direction of the electric field, 
as the plates charge up, does the magnetic field point in the direction your fingers curl on 
your right hand or opposite the direction your fingers curl on your right hand? 

1 1\ ( 
ir"l SC!{\t l:;Ii/k)ro,\ 

Answer: 

-fo\l~W's f';6 ~\ fvJr. d 

Question 8: Would the direction of the magnetic field change if the plates were 
discharging? Why or why not? 

Answer: 

Solving 9-4 



The Poynting Vector 

Once a capacitor has been charged up, it contains electric energy. We know that the 
energy stored in the capacitor came from the battery. How does that energy get from the 
battery to the capacitor? Energy flows through space from the battery into the sides of 
the capacitor. In electromagnetism, the rate of energy flow per unit area is given by the 
Poynting vector 

- 1 - -
S=-Ex B 

f.Jo 
(units: joules ) 

sec square meter 

To calculate the amount of electromagnetic energy flowing through a surface, we 

calculate the surface integral JfS. dA (units: joules or watts) . 
sec 

Energy Flow in a Charging Capacitor 

We show how to do a Poynting vector calculation by explicitly calculating the Poynting 
vector inside a charging capacitor. The electric field and magnetic fields of a charging 
cylindrical capacitor are (ignoring edge effects) 

- lQ~t)kr:<;,a 
E = !W eo 

o r > a 

d 

B= 

f.Jo1(t) r , 
---lI'r < a 
2na a 

f.Jof(t) , 
--II' r>a 
2n r 

Question 9: What is the Poynting vector for r :<;, a? 

I 

.40 

.. ) -, 
\=. y. f) 
r-' I) 

A 
-..1 l eAc 
'(l\Q2L 

Qeof r 
2 /1\ 1 0.. J fG 

Solving 9-5 



Since the Poynting vector points radially into the capacitor, electromagnetic energy is 
flowing into the capacitor through the sides. To calculate the total energy flow into the 
capacitor, we evaluate the Poynting vector right at r = a and integrate over the sides 
r=a . 

Question 10; Calculate the flux rr§· dA of the Poynting vector evaluated at r = a 
J.J ---. 

through an imaginary cylindrical surface of radius a and height d , i.e. over the side of the 
capacitor. Your answer should involve Q, a, J, and d. What are the units of this 
expression? 
~ ~ 

'fA : (1 .. <-""" 

<2" 

,.,. Q. ~ 

f, ~ 

~ £0 11 Ci'1- ' 

Question 11; The capacitance of a parallel plate capacitor IS 

Rewrite your answer to Question 10 above using the capacitance C. Your answer shoul 
involve only Q, J, and C. 

l 
( .. 

d 

Qr.. 
c 

OV+ 

Solving 9-6 
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]~CS 

bf0 
v~th 



Question 12: The total electrostatic energy stored in the capacitor at time t is given by 

~ Q(t)2 . Show that the rate at which this energy is increasing as the capacitor is charged 
2 C 
is equal to the rate at which energy is flowing into the capacitor through the sides, as 
calculated in Question 11 above. That is, where this energy is coming from is from the 
flow of energy through the sides of the capacitor. 

7 (} .L Q-r:.. 
') -rc~ c.. oJ 

Question 13: Suppose the capacitor is discharging instead of charging, i.e. 

now dQ(t) > 0 What changes in the picture above? Explain. 
dt J I (~d /n'l 0'( 

-1 1n~ n', "~ 
(,.I(( e,\ I 

\tHtllr /ll 

Q(t) > Obut 

Sample Exam Question (If time, try to do this by yourself, closed notes) 

A capacitor consists of two parallel circular plates of radius a separated by a distance d 
(assume a» d). The capacitor is initially charged to a charge Qo ' At t = 0, this 

capacitor begins to discharge because we insert a circular resistor of radius a and height d 
between the plates, such that the ends of the resistor make good electrical contact with the 
plates of the capacitor. The capacitor then discharges through this resistor for t 2': 0, so 
the charge on the capacitor becomes a function of time Q(t). Throughout this problem 
you may ignore edge effects. 

t < 0 t 2': 0 

) 
d d 

a). Use Gauss's Law to find the electric field between the plates. Is this electric field 
upward or downward? 

Solving 9-7 



b). For t ~ 0 , consider an imaginary open surface of radius r < a inside the capacitor 

with its nonnal dA upward (see figure) 

d 

For t ~ 0, what is the current flowing through this open surface In tenns of Q(t) or 

dQ(t) and the parameters given. Define the direction of positive current to be upward, 
dt 

and be careful about signs. 

c) For this same imaginary open surface, what is the time rate of change of the electric 

flux though the surface, in terms of Q(t) or dQ(t) and the parameters given (hint: use 
dt 

your answer above for E). 

d) What is the integral of the magnetic fie ld around the contour bounding this open 
circle, using the Ampere-Maxwell Law? Be careful of signs. 

e) Does your answer in (d) make sense in terms of the energy dissipation and energy 
flow in this problem? You must explain your answer clearly and logically to get credit. 

Solving 9-8 
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Problem Solving 9: Displacement Current and Poynting Vector 

Group '!'\ Ll 0~ ___________ _ (e.g. 2B Please Fill Out) 

Question 1: Use Gauss ' Law to find the ~ectric fie l~ between the plates as a function of time t, 
in terms of Q(t), a, lio , and 7r. 

Answer: t. _ 1'1 • 
\...-~ Jz. 

1f& eo J 
Q uestion 2: Using your expression for E above, calculate the electric flux through the flat disc 
of radius r < a. 

Answer: 

dffJ 
Question 3: Calculate the Maxwell displacement current 1 d = lio __ E through the disc. 

dt 
'1... 
(~ ~ 

~ J. 
{}., 

Answer: 

Question 4: What is the conduction current through the flat disc of radius r < a? 

Answer: / 

T f'.Qo.t' () V 
Question 5: Calculate the line integral of the magnetic fie ld around the circle, [] B· cis . 

eire/I: 

Answer: 

Solving 9-9 



Question 6: What is the magnitude of the magnetic field at a distance r < Q from the axis. Your 
answer should be in terms of r, 1(1), 11

0
, 1C, and Q. 

Answer: ~ e,·d ~;: ,u{TeVlLfl. r D ') 
( . 

511.:1\~l:: }I"~ 0 t I ) 
Question 7: If you use your right thumb to point along the direction of the electric field, as the 
plates charge up, does the magnetic field point in the direction your fingers curl on your right 
hand or opposite the direction your fingers curl on your ri ght hand? 
Answer: I , . . ,. 

\ ¥\ """ 'iLl. 'ffi.I1 0.\ N' c+t 0'(\ 

Question 8: Would the direction of the magnetic field change if the plates were discharging? 
Why or why not? 
Answer: \.Ie~, ~ c~ v 
Question 9: What is the Poynting vector for r ~ a? 

Answer: 

.~ j.A;" 
Question 10: Calculate tl~ J~~f the Poynting vector evaluated at r = Q through an 

imaginary cylindrical surface of radius a and height d, with area A = 2rrab, i.e . over the sides of 

the capacitor. Your answer should involve Q, a, I, d, 7r , and co. What are the units of this 

expression? QI I - , .1 " ,, ( 
Answer: _ co.. q.v£l'Q ~\Aj ov.-T W () II) \ 

o.2.f:..o 7r 

Question 1): Rewrite your answer to Question 10 above using the capacitance C. 
Answer: I r,\ - QI 0 • . 1 \ . / - -=- - - w O'':)l>t ~v:I V 

C (u1\tJ. ~ c 
Question 12: The total electrostatic energy stored in the capacitor at time is given by 

Q' (I) / 2C . Show that the rate at which this energy is increasing as the capacitor is charged is 

e qual to the rate at which energy is flowing into the capacitor through the sides, as calculated in 
Question 11 above . That is, where this energy is coming from is from the flow of energy 

through the sides of the capacitor. J.QLb't"~) \~::: Cb: :::M \!Jails / 
Answer: :::t? r-:- Q V 

2c d.+. 0 c.. C 

Question 13: Suppose the capacitor is discharging instead of charging, i.e. Q(t) > 0 but now 

dQ(t) / dt < 0 What changes in the picture above? Explain. 

Answer: lhu di'n:<.-h~'f\ (){ c.un-erf (\)~\ll~ 0,,\\'yhv\~ T/LJ"r 'oeCWJk..- b\Uq~ 1:, -t\\r';;; .j \'r\'1V\Q 
()~ r d. l"':.ct'llY\ 

Solving 9-10 



MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Department of Physics 

Problem Solving 9 Solutions: 
Displacement Current and Poynting Vector 

OBJECTIVES 

I . To introduce the "displacement current" term that Maxwell added to Ampere's Law 

2. To find the magnetic fie ld inside a charging cylindrical capacitor using this new term 
in Ampere's Law. 

3. To introduce the concept of energy flow through space in the electromagnetic field. 

4. To quantify that energy flow by introducing the Poynting vector. 

5. To do a calculation of the rate at which energy flows into a capacitor when It IS 
charging, and show that it accounts for the rate at which electric energy stored in the 
capacitor is increasing. 

REFERENCE: Sections 13-1 and 13-6, 8.02 Course Notes. 

The Displacement Current 

In magnetostatics (the electric and magnetic fields do not change with time), Ampere ' s 
law established a relation between the line integral of the magnetic field around a closed 
path and the current flowing across any open surface with that closed path as a boundary 
of the open surface, 

close d 
pat h 

o pen 
surface 

For reasons we have discussed in class, Maxwell argued that in time-dependent situations 
this equation was incomplete and that an additional term should be added: 

or 

r~ - - - cI fJ- - cI<jJ £ LJI B· cis - 1'01"" + I'oGo - E . ciA = 1'01", + I'oGo --
dosed cit s cit 
loop 

[] Ii· cis = flo! ,", + flo!" 
clo st d 
loop 

cI<jJ . 
where I , = Go _ _ E is the displacement current. 

, cit 

(9 .1 ) 

(9.2) 

Solving Solutions 9-1 



An Example: The Charging Capacitor 

A capacitor consists of two circular plates of radius a separated by a distance d (assume 
d « a). The center of each plate is connected to the terminals of a voltage source by a 
thin wire. A switch in the circuit is closed at time t = 0 and a current 1(t) flows in the 

circuit. The charge on the plate is related to the current according to 1(1) = dQ(t). We 
dt 

begin by calculating the electric field between the plates. Throughout this problem you 
may ignore edge effects. We assume that the electric field is zero for r > a. 

a _Q 

d t E 
I Jl +Q 

II 

Question 1: Use Gauss' Law to find the electric field hetween the plates when the charge 

on them is Q (as pictured). The vertical direction is the k direction. 
Answer (write your answer to this and subsequent questions on the tear-sheet!): 

Now take an imaginary flat disc of radius ,. < a inside the capacitor, as shown below. 

a _Q 

d . r 

+0 

Question 2: Using your expression for E above, calculate the electric flux through this 
flat disc of radius ,. < a in the plane midway between the plates. Take the surface 

normal to the imaginary disk to be in the k direction. 

II - - , Om·' 0 , 
E ·dA = Em·- = =---, = - 2 ,. -

flll i £oJrO Eo G 
disk 

Solving Solutions 9-2 



This electric flux is changing in time because as the plates are charging up, the electric 
field is increasing with time. 

Question 3: Calculate the Maxwell displacement current, 

through the flat disc of radius r < a in the plane midway between the plates, in terros of 
r, /(1), and a. 

Question 4: What is the conduction current IfJ . d A through the flat disc of radius r < a? 
s 

"Conduction" current just means the current due to the flow of real charge across the 
surface (e.g. electrons or ions). 

Answer: zero. 

Since the capacitor plates have an axial symmetry and we know that the magnetic field 
due to a wire runs in azimuthal circles about the wire, we assume that the magnetic field 
between the plates is non-zero, and also runs in azimuthal circles. 

-=a~ __ .. -o 
d~c: =r ~,. 

11r +0 

Question 5: Choose for an Amperian loop a circle of radius r < a in the plane midway 
between the plates. Calculate the line integral of the magnetic fi eld around the circle, 

[] B·dS. Express your answer in terms of IBI and r. The line element dS is right-
circle 

handed with respect to dA , that is counterclockwise as seen from the top. 

Answer: [] B· dS = B(2m·) 
circle 

Solving Solutions 9-3 



Question 6: Now use the results of your answers above, and apply the generalized 
Ampere' Law Equation (9.1) or (9 .2), find the magnitude of the magnetic field at a 
distance,. < a from the axis. 

Question 7: If you use your right thumb to point along the direction of the electric field, 
as the plates charge up, does the magnetic fi eld point in the direction your fingers curl on 
your right hand or opposite the direction your fingers curl on your right hand? 

The magnetic field points, as the plates charge up, in the same direction as your fingers curl 

on your ri ght hand. 

Question 8: Would the direction of the magnetic field change if the plates were 
discharging? Why or why not? 

The magnetic field would reverse direction because the electric flux is now decreasing 

in time. 

The Poynting Vector 

Once a capacitor has been charged up, it contains electri c energy. We know that the 
energy stored in the capacitor came from the battery. How does that energy get from the 
battery to the capacitor? Energy fl ows through space from the battery into the sides of 
the capacitor. In electromagnetism, the rate of energy flow per unit area is given by the 
Poynting vector 

- I - -
S =-E x B 

flo 

joules 
(units: ) 

sec square meter 

To calculate the amount of electromagnetic energy flowing through a surface, we 

fS
- - joules 

calculate the surface integral S· dA (units: -- or watts) . 
sec 

Energy Flow in a Charging Capacitor 

We show how to do a Poynting vector calculation by explicitly ca lculating the Poynting 
vector inside a charging capacitor. The electric fi eld and magnetic fi elds of a charging 
cylindrical capacitor are (ignoring edge effects) 

Solving Solutions 9-4 



-1 Q~t) k r ~ a 
E = Ira Go 

o r>a 

B= 

_ ....... - 1'--::-0 

d 8 
---,..~,~Q 

I ) 
I 

Question 9: What is the Poynting vector for r ~ a? 

- I - -
S=-ExB= 

flo 

flo I (I) r • 
----<p r<a 

21fa a 

p ol (I) • 
--<p r>a 

21f r 

Since the Poynting vector points radially into the capacitor, electromagnetic energy is 
flowing into the capacitor througb the sides. To calculate tbe total energy flow into tbe 
capacitor, we evaluate tbe Poynting vector right at r = a and integrate over the sides 
r=Q. 

Question 10: Calculate the flux JJS. dA of the Poynting vector evaluated at r = a 

through an imaginary cylindrical surface of radius a and height d, i.e. over the side of the 
capacitor. Your answer should involve Q, a, I, and d. What are the units of this 
expression? 

lUlits are joules/sec or watts 

Solving Solutions 9-5 



c: Area EoIT 0
2 

Question 11: The capacitance of a parallel plate capacitor IS C = _ 0"----_ 
d d 

Rewrite your answer to Question 10 above using the capacitance C. Your answer should 
involve only Q, 1, and C. 

11
- - OJ 
S.dA=-C 

Question 12: The total electrostatic energy stored in the capacitor at time t is given by 

~ Q(t)' . Show that the rate at which this energy is increasing as the capacitor is charged 
2 C 
is equal to the rate at which energy is flowing into the capacitor through the sides, as 
calculated in Question II above. That is, where this energy is coming from is from the 
flow of energy through the sides of the capacitor. 

d Q' Q dQ Q1 d h' . h h' h . fl . . 1 . --= --= - an t IS IS t e rate at w IC energy IS owmg mto t Ie capacitor 
dt 2C C dt C 

Qnestion 13: Suppose the capacitor is discharging instead of charging, i.e. Q(t) > Obut 

now dQ(t) > 0 What changes in the picture above? Explain. 
dt 

The expression for the electric field is Ihe same but the direction oflhe magnetic field reverses if 

the charge is decreasing instead of increasing with time. Thus the direction of the Poynting vector 

is outward instead of inward. The rate at which energy flows ouf of the capacitor through the sides 

is now equal to the rate at which the eleclric energy in the capacitor is decreasing. 

So lving Solutions 9-6 



Sample Exam Question (If time, try to do this by yourself, closed notes) 

A capacitor consists of two parallel circular plates of radius a separated by a di stance d 
(assume a » d). The capacitor is initially charged to a charge Qo ' At t = 0, this 

capacitor begins to discharge because we insert a circular resistor of radius a and height d 
between the plates, such that the ends of the resistor make good electrical contact with the 
plates of the capacitor. The capacitor then discharges through this resistor for t ~ 0 , so 
the charge on the capacitor becomes a function of time Q(I}. Throughout this problem 
you may ignore edge effects. 

1< 0 I~O 

a-_-=-Qo 
d d 

(t) 
a). Use Gauss's Law to find the electric field between the plates as a function of Q(t} and 
given parameters and Go . Is this electric field upward or downward? 

The direction is upward, from positive to the negative plate. 

b). For t ~ 0 , consider an imaginary open surface of radius r < a inside the capacitor 

with its normal dA upward (see figure) 

d 
_~~-Q(t) 

r 
Q(t) 

Solving Solutions 9-7 



For t ~ 0, what is the current flowing through this open surface in terms of Q(t) or 
clO(t) . 
--- and the parameters gIven. Define the direction of positive current to be upward, 

cit 
and be careful about signs. 

Tbe current flowing through this surface is 

J = _ clQ ( m-: ) = _ clQ < 
cit 1W- cit a -

and is pointing upward_ 

c) For this same imaginary open surface, what is the time rate of change of the electric 

flux though the surface, in temlS of Q(t) or cI~;t) and the parameters given (hint: use 

your answer above for E). 

The electric flux through the surface of radius r is (1) £ = E(nr') = Q~t) (m-') = Q(t) r: 
Jra-Eo Go a-

Therefore, the time rate of change of electric flux is 
cI(l> E I r' clQ(t) 
--=------

cit G a' cit o 

d) What is the integral of the magnetic field around the contour bounding this open 
circle, using the Ampere-Maxwell Law? Be careful of signs. 

rliB-cls = flol + floGo--- = flo ---, + PoGo ---, - = 0 - _ cI(l> £ (clQ r' ) ( I r' clQ ) 
LJI cit cit a- Go a- cit 

e) Does your answer in (d) make sense in terms of the energy dissipation and energy 
flow in thi s problem? You must explain your answer clearly and logically to get credit. 

The result in (d) implies that no magnetic field is generated in this process, due to the 
exact cancellation of the current and the displacement througb the surface. Thus there· is 
no energy flow inside of the capac itor as the electric energy is converted to thermal 
energy_ This is because this conversion happens locally, in place, and there is no need of 
an energy flux to carry energy to diffe rent parts of tbe capacitor or to circuit elements 
outside of the capacitor. 

Solving Solutions 9-8 



Summary uf CI:iss 30 IUl2 

Topics: Ma.'(well ' s Equati ons. EM Radia tion & Energy Flow 
Related Reading: Course Notes: Sections 13 .3-13 .4, 13. II, 13 . 12. 1- 13 .12.2 

Topic Introduction 

Today we will put together much of the phys ics we have learned in the class to see how 
electricity and magnetism interact with each other. We begin by finali zing Maxwell's 
Equations, and then describe their result - electromagnetic (EM) radiation . 

Maxwell's Equations 
Now that we have all of Maxwell 's equations, let ' s review: 

(1) difE.dA = ~;" 
s Go 

(2) difS.dA =0 
s 

(3) di E.ds =- deD. 
c dt 

(1) Gauss's Law states that electric charge creates dIverging electric fields. 
(2) Magnetic Gauss's Law states that there are no magnetic charges (monopoles). 
(3) Faraday's Law states that changing magnetic fields induce electric fields (which curl 
around the changing flux) . 
(4) Ampere-Maxwell's Law states that magne tic fields are created both by currents and by 
changing electric fields, and that in each case the field curls around its creator. 

The last piece of this last equation is the one piece you have not seen and we will justifY its 
addition in class. These equations are the cornerstone of the theory of electricity and 

magnetism. Together with the Lorentz Force (F = q(E + v x B») they pretty much describe 

all of E&M, and from them we can derive mathematically the major equations you learned 
this semester (like Coulomb's Law and Biot-Savart). People even put them on T-shirts. 
They are important and you should try hard to keep them in mind. 

Electromagnetic Radiation 
The fact that changing magnetic fields create electric fields and that changing electric fields 
create magnetic fields means that oscillating electric and magnetic fields can propagate 
through space (each pushing forward the other). This is electromagnetic (EM) radiation. It 
is the single most useful di scovery we discuss in this class, not only allowing us to 
understand natural phenomena, like light, but also to create EM radiation to carry a variety of 
useful information: radio, broadcast television and cell phone signals, to name a few, are all 
EM radiation. In order to understand the mathematics of EM rad iation you need to 
understand how to write an equation for a traveling wave (a wave that propagates through 
space as a function of time) . Any function that is written f(x"vt) satisfies this property. As t 
increases , a function of this form moves to the right (i ncreasing x) with velocity v. You can 
see this as follows: At t=O f(O) is at x=O. A t a later time t=t, f(O) is at x=vt. That is, the 
function has moved a di stance vt during a time t. 
Sinusoidal traveling waves (p lane waves) look like waves both as a function of position and 
as a function of time. If you sit at one position and watch the wave travel by you say that it 
has a period T, inversely related to its fTequency j, and angular frequency, 

Summary for Class 30 WI 3D I p. 1.'2 
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Summary of C lass 30 s.u:.! 

cv( T = / -1 = 2ff(V- ' ). I f instead you freeze limc and look at a wave as a functi on of position, 

you say that it has a wavelength ,1., inversely related to its wave vector k ( ), = 2ffk - I
) . Using 

thi s notation , we can rewrite our function f(x·vt) = l'Osin(kx-wt) , where v = wi le 
We typically treat both electric and magnetic fields as plane waves as they propagate th"'Hlgh 
space (if you have one you must have the other) . They travel at the speed of light (v=c). 
They also obey two more constraints. First, their magnitudes are fixed relative to each other: 
Eo = cBo (check the units!) Secondly, E & B always oscillate at right angles to each other 
and to their direction of propagation (they are transverse waves). That is, if the wave is 
traveling in the z-direction, and the E field points in the x-direction then the B field must 

point along the y-direction. More generally we write Ex B = p , where p is the direction of 

propagation. 

Important Equations 

Maxwcll ' s Equations: 

EM Plane Waves: 

Summary for Class 30 

(I) []fE.dft. = Qi" 
S &0 

rli - drJ> (3) lJlE.ds = __ B 

c dl 

E(i',I) = Eo sin (kji. i' - WI) E 
B (i', I) = Bo sin (kji . i' - WI) B 

Wl m l 

(2) dif B . dft. = 0 
s 

p.2/2 



Class 30: Outl ine 

Hour 1: 
Maxwell's Equations 
Electromagnetic Radiation 
Plane Waves 

Hour 2: 
Standing Waves 
Energy Flow 

Maxwell's Equations 

Maxwell's Equations 

[jfE.dA =~O 
, e, 

(Gauss's Law) 

(jfii.dA=O (f\1agnctic Gauss's Law) , 
~- _ dlb , E·d. =--
c ell 

(Famday's Law) 

~- r pl..0 dlb. B· s= • ...,+floEtJ -
c dt 

(Ampere-Maxwell Law) 

What abo t free space (no charge or current)? 

Class 30 Iv~n. (\o Cho(~C) t 

{U ('({JI\ I s 

~ 
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Electromagnetism Review 
• E fields are created by: 

(1) electric charges 

(2) time changing B fields 

• B fields are created by 

(Gauss's Law) 

~8'~Yiaw) 
t=araday sLaw 

(3a) moving electric charges (Ampere-Maxwell Law) 
Ampere's Law 

(3b)time changing E fields (Ampere-Maxwell Law) 

• No magnetic charge Maxwell's Addition 

{4} Conservalion of magnetic flux (Unnamed Law) 

• Conservation of Charge 

• E (B) fields exert forces on {moving} electric charges 
". , 

Electromagnetic Radiation 

Class 30 2 



Electromagnetic Radiation: 
Plane Waves 

P." f 

Traveling Waves 

What is g(x,t) = f(x-vt)? 

EO 

.. --~-. - I 
x=O x=vt" x=2v1o 

f(x-vt) is traveling wave moving to the right! 
... ·· 1 

Traveling Sine Wave 
What is g(x,t) = f(x+vt)? Travels to !rut velocity v 

y = Yosin(k(x+vt» = Yosin~+kvt) .... 
Look at t = 0: g(x,O) = Y = Yosin(kx): 

2". 
Wavelength (~) = ---="'----

/ wavenumber S2.. 

Class 30 
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Traveling Sine Wave 
g(x, l) = Yo sink(x+ VI) 

Look at x=O: g(O,I) = Yo sin(kvl) '" Yo sin(wl) 

Traveling Sine Wave 

o Wavelength:.-l Iy = Yo sin(kx - lUt) I o Freq uency : j " " 
21r o Wave Numb er : k =-:t 

o Angular Frequency: IV = 2,. j 

D P " dT 1 2,. eno: = - =-
j IV 

o Speed of Propagation: V = ~ = .-l j 

o Direct ion of Propagation:-+X"" 
'-

Electromagnetic Waves 

W."I.ns,h 1m) ~~t(Jd) 
3~ I()4m 3 m 3x l0'4m 3xlO-41~ 3x lQ-llm 

,. _=,. mr-l UHr.wiolet Gamma iti)i-
60 H Microwttvtl 
.. _,!, 1£ ~U""pI","", 

X...,. i i'-' 
,0' 

'''' ,," , '" IO~ III" ::;S III" 10" Frequency (Hz) 

l o~ ~ ~ 40x lO-
7
m ( C\. 7:5X I01';Hz 

VL"ible light 

Remember: gZ§ 
rn" 

l' (Ji. \ '<v~'(!) -\rut 
Class 30 

( ~. V~i"L:\1 pf 
OI"Q... ctm . cl(r"v't 
-f cf. rfl to f Jfr-. wt. 

4 
G 

C "ft;t,ll, 
I 
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Electromagnetic Radiation: 

1) Sine wave 
traveling to 
right (+x) 

2) Collection of 
out of phase 
oscillators 
(watch one 
position) 

PRS Question: 
Wave 

PRS: ~ave 

The graph shows a plot of the function 
y = cos~x). The value of k is ... ... 
"" 
"" 
"" 

1. %m-1 

2. 'Xm-t 

~
ltrTrl r 

. nJ2m-1 V 
. i don't know 

Class 30 
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Group Work: 
Do Problem 1 

In this Java Applet 

Direction of Propagation 
E = EE, sin(k(p. f)-ml); B = fm, sin(k(p · r) -ml) 

v 

IExB=pl E B p (p.r) 

i j I< z 

j I< i x 

I< i j y 
j I -I< - z 

I< j < 
~I -x 

i I< -j -y ." 

PRS Question: 
Direction of Propagation 

Class 30 6 



PRS: Direction of Propagation 

The figure shows the 
E (y..ellQ.w) and ~ue) 
fieldSCif a plane ave. 
This wave is 
propagating in the 

1. +x direction 

2. -x direction 

fQ. +z d"eoIlon 

4. - z direction 

. I don't know 

Group Problem: Plane Waves 

1)Plot E, B at 
each of the ten 
points pictured 
for 1=0 -

2)Why is this a 

'--___ .-=-_.;);;..' --l · plane wave?" 

E(X,.v.:./) =E,.,osin( -Z: (X-ct) j '\ 

jj (." y,'.J) ~;E, .• 'ine;(X-CJ)} ) 

(I. 
&,(/11 '~'I.Jf! 

So ~ 
A (J..,.,,-

f: x if 
I 

01vfj 

") I I' o I V 10 ·, 

S=6h£ds ctJ J'( fwe-4 d i,:;l(VI(€j 

, 
alof\.' 2- a )(! s 

-) 

0B t~ 0'\ I _, 

16 fdn h - JrtW d 1If, j o~ J /h a ~,d~Jl' GI.. 0 d 
, 

.. J "7t "'-

IBectr~i9ilErtiCiRadi3tiC;nn:: I VG'-'{ )? J ; spl~ t 
Plane Waves 

c,.r./""l ~l(j 
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Electromagnetic Waves 
Both E & B travel like waves: 

a2E flE a2B a2B 
ax/ = JloEo at/' axt = JloEo at2 z 

But there are strict relations between them: 

aBz _ aEy aBz _ aEy 
at -- aX ax - -JloEo at 
Here, Ey and Bz are "the same," traveling, along x axis 

Amplitudes of E & B 

aBo aE" () () ai =- fu =>-vBol' x-V( =-Eol' x-vI 

l=>vBo =Eol 

Eyand Bz are "the same," just different amplitudes 

PRS EM Wave 
• • 

The E field of a plane wave is: ("t/.:lvtll'l!) (11 2 .. 
.., "\\!' L 
E(z, l) = jEo sin(1cz + WI) le. 1.9 ! 

'l'ap OJ, ."",1 
The magnetic field of this wave is given by: 

'" '" '" '" '" 

(~ ii(z,t)=iB,sin(ia+a.r) 

)is B(Z,f) = .. in, sin(1a + a>t) 

3. ii(z,t) = kit sin(ia+tit) 

4. B(z,f) = .. kB •• in(la + <1Jt) 

5. I don't know 

Class 30 

~O I'~ 

-

WlT(lt to S fit 7 tV+- J~ 'i' let Ie 
I 

-> 

xR 1./ '\'1 t j; 'I' ;:;- - ,'tt L) I ("e /\ 

e L, h Ov IJ by ~ r 
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Properties of EM Waves 
Travel (through vacuum) with 
speed of light I 

y ;C; r::::- =3x lO' m 

"l1oco s 
At every point in the wave and any instant of time, 
E and B are in phase with one another, with 

E Eo 
-=-=c 
B Bo 

E and B fields perpendicular to one another, and to 
the direction of propagation (they are transverse): 

Direction = Direction ofExB 

.--_________ -+I_re---,c+o(" X Y ~ ...) 
Traveling E & B waves); )~ ...;;;t-_ )(_B _________ _ 

Wavelength: A 1- , . - - 1 
Frequency : 1 E = EEo sm(k . r - OJt) 

2,,-
Wave Number: k=-

A 
Angular Freq.: 0);2,,-1 

Period: T;~=2"-
1 0) 

E E 
_=_0 =V 

B Bo 
III Speed: y; - =AI 
k 

Direction: +k = ExB 

In vacuum ... 

1 am 
=c=~=3x lO -

"PoGo S 

Standing Waves 

",n 
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Standing Waves 
What happens if two waves headed in~e 
dir~ons are allowed to interfere? 

E, = Eo sin(kx-mt) E, = Eo sin(kx + mI) 

Superposition: E = E, + E, = 2E. sin(kx) cos(mt) 

/ --, ,--, . ,. '. '-. ,/ , -:or '. 

,~. 

Standing Waves 
Most commonly seen in resonating systems: 

'/ 
~usicallnstruments, Microwave Ovens .... 

E = 2Eo sin(kx)cos(ml) 
Hod. Nod . Nod .. Hod. Nod. • • • • • rvv 
~ !nli- nod .. !--1 

/ ... 
L , , 

Class 30 10 



Group Work: Standing Waves . 
Do Problem 2 In the Java Applet 

Group Work: Standing Waves 
Do Problem 2 In the Java Applet 

E, = Eo sin(kx - WI) E, = Eo sin(kx + WI) 

Superposition: E = E, + E, = 2Eo sin(kx)cos(WI) 

'-./' '-../ '-. /'-. 
~/'.../ 

Appendix: 
How Do Maxwell's Equations 

Lead to EM Waves? 
(Optional) 

Class 30 11 



Wave Equation 
,.. - d J-Start with Ampere-Maxwell Eq: ~ B· as = 1'0&0 - Ii: . 
c dt 

- -r- l1 f'11 perleM lOPr 

f~ Yfrlnv -perf h tool 
I B = iha,qre l ie 

Wave Equation 
d f-Start with Ampere-Maxwell Eq: . as = ""&0 - E· 
dt 

Apply it to red rectangle: 

Oii.as=B.(x, t)l-
c ~r-

""& ~ Jt.dA = o dl 
.,.-.."..-w I 

o 
So in the limit that dx is 

olhr 5~de. 
- \.', (:-([1/( ~ >,( ( 

r:- (--~>Ml rc lo,·!icl/ C,0'l f 

If'/htre fie Ie L dpo~ {'ol 
Wave Equation 

rli - d f- -Now go to Faraday's Law lJI E. as = -- B· dA 
c dt 

Class 30 12 



Wave Equation 
Faraday's Law: rli- d f- -lJIE.dS =-- B ·dA 

c dt 
Apply it to red rectangle: 

dE.d. = E,,{x+ dx, 1)1- E,(x,t)1 

c d _ _ ~fk 
- d)B.dA =-ldx 0; tV¥. 

E,.(x+dx,ll -E,,(x,l) 8B. 
dx --a;-

So in the limit Ihal dx is very small : 

1 D Wave Equation for E 

oE, =_ os, oS oE 

".i. 81 -a: = f.Jo&o 0: 
~ 

Take x-derivaJive of 1s1 and use the 2nd equalion 

~(aE,,)=o'E,,= ~(_oB,)=_~(aB} 8 a'E, ax ox ax' ax at 01 ax f.Jo Dot' 

fiE fiE 
Y-",8 Y 

&2 - 0 0 8t2 
.,.» 

1 D Wave Equation for E 

a2E a2E 
a;f = f.to8 o at 

This is an equalion for a wave. Let: E y = f (x - v/ ) 

g~J?~~e, 

c- lJV~f\ yO J 51:" {h6 {O,"" 
1?i"~ W~""l ('~ Vu.1I Q'1 

Class 30 (~/'Y\o(k~ble.. c:J b5eNGlrtllY1 - it (). '2e 

C U (( (1 ~ '0 .\ ~ d " L rJ.- \,v"t/l/{ 



1 D Wave Equation for B 

aB, =_ aEy aBo aEy 
al ax & =-11080 81 

Take x-derivative of 1st and use the 2nd equation 

a ( aB,) pJ' B, a ( aEy) _ a (aEy ) 1 a' B, 
at Tt = at' = a, - ax - - Ox Tt = /JoEo ax' 

a2B a2 B z = JioDo 
z 

ax2 at2 
:'!~ 

Electromagnetic Radiation 

But there '!L!' strict relations between them: 

BB BEy BR BEy _ _ z -___ --'- -pe - -
Bt - ax ax - OOat 

Here, e., and B, are "the same,' t~ along x axis ... ' 

Class 30 14 



PRS: Wave 

The graph shows a plot of the function 
y = cos(k x). The value of k is ... 1. ~m-l ... 2. 1,4 m-l ... 3. it m- l 

'" 4. rrl2 m-l ... 5. I don't know 

PRS: Direction of Propagation 

The figure shows the 
E (yellow) and B (blue) 
fields of a plane wave. 
This wave is 
propagating in the 

1. -+"X direction 

2. - x direction 

3. +z direction 

4. -z direction 

5. I don't know 

PRS: EM Wave 

The E field of a plane wave is: 

it(z, I) = jEo sin(kz + COl) 

The magnetic field of this wave is given by: 

1. 8(z,t) = iB, sin(kz + at) 

2. 8 (Z,I) = - iBo sin(kz+ (VI) 

3. 8(z, I) = kttsin(kz +at) 

4. B(z, t) = - kBo sin(kz + WI) 

5. I don't know 

Class 30 

PRS Answer: Wave 
Answer: 4. k = n/2 m-t 

).. = 4 m -7 k = 2rd)" = rd2 m-1 

y = cos (It x 12) is 1 at x = -4 m, 0 m, 4 m, etc. 

,~ , 

PRS Answer: Propagation 
Answer: 4. The wave is moving in the -z direction 

The propagation 
direction is given by 
the direction of Ex B 
(Yellow x Blue) 

PRS Answer: EM Wave 
Answer: 1. 8(z, l) = lEo sin(kz + cot) 

From the argument of the sin(kz + mt), we know 
the wave propagates in the -2 direction . 

So wc baveEx B = }x? =-k 

=> B = i 

,~ , 

'" 

1 



MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Department of Physics: 8.02 

In Class W13Dl_l Solutions: Waves Java Applet 

Problem: Find the wavelength, frequency , and speed of the wave in the top panel , f(x ,t). 

Time: o f(x,t) 

+--

Solution: 
The wavelength can be measured as the peak to peak distance: A = 4 

Thus the wavevector is given by k = 2rr:/A = rr: / 2 

The speed can be measured by watching the wave travel. It moves one wavelength in 2 time 
units so the speed is v = 2. 

So we can calculate both the frequency and angular frequency: 

Af = v=>/ = viA = 1/2; w = 2rr:/ = rr: 

The amplitude is F = 4. 

So the equation can be obtained as: 

g(x, t) = F . cos (h - wt) = 4· cos (rr:x / 2 - rr:t) 

The minus sign is because the wave is travelling to the right (+x direction) 

Note that this applet doesn't use units (one unfortunate downside). Make sure you don ' t omit 
units when they are there. 

In Class Problem Solution Class 34 (WI3D I) p. I of I 



MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Department of Physics: 8.02 

In Class W13Dl 2 Solutions: Pf:~ Waves 

Problem: For the EM Wave: 

- (21t), E(x,y, z,f)=E osin - (X-C/) j; 
y . A 

- I (21t ) , B(x, y,z,f)=~E)'.osin T(x-ct) k 

I) Plot E, B at each of the ten points pictured for t=O 
2) Why is thi s a "plane wave?" 

Solution: 

+y 

X ;;;;, () X = 1J4 X = /",/2 X = 3A.14 X = Ie 

. +x 

This is a "plane wave" because for any plane (parallel to the yz plane) the electric and magnetic 
fields are doing the same thing at all points. For example, at x = 0 we find E & B are zero 
everywhere. So when the wave propagates it is as if entire planes were simply sliding along the 
propagation axis (in this case the x-ax is) 

In Class Problem Solution Class 34 (W 13D I) p. 1 of I 



MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Department of Physics: 8.02 

In Class W13Dl_3 Solutions: Standing Waves Java Applet 

Problem: (Problem 2 of the .l ava Ap plct) Find a wave function, g(x,t) , that will produce a 
standing wave with a node at x=O, (i.e., at the center.) 

Time: o f(x,t) 

Solution: 
We first need to find the parameters of wave [(x,t) 
The wavelength can be measured as the peak to peak distance: A = 2 

Thus the wave vector is given by k = 2re/A = re 

The speed can be measured by watching the wave travel. It moves one wavelength in 2 time 
units so the speed is v = 1. 

So we can calculate both the frequency and angular frequency: 
Af = v=>J = v/A = 1/2; 0 = 2re/ = re 

The amplitude is F = 3. 

So the equation can be obtained as: 
/(x , l) = F· cos(kx - (1) = 3 ·cos ( rex - reI) 

The minus sign is because the wave is travelling to the right (+x direction) 
To make a standing wave we send an equal wave in the opposite direction. We want a node at 
zero, which means we also need to change the sign: 

g(x, l) = - F· cos ( kx + (fJ/) = -3· cos ( m: + reI) 

In Class Problem Solution Class 34 (WI3DI) p. I of I 



MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Department of Physics 

8.02 Spring 2010 
Problem Set 11 

Due: Tuesday, April 27 at 9 pm. 

Hand in your problem set in your section slot in the boxes outside the door of 32-
082. Make sure you clearly write your name and section on your problem set. 

Text: Liao, Dourmashkin, Belcher; Introduction to E & M MIT 8.02 Course Notes. 

Week Twelve Self Inductance & Magnetic Energy 

M Apr 19-T Apr 20 Patriot's Day Holiday 

Class 28 WI2D2 WfR Apr 21122 

Reading: 
Experiment: 

Drop Date Thurs Apr 22 

Class 29 WI2D3 F Apr 23 
Capacitor 
Reading: 

Expt. 9: Driven RLC Circuits, Maxwell's Equations 
and Displacement Current; Poynting Vector & 
Energy Flow. 
Course Notes: Sections 13.1-13.3, 13.12.3-13.12.4 
Ex'nt. 9: Driven RLC Circu]ts 

PS09: Poynting Vector and Energy Flow in a 

Course Notes: Sections 13.1-13.3, 13.12.3-13.12.4 

Week Thirteen Electromagnetic Waves 

Class 30 W13DI MIT Apr 26/27 
Reading: 

Class 31 W13D2 WfR Apr 28/29 

Exam 3 Thursday April 29 

W13D3 F Apr 30 

Maxwell's Equations, EM Waves 
Course Notes: Sections 13.3-13.4, 13.11, 13.12.1-
13.12.2 

Exam 3 Review 

7:30 pm -9:30 pm 

No class day after exam 



Problem 1: Current Slabs 

The figure below shows two slabs of current. Both slabs of current are infinite in the x 
and z directions , and have thickness d in the y-direction. The top slab of current is 

located in the region 0 < y < d and has a constant current density J,u, = Ji. out of the 

page. The bottom slab of current is located in the region -d < y < 0 and has a constant 

current density J " = - J i. into the page. 

(a) What is the magnetic field for IYI > d? Justify your answer. 

(b) Use Ampere's Law to find the magnetic field at y = O. Show the Amperian Loop 
that you use and give the magnitude and direction of the magnetic field. 

(c) Use Ampere's Law to find the magnetic field for 0 < y < d. Show the Amperian 
Loop that you use and give the magnitude and direction of the magnetic field. 

(d) Plot the x-component of the magnetic field as a function of the distance y on the 
graph below. Label your vertical axis. 



Problem 2: An infinitely long wire of radius a carries a current density Jo which is 

uniform and constant. The current points "out of' the page, as shown in the figure. 

(a) Calculate the magnitude of the magnetic field B(r) for (i) r < a and (ii) r> a. 
For both cases show your Amperian loop and indicate (with arrows) the direction 
of the magnetic field. . 

(b) What happens to the answers above if the direction of the current is reversed so 
that it flows "into" the page? 

(c) Consider now the same wire but with a hole bored throughout. The hole has 
radius b (with 2b < a) and is shown in the figure. We have also indicated 
four special points: 0, L, M, and N. The point 0 is at the center of the original 
wire and the point M is at the center of the hole. In this new wire, the current 
density exists and remains equal to Jo over the remainder of the cross section of 

the wire. Calculate the magnitude of the magnetic field at (i) the point M, (ii) at 
the point L, and (iii) at the point N. Show your work. 

Hint: Try to represent the configuration as the "superposition" of two types of wires. 



Problem 3: Sliding Bar on Wedges 

A conducting bar of mass m slides down two frictionless 
conducting rails which make an angle B with the 

horizontal, separated by a distance £ and connected at the 
top by a resistor R, as shown in the figure. In addition, a 

uniform magnetic field B is applied vertically upward. 
The bar is released [Tom rest and slides down. At time I 

the bar is moving along the rails at speed v(I). 

(a) Find the induced current in the bar at time I. Which 
way does the current flow, from a to b or b to a? 

(b) Find the terminal speed vr of the bar. 

After the terminal speed has been reached, 

(c) What is the induced current in the bar? 

(d) What is the rate at which electrical energy is being dissipated through the resistor? 

(e) What is the rate of work done by gravity on the bar? The rate at which work is done 

is F· v. How does tlus compare to your answer in (d)? Why? 



Problem 4 EMF Due to a Time-Varying Magnetic Field 

A uniform magnetic field Ii is perpendicular to a one-turn circular loop of wire of 
negligible resistance, as shown in the figure below. The field changes with time as 
shown (the z direction is out of the page). The loop is of radius r = 50 cm and is 
connected in series with a resistor of resistance R = 20 Q. The "+" direction around the 
circuit is indicated in the figure. 

I 

o 2 

R 

4 6 
~C'cond 

10 

(a) What is the expression for EMF in this circuit in terms of E, (t) for this arrangement? 

(b) Plot the EMF in the circuit as a function of time. Label the axes quantitatively 
(numbers and units). Watch the signs. Note that we have labeled the positive direction of 

the emf in the left sketch consistent with the assumption that positive Ii is out of the 
paper. 

(c) Plot the current 1 through the resistor R. Label the axes quantitatively (numbers and 
units). Indicate with arrows on the sketch the direction of the current through R during 
each time interval. 

(d) Plot the power dissipated in the resistor as a function of time. 



( Problem 5: Inductor 

An inductor consists of two very thin conducting cylindrical 
shells, one of radius a and one of radius b, both of length h. 
Assume that the inner shell carries current lout of the page, 
and that the outer shell carries current I into the page, 
distributed uniformly around the circumference in both 
cases. The z-axis is out of the page along the common ax is 
of the cylinders and the r-axis is the radial cylindrical ax is 
perpendicular to the z-axis. 

a) Use Ampere 's Law to find the magnetic fi eld between 
the cylindrical shell s. Indicate the direction of the magnetic 
field on the sketch. What is the magnetic energy density as 
a function of r for a < r < b? 

b). Calculate the inductance of this long inductor recalling that Un = J... U ' and using 
2 

your results for the magnetic energy density in (a). 

c) Calculate the inductance of this long inductor by using the formula 

(.I> = U = f B ·dA and your results for the magnetic field in (a). To do this you 
open slIr/ace 

must choose an appropriate open surface over which to evaluate the magnetic flux. Does 
your result calculated in this way agree with your result in (b)? 

I 
® 



Problem 6: Trying to open the switch on an RL Circuit 

The LR circuit shown in the figure contains a resistor R, and an inductance L in series 

with a battery of emf co' The switch S is initially closed. At I = 0, the switch S is opened, 

so that an additional very large resistance R, (with R, 0 R,) is now in series with the 

other elements. 

r 
s • . :/' <>J ...................... Wv············· ·····~ 

I 
R, ' 

- 'VVv 
+. R.. (~ ... 

£" -rL ___________ ---'~? L 

(a) If the switch has been closed [or a long time before I = 0, what is the steady current 
10 in the circuit? 

(b) While this current 10 is flowing, at time I = 0, the switch S is opened. Write the 

differential equation for 1(1) that describes the behavior of the circuit at times I ~ O. 

Solve this equation (by integration) for 1(1) under the approximation that Co = O. 

(Assume that the battery emf is negligible compared to the total emf around the circuit 
for times just after the switch is opened.) Express your answer in temlS of the initial 
current 10 , and R" R" and L. 

(c) Using your results from (b), find the va lue of the total emf around the circuit (which 
from Faraday's law is -Ldl / dl) just after the switch is opened. Is your assumption in (b) 
that Co could be ignored for times just after the switch is opened OK? 

(d) What is the magnitude of the potential drop across the resistor R, at times I > O,just 

after the switch is opened? Express your answers in terms of cO' R" and R,. How does 

the potential drop across R, just after I = 0 compare to the battery emf co' if 

R, = lOOR,? 



Problem 7: LC Circuit 

An inductor having inductance L and a capacitor having capacitance C are connected in 
series. The current in the circuit increase linearly in time as described by I = KI. The 
capacitor initially has no charge. Determine 

(a) the voltage across the inductor as a function of time, 

(b) the voltage across the capacitor as a function of time, and 

(c) the time when the energy stored in the capacitor first exceeds that in the inductor. 

Problem 8: LC Circuit 

(a) Initially, the capacitor in a series LC circuit is charged. A switch is closed, 
allowing the capacitor to discharge, and after time T the energy stored in the 
capacitor is one-fourth its initial value. Determine L if C and Tare known. 

(b) A capacitor in a series LC circuit has an initial charge Qo and is being discharged. 

The inductor is a solenoid with N turns. Find, in terms of Land C, the flux 
through each of the N turns in the coil at time I, when the charge on the capacitor 
is Q(I). State any assumptions that you make. 

(c) An LC circuit consists of a 20.0-mH inductor and a 0.500-JlF capacitor. If the 

maximum instantaneous current is 0.1 00 A, what is the greatest potential 
difference across the capacitor? 
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The figure below shows two slabs of current. Both slabs of current are infinite in the x 
and z directions, and have thickness d in the y-direction. The top slab of current is 

located in the region 0 < y < d and has a constant current density J .. a = J Z out of the 

page. The bottom slab of current is located in the region -d < y < 0 and has a constant - --= 
current density J 'n = -Jz into the page. < 5 = 15 =-c 

~ .:::. c J:. '- p ~ ,-..-2 'B I <f'/.JP, 
c---- - 7 

--~f Y d --? 

:1 (({)'If 1If-~ 0J out 

l>XJ 
-d 

® J in 

(a) What is the magnetic field for IYI > d? Justify your answer. 

Zero. The two parts of the slab create equal and opposite fields for IYI > d . 

-=- OJIGlh of ../~p - v; -wl) ./d 6~ 't lce 
b) Use Ampere's Law to find the magnetic field at y = O. how the Amperian Loop 

that you use and give the magnitude and directi tri" of the ma15netic field. 

~Q fro'"' \ore -I.,JhvoQ. ~" 1s:::- c 

_ .. .......... . Amperian Loop 

~J 
out 

6 .B ::: c ..L..d 
t y ~ r-- "-

! 
P' 

fbi. -if-f) 

I . , T) 
.If 

~-----

-1-- o J in 
vd l loop 

t A "1A're ~ LUL-
-d 

The field at y = 0 points to the right (both slabs make it point that way). So walk counter 
clockwise around the loop shown in the above figure and Ampere's Law gives: 

0' -n :, /') 
'I v tO I n u ( '-I lrC v~, 1 h atfo {,( ";" 



cJE .dS = Bl + 0+ 0+ 0 = 4; 1,,,, = 1'0 (Jld) => IE = 1'0Jdi (to the right)1 

c) Use Ampere's Law to find the magnetic field for 0 < y < d. Show the Amperian 
Loop that you use and give the magnitude and direction of the magnetic field. 

o :- .............. : Amperian Loop 

l~· - --- ~~J-
d - y • • t : : au . . ............... 

d 

- 1 • ·--........ -~ x 

(8) Jin 

-d 
&~IA ~ aii..l~ 

The field for 0 < Y < d still points to the ri ght. So walk counter clockwise around the 
loop shown in the above figure and Ampere' s Law gives: 

cJ E . dS = Bl + 0 + 0 + 0 = 1'.1"" = 4n JI (d _ y) => 'I E-=-Jlo-J-(-d---y-)7"i -( t-o-t1-1e-r-ig-h-'t) I 
c , ( 

Wh y d - 't 

Q !-\ - h ('tMllfe.. cJv1·,,~ h /,., 
(d) Plot tli x-comporlent of the magnetic field as a funct ion of the distance y on the 
graph below. Label your vertical axis. /'uJ-;! t;~~J1 
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Problem 2: 

An infinitely long wire of radius a carries a current density Jo which is uniform and 

constant. The current points "out of' the page, as shown in the figure . 

.". --+- - ""­, ... 
,; , 

/ , 
/ , 

I J' \ 

" 8/ \ I' ' 
,\ ' 
\ ' I I 
\ ' .... ' I 

, I , / , / ... ,,; 
...... - ....... ' 

a) Calculate the magnitude of the magnetic field B(I') for (i) r < a and (ii) 
r > a. For both cases show your Amperian loop and indicate (with arrows) 
the direction of the magnetic field. 

The dashed lines above are the Amperian loops I will use for (i) and (ii). They both 
have a radius of r, and in both cases the paths are counterclockwise, as is the B field , 
due to a current out of the page (right hand rule). 

(i) I' < a . 

From Ampere's Law: 

(ii)r > a. 

Now we just contain all of the current: 

-h; ~ t~ FAvl! dd,r&~ t 

(op fcl (ro .o y,ot~~ -k, ~blt ~o Jo', 



(b) What happens to the answers above if the direction of the current is reversed so that it 
flows "into" the page? 

If the direction of current flips then so does the direction of the magnetic field , so it is 
clockwis.e rather than counterclockwise. The magnitude of the field remains the same. 

c) Consider now the same wire but with a hole bored throughout. The hole has radius b 
(with 2b < a) and is shown in the figure . We have also indicated four special points: 0 , 
L, M, and N. The point 0 is at the center of the original wire and the point M is at the 
center of the hole. In this new wire, the current density exists and remains equal to Jo 
over the remainder of the cross section of the wire. Calculate the magnitude of the 
magnetic field at (i) the point M, (ii) at the point L, and (iii) at the point N. Show your 
work. 

Hint: Try to represent the configuration as the "superposition" of two types of wires. 

The point here is that we have two wires superimposed on top of each other. The large 
(radius a) wire carries current out of the page while the smaller (radius b) wire carries 
current into the page (with the same current density). At all point L, M and N we are 
inside the large wire and on the right, so the counterclockwise B field is pointing up the 
page. What is happening from the small wire changes from place to place 

(i) the point M: 

Here we are at the center of the small wire, so it contributes nothing. We are at a radius 
r = a - b inside the big wire, so from part (a.i) of this problem we have: 



(ii) at the point L: 

Here we are to the left of the small wire (at a radius r = b), so the clockwise field (as we 
said in part b) is pointing up, just like the CCW field from the big wire We are at a radius 
r = a - 2b inside the big wire, so: 

(iii) at the point N: 
Here we are to the right of the small wire (at a radius r = b), so the clockwise field is 
pointing down, opposite the CCW field from the big wire so they subtract rather than add 
We are at a radius r = a inside the big wire, so: 

A comment about people's work on this problem: I was stunned at how many people 
tried to do Ampere's law on the wire with a hole in it. Since the hole breaks the 
cylindrical symmetry of the problem you just can't do this. That is, since B is no longer 

constant around an Amperian centered on 0, f B . as '" 2mB. B isn't constant, so you 

can ' t just pull it out! 

-JJ 1 do t'\~J 
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Problem 3: Sliding Bar on Wedges 

A conducting bar of mass 117 slides down two friction less 
conducting rails which make an ang le B with the 
horizontal, separated by a distance C and connected at the 
top by a resistor R, as shown in the figure. In addition, a 

uniform magnetic field B is appl ied vertically upward. 
The bar is released from rest and slides down. At time / 
the bar is moving along the rails at speed v(I) . 

(a) Find the induced current in the bar at time I. Which 
way does the current flow, from a to b or b to a? 

The flux between the resistor and bar is given by 
<P B = B l x(l)cosB 

where x(l) is the distance ofthe bar from the top of the rails. 

Then, 
d d 

Ii = --c!) B = --BCx(t)cosB = -Bev(/)cosB 
dl d/ 

__ e,~ 

Because the resistance of the circuit is R, the magnitude ofthe induced current is 

1= l:l = Bev(l)cosB 
R R 

By Lenz' s law, the induced current produces magnetic fields which tend to oppose the 
change in magnetic flux. Therefore, the current flows clockwise, from b to a across the 
bar. 

(b) Find the terminal speed ",. of the bar. 

At terminal velocity, the net force along the rail is zero, that is gravity is balanced by the 
magnetic force: 

or 

. (B CV (/)COSB) 117gslllB=IBCcosB= I R Bl cosB 

() 
_R_II7,..,ge..,s_in-:-;-B 

v I = 
I (Be cosB) ' 

After the terminal speed has been reached, 

(c) What is the induced current in the bar? 



/ = B e v,(t)cosB = BeCOSB( Rmgsin B) = mgsinB = mg tan B 
R R (B e cos B)' BecosB Be 

(d) What is the rate at which electrical energy is being dissipated through the resistor? 

The power dissipated in the resistor is 

P = / ' R = (';~ tan B J R 

(e) What is the rate o6rlv done by gravity one tlbar? The rate at whiclmk IS done 

is F· v . How does this compare your answer in (d)? hyW 

_ -. . ( Rmgsin B) (mg )' F,V =(mgsmB)v,(t)=mgsll1B , = -tan B R = P 
(BecosBt Be 

That is, they are equal.All of the work don~ gravity is dissipated iIlIhe resistor, 
which is why the rod mnlccelerating past its tein1l1 velocity. 

th; I Is ~O(~ 

I should hM 



Problem 4 EMF Due to a Time-Varying Magnetic Field 

A uniform magnetic fld Ii is perpendicular to anmturn circular loop owire of 
negligible resistance, asshown in the figure bela The field changes itkw time as 
shown (the z direction is out of ]Ilbge). The loop is ofidius r= 50 cm and is 

connected in series wita resistor of resistancd? = 20 Q. The "+" direction arodnthe 

circuit is indicated in thGgure.In order to obtain credit you must show your work; 
partial answers without work will not be accepted. 
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(a) What is the expressiofur EMF in this circuit tCUllS oill, 1 (f)Jr this arrangement? 

Solution: When we choose a "+'lrattion around the circtJishown in the figure a\m;l 
then we are also specif)gnthat magnetic flux ouf dle page is positive. ~Tlumit vector 

ii = +k points out of the pageJ1U3 the dot product bec<ml 

f Wtf~ 
(0·0 

From the graph, the z-cq:mnent of the magneticefil B, IS given by 

(2.5 T· S·')I ; 0 < 1 < 2 s 

5.0 T;2s<I<4s 
. (0.2) 

10 T - (1.25 T . S·')I ; 4 s < 1 < 8 s 

0;1>8s 

The derivative of the magnetic field is then 

2.5 T· S·I ; 0 < 1 < 2 s 

dB. 0 ; 2 s < I < 4 s _ . = 
dl -1.25 T . S·1 ; 4 s < ( < 8 s 

0 ; 1>8s 

The magnetic flux is therefore 

(0.3) 



The electromotive force is 

d D = _ dB, "r2 
& = - dl ( magnelic dl (0.5) 

So we calculate the electromotive force by substituting Eq. (0.3) into Eq. (0.5) 
yielding 

c= 

-(2.5 T ·s·')",.' ; 0 < 1 < 2 s 

0;2s<I<4s 

(1.25 T· s·, )"r' ; 4 s < 1 < 8 s 

0 ; 1>8s 

(0.6) 

Using r = 0.5 m, the electromotive force is then 

c= 

Solution: 

-1.96V;0<1<2s 

0;2s<I<4s 

0.98 V ;4s <I <8s 

0;1>8s 

(0.7) 

(b) Plot the EMF in the circuit as a function of time. Label the axes quantitatively 
(numbers and units). Watch the signs. Note that we have labeled the positive direction of 

the emf in the left sketch consistent with the assumption that positive B is out of the 
paper. 

Solution: 
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(c) Plot the current I through the resistor R. Label the axes quantitatively (numbers and 
units). Indicate with arrows on the sketch the direclion of the current through R during 
each time interval. 

Solution: The current through the resistor (R = 20 Q) is given by 

& 
J---

R 

- 9.8x I0-' A; 0<1 <2s 

0;2s<I<4s 

4.9xlO-' A ; 4s<I<8s 

0;1>8s 

L 1i1 
0 ./ 

-0. / 

- o.~ 

(0.8) 

(d) Plot the power dissipated in the resistor as a function of time. 

Solution: The power dissipated in the resistor is given by 

p= l ' R = 

1.9xI0-' W;0<1<2s 

0;2s<I<4s 
. (0.9) 

4.8xlO-' W;4s<I<8s 

0 ; 1 >8s 
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