The electromotive force is then

d b4
g = __¢)magnehc = _B\' —ar— W= —va'“) > 0 -
dt Y dt g

Note that the z-component of the velocity of the loop is negative, v, <0, so the
electromotive force is positive.

The current that flows in the loop is therefore

B
Imd :£:_ﬂ>0'
R R

Note that a positive current corresponds to a counterclockwise flow of charge agreeing
with our Lenz’s Law analysis in part (a).

(c) Besides gravity, what other force acts on the loop in the +k direction? Give its
magnitude and direction in terms of the quantities given.

Solution: There is an induced magnetic force acting on the upper leg of the loop given by

=[WxB=":"yijxB i=-==" k>0.
R ' R

Note that this force is in the positive k -direction since v, <0,

(d) Assume that the loop has reached a “terminal velocity™ and is no longer accelerating.
What is the magnitude of that terminal velocity in terms of given quantities?

Solution: If terminal velocity (denote the z-component by (v.),,,) is reached, some

portion of the loop must still be in the magnetic field. Otherwise there will no longer be
an induced magnetic force and the loop will accelerate uniformly downward due to the
gravitational force. Terminal velocity is reached when the total force on the loop is zero,
therefore

— ~ =

F, -mg k=0

ind term

The substitute our result for (v.),,,, in the expression for the induced force to yield

ferm

2 2
G B.T (V:R)wmr‘v ‘h{ _]Hg l"\i e 0 .

We now solve this equation for the z-component of the terminal velocity:
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B w”

X

(V: )fl.’l’ﬂl o

Substitute the above results for (v.),,,, into our expression for the induced current to find

ferm

the induced current at terminal velocity,

B.w B.w mgR m
Ir‘nd,rurm == (v: )u'rm = i, . gg 2 = g
R R B w B.w

(e) Show that at terminal velocity, the rate at which gravity is doing work on the loop is
equal to the rate at which energy is being dissipated in the loop through Joule heating.

Solution: When the loop is moving at terminal velocity the power exerted by
gravitational force is given by

= v, =-mg k-

grav,ferm grav " term

T - (_ mgR RJ_ m*g*R

Thus comparing these two last equations shows that

grav term — £ Joule term *
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Problem 6: Generator

A “pie-shaped” circuit is made from a straight vertical ®
conducting rod of length a welded to a conducting rod
bent into the shape of a semi-circle with radius a (see
sketch). The circuit is completed by a conducting rod of
length a pivoted at the center of the semi-circle, Point P,
and free to rotate about that point. This moving rod
makes electrical contact with the vertical rod at one end
and the semi-circular rod at the other end. The angle & is
the angle between the vertical rod and the moving rod, as
shown. The circuit sits in a constant magnetic field Bex
pointing out of the page.

(a) If the angle &is increasing with time, what is the direction of the resultant current
flow around the “pie-shaped” circuit? What is the direction of the current flow at the
instant shown on the above diagram? To get credit for the right answer, you must
Jjustify your answer.

The flux out of the page is increasing, so we want to generate a field into the page
(Lenz’ Law). This requires a clockwise current (see arrows beside pie shaped wedge).

For the next two parts, assume that the angle @is increasing at a constant rate,
dot)/ dt=o.

(b) What is the magnitude of the rate of change of the magnetic flux through the “pie-
shaped” circuit due to Bey only (do not include the magnetic field associated with
any induced current in the circuit)?

A) 5 Bﬂ[ i naz i = —Bcna— @ — —Bc'“ah ®
S dt 27 2t 2

d d
ik T ekl
i dt( e

(c) If the “pie-shaped” circuit has a constant resistance R, what is the magnitude and
direction of the magnetic force due to the external field on the moving rod in terms
of the quantities given. What is the direction of the force at the instant shown on the
above diagram? )

The magnetic force is determined by the current, which is determined by the EMF, which
is determined by Faraday’s Law:

PS09-14




E='—({’(DB=B“[G-(D — [;i;B‘Naw

di 2 R 2R
= F=IaB,_ =2ud®
2R

The force opposes the motion, which means it is currently down and to the left (the cross
product of a radially outward current with a B field out of the page).

Bext
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Summary of Class 26 8.02

Driven LRC Circuits jii
We can also add a force to our circuits — the AC power supply. In this i
case the current responds at the drive frequency. However, depending on Y
the frequency of the drive, the current may be out of phase (either leading Z i
or lagging the drive) and its amplitude will also vary. This is easily seen W T Y

O ~

in mechanical systems. For a fantastic example, play with the pendula at @
the Kendall T station. Depending on how fast you drive them they will respond either in or
out of phase with your drive, and they will either move a little or a lot. When you drive at
the natural frequency, the amplitude increases greatly, and the system is “in resonance.”

One Element at a Time

In order driven LRC circuits its easiest to start thinking about individual circuit elements. A
resistor obeys Ohm’s law: V=IR. Neither the amplitude nor phase of the voltage depends on
the frequency (the response voltage is always in phase with the current).

A capacitor is different. At low frequencies the capacitor “fills up,” but at high frequencies it
begins discharging before “filling up.” The voltage is frequency dependent and the current
leads the voltage (current flows before the charge/potential on the capacitor appears).

An inductor is the opposite — it hates the change of high frequencies and thus has large
voltages there — and the current /ags — the inductor fights before current flows.

When put together in LRC circuits, the capacitor “dominates” at low frequencies, the

inductor at high ones. At resonance (@, =+/1/LC) the frequency is such that these two

effects balance and the current will be largest in the circuit. Also at this frequency the
current is in phase with the driving voltage (the AC power supply).

Seeing it Mathematically — Phasors
To do this mathematically we will use phasor diagrams. A phasor is a

Ao o & vector whose magnitude is the amplitude of either voltage or current

T8 g and whose angle corresponds to its phase. Phasors rotate CCW about
the origin with time as their phase evolves, and their current amplitude
is their component along the y-axis, which oscillates as it should.
Phasors allow us to add voltages that are not in phase with each other.
For example, the phasor diagram above illustrates the relationship of
voltages in a series LRC circuit. The current 7 is assigned to be at “0 phase” (along the x-
axis). The phase of the voltage across the resistor is the same. The voltage across the
inductor L leads (is ahead of /) and the voltage across the capacitor C lags (is behind 7). If
you add up (using vector arithmetic) the voltages across R, L & C (the red and dashed blue &
green lines respectively) you arrive at the voltage across the power supply. This then gives
you a rapid way of understanding the phase between the drive (the power supply) and the
response (the current) — here labeled 4.

Important Equations

Summary for Class 26 W11D2 p. 2/3



Summary of Class 26

Natural Frequency of LC Circuit:

Current

Driving Voltage Source:

Current Response:

V({t)=V, sin (wt)

I(t) =1, sin(wt —¢)

Amolitude:

Phase:

Summary for Class 26
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Driven RLC Series Clrcmt
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In Class Prob!em' RLC Circuit
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics: 8.02

In Class W03D2_1 Solutions: RLC Circuit

)
o
|
-—
o

Problem: Consider plots of V¢, Vs
and / made at 3 frequencies: a very
low angular frequency (100 s™), a
very high one (10° s) and the
resonance frequency, which is
somewhere in between

Q
13

Voltage (V)
PENI TS |'IO= 11
()]

o
o
1
o
o

o
(3]
ap.
i
[
w
P.S. Voltage (V)

e
= e
[ I
S
o

Each plot allows you to find one of
R,L.C. In that order, which plot do
you use, which frequency is it and
what are the values of R, L & C?

1
-—
o

|
=1
o

Solution:
The resistance is most easily
determined from the curve on
resonance (the middle one, where
Vs and I are in phase and V¢ lags).
At this frequency Z =R, so

= Vos = 1V 10 Q

I 100 mA

B i
o
(&)
1
o
o

o
o
I
o
o

Voltage (V)
P.S. Voltage (V)

1
1
o
(%)
ap.
i
1
o
()]

it
-
T A
1

—
o

For the inductor to dominate we
< need to be at high frequency,
o Where the power supply will lead
S the current which leads the
S
=

N
f
1
o
i
1
=
o

5
S A
o
N
Voltage (mV)

|
o
(S

capacitor (bottom plot). Here:
Vo =X, =Ll es
A 1V

I ] O L= s —— =5 mH
2 F 104 J-1.0 wl, 1057 -2 mA

o
o
o
1
o
o

1
—
I
1
1
o
N
ap.
sl
1
o
(8]

Time

At very low frequencies the capacitor will dominate. Now the power supply is the same voltage

as the capacitor, and the plot shows one curve (current) leading the other two (top curve). Here:
1

V=1 X.=—2>C= by, 2 TA =50 uF
wC oV, 100s™ -1V

In Class Problem Solution Class 07 (W03D2) p.1of1



’.

,fi h\;&fg / 1{(/0'7’1 QL’W‘ f

uliondd Byt
-W"? @mk( T

c[/fl 6(“ +XXVF“

Ay B, 0 coduts et e

9\'% by Physics

FCU 6\!/{»\

F1)<F, cas[u%;f) pordic pune

—

B4+ yx-

qupwhq, ~ LR/QC clrakF

- e

/3



}(Jr) :-“ﬁ:}‘oe T here O = LR
d =% )
Py ok
Al Xx->C
NOV\/ ’}'d(l{o(i}} a/x :O ”ﬁ,f/hﬂ”(l(, Oﬁé:[ﬂ/ll'[)/- giof
dt? Z/C Clgu A
d'x -—¥
N b2 " X
T TE | el chaly e
- Vmo e (%\a ~9halgs bak +

forth



D X() =Yy s, £ 4
™ PG sww that  Cquation Q@, Satiy fy

XC]L) Xo Cw(\/%é} e—ﬁ)

%‘% ~ M, X, Sia( o £ +g)

%ji‘(a‘:* Myt e, <o [MLO It yf)

L /)
Y M6 cc% ¢ toambor

J\Lf&’@}‘(a/

\y

/)

OU\J. X = XO Cos (Mo }l +¢)
S0 (an ke

Joe ot
X

e

INDV Cﬂm\):ﬁz le” 3
~Q[AJ'43 Gre st 6 s« F(H=0

b o does ot look Dile ik wall all candle
5o dngatr (edv gu/e.ss) e 98

! i
AL P e gxd J
X(t) = X 6‘%(,05[(;0} ) €
Xv/é (oastats !30'} Lox T /)\;MM @M%‘MB
d

ghamin AYILCII'\:‘[(‘.j , b~ do detene dynar

X, = l/\ow blg YWV fos 73 T= decay fing
e <y STat alony v We [lke @ freqy

¥ vaok 1 gob

for




éo h\{tj 4dnd wl\!éhf/a 1[0 gﬂ?%/“

\ Jr \/L\//\\_/

g vyt e R
Y T
» LC
X(®) x, ¢ 7 o (wetrg) fals e

Ky Tl - N
%[5 st vg) - e daluj 10 |

2\
i) o M =Y
S coa(%ﬁ@) rT € Y [M/JL)JF@)

L g (it %J__mleﬂw-(%@ﬁw\)f
s il all gluplify



Y
$o W  JULf E@ ¥o CML\

-, ] 4‘,/
/FKXOL J/coj(vu{,}r@/) =" 6 J/’l [M\;-¢)
A —w(?. +JJLC ¢ (o F *¢j ﬁx [“5:'@'3'

605(_‘/:“]( ) — M@ 5“\ (M} +¢J J,)gz
J\Cof@o b *(ﬂ_)] .—0

E\/m Vo hys Y, ¢ "

—Cangle
"’@dﬂer 6[:»\ v (Y

%ﬂ _ OKMIL/% ‘rc)r? Cos[wu,ﬁi—@)
(| HE _puuT sl 1) =(

/LU/f(b ()—3[ :(W() <(
\MLiLfQ _‘)[ jS"\ :_

Go o
ik mofﬁ/%fj




0

“T}\Ls @’p@j 264%'&”0/’) wh?ck @a(,h Mt Vaﬂés‘l
_ ! [

R) [J/’l ok ™ — L FJ‘]CM (u&w/‘f +¢) ]

| [Zou/tc 'ﬂ}ﬂ 6‘4@%f+¢

|
( pa,(.spf Sd‘/(/

o
Jj"‘ﬁ _ BM <()

‘ 2K
JL T Conhd  For camb'@i%

- .f_&_, - ¢ 2
T 0
. )
P~ A2 <82 :
\%1:;}1_)81

et Conctunks hﬂ/‘
Jeﬁfm:@ how 540/./1’4::,,
vill Qﬁﬁfwfﬁi)



D
_‘Nk’q J/-omjo H \b Cr:‘};(oo) Jampeﬂf'«y
- ({On'{- ne,@i o l/wtov\/

X(1)<(p ¥B2)e™ &
MELO = g daml"e’”{y
X(t) s o 4 Be Y \

i

-~

Cr'ﬂ\tcw} Qlémpeﬂ‘riﬂ ‘(5 Fash«‘z}* JE(Q?I P?éé;bw
~Cor Shoche  waas and se fued bo—

P \lDﬂ[’Jl nﬁﬂl f‘o Lén@m/ 'hL Coa) P}ngt(lj L‘ﬁf‘{/

fD\,l.s WS })u:[d'f@ Mﬂoﬁj for V/Bl(, C"fwt'fs

+ drtsen
L
At = L ,f‘/
LC gL
L—/q_
Ui,

Mo paﬂ‘mg b J}tu;@ form FCJr)

FCH = Fo Caé(vlu,ﬂt)
- ~ O ch‘cuf.«:j Coro
~AC gune
~ G0 Ho



Wit s x(1) ol b ok Ve abhr o Wbl
S0 Ll ULMM'WL@ Vhen YaaY flsh 1) p',o fie ng’}c{
i le__,)r ‘/,L (l,‘l@, cl/awfl @f A 5960”’0)/ b@ {'Ofc yﬂ\/ ﬂew

L MAW an lﬂmaaﬂh (9[/%)
X(t) = é oo (Ju} +é)

% [e IWG(SMH
mi{:}) 2 (J"‘UU \ Vo”aﬂg
’ M Xy cos (A *‘d) )Clxa/gt o1

Caf?atfﬂﬂ
- ' i "
' XO anol ¢ Gre N\ow (lymmt(, Jm'/ [5 e (.

\L\Va’(f d@*@fm“f@d ‘9\( tlrf‘\/""ﬂ {_"ff{,

ond  oce @ 6'1/54
($ithott Loom petm po )

NDV/ 5'“0['\ 'j’h'ts r[n Ji(‘F@anHvL[ %V(&‘?"ﬂfl

X0 =%, Cas@%}ﬂ(r@
%}’ = X, sl H 19

- %?%: - %, Cos (Mt v gp)



U

s A

I X co{%ﬁ@)*ﬂ(}@ X, Sulutv@) 2

t a/XO C"S(M}*’@) =y o [mﬂ”)
Cos(A f@) < o5 fon B "‘S:‘ﬂpﬁ/nB

\im[/ﬂi& = Sin A oy~ 05 B 6in B

-"J{/I’L,ZVL Xé[aosmj(os d“éqﬂt} 5%@) - M ﬁ&( J
5in M, frcosd) + coﬁmféiné J tdl J/Xo (cojfxd" ¢
(05@ »5MMML S"ft(b‘) = F‘ cos [Mjf)
e Y“J/ﬁ(}o( % Cos §= P R 6in() > YK, cos d -'%I cos(wt) )
¥ [JW'Z 0L5“"~§b ___/m)ﬂ)% ms@ “X )C)g,'mﬁj s!a(w/’r) :O
This alves 2 e,qm‘r'l@ whih each  me Vi lsh
(J/LL”\X«; o d —mﬂxg w@«y&gvm@] sin i 1))
M S:’ld \MﬁCoaé - }05‘%¢ ()
(W=t hd B =

%ﬂ/\(p :«Wé,_,_..: M/L - _“_M_—o.}
. (W2 ~y) M- T T eyt




o My nafveal grgq/
P»«L 20 650

. re T e M < M, , .

MM, O -7 O e dipr liabr lie
high
Memﬁq 0 - ’“/1 < A 7% " windechor il
Dphase shi
M s 30

Noo need o e e s
EMZA %g Cﬂ.()d’ "/Mﬁxféjln@ ¥ rxﬁ CﬂSd-’POI CﬂéQ‘LU;O

O\QM ( J/C(,z 0&(@5¢ M]B 5‘m¢ +OVC""5 d) XG __:F(:

W e b b ) B

() Lt | %™ B g
T x5 m
& T )4 A




\/M’L ‘50 ¥ JEL ge ko D( w A
- ’ S ? o me
¢ "c‘/“'('c)Z goufé@
ML "'j/mo X =2 F . JJZ
i A =
My
M 5
% ()
X
| k
T W,

T natvcal F/E L7

lage cesonaat fasf«mee,'

——

noL b
/}7, = %:



Summary of Class 27 8.02

Topics: Driven LRC Circuits
Related Reading: Course Notes: Sections 12.8-12.9

Topic Introduction
Today’s problem solving focuses on the driven RLC circuit, which we discussed last class.

Terminology: Resistance, Reactance, Impedance

Before starting I would like to remind you of some terms that we throw around nearly
interchangeably, although they aren’t. When discussing resistors we talk about their
resistance R, which gives the relationship between voltage across them and current through
them. For capacitors and inductors we do the same, introducing the term reactance X. That
is, Vo=IoX, just like V=IR. What is the difference? In resistors the current is in phase with
the voltage across them. In capacitors and inductors the current is 7/2 out of phase with the
voltage across them (current leads in a capacitor, lags in an inductor). This is why I can only
write the relationship for the amplitudes V= I;X and not for the time dependent values
V=IX. When talking about combinations of resistors, inductors and capacitors, we use the
impedance Z: Vo= 1yZ. For a general Z the phase is neither 0 (as for R) or 7/2 (as for X).

Iy Resonance
Cilike: [ Recall t_hat when you drive an RLC circuit, that the current
<0 f | & Llike: in the circuit depends on the frequency of the drive. Two
[ 56 | ii/ $>0 typical response curves (I vs. drive ®) are shown at left,
/ \ I lags showing that at resonance (w = wg) the current is a
A maximum, and that as the drive is shifted away from the

resonance frequency, the magnitude of the current
decreases. In addition to the magnitude of the current, the
phase shift between the drive and the current also changes.
At low frequencies, the capacitor dominates the circuit (it
fills up more readily, meaning it has a higher impedance),
so the circuit looks “capacitance-like” — the current leads the drive voltage. At high
frequencies the inductor dominates the circuit (the rapid changes means it is fighting hard all
the time, and has a high impedance), so the circuit looks “inductor-like” — the current lags the
drive voltage. Notice that the resistor has the effect of reducing the overall amplitude of the
current, and that its effect is particularly acute on resonance. This is because on resonance
the impedance of the circuit is dominated by the resistance, whereas off resonance the
impedance is dominated by either capacitance (at low frequencies) or inductance (at high
frequencies).

Summary for Class 27 p. 1/2



Summary of Class 27 8.02

Seeing it Mathematically — Phasors

It turns out that a nice way of looking at these
relationships is thru phasor diagrams. A phasor is just a
vector whose magnitude is the amplitude of either the
voltage or current through a given circuit element and
whose angle corresponds to the phase of that voltage or
current. In thinking about time dependence of a signal,
we allow the phasors to rotate about the origin (in a
counterclockwise fashion) with time, and only look at
their component along the y-axis. This component
oscillates, just like the current and voltages in the circuit, even though the total amplitude of
the signal (the length of the vector) stays the same.

We use phasors because they allow us to add voltages across different circuit elements even
though those voltages are not in phase with each other (so you can’t just add them as
numbers). For example, the phasor diagram above illustrates the relationship of voltages in
a series LRC circuit. The current / is assigned to be at “0 phase” (along the x-axis). The
phase of the voltage across the resistor is the same. The voltage across the inductor L leads
(is ahead of ) and the voltage across the capacitor C lags (is behind 7). If you add up (using
vector arithmetic) the voltages across R, L & C (the red and dashed blue & green lines
respectively) you must arrive at the voltage across the power supply. This then gives you a
rapid way of understanding the phase between the drive (the power supply voltage Vg) and
the response (the current) — here labeled ¢.

Power

Power dissipation in AC circuits is very similar to power dissipation in DC circuits — only the
resistors dissipate any power. The big difference is that now the power dissipated, like
everything else, oscillates in time. We thus discuss the idea of average power dissipation.

To average a function that oscillates in time, we integrate it over a period of the oscillation,

T
and divide by that period: <P >=% IP(I) dr (if you don’t see why this is the case, draw
0

some arbitrary function and ask yourself what the average height is — it’s the area under the
curve divided by the length). Conveniently, the average of sin®(wt) (or cos’(wt)) is %. Thus

although the instantaneous power dissipated by a resistor is P(¢)=1 (r)2 R, the average

power is given by < P>=112R=1 R, where “RMS” stands for “root mean square” (the

rms

square root of the time average of the function squared).

Important Equations
Impedance of R, L, C: R =R (in phase), X, = -I—C (Ileads), X, = wL (I lags)
@
Impedance of Series RLC Circuit: Z = \/R2 + (X =X )2 Look at phasor
Y —x diagram to see this!
Phase in Series RLC Circuit: @=tan" (#} Pythagorean Theorem

Summary for Class 27 p. 2/2
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics

Problem Solving 8: Driven RLC Circuits

OBJECTIVES

1. To explore the relationship between driven current and driving emyf in three simple
circuits that contain: (1) only resistance; (2) only inductance; and (3) only
capacitance.

2. To examine these same relationships in the general case where R, L, and C are all
present, and to do two sample problems on the LRC circuits.

REFERENCE: Sections 12.1 —12.4, 8.02 Course Notes.

General Properties of Driven LRC Circuits

An LRC circuit is the electrical analog of a mass on a spring. We distinguish two
behaviors. In the first, we consider its “free” oscillations that occur when we “kick” the
circuit (charge the capacitor or send a constant current through) and then stand back and
watch it oscillate. If we do this we will see a natural frequency of oscillation that decays
in a finite time.

A second behavior emerges if we “drive” the LRC circuit with a source of emf with some
(arbitrary) amplitude and frequency. If we drive the circuit with an emf V(¢) =V, sinw/,

where @ is any frequency we desire (we get to pick this) and ¥ is any amplitude we
desire, then the “driven” response of the system is given by

I(t)=1,sin(w! — @)
where

I, = Yo ~. tang= T"’C (8.1)
\/Ru[m;]
wC

Note the “driven” response is at the (arbitrary) frequency of the driver, and not at the
natural frequency of the system. However the system will show maximum response to
the driving emf when the driving frequency is at the natural frequency of oscillation of

the system, 1.e. when w=1/+/LC . We can compute the average power consumed by the
circuit by calculating the time average of I(1) V(#) (see Section 12.4, 8.02 Course Notes):

(PW)) =1tV (1)) =%10V0 cos ¢ (8.2)

Solving 8-1



Example 1: Driven circuit with resistance only

We begin with a circuit which contains only resistance. The circuit diagram is shown
below.

Ve 4.{
Wy

R

(~)

L
V=V,sin wt
The circuit equation is

I,(OR-V()=0.

Question 1: What is the amplitude /,, and phase ¢ of the -current
Iy () =1, sin(wt—¢)?
Answer: (answer this and subsequent questions on the tear-off sheet at the end)

Question 2: What values of L and C do you choose in the general equation (8.1) to
reproduce the result you obtained in your answer above? HINT: This is as easy (and as
strange) as you probably first think.

Answer:

Question 3: What is the time-averaged power (I-}(t)) = (I 2O, (1)) dissipated in this
circuit? You need to know that the time average of sin’ w? is (sin2 cot) =12,

Answer:

Solving 8-2



Example 2: Driven circuit with inductance only

Now suppose the voltage source ¥ (¢)=V¥,sin(wr) is connected in a circuit with only
self-inductance. The circuit diagram is

i v |

{
i

®

V=V, sin ot
The circuit equation is
dl

V(f) :LZ

Question 4: Solve the above equation for the current as a function of time. If we write
this current in the form 7, (¢) = 1,, sin(w?—¢), what is the amplitude /,, and phase ¢ of

the current? You may mneed to wuse the trigonometric identity that
sin(w? —¢) =sin w?cos ¢ —sin gcos wt .
Answer:

Question 5: What values of R and C do you choose in the general equation (8.1) to
reproduce the result you obtained in the question above?
Answer:

Question 6: What is the time-averaged power <PL(I))= (I BV (t)) dissipated in this
circuit?  You will need to know that the time-average of sinwizcosw? is
(sinwtcoswt)=0.

Answer:

Solving 8-3



Example 3: Driven circuit with capacitance only

The ac voltage source ¥ (7) =V, sin(wr) is connected in a circuit with capacitance only.

The circuit diagram is

!
H
G
©
V=V, sin ot
The circuit equation for this circuit is

e_ V({)=0
C

If we take the time derivative of this equation we get

I_C_iV(;)zf—C—a)Vo coswt=0
cC dt C

Question 7: Solve the above equation for the current as a function of time. If we write
this current in the form 7.(¢) = /., sin(w? - ¢), what is the amplitude /., and phase ¢ of

the current? You may need to wuse the ftrigonometric identity that
sin(w?—¢) =sinwtcos@—singcos wt .

Answer:

Question 8: What is the time-averaged power (Pc(t)> = (I OV, (t)) dissipated in this
circuit?  You will need to know that the time-average of sinwifcoswt is
(sin a)tcosa)t) =0,

Answer:

Solving 8-4



Sample Problem 1

The circuit shown below contains an AC generator which provides a source of
sinusoidally varying emf &) = &, sinat, a resistor with resistance R, and a "black box",
which contains either an inductor or a capacitor, but not both. The amplitude of the
driving emf, ¢, is 1002 Volts, and the angular frequency @ is 10 rad/sec. We
measure the current in the circuit and find that it is given as a function of time by the
expression: 1(f) = (10 Amps) sin(ar +m/4) [Note: n/4 radians =45°, tan (n/4) = +1].

[-) N | 1) / T ! P
Question 9: Does this current lead or ] : {r R g [Poipier
lag the emf &(f)=¢, sin(wt) /
Answer: _ .
| il
{ ' . r( _.-'/ /z'/
WLT = C beco 4 g
C (' ",J".-.! ar ]'.“':-L
' I

Question 10: What is the unknown
circuit element in the black box--an inductor or a capacitor?

Answer:
Ca.p u107

Question 11: What is the numerical value of the resistance R? Indicate units.

Answer:
) \/ (

Question 12: What is the numerical value of the capacitance or of-the-inductanee, as the
case may be? Indicate units.
Answer:

Y, =L =10J7

ML

(0C
L. 007
C - . _L__ Solving 8-5
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Sample Problem 2

The circuit shown below contains an AC generator which provides a source of
sinusoidally varying emf &(f) = &, sin(wt), a resistor with resistance R = 3 €, and a "black
box", which contains either an inductor or a capacitor, or both. The amplitude of the
driving emf, g, is 6 Volt. We measure the current in the circuit at an angular frequency
@ =1 radians/sec and find that it is exactly in phase with the driving emf. We measure

e — . ..
the current in the circuit at an angular frequency @ = 2 radians/sec and find that it is out

of phase with the driving emf by exactly /4 radians.

Question 13: What does the black
box contain — an inductor or a
capacitor, or both? Explain your
reasoning. Does current lead or lag at
@ = 2 radians/sec?

—

Answer:

ﬂ'} j/f{ = | -r"% g

{n Trj 50
Juskan Ju >

—~ L) -

[
VWAA—

Nr b= 9. vl Se ' Undgkyr A WS 30 Current | ang WHD"??'
L/( ( fdr r:J a /’u" ‘ a'\ L‘("J‘}’\‘” H |
( bt e ( f\,} ) Pt | j\ ,‘“, ,- "1,.‘r
Pha Apdcrir ‘ v

Question 14: What is the numerical value of the capacitance or of the inductance, or of
both, as the case may be? Indicate units. Your answer(s) w111 involve simple fractions
only, you will not need a calculator to find the value(s). -

) :: T = ,77.0 (/:%/ N
. "'J e Hy A 1 L'.‘-n @) X - / ’)
/E’ J} o B ) "
.‘ 5 \
Is ‘fr U (Vefg  ton(Ta) = (300 =L -XD) =3

Question 15: What is numerical value of the time-averaged power dissipated in this
circuit when @ =1 radians/sec? Indicate units, that is the time-average of /(#)¥(f). You
will need to know that the time-average of sin® w¢ is .

Answer:

Solving 8-6



Sample Exam Question (If time, try to do this by yourself, closed notes)

A circuit consists of a battery with em/ V, an inductor L, a capacitor C, and two resistors,
each with resistance R, as shown in the sketch. The capacitor is initially uncharged and
there is no current flowing anywhere in the circuit. The switch S has been open for a
long time, and is then closed, as shown in the diagram.

S R R
00—} WA
- iy
. i ;
™
s - -2 .
L L
__r—:c

(a) Using Faraday’s Law, what is the sum of the potential drops around the outer loop
(the loop including both the battery and the inductor) if we move clockwise around the
loop?

(b) Just after the switch S is closed, what are the currents ij, iz, and i3 in terms of the
given quantities? Assume that the left loop of the circuit has zero inductance. You do
not have to solve any differential equations to answer this question.

(c) A long, long time after switch S is closed, what are the currents iy, i, and i3? You
do not have to solve any differential equations to answer this question.

Solving 8-7



(d) A long, long time after switch S is closed, what is the charge on the capacitor? You
do not have to solve any differential equations to answer this question.

(e) The switch S is now opened again. Just after the switch is opened again, what are
the currents i;, iz, and i3 in terms of the given quantities? Assume that the left loop of
the circuit has zero inductance.

S R R
— —_—

Solving 8-8
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics

Tear off this page and turn it in at the end of class !!!!

Note: Writing in the name of a student who is not present is a COD offense.

Problem Solving 8: Driven RLC Circuits

Group “( l O‘ﬂ (e.g. L02 6A Please Fill Out)
Watiies /ﬁ ﬂ:(r;-lﬂtluf. f %O(;ﬂ' b | { /
Tenwifec (i nitane.
Vilawie Alloe.

Example 1: Driven circuit with resistance only

Question 1: What is the amplitude /,, and phase ¢ of the current /,(¢) = I, sin(wt—¢)?

Answer: Lo @:

Question 2: What values of L and C do you choose in the general equation (8.1) to reproduce the
result you obtained in your answer above?

Answer: i G

Question 3: What is the time-averaged power (PH (r)) = (I OV, (t)> dissipated?

Answer: (P:a (t)> =

Example 2: Driven circuit with inductance only

Question 4: What is the amplitude /,, and phase ¢ of the current /, (f) =/, sin(@? —¢)?

Answer: T st p:

Question 5: What values of R and C do you choose in the general equation (8.1) to reproduce the
result you obtained in the question above? '

Answer: R: [

Solving 8-9



Question 6: What is the time-averaged power (F’L ({)) = (I L (1‘)> dissipated?

Answer: <F}_(l‘)> &=
Example 3: Driven circuit with capacitance only

Question 7: What is the amplitude /., and phase ¢ of the current /.(7) = I, sin(w? — ¢)?

Answer: Tap ¢:
Question 8: What is the time-averaged power (Pc (!)) = (I W (1‘)) dissipated?

Answer: (PC (I)) =

Sample Problem 1:
Question 9: Does this current lead or lag the emf &(f) = ¢, sinax

T

Answer: J’-”’JL\‘.'Q By [

Question 10: What is the unknown circuit element in the black box--an inductor or a
capacitor?
Answer:

i
Caplant?’

Question 11: What is the numerical value of the resistance R? Indicate units.

Vo, 0o/ _ [()y\@ /)

Answer:]y 10

Question 12: What\is the numerical value of the capacitance or of the inductance? Indicate units.
- . | ’ N . i ;
Answer: XC A l()/ ! S C : /6—0@

Sample Problem 2:

Question 13: What does the black box contain--an inductor or a capacit():@ Explain
your reasoning. Does the current lead or lag at @ = 2 radians/sec?

Answer: la : b/e o ductor

Question 14: What is the numerical value of the capacitance or of the inductance, or of both, as
the case may be? Indicate units. Your answer(s) will involve simple fractions only, you will not
need a calculator to/ﬁn’d the value(s).

2/ \ c.
Answer: L. J/ "R ]ﬁ . \‘\._ K 3

Question 15: What is numerical value of the time-averaged power dissipated in this circuit when
@ =1 radians/sec? Indicate units.

Answer:

Solving 8-10



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
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Problem Solving 8 Solutions: Driven RLC Circuits
OBJECTIVES
1. To explore the relationship between driven current and driving emf in three simple
circuits that contain: (1) only resistance; (2) only inductance; and (3) only

capacitance.

2. To examine these same relationships in the general case where R, L, and C are all
present, and to do two sample problems on the LRC circuits.

REFERENCE: Sections 12.1 —12.4. 8.02 Course Notes.

General Properties of Driven LRC Circuits

An LRC circuit is the electrical analog of a mass on a spring. We distinguish two
behaviors. In the first, we consider its “free” oscillations that occur when we “kick” the
circuit (charge the capacitor or send a constant current through) and then stand back and
watch it oscillate. If we do this we will see a natural frequency of oscillation that decays
in a finite time.

A second behavior emerges if we “drive” the LRC circuit with a source of emf with some
(arbitrary) amplitude and frequency. If we drive the circuit with an emf V(f) =V, sinwt,

where @ is any frequency we desire (we get to pick this) and ¥ is any amplitude we
desire, then the “driven” response of the system is given by

I(t)=1,sin(wt—¢)
where

I,= 0 , tang=|—0C (8.1)
JR2+((0L——]—]
wC

Note the “driven” response is at the (arbitrary) frequency of the driver, and not at the
natural frequency of the system. However the system will show maximum response to
the driving emf when the driving frequency is at the natural frequency of oscillation of
the system, i.e. when @ =1/ JLC . Wecan compute the average power consumed by the
circuit by calculating the time average of /(1) V() (see Section 12.4, 8.02 Course Notes):

=

(P(O))= (It (1)) =%10V0 cos ¢ (8.2)

Solving solutions 8-1



Example 1: Driven circuit with resistance only

We begin with a circuit which contains only resistance. The circuit diagram is shown
below.

:u§§

©

V'=V,sin ot

The circuit equation is

L(OR-V(t)=0.

Question 1: What is the amplitude [7,, and phase ¢ of the current
I(1) =1, sin(wt—¢) ?
Answer: (answer this and subsequent questions on the tear-off sheet at the end)

V
IR{}=_}%5 =0

Question 2: What values of L and C do you choose in the general equation (8.1) to
reproduce the result you obtained in your answer above?
Answer:

L=0and C = (this value of C makes g/C zero)

Question 3: What is the time-averaged power (PR (t)) = (IR OV, (r)) dissipated in this
circuit? You will need to know that the time average of sin® @/ is (sin2 mt} =142,
Answer:

i g
(PR(’)>=(Le(’)V.'e(“)):?D(Sln w’)“ﬁ

Solving solutions 8-2



Example 2: Driven circuit with inductance only

Now suppose the voltage source ¥ (1) =V, sin(wt) is connected in a circuit with only
self-inductance. The circuit diagram is

| Vi |

@

V=V, sin o
The circuit equation is
dl

V(=L

Question 4: Solve the above equation for the current as a function of time. If we write
this current in the form /7, () =1, sin(wt —¢), what is the amplitude /,, and phase ¢ of

the current? You may need to wuse the trigonometric identity that
sin(wt—¢@)=sinwtcosg—singcosart.
Answer:

J!'m:i and ¢g=m/2
oL

Question 5: What values of R and C do you choose in the general equation (8.1) to
reproduce the result you obtained in the question above?
Answer:

R =0 and C = o (this value of C makes g/ C zero)

Question 6: What is the time-averaged power (P, (t))=(I,(t)V, (1)) dissipated in this
circuit?  You will need to know that the time-average of sinwifcoswt is
(sinmtcosmz‘):ﬂ.

Answer:
I,(t)=1,,sin(wt—n/2)=—(V,/ wL)coswt

2

4 - -
(PO =(I, ()W, (1)) = _E(COS wtsinor)=0

Solving solutions 8-3



Example 3: Driven circuit with capacitance only

The ac voltage source ¥ (¢)=¥,sin(wt) is connected in a circuit with capacitance only.
The circuit diagram is

| ’. |
| i |
¥
1
e
&
V=V,sin wt
The circuit equation for this circuit is
Q. V(=0
c

If we take the time derivative of this equation we get

i_iV(t)=~I‘—'—a)Vo coswt=0
C dt (#:

Question 7: Solve the above equation for the current as a function of time. If we write
this current in the form 7,.(t) = 1., sin(wt—¢), what is the amplitude /., and phase ¢ of

the current? You may need to wuse the trigonometric identity that
sin(wt—¢) =sin@tcosg—singcosmt .

Answer:

I, =wCV, and ¢=-m/2

Question 8: What is the time-averaged power (P.(1))=(I.(t)V,.(1)) dissipated in this
circuit?  You will need to know that the time-average of sinwfcoswt is
(sinmtcosmz'):o.

Answer:

I.(t)=1.,sin(wt+m/2)=V,wC coswt
(P.(1)) = (1. (V. (1)) =VjwC (coswt sinwr) =0

Solving solutions 8-4



Sample Problem 1

The circuit shown below contains an AC generator which provides a source of
sinusoidally varying emf &(t) = g, sinot, a resistor with resistance R, and a "black box",
which contains either an inductor or a capacitor, but not both. The amplitude of the
driving emf, ¢ is 1002 Volts, and the angular frequency @ is 10 rad/sec. We
measure the current in the circuit and find that it is given as a function of time by the
expression: I(f) = (10 Amps) sin(ewt +n/4) [Note: m/4 radians =45°, tan (/4) = +1].

Question 9: Does this current lead or
lag the emf &(f)=¢, sin(wt)
Answer:

G" £t
The current leads the AC generator,
that is, it peaks before the driving R

voltage. AN A A

Question 10: What is the unknown circuit element in the black box--an inductor or a
capacitor?
Answer:

The unknown circuit element must be a capacitor, because the current is leading (need a
current to charge and hence get voltage on the capacitor).

Question 11: What is the numerical value of the resistance R? Indicate units.
Answer:

In this series RC circuit we have:

tan¢=tan(£):l :£:>X(. =R
4 R '

e 2 T goﬂ 172 =100\/§ \{OltS:]OAmps
[R+x2]" [R+R?] V2R?
= R=10 Ohms

Question 12: What is the numerical value of the capacitance or of the inductance, as the
case may be?. Indicate units.
Answer:

The capacitance is C = = = - : = P Farads =10 mF
®R (10 radians/sec)(10 Q) 100

Solving solutions 8-5



Sample Problem 2

The circuit shown below contains an AC generator which provides a source of
sinusoidally varying emf &(f) = g, sin(wt), a resistor with resistance R = 3 €, and a "black
box", which contains either an inductor or a capacitor, or both. The amplitude of the
driving emf, g, is 6 Volt. We measure the current in the circuit at an angular frequency
@ =1 radians/sec and find that it is exactly in phase with the driving emf. We measure
the current in the circuit at an angular frequency @ = 2 radians/sec and find that it is out
of phase with the driving emf by exactly n/4 radians.

Question 13: What does the black
box contain — an inductor or a
capacitor, or both? Explain your
reasoning. Does current lead or lag at CN (1)
® = 2 radians/sec?

Answer:
[t must contain both because that is R
the only way to get the drive exactly _/W\/\(i
in phase with the current (unless there

are neither, but that wasn’t an option).

Question 14: What is the numerical value of the capacitance or of the inductance, or of
both, as the case may be? Indicate units. Your answer(s) will involve simple fractions
only, you will not need a calculator to find the value(s).

Answer:

There are two unknowns (L & C) so we need two equations:

m,L—L

Ato, =1s"tang=tan0=0=

At o, =25 :tan¢=tan%=1

I
=
|
rm ’
]
=

(7 GNRT  (  4 R
1 1

Solving: R=w, L — 1 =, s :.‘>C:l(m2 —L)z ] (25—% sJ=

o o;C (1s*)(1/2 F) Sils

Question 15: What is numerical value of the time-averaged power dissipated in this
circuit when @ =1 radians/sec? Indicate units, that is the time-average of 1(¢)¥(r). You
will need to know that the time-average of sin® w1 is Ya.

Answer:

i g
On resonance: P = ;ID"R =0 = E

Solving solutions 8-6



Sample Exam Question (If time, try to do this by yourself, closed notes)

A circuit consists of a battery with emf V, an inductor L, a capacitor C, and two resistors,
each with resistance R, as shown in the sketch. The capacitor is initially uncharged and
there is no current flowing anywhere in the circuit. The switch S has been open for a
long time, and is then closed, as shown in the diagram.

S R R

i} ™
L W

(a) Using Kirchhoff's Loop Rule as modified for inductors, what is the sum of the
potential drops around the outer loop (the loop including both the battery and the
inductor) if we move clockwise around the loop?

di;

V-iR-i,R—L
dt

=0

(b) Just after the switch S is closed, what are the currents i, 7>, and /3 in terms of the
given quantities? Assume that the left loop of the circuit has zero inductance. Y ou do
not have to solve any differential equations to answer this question.

i,=0 Inductor prevents change from no current

i,=i,=V/R Capacitor looks like a wire

(c) A long, long time after switch S is closed, what are the currents iy, i, and /;? You
do not have to solve any differential equations to answer this question.

i,=0 Capacitor is full

i, =i, =V/2R Inductor looks like a wire

Solving solutions 8-7



(d) A long, long time after switch S is closed, what is the charge on the capacitor? You
do not have to solve any differential equations to answer this question.

The capacitor is in parallel with the S
resistor and inductor. The inductor isn’t e L
doing anything at this point, so

v ocv B -
S Ol R = RO =
0 C R I 2R 5

(e) The switch S is now opened again. Just after the switch is opened again, what are
the currents 7y, iz, and 73 in terms of the given quantities? Assume that the left loop of
the circuit has zero inductance.

Just after the switch is opened the inductor will try to keep the current the same as it was
just before the switch was opened, so

=0 It's an open circuit

I==h=F2R Inductor looks like a wire

Solving solutions §-8



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics

8.02 Spring 2010
Problem Set 10

Due: Tuesday, April 20 at 9 pm.

Hand in your problem set in your section slot in the boxes outside the door of 32-
082. Make sure you clearly write your name and section on your problem set.

Text: Liao, Dourmashkin, Belcher; Introduction to E & M MIT 8.02 Course Notes.
Week Eleven AC Circuits

Class 25 W11DI M/T Apr 12/13 Undriven RLC Circuits; Expt. 8: RL Circuits and
Undriven RLC Circuits

Reading: Course Notes: Sections 11.5-11.11

Experiment: Expt. 8: RL Circuits and Undriven RLC Circuits
Class 26 W11D2 W/R Apr 14/15  Driven RLC Circuits

Reading: Course Notes: Sections 12.1-12.7

Class 27 W11D3 F Apr 16 PS08: RLC Circuits

Reading: Course Notes: Sections 12.8-12.9

Week Twelve Self Inductance & Magnetic Energy
M Apr 19-T Apr 20 Patriot’s Day Holiday

Class 28 W12D2 W/R Apr 21/22  Expt. 9: Driven RLC Circuits, Maxwell’s Equations
and Displacement Current; Poynting Vector &

Energy Flow.
Reading: Course Notes: Sections 13.1-13.3, 13.12.3-13.12.4
Experiment: Expt. 9: Driven RLC Circuits
Drop Date Thurs Apr 22
Class 29 W12D3 F Apr 23 PS09: Poynting Vector and Energy Flow in a
Capacitor

Reading: Course Notes: Sections 13.1-13.3, 13.12.3-13.12.4



Problem 1: Show that
Acoswt + Bsin ot = Q,, cos(wt +4),

m

where
0, =(4 4—182)Urz ,and ¢=tan™ (—B/A).

Problem 2: In an LC circuit, the electric and magnetic fields are shown in the figure.
Which of the following is true? Explain your answer At the moment depicted in the
figure, the energy in the circuit is stored in

C

Q0

1. the electric field and is decreasing

2. the electric field and is constant.

(U8]

the magnetic field and is decreasing.

4. the magnetic field and is constant.

5. in both the electric and magnetic field and is constant.
6. in both the electric and magnetic field and is decreasing.

Problem 3: In a freely oscillating LC circuit, (no driving voltage), suppose the maximum
charge on the capacitor is Q. . Assume the circuit has zero resistance.

~max

a) In terms of the maximum charge on the capacitor, what value of charge is present
on the capacitor when the energy in the magnetic field is three times the energy
in the electric field.

b) How much time has elapsed from when the capacitor is fully charged for this
condition to arise?

¢) Ifthe resistance is non-zero, will the natural frequency of oscillation compared to
the natural frequency of the ideal LC circuit (with zero resistance)

i) increase

i) stay the same

iii) decrease



Problem 4: A toroidoil coil has N turns, and an inner radius «, outer radius &, and
height /. The coil has a rectangular cross section shown in the figures below.

b

axis

The coil is connected via a switch, S|, to an ideal voltage source with electromotive
force £. The circuit has total resistance R. Assume all the self-inductance L in the
circuit is due to the coil. Attime =0 S, is closed and S, remains open.

R

—Wieg? /!’

Sz

1 ki L

N

a) When a current / is flowing in the circuit, find an expression for the magnitude

of the magnetic field inside the coil as a function of distance » from the axis of
the coil.

b) What is the self-inductance L of the coil?
c) What is the current in the circuit a very long time (¢ >> L/R) after S, is closed?

d) How much energy is stored in the magnetic field of the coil a very long time
(t>>L/R) after S, is closed?

For the next two parts, assume that a very long time (¢ >> L/R) after the switch S, was

closed, the voltage source is disconnected from the circuit by opening S

1?
simultaneously closing S, the toroid is connected to a capacitor of capacitance C.
Assume there is negligible resistance in this new circuit.

and by



e) What is the maximum amount of charge that will appear on the capacitor?

f) How long will it take for the capacitor to first reach a maximal charge after S,

has been closed?

Problem 5: For the underdamped RLC circuit,
y=(yLc-Rr[41?)” anda=R/2L.

(a) Show by direct substitution that the equation

0=192,9%p, 2
d” dt C

has a solution of the form
O(t) = Ae™™ cos(yt + ¢)

(b) Denote the current by
)= % =Fe ™ cos(yt + ¢+ [3)

Find the constants # and Sin terms of R, L and C as needed.

R*<4L/C, let

(c) Calculate the energy loss due to joule heating after one cycle of oscillation. For

simplicity assume that ¢ =0.



Problem 6: Review Experiment 8: RL and Undriven RLC Circuits ; Read
Experiment 9: Driven RLC Circuits

009, Consider the circuit at left, consisting of an AC function
L generator (V' (1) =¥, sin(wt), with V=5 V), an inductor
L = 8.5 mH, resistor R =35 Q, capacitor C = 100 pF and
R § C = switchS.
The circuit has been running in equilibrium for a long
ok time. We are now going to shut off the function
N generator (instantaneously replace it with a wire).

)

(a) Assuming that our driving frequency o is not necessarily on resonance, what is
the frequency with which the system will ring down (in other words, that current
will oscillate at after turning off the function generator)? Feel free to use an
approximation if you wish, just make sure you know you are.

(b) What (numerical) frequency fshould we drive at to maximize the peak magnetic
energy in the inductor?

(c) In this case, if we time the shut off to occur when the magnetic energy in the
inductor peaks, after how long will the electric energy in the capacitor peak?

(d) Approximatély how much energy will the resistor have dissipated during that
time?

Problem 7: A serics RLC circuit with R=10.0 Q, L=400 mH and C=2.0 uF is
connected to an AC voltage source V() =V, sinwt which has a maximum amplitude
V,=100 V.

(a) What is the resonant frequency o, ?
(b) Find the rms current at resonance.
(c) Let the driving frequency be @ =4000 rad/s. Assume the current response is given by

I(t)=1,sin(wt — ¢) . Calculate the amplitude of the current and the phase shift between
the current and the driving voltage.



Problem 8: The circuit shown below contains an AC generator which provides a source
of sinusoidally varying emf &= & sinwt, a resistor with resistance R=6Q, and a
"black box", which contains either an inductor or a capacitor, or both. The amplitude of
the driving emf is £ =6 volt. We measure the current in the circuit at an angular
frequency @ =2rad-s” and find that it is exactly in phase with the driving emf. We
measure the current in the circuit at an angular frequency @ =1rad-s™” and find that it is
out of phase from the driving emf by exactly 7 /4 radians.

°~~

) €0

R
Wy

a) What does the black box contain — an inductor or a capacitor, or both? Explain
your reasoning. Does current lead or lag at @ =1rad-s"?

b) What is the numerical value of the capacitance or of the inductance, or of both, as
the case may be? Indicate units. Your answer(s) will involve simple fractions
only, you will not need a calculator to find the value(s).

I(w=2rad-s")
I,(w=1rad-s")

¢) What is ratio of the amplitudes of the current
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From Wikipedia, the free encyclopedia

SI electromagnetism units
Symbol[ll Name of Quantity Derived Units Unit Base Units
1 Electric current ampere (SI base unit) A A (=W/V=C/s)
0 Electric charge coulomb C A-s
U, AV, Ap; |Potential difference; _ 2 -3 -1
E Electromotive force et Vo [ JC=kgm®s A

. . Electric resistance; Impedance; B 7 3 -2
BZX Reactance ohm Q |V A=kgm"s -A
p Resistivity ohm metre Q-'m kg-m3-3_3- A2
P Electric power watt W V-A= kg-mz-s_3
C Capacitance farad B CIV = kg"l m 2-A2.¢*
E Electric field strength volt per metre V/m N/C=kgmA s>

- coulomb per square 2 2
P D Electric displacement field v C/m?|A-s'm
€ Permittivity farad per metre F/m kg_1 m >-A%st
Xe Electric susceptibility (dimensionless) - -

i Conductance; Admittance; ; 1. -1 2.3 .2
G; 5.8 F——— siemens S QO l=kg'm?sA
K, ), 0 Conductivity siemens per metre S/m |kg 'm3-53-A2

. . 2 o2 a1
B Magnety: ﬂux dt’f‘nsny, tesla T Wb/g) —_kg s ©A
Magnetic induction N-A " m!
0] :Magnetic flux weber Wb V= kg-mz-s_z- Al
H Magnetic field strength ampere per metre A/m |Am™!
Wb/A=V-s/A=
L. M Inductance he H e
i i kgm?s 2-A~2
U Permeability henry per metre H/m |kg: m-s 2-A”2
‘ Magnetic susceptibility (dimensionless) - -
™ References
This reference list does not appear in the article.
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LC Circuit

It undergoes simple harmonic motion, just like a
mass on a spring, with trade-off between charge on
capacitor (Spring) and current in inductor (Mass)
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics

8.02 Spring 2010
Problem Set 10 Solutions

Problem 1: Show that
Acos ot + Bsinwt = Q,, cos(wt +¢),

where
0. = (A!2 +Bz)l/2 ,and ¢=tan™ —B/A).

Solution: Use the identity
Q,, cos(wt +¢) = O, cos(wr) cos(¢) — O, sin(ar) sin(g) .

Thus
Acos(wt)+ Bsin(wt) = 0, cos(wt)cos(g)— O, sin(wr)sin(g) .

Comparing coefficients we see that

A=0Q_ cosg.

B=-Q_ sing.

Therefore
(Az + BZ) == (cos2 $+sin’ ¢) .
So
Qm - (Az + 32 )I!2 -
Also
g8 B0, _ 5

cosg  A/Q, A

Hence

$=tan"'(~B/ A).



Problem 2: In an LC circuit, the electric and magnetic fields are shown in the figure.
Which of the following is true? Explain your answer At the moment depicted in the
figure, the energy in the circuit is stored in
C

o

&

&

i
\KAE

1. the electric field and is decreasing

2. the electric field and is constant.

3. the magnetic field and is decreasing.

4. the magnetic field and is constant.

5. in both the electric and magnetic field and is constant.
6. in both the electric and magnetic field and is decreasing.

Explain your answer. 2. The total energy in the LC circuit is constant since there is no
resistance and hence no dissipation of electromagnetic energy into thermal energy. At the
moment depicted in the figure the capacitor is completely charged, with maximum
electric field strength between the plates, and electric potential energy stored in the
electric field. Immediately after the instant depicted in the figure, the capacitor starts to
discharge, the electric field strength and electric field energy decreases. At the moment
depicted in the figure no current is flowing, so the magnetic field strength is zero and
magnetic field energy is zero. Immediately after the instant depicted in the figure the
current flows clockwise and the magnetic field strength and field energy increases. But
the decrease in the electric field energy is equal to the increase in the magnetic field
energy.



Problem 3: In a freely oscillating LC circuit, (no driving voltage), suppose the maximum
charge on the capacitor is @, . Assume the circuit has zero resistance.
a) In terms of the maximum charge on the capacitor, what value of charge is present
on the capacitor when the energy in the magnetic field is three times the energy in
the electric field.

Solution: The total energy is constant hence

o=y g -

5 U
2 C e!ef' mag 2 C mag

Suppose (. — 30, . Then the electromagnetic energy in the system is

elec

: 7. - L 4
Lo _y, 40, =40, =42
2C o 2C

We can solve the above equation for the charge on the capacitor and find that

- 0.

b) How much time has elapsed from when the capacitor is fully charged for this
condition to arise?

The initial conditions for the charge and the current at time 7 =0 are

0(t=0)=0_
I(1=0)=0

Therefére the éharge on t:he capac:itor varies in time.according to
o) =0, cos é)ot
whem W, = W . When
- - o0 =0,. /. 2= Qmﬂ; (::os w,t
we ca'n' solve for the time,

t=—cos?(1/2) =VIC(z/3)
5o .



c¢) Ifthe resistance is non-zero, will the natural frequency of oscillation compared to
the natural frequency of the ideal LC circuit (with zero resistance)

i) increase

i1) stay the same

iii) decrease

Solution: The frequency of oscillation for an underdamped RLC circuit is less that the
frequency of oscillation for an ideal LC according to

e e




Problem 4: A toroidoil coil has N turns, and an inner radius a, outer radius b, and
height 4. The coil has a rectangular cross section shown in the figures below.

b

;
-——

axis

The coil is connected via a switch, §,, to an ideal voltage source with electromotive
force &£. The circuit has total resistance R. Assume all the self-inductance L in the
circuit is due to the coil. Attime r=0 S, is closed and §, remains open.

wn
LY
hS

A c

> —_—

a) When a current / is flowing in the circuit, find an expression for the magnitude
of the magnetic field inside the coil as a function of distance r from the axis of
the coil.

Solution: The magnetic field is zero for » <a and r>b. Choose a cn-cle of radius r
with a<r <b for your Amperian loop (see figure below). :




Then the left hand side of Ampere’s Law, Eﬁ B.-dr = po e » DECOMES [j B-dr = B27xr.
circle circle

Since all N turns cuts through theAmperian circle, the right hand side of Ampere’s law

becomes ol = pONI So setting the two sides equal yields

B2rr = ,uONI

Thus the nmgmtude of the magnetlc field in the tormd is non- umform (vanes w1th
distance r from the center) and is equal to is :

0, r<aand.'>b

DN

,a<r<b
2rr

The field points in the clockwise direction when viewed from above
b) What is the self-inductance L of the coil?

Solution: We first need to find the magnitude of the magnetic flux through the toroid.
We need to integrate the non-uniform magnetic field over the cross sectxonal area of one
turn so we use for the area element da = hdr . Then the e -

juﬂNzhln(b/a) J

,uNl
I e 2r

.'w;!-id_E d;\l . J’[}

j B-dA|=

ane furn r=a

The magnetic flux through the toroid is proportional to the current,

N j B-dA=LI.

onefurn

The constant of proportionality is called the self-inductance,

f .é.'-’a.’i I

aneturn

The unit of self-inductance is the-henry, [H], [H]=[T -mz]/[A] and is given by

;L 1, N>hin(b/ a)

‘toroid 27;’



¢) What is the current in the circuit a very long time (¢ >> L/R) after S, is closed?

Solution: A very long time afier the switch S, was closed the current is steady so the
mductor acts like a short and the current in the circuit is ' =

I=¢lR

d) How much energy is stored in the magnetic field of the coil a very long time
(t>> L[R) after S, is closed?

Solution: The energy stored in the magnetic field is equal to

L, wuNhIn(h/a)
Upg 5Ll == 5 2.

For the next two parts, assume that a very long time (#>> L/R) after the switch S, was
closed, the voltage source is disconnected from the circuit by opening S, and by

simultaneously closing S, the toroid is connected to a capacitor of capacitance C.
Assume there is negligible resistance in this new circuit.

R

£
S:
A C

e) What is the maximum amount of charge that will appear on the capacitor?

Solution: When the switch S2 1s closed the current in the circuit is /=¢g&/ R. The

maximum amount of charge occurs when all the magnetic energy is converted to
electrical energy

U O . lLI . yDN hlngb/a) .
26 i v 4R

We can solve the above equation for the maximal charge on the capacitor



: 2CuN*hin(b/a
O =2 g = CLL \/ o : )”;‘?‘_

f) How long will it take for the capacitor to first reach a maximal charge after S,
has been closed?

Solution: It will take one quarter cycle, or

1, 12z 2 ;—LC=£\/c/u0N hin(b/a)
4 4(00 2 2 27

Fad—




Problem 5: For the underdamped RLC circuit, R* <4L/C, let y =(1/LC—R*[4L’ )"2
anda = R/2L . (a) Show by direct substitution that the equation

2
0= Ld—‘g—}-+£R+g
dt dt C

has a solution of the form

O(t) = Ae™ cos(yt + )

(b) Denote the current by

o _ .
dt

Iif)= ““cos(yt+g+ )

Find the constants /" and fin terms of R, L and C as needed.

Solution: (a) The first approach is by direct substitution. Calculate the first and second
derivatives

CZ—? =—ade ™ cos(yt+@)—yAde ™ sin(yt + §)
sz o R —at =il -at 2 —al
7 a Ae ™ cos(yt + @)+ ayde ™ sin(yt + @)+ ya de ™ sin(yt + @) — y~ Ae™ cos(yt + @)

Then the differential equation becomes

2
Ozl,d—ZQer—QR-i-g
dt dt C

becomes

0=L (o:er’“' cos(yt + @) +ayAe ™ sin(yt + @) + yaAe ™ sin(yt + @) — y> Ade™™ cos(yt + ;zﬁ))
+R (—aAe"" cos(yt + @) —yAe ™ sin(yt + ¢))

+%(Ae"”’ cos(}ft+¢))

This simplifies to



RHS = (;’L(cx2 -yt ) —aR +%J Ae™™ cos(yt + ¢)+((2La —R)}/)Ae“’” sin(yt + @)

Recall that
a’ -y’ =(R/2L)2—(1/LC—R2/4L2)=R_Z_l
2L C
Thus
L(a*~7 )-amL:[R'_LJ_R_ 1
¢ \2L €) 2L C
Also

2a-R)=202_R=0
( )
2L

So both coefficients on the RHS vanish hence

RHS = [L(a2 ~ }/2)— aR +%]Ae"” cos(yt + @)+ ((2La - R);f)Ae“” sin(yt+¢)=0

(b) From part (a)
dQ —-at —gf —at x
I= i —ade™™ cos(yt + §) -y Ae ™ sin(yt + §) = ¢ ™ (C cos(yt + #) + Dsin(yt + ¢))
where

C=-aAd and D=-y4
Using the results from problem 1
I =e™ (Ccos(yt+ @)+ Dsin(yt + ¢)) = Fe™ cos(yt + ¢+ )

where

1/2 1/2

F=(C2+D2) =((—a’A)2+(—yA)2)“2 =A(a2+y2)

= A((R/z,z)2 +(yLC-R? /4L1))”2 = 7%

and



(yrc-r/4r)"”
R/2L

p=tan™(-D/C)=tan™ (-y/a)=tan™"| -

Note: A second approach to part (a) explicitly solves the equation by first conjecturing
that the solution is of the form

0= Ae”

where z is a number (possibly complex). Then

"~

QZZZAe:r

L4 zAe™ , -
dt dt”

so the circuit equation becomes
2 l =t
0= [Lz' +zZR + +—] Ae”
<
The condition for the solution is that the characteristic polynomial
2 1
Lz +zR++—=0
&

This equation has solutions of the form

-R+(R?-41/C)"
2L

2=

When R? < 4L/ C', we have two solutions for z, however the solutions are complex. Let
y=(1/LC-R*/4?)"” anda = R/2L. Recall that the imaginary number i=+/~1. Then

z,=—a+iyt and z, = —a—iyt . So the charge becomes
Q - Ale—aH}'r B)e Aze—a—irf =(Alei;rr e, Aze—fﬂ )e—ar "
where 4, and 4, are constants.

We shall transform this expression into a more familiar equation involving sine and
cosine functions with using the Euler formula,



e =cosyt+isinyt.
We can rewrite our solution as
() (Al (cosyt+isinyt)+ 4, (cosyt —isin yt)) e
A little rearrangement yields
O=((4 + 4, )cosyt+i( 4 —A4,)sinyt)e™
Define two new constants
C=4+4, and D=i(4 - 4,).
Then our solution looks like
Q=(Ccosyt+Dsinyt)e™.
Now use the identity from problem 1: Ccoswt+ Dsinwt = Acos(wt+¢) where

. 2\1/2 41
A=(C*+D*)"" and g=tan™(-D/C). Thus

O(f) = Ae™™ cos(yt + ¢)



Problem 6: Review Experiment §: BRI and Undriven RBLC Civeuits ;3 Read
Experiment % Driven RLC Cirenils

Consider the circuit at left, consisting of an AC function
generator (V (1) =V, sin(ewt) , with V=5 V), an inductor

L = 8.5 mH, resistor R =5 Q, capacitor C = 100 puF and
switch S.

i The circuit has been running in equilibrium for a long
Loy { time. We are now going to shut off the function
R generator (instantaneously replace it with a wire).

K
a) Assuming that our driving frequency  is not necessarily on resonance, what is
the frequency with which the system will ring down (in other words, that current
will oscillate at after turning off the function generator)? Feel free to use an
approximation if you wish, just make sure you know you are.

The ringdown frequency is independent of the drive frequency. It will always ring down
at the natural frequency. Actually, when there is resistance in the circuit the natural
frequency is modified slightly (the approx1mat10n I mention in the quesnon is ignoring
the effect of the resistance). So the ring down frequency is: :

@, =1/JLC =1100 s’

(b)  What (numerical) frequency f'should we drive at to maximize the peak magnetic
energy in the inductor?

The peak magnetic energy depends on the peak current, which is maximized when we

drive on resonance, in other words, we should drive at Jo= a)n [27 =175 Hz

(c) In this case, if we time the shut off to occur when the magnetic energy in the
inductor peaks, after how long will the electric energy in the capacitor peak?
The electric energy is max when the current goes to zero, which is a qua.rter penod after

the current is a maximum, So after ¢ = T/4 1/(4£,)=1.4 ms

(d)  Approximately how much energy will the resistor have dissipated during that
time?
The currér_xt will be 7 = (V; [R)sinwy so the average power dissipation (recalling that the

average of sin’(x) = 1) Wﬂ_l be P= Ve / 2R=2.5 Watts. So over 1.4 ms, é‘éout 3.6 ml.



Problem 7: A series RLC circuit with R=10.0Q, L=400mH and C=2.0 uF is
connected to an AC voltage source V(f)=V,sinewt which has a maximum amplitude
V,=100 V.

(a) What is the resonant frequency ¢, ?

o 1

@ = = = =1.1x10° rad/s
O JIC J@0oomBE)2.0uF)  {8.0x107s

(b) Find the rms current at resonance.

At resonance, Z = R. Therefore,

. Ve WN2) (1007 /142)
w0 R o

=7.07A

(c) Let the driving frequency be @ =4000 rad/s. Assume the current response is given by
I(t) =1,sin(et — @) . Calculate the amplitude of the current and the phase shift between

the current and the driving voltage.
Lo | .
XC —] —4 - i
@C  (4000rad/s)(2.0uF)
X, =wL = (4000rad/s)(400mH) =1600 Q

Z =R +(X, - X.) =4/(10.0Q) + (1600Q-1250)* =1475Q

. v, : 100 V _ 100V
iy

R+ (X, —X. 10007 +(16000-125Q)7 1475Q

P = tan[%} —fan [%J = tan' (147.5) = 89.6°

—6.8x102 A




Problem 8: The circuit shown below contains an AC generator which provides a source
of sinusoidally varying emf &= & sinwt, a resistor with resistance R=6€, and a

"black box", which contains either an inductor or a capacitor, or both. The amplitude of
the driving emf is &, =6 volt. We measure the current in the circuit at an angular
frequency @w=2rad-s' and find that it is exactly in phase with the driving emf. We

measure the current in the circuit at an angular frequency @=1rad-s” and find that it is
out of phase from the driving emf by exactly z/4 radians.

*~

e

R
Wy

a) What does the black box contain — an inductor or a capacitor, or both? Explain
your reasoning. Does current lead or lag at @=1rad-s™?

Solution: Since the current is exactly in phase with the inductor at w=2rad-s”, the
circuit is resonance and therefore the box must contain both an inductor and capacitor in
series. For @=1rad-s’, the driving angular frequency is below resonance, therefore the
circuit is acting capacitively, which means the current leads the driving emf.

b) What is the numerical value of the capacitance or of the inductance, or of both, as

the case may be? Indicate units. Your answer(s) will involve simple fractions
only, you will not need a calculator to find the value(s).

When w=1rad-s, the plia'se angle ¢ =-z/4. 8o tang = ta_n(—;r/ 4)=-1. Since

CUL"“—L
tangzi:X‘r'_XC: oC _ 1.
X R
We have that for a)=1rdd?s"
Pl
C

We can divide through by L in the above.éQ_uatiOn yielding



-t R
LC(lrad-s’) L

lrad-s” -
We also have the resonance condition at @ = 2.rad;s" ;
w=dmd - L
.
Thus |
2 2y l
@ =4rad -8 =—r
i : LC
Substituting that in the above equation yields
Irad-s' —4rad-s' = ~—}~2—.
- : L
Solving for L then yields

i R . "6Q_I'=2H-.-
3rad-s 3rad-s

From the resonance condition

1 . 1 |
L(4drad®-s?) (2Q)(4rad’ s?)

4rad®-s7°C= 1
8

I(w=2rad-s")
I(w=1tad-s")

¢) What is ratio of the amplitudes of the current

At resonance @=2rad-s’:

Lo nd o0 DY
R 60
Below resonance
F ' €

L(w=1rad-s")=—o =
(R + (X, - X)) (R%(mL—L)Z]
wC

¥ 2



From the phase condition @ ——% =—R, the amplitude at @ = 1 rad s’ becomes
@

. I(w=1rad-s!)=

(r? +.R2)l:f-2:-:_- V2R EA |

Therefore the ratio of the amplitudés of the current is

I(w=2rad-s") &/R _
Lw-1ndsY) -/pr =




Summary of Class 28 8.02

Topic: Driven RLC Circuit Lab, Displacement Current, Maxwell’s Egs., Energy Flow and
Poynting Vectors

Related Reading: Course Notes: Sections 13.1-13.3, 13.12.3-13.12.4

Experiments: (9) Driven LRC Circuits

Topic Introduction

Today we continue thinking about self inductance, in which the changing flux from a circuit
induces an EMF in itself, and address the question of magnetic energy. We then turn to the
important question of how energy moves around — power flow and the Poynting vector.

Fixing Ampere’s Law: Displacement Current

When thinking about power flow with the Poynting Vector, it is clear that both an electric
and magnetic field must be present in a region of space if power is going to flow into or out
of that region. This works fine for (dis)charging a solenoid, for example, where you know
from Ampere’s law that the current in the solenoid makes a B field, and that the changing B
field, by Faraday’s Law, will create an E field. In a parallel plate capacitor, on the other hand,
although we know that the charge on the capacitor creates an E field (Gauss’s Law), since no
current is flowing THROUGH the capacitor (in the region between the plates), it would seem
at first that by Ampere’s law there should be no B field in there. This can’t be though — we
know that we can bring energy into/out of a capacitor.

The problem is that Ampere’s law, as you have seen it thus far, is incomplete. Magnetic
fields can be generated by currents, but they can also be generated by changing electric fields
(hence in a charging capacitor, the changing electric field between the plates generates a
magnetic field which then allows calculation of a Poynting vector and the rate of energy flow
into the capacitor). Since changing electric fields generate magnetic fields, just like the flow

; dd
of current, we define the “displacement current” 7, = g, TF— Ampere’s Law then becomes
{

slightly modified to account for this new “current”: Eﬁﬁ -dS =, (I —— d)
C

Maxwell’s Equations
Now that we have all of Maxwell’s equations, let’s review:

(l)wjﬁ-di=% @ [f[B-dA=0
Y ED S
@ [JE-ds=-s 0 B3 = e+ 5~

(1) Gauss’s Law states that electric charge creates diverging electric fields.

(2) Magnetic Gauss’s Law states that there are no magnetic charges (monopoles).

(3) Faraday’s Law states that changing magnetic fields induce electric fields (which curl
around the changing flux).

(4) Ampere-Maxwell’s Law states that magnetic fields are created both by currents and by
changing electric fields, and that in each case the field curls around its creator.

Summary for Class 28 p. 1/2



Summary of Class 28 8.02

These equations are the cornerstone of the theory of electricity and magnetism. Together “
with the Lorentz Force (F‘ =q(E+Vx ﬁ)) they pretty much describe all of E&M, and from

them we can derive mathematically the major equations you learned this semester (like
Coulomb’s Law and Biot-Savart). People even put them on T-shirts. They are important and
you should try hard to keep them in mind.

Energy and the Poynting Vector

We have now described the energy stored in capacitors and inductors in terms of the voltage
across and current through them respectively. We have also described that energy in terms of
the E & B fields contained inside them. We have, however, only described the power, the
change in energy, in terms of current and voltage: P = V1. As you might imagine, we can

also think of this power in terms of the fields. We define the Poynting Vector, S = #LQE xB,
which describes how energy is travelling per unit area per unit time. If a capacitor or inductor
is “charging” (increasing in stored energy) then the Poynting vector will point into the

element. When discharging S points outward. Integrating the Poynting Vector over the
surface of an object allows us to determine how much energy in entering or leaving.

Important Equations
Energy stored in Inductor: U =1LI’

2
Energy Density in B Field: u, = ] -
24,
Poynting Vector: S= i]_i'l xB
Displacement Current: I,=g, dj;‘g
Maxwell Egs.
(I)Djjfa-dg=& @) [f[B-dA=0
S ) s
e dod & = FE d D,
?3) EﬁE-d s=-—2% (4) @B S = o] e + Moo~

Experiment 9: Driven LRC Circuits
Preparation: Read pre-lab

In this lab you will drive a series RLC circuit around its natural frequency to confirm that it is
the resonance frequency (or at least close to it) and to determine the properties of the circuit
both on and off resonance.

Summary for Class 28 P. 22



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics
8.02

Experiment 9: Driven RLC Circuits
OBJECTIVES

1. To explore the time dependent behavior of driven RLC Circuits
2. To understand the idea of resonance, and to determine the behavior of current and
voltage in a driven RLC circuit above, below and at the resonant frequency

PRE-LAB READING
INTRODUCTION

In the last lab, Undriven RLC Circuits, you did the equivalent of getting a push on a
swing and then sitting still, waiting for the swing to gradually slow down to a stop. Most
children will tell you that although that might be fun, it’s much more fun to get repeated
pushes, or, if you have the coordination, to move your body back and forth at the correct
rate and drive the swing, making it swing higher and higher.

This is an example of resonance in a mechanical system. In this lab we will explore its
electrical analog — the RLC (resistor, inductor, capacitor) circuit — and better understand
what happens when it is driven above, below and at the resonant frequency.

The Details: Oscillations

In this lab you will be investigating current and voltages (EMFs) in RLC circuits.
Although in the previous experiment these decayed after being given a kick (Fig. 1b),

today we will drive the circuit and see continuous oscillations as a function of time (Fig.
1a).

~_
o)
~—

o Xa‘ /\ /\ W (b) g XA %
E R B2 e e L
= =} /\v/\v/-\v,_._ ......
2 B | \..M
<C XE < _X“_,.u-;' i i | |
o bt 1T 2T 3T 4T 5T
Time (in Penods) Time (in Periods)

Figure 1 Oscillating Functions. (a) A purely oscillating function x = x, sin (a)t + go) has

fixed amplitude x, angular frequency @ (period 7 = 2n/@ and frequency /= @/2m), and

phase ¢ (in this case ¢ = -0.2mw). (b) The amplitude of a damped oscillating function
decays exponentially (amplitude envelope indicated by dotted lines)

Driven Circuits: Resonance
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In the previous lab we charged the capacitor in a series RLC circuit and then “let it go,”
allowing the energy to gradually dissipate through the resistor. This time we will instead
add a battery that periodically pushed current through the system. Such a battery is called
an AC (alternating current) function generator, and the voltage it generates can oscillate
with a given amplitude, frequency and shape (in this lab we will use a sine wave). When
hooked up to an RLC circuit we get a driven RLC circuit (Fig. 2a) where the current
oscillates at the same frequency as, but not necessarily in phase with, the driving voltage.
The amplitude of the current depends on the driving frequency, reaching a maximum
when the function generator drives at the resonant frequency, just like a swing (Fig. 2b)

| A
(a) . ® | .s
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Figure 2 Driven RLC Circuit. (a) The circuit (b) The magnitude of the oscillating
current /y reaches a maximum when the circuit is driven at its resonant frequency

One Element at a Time

In order to understand how this resonance happens in an RLC circuit, its easiest to build
up an intuition of how each individual circuit element responds to oscillating currents. A
resistor obeys Ohm’s law: V= IR. It doesn’t care whether the current is constant or
oscillating — the amplitude of voltage doesn’t depend on the frequency and neither does
the phase (the response voltage is always in phase with the current).

A capacitor is different. Here if you drive current at a low frequency the capacitor will
fill up and have a large voltage across it, whereas if you-drive current at a high frequency
the capacitor will begin discharging before it has a chance to completely charge, and
hence it won’t build up as large a voltage. We see that the voltage is frequency
dependent and that the current /eads the voltage (with an uncharged capacitor you see the

current flow and then the charge/potential on the

1 10 capacitor build up).
. ; Figure 3 Current and Voltage for a Capacitor
- AN E/N\\Vv(f) A capacitor driven with a sinusoidal current will
S L *— ¢ develop a voltage that lags the current by 90° (the
P voltage peak comes % period later than the current
peak).

E05-2
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An inductor is similar to a capacitor but the opposite. The voltage is still frequency
dependent but the inductor will have a larger voltage when the frequency is high (it
doesn’t like change and high frequency means lots of change). Now the-current 7ags the
voltage — if you try to drive a current through an inductor with no current in it, the
inductor will immediately put up a fight (create an EMF) and then later allow current to
flow.

When we put these elements together we will see that at low frequencies the capacitor
will “dominate” (it fills up limiting the current) and current will lead whereas at high
frequéﬁeﬁ%é inductor will dominate (it fights the rapid changes) and current will lag.
At resonance the frequency is such that these two effects balance and the current will be
largest in the circuit. Also at this frequency the current is in phase with the driving
voltage (the AC function generator). . by

This (5 in dridts L

Resistance, Reactance and Impedance .« ol 72 C[000 "‘i’-ﬂ""f’;mfj

We can make the relationship between the magnitude of the current through a circuit

element and magnitude of the voltage drop across it (or EMF generated by it for an
inductor) more concrete by introducing the idea of impedance. Impedance (usually

denoted by Z) is a generalized resistance, and is composed of two parts — resistance (R) ¢ " are
and reactance (X). All of thesé ferms refer to a constant of proportionality between the £ ./,
magnitude of current through and voltage across (EMF generated by) a circuit element:

Vo=1Z, V=1IR, Vy=IpX. The difference is in the phase between the current and voltage.

In an element with only resistance (a resistor) the current through it is in phase with the

voltage across it. In an element with only reactance (capacitor, inductor) the current

leads or lags the voltage by 90°. A combination of these elements in series or parallel

will lead to a circuit with impedance Z =+ R* + X and a phase that depends on the ratio

of the reactance and resistance: tan@ = X/R (note that the phase ¢ has the correct
ang Sa/dt
behavioras X -0 orR —0).

The reactance of an inductor X, = @wL and of a capacitor X.=-1/@wC. First of all, note

that these have the correct ﬁ_égil?ﬁéy'dependence. An inductor has a high reactance at
high frequencies (it takes a lot of effort to change the current through an inductor at high
frequencies) whereas a capacitor has a high reactance at low frequencies (it “fills up” to
have a large potential across it). The sign on the capacitive reactance is a convention,
indicating that it leads to the current leading rather than lagging
(V(t)=V, sin(wt+¢) & I()=1, sin wt, so phase ¢ is negative for capacitors). Some
people instead write X = X, — X _.and keep all reactances positive — feel free to use
whichever convention you prefer.

E05-3



APPARATUS

1. Science Workshop 750 Interface

In this lab we will again use the Science Workshop 750 interface as an AC function
generator, whose voltage we can set and current we can measure. We will also use it to

measure the voltage across the capacitor using a voltage probe.

2. AC/DC Electronics Lab Circuit Board

We will also again use the circuit board, set up with a 100 pF
capacitor in series with the coil (which serves both as the
resistor and inductor in the circuit), as pictured at left.

Figure 4 Setup of the AC/DC Electronics Lab Circuit Board.
In addition, we will connect a voltage probe in parallel with the
capacitor (not pictured).

GENERALIZED PROCEDURE

In this lab you will measure the behavior of a series RLC circuit, driven sinusoidally by a
function generator.

Part 1: Driving the RLC Circuit on Resonance
Now the circuit is driven with a sinusoidal voltage and you will adjust to frequency while
monitoring plots of /(f) and V() as well as V' vs. 1.

Part 2: What’s The Frequency?
The circuit is driven with an unknown frequency and you must determine if its above or
below resonance. —

Part 3: What’s That Trace?
Current and voltage across the function generator and capacitor are recorded, but you
must determine which trace is which.

END OF PRE-LAB READING

\ B L' 5 \
|hal e oV gt C

/
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IN-LAB ACTIVITIES

EXPERIMENTAL SETUP

1. Download the LabView file from the web and save the file to your desktop. Start
LabView by double clicking on this file.

2. Set up the circuit pictured in Fig. 4 of the pre-lab reading (no core in the inductor!)
3. Connect a voltage probe to channel A of the 750 and connect it across the capacitor.

i

T 9.5atl of cal
( I

MEASUREMENTS

Part 1: Driving the RLC Circuit on Resonance

Now we will use the function generator to drive the circuit with a sinusoidal voltage.

1. Enter the frequency that you measured in part 1 of the previous lab as a starting
point to find the resonant frequency. If you don’t recall this frequency, you can
just start at 150 Hz.

2. Press GO to start recording the function generator current and voltage vs. time, as
well as a “phase plot” of voltage vs. current.

3. Adjust the frequency up and down to find the resonant frequency and observe
what happens when driving above and below resonance.

Question 1:

What is the resonant frequency? What are two ways you can determine this?

i g'}{’J ” 2 ALLE ? WV ). gt Oh ILfF Cf Cac d ‘f:‘-[f)/ /1ﬂj
| iy o a ) A0

v

((,N ( I} ; / 5 A /] ‘ ’ {{f .;—w_.f:!_’/ 7 7 ™M A W ( cl J i /
; l"/':} fn a0t Carre 'i; -‘ d & ‘f" ¢
Question 2:
What is the impedance of the circuit when driven on resonance (hint: use the phase plot)?
TS 7 . i %7 |
A | ‘;{, - ’/( } ! Oc [/..{'J'_LJ‘
L e v Bgy [ 7 ;/_,{/ (/51_,! .j
Question 3: { ve Thse

When driving on resonance, insert the core into the inductor. Are you now driving at,
above or below the new resonant frequency of the circuit? How can you tell? Why?
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Part 2: What’s The Frequency?

For the remainder of the lab you will make some measurements where you are given
incomplete information (for example, you won’t be shown the frequency or won’t be
told what is being plotted). From the results you must determine the missing
information. If you find this difficult, play with the circuit using the “further
questions” tab to get a better feeling for how the circuit behaves.

1. Remove the core from the inductor
2. Press GO to record the function generator current and voltage
Question 4:

At this frequency is the circuit capamtor- or 1nductor—]1ke'7 Are we above or below

resonance? [U((rf (@Geaing inductor |1
: ~uggiry /N '

& hove [ Csoni, Fioy

Part 3: What’s That Trace? v

1. Press GO to record the function generator current and voltage as well as the
voltage across the capacitor. Note that you are not told which trace corresponds
to which value.

Question 5:
What value is recorded in each of the three traces (I Vieior Vil How b ot kiiow?
E\ Glgnee!  Cf f/m' - Ur: A /f :
Qecaic leguit, ‘JJ,-' I‘[ Vollag 0 s F'\l’.d cJ ;")FP‘C""'“ £ 1+
Questic;;l‘*ﬁg Blve pmuvet e i

Are we above, below or on resonance? How do you know‘7
49"3!-) ( (/5,1». E Prous 5p , _‘Iu‘rf_‘,:. l[t‘« ] /
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Further Questions (for experiment, thought, future exam gquestions...)

e For a random frequency can you bring the circuit into resonance by slowly inserting
the core into the coil? Are there any conditions on the frequency (e.g. does it need to

J Ve

be above or below the resonant frequency of the circuit with the empty coil)? { L o
‘[/1 AR

e Could you do part 3 if you were given only two traces instead of three? Would it

o What i§the energy doing in the driven circuit? Is the resistor still dissipating power?

matter, whlch two you were given? ¥
l// \/[ 7

If so, where is this power coming from?
e With a resistor in series with the coil and capacitor, at what frequency is the energy
dissipation a maximum? How could you verify this experimentally?
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Class 28: Outline

Hour 1: Downioad LabView

Expt.9: Driven RLC Circuits

- Maxwell's Equations and
Displacement Current

Hour 2:
oynting Vector and Energy Flow
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Experiment 9:
Driven RLC Circuit

What to Learn from Lab

1 f)j-Properties of resonance? How can
- you tell when you are on resonance?
. 2)Fromplot1 &V vs.t OR |vs. V:
Which is leading (I or V)?

-like or C-like?

~ Above or below resonance?
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PRS Questions:
Resonance __

i

PRS: Leading or Lagging
The graph shows the ko
current versus the
voltage in a driven RLC

circuit at a given driving VoTTAGE
frequency. In this plot

. Current lags voltageby~80°
. Current leads voltage by ~80°

. Current and voltage are almost in pha

4. Wedon't have enough Infonnatlon (but they aren’t in ph e
Bal don‘t know 3

EEEET

—HEE T

The graph shows current & voltage vs. time in a
driven RLC circuit. We had been in resonance a
second ago but then either put in or took out the core
from the inductor. Which was :t‘? '

@Put In the core

oM

Class 28

‘. | I 0

C(/(ff?/."'.} (Cé dalayg Voilay e }()db (np

w W i ' ' i
If‘;l"l'r;'-i(’,‘f- IL'[(,O o th? tv n 'f} YLr

T 2
(\.u'i N |’J( |? ‘-/
Qe _/{ﬂi 0
) s ) |

/\”It/ﬁ I L dvt ‘*'JWE’/{/(J b |

] . |

o

YRV ,)u““ (rp (i (!)’(7 2



—_—

=3 *ﬁm

Wj,/ ;T'U!C.

i abovt  fhoso diggem -
10° ot of phast

T ded 'b_y'%”

Ve

;|I' £ i .
\ Ups = fvaddion (Vi Y Q)

k.

L Tdoctor botefly doniate

-l
by
b,

&l
.,

p
L

1 l”f°‘ﬂ3’svpfil7 vkt @l
] b Pl ° of Cach ol
EMM REMVJ e o e
G(q}, )wp ] slop !) ffﬁ’”
f‘o&gﬁﬂﬂq ~ et by bﬂ””f
\\/lﬁ“‘ !’\(}Pﬂ_ﬁnt J"G (U'/[pl‘ %' .

mOQLOf‘ §pp99€9 [fwhqg (n ﬁf/x ‘\
Wﬂn]s 2 Cfmf[m/( ;mav!/‘cj
Ple pore cumtnt inbs 4
- bendos mplt 1 o0 mel

SFrpn |
o o)

i f v
{.Od‘d (s C{'/Wo’-' ¥vs  unl w‘FIﬂy J{bﬂg =

Commy | 4to f/(,as [ Utal Of/i?c"a?

Japle wdols by cofufe b
Magute Fipd ~indeed EME
(fortbogé law — pack BHF)
tightly Claye ~F iquting Te batierr
)LL/{,:\ d(( LCE((& FH}% |:)~1 l‘\o””"}
(ulteny 7 -~

I;_ ~ hagls ¢mf o 19"9(’" !OW"/‘))
Class 28 t‘ L‘iﬂﬂf{ Vf““J( 3

/-'—__——‘_*‘—— i =
Ctrent ‘%5% ab olobop cinte o EHp

& [Vltels  ee ga patayy  of moltors




| rn _ _,L . .
‘; U = 7 éa L
\/Ug < ou, b°

(nTeq cgi® VO Vol
v = )
s : p 1 _—
L XA A U {8 K { g
. ] \
-\
A
,’l‘dl [_' - P_ e :I
calcul L
t above the top plate
A"ﬂ PP{E i ( O 7 V<ol ")‘,» -:} &g )
| : '
A0 o bo AMpl e 5 la v

Class 28 4



Lo Pk;’é}(ﬁ( Curitars
; 'l?‘ i._j; F;’) f;r’; e J

I
no maanlic  manopoly ¢
£ T

The wlon  of  maglle  Chagt
v v

/ i i' ¥ /

AT S

Culfe
Class 28 E (old

celab




'P.RS: Questlons._ e

- PRS: Capacitor

'Consider a circular capacitor,
an Ioop (radius
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PRS: Leading or Lagging
The graph shows the (
current versus the
voltage in a driven RLC
. Cument leads voltage by ~90°

circuit at a given driving W T TAGE
. Current and voltage are almost in phase

frequency. In this plot
. We don't have enough information (but they aren't in phifse!
. I don't know

. Current lags voltage by ~90°

- EIE AR

PRS: Answer Leading or Lagging

Answer: 4. Can't Tell

Without the direction you can't

tell whether the current or
voltage is leading or lagging.
You can only tell that you aren’t
in phase (in fact, you are out of
phase by ~90°)

PRS: What’d You Do?

fime

The graph shows current & voltage vs. time in a
driven RLC circuit. We had been in resonance a
second ago but then either put in or took out the core
from the inductor. Which was it?

0% 1.Putin the core

ox  2.Took out the core

ox 3.l don’t know

PRS Answer: What'd You Do?

Answer: 1. You putin the core

time

The current lags the voltage which means that the
circuit is inductor-like which means that we made
the inductance bigger (put in the core).

PRS: Capacitor

Consider a circular capacitor,

with an Amperian loop (radius

r) in the plane midway | b ’
between the plates. When the —&— e
capacitor is charging, the line

integral of the magnetic field

around the Amperian loop (in =S~
direction shown) is
0% 1. Zero (No current through loop)
0% 2. Positive
0% 3. Negative
0% 4. Can't tell (need to know direction of E)
0% 5.

| don't know T
:00

Class 28

PRS Answer: Capacitor

Answer: 2. The integral of B as shown is positive

Here the displacement

current is the same direction

as the current regardless of | r |
whether we are charging or

discharging, so the B field is

in the direction in which we

: : -S =
are integrating

[ r= dd
([IB-ds = g + pty6,—=
[Eﬁ Hol + &, 0




PRS: Capacitor PRS Answer: Capacitor

If instead of integrating

around the pictured Answer: 2. The integral is larger for larger r
Amperian loop we were to | r b | As we increase the radius :
Integra.te around an - of our Amperian loop we b
Amperian loop of the same J enclose more flux (up until _,i__ r |
radius as the plates (b) then = we enclose all of it) and
the integral would be hence the magnitude of the
integral will increase. ~S~
% 1.The same 2
o 2. Larger
= do
o 3.Smaller [E[]B-ds = w0 + 1,6, drE
ox 4.1 don’t know L

PRS: Capacitor PRS Answer: Capacitor

ISl ] :_Q 7z i Answer: 1. The charge Q is increasing in time
? t l BG)E T . ’ :Q Ve o a8
1 & Neodl o
s & __TE | owat

The figures above show a side and top view of a
capacitor with charge Q and electric and magnetic
fields E and B at time {. At this time the charge Q is:

+Q \'—p’

The B field is counterclockwise, which means that the

:: 1. Increasmg in time current (real & displacement) must be flowing out of

2. Constant in time. A the page = up. So positive charge is being carried to
e 3. Decreasing in time. [] the bottom plate, and the total charge is increasing.
4. 1don't know (0)9

PRS: Capacitor ;
Gl PRS Answer: Capacitor
‘ =0 2z = Answer: 1. The charge Q is increasing in time
= E 1
- ot 1 .
._._‘ﬂ\‘""- l\B ! ke QF o
‘ +Q) - ‘n‘ E v B(DE +«t
The figures above show a side and top view of a i +.Q 24 £ Rx
capacitor with charge Q and electric and magnetic
fields E and B at time . At this time the charge Q is: il : e
0% 1. Increasing in time The d:rect.lon _of.the Poynting Flux § (= E x B) ms[de
i 2. Constant in time the capacitor is inward. Therefore electromagnetic
o i WM energy is flowing inward, and the energy in the electric
% 3. Decrtla'asmg in time. field inside is increasing. Thus Q must be increasing,
i 4. I don't know 20 ﬂ since E is proportional to Q. el
Class 28




PRS: Inductor PRS Answer: Inductor

Answer: 3. The current / is decreasing in time

The figures above show a side and top view of a

solenoid carrying current | with electric and magnetic

fields E and B at lin}e t,. In j[he solenoid, the current | is: The Poynting Flux S (= E x B) inside the solenoid is
o% 1. Increasing ln.tlme outward from the center of the solenoid. Therefore
o%x 2. Constant in time. EM energy is flowing outward, and the energy in the
o% 3. Decreasing in time. magnetic field inside is decreasing. Thus / must be
o%x 4. |don't know decreasing, since B is proportional to /.

Class 28



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics: 8.02

In Class W12D1_2 Solutions: Resistor Power

I a Problem: For the cylindrical resistor at left, with current /
and voltage drop AV, calculate the power in terms of the

} | electric and magnetic fields at its surface.

L There is a geometric factor. What is it?
Solution:
Resistors are pretty straight forward. Assuming the electric field is uniform we simply have:
AV =FEL

The magnetic field we get from Ampere’s Law:

B= ,u_DI 8 e 2raB
2ra Hy
So then power is given by:
P = BL AR ey BB
Hy Hy

The geometric factor, 27alL , is simply the surface area of the resistor. The field dependence,
EB/ 1, , is the magnitude of the Poynting vector, which has units of power per unit area. In the
case of the resistor the Poynting vector points radially inwards (by example, at the top of the
pictured resistor, E isto the right, B is out of the page, and E x B is thus down, into the

resistor. The power “consumed” by the resistor is simply the Poynting flux, the integral of the
Poynting vector dotted into the surface area of the resistor.

In Class Problem Solution Class 32 (W12D1) p. 1 ofl



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics: 8.02

In Class W12D1_3 Solutions: Inductor
1(1)

) . . . > -~ q |-
Problem: A solenoid of radius @ and length / has an increasing
current /(f) as pictured. Consider a point P at radius » (r < a). v
Find the magnetic field B(t) at P vs. time t (mag. & dir.)
Find the electric field E(t) at P
Find the Poynting vector S(t) at P

What is the total power flux into/out of the inductor?
Does this make sense? How? (Hint: What’s U?)

i ol ol o

Solution:

1. Find the magnetic field B(t) at P vs. time t (mag. & dir.)

This is just Ampere’s law with a loop of length ¢ passing

through point P (as shown for the cutaway picture at right)
d B-dS =g, 10 = BL = 1, NI t]

contour

B(r) = £y

&
; » &
e

2. Find the electric field E(t) at P "
The electric field arises from induction, so we use Faraday’s Law, with the
loop as shown in the top view at bottom right:

c}i:.dg:_%ﬂﬁ.dg:>Ez,r,,:_c;_3m3 k}g

t

[
E(r)=_1d_Bj=__”arNﬂj |
2| dt 2h |dt '
3. Find the Poynting vector S(t) at P i (1)
S= hal = N F d—B Bi (1.e. radially inwards) L"
My 2 D)t
4. What is the total power flux into/out of the capacitor?
= - dB "
P=[[S-dA=s4="" B-2nah =wath-2| 2
2u, | dt M| dt

5. Does this make sense? How? (Hint: What’s U?)

dB _i{zalh.iJ:dUﬂ

Yes! P=ma’h B a8
dt 2u, dt

H,

dt

In Class Problem Solution Class 32 (W12D1) p.1ofl



Summary of Class 29 8.02

Topics:  Displacement Current, Energy Flow and the Poynting Vector
Related Reading: Course Notes: Sections 13.1-13.3, 13.12.3-13.12.4

Topic Introduction

Today you will work through analytic problems related to what you studied this week:
displacement current, EM Waves and the Poynting vector.

Displacement Current
Recall that the displacement current is what we call the ability to create a magnetic field by
allowing an electric field to change in time. Although calling it a “current” isn’t strictly

E

accurate (there is no flowing charge), the displacement current 7, = g, does act very

much like a current, creating a magnetic field that curls around it. We derived the idea from
thinking about a capacitor. In a capacitor, no current flows between the plates, but when the
capacitor is charging or discharging (with a current / flowing onto/off of the capacitor plates)
then the electric field between the plates changes, and the displacement current looks like a
current / as well, uniformly distributed across the plates and flowing between them.

Energy and the Poynting Vector
The Poynting Vector S = #Loﬁ x B describes how much energy passes through a given area

per unit time, and points in the direction of energy flow. Although this is commonly used
when thinking about electromagnetic radiation, it generically tells you about energy flow,
and is particularly useful in thinking about energy in circuit components. For example,
consider a cylindrical resistor. The current flows through it in the direction that the electric
field points. The B field curls around. The Poynting vector thus points radially into the
resistor — the resistor consumes energy. In today’s problem solving session you will
calculate the Poynting vector in a capacitor, and will find that if the capacitor is charging
then S points in towards the center of the capacitor (energy flows into the capacitor) whereas
if the capacitor is discharging S points outwards (it is giving up energy).

Important Equations

Displacement Current: /, = ¢, d;DE
1
Poynting Vector: S= i ExB

Summary for Class 29 p. 1/1
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics

Problem Solving 9: The Displacement Current and Poynting Vector

OBJECTIVES

1. To introduce the “displacement current” term that Maxwell added to Ampere’s Law

2. To find the magnetic field inside a charging cylindrical capacitor using this new term
in Ampere’s Law.

3. To introduce the concept of energy flow through space in the electromagnetic field.
4. To quantify that energy flow by introducing the Poynting vector.

5. To do a calculation of the rate at which energy flows into a capacitor when it is
charging, and show that it accounis for the rate at which electric energy stored in the
capacitor is increasing.

REFERENCE: Sections 13-1 and 13-6, 8.02 Course Notes.
The Displacement Current

In magnetostatics (the electric and magnetic fields do not change with time), Ampere’s
law established a relation between the line integral of the magnetic field around a closed
path and the current flowing across any open surface with that closed path as a boundary
of the open surface,

Eﬁ ﬁ'd-s‘:ﬂl)]enc:ﬂo J] J-dA.

closed open
path surface

For reasons we have discussed in class, Maxwell argued that in time-dependent situations
this equation was incomplete and that an additional term should be added:

. 8 s d®
M B-ds=ul _ +uc,— [|E-dA=pul__ +uc¢ £ 9.1
c!onjcd luO enc #0 0 df '[“[ ﬂU enc Ju{ 0 df ( )
loop

or
l] ﬁdg =/u0]cnc+ﬂ[)‘[d (9'2)

closed
loop

(DE

where /, =g, is the displacement current.

Solving 9-1



An Example: The Charging Capacitor

A capacitor consists of two circular plates of radius a separated by a distance d (assume
d << a). The center of each plate is connected to the terminals of a voltage source by a
thin wire. A switch in the circuit is closed at time # = 0 and a current /(?) flows in the

. d
circuit. The charge on the plate is related to the current according to 7(¢) =% . We

begin by calculating the electric field between the plates. Throughout this problem you
may ignore edge effects. We assume that the electric field is zero for » > a.

Question 1: Use Gauss’ Law to find the electric field between the plates when the charge
on them is Q (as pictured). The vertical direction is the k direction.
Answer (write your answer to this and subsequent questions on the tear-sheet!):

Qonc= @ -~ 7 _ Qenc
Lo = ==

Co

U A
E = CJ' eine A
Ta*Ee

Now take an imaginary flat disc of radius r < a inside the capacitor, as shown below.

Question 2: Using your expression for E above, calculate the electric flux through this
flat disc of radius » < a in the plane midway between the plates. Take the surface normal

to the imaginary disk to be in the +k direction.
Answer: @, = HE-dA =

Sfat

disk

E <3k

Ch Solving 9-2



This electric flux is changing in time because as the plates are charging up, the electric
field is increasing with time.

Question 3: Calculate the Maxwell displacement current,

1,=¢, dd:E =50% H E-dA

d dise(r)
through the flat disc of radius » < a in the plane midway between the plates, in terms of

r, I(1), and a.
Answer:

Question 4: What is the conduction current Hj -dA through the flat disc of radius » < a?
s

“Conduction” current just means the current due to the flow of real charge across the
surface (e.g. electrons or ions).

Answer:

Since the capacitor plates have an axial symmetry and we know that the magnetic field
due to a wire runs in azimuthal circles about the wire, we assume that the magnetic field
between the plates is non-zero, and also runs in azimuthal circles.

Solving 9-3



Question 5: Choose for an Amperian loop a circle of radius r < a in the plane midway
between the plates. Calculate the line integral of the magnetic field around the circle,

[ﬁ B-ds . Express your answer in terms of |l§| and ». The line element ds is right-

circle

handed with respect to dA , that is counterclockwise as seen from the top.

Answer: d] B-ds = 1/;’ ;

circle

Question 6: Now use the results of your answers above, and apply the generalized
Ampere’ Law Equation (9.1) or (9.2), find the magnitude of the magnetic field at a
distance » < g from the axis.

—
Answer: : N . g )
é ; Y PR F | el ’} I { I.‘J ) _%J’; (r i»\/
" \ AN
oLet i g |V 18y oo, | |

(al {3 s |

Question 7: If you use your right thumb to point along the direction of the electric field,
as the plates charge up, does the magnetic field point in the direction your fingers curl on
your right hand or opposite the direction your fingers curl on your right hand?

{ /‘ 1/ Pp ! :n“r"" ‘! |
Answer: (n o ‘
-

@l hang Y18

Question 8: Would the direction of the magnetic field change if the plates were
discharging? Why or why not?

“y! fit ' Y | | Y -~ i } 7
Answer: ( l[‘ Ony A L (PN ( | f { Gile I~
id'. o /!

Solving 9-4



The Poynting Vector

Once a capacitor has been charged up, it contains electric energy. We know that the
energy stored in the capacitor came from the battery. How does that energy get from the
battery to the capacitor? Energy flows through space from the battery into the sides of
the capacitor. In electromagnetism, the rate of energy flow per unit area is given by the
Poynting vector

joules

s 1= = :
S=—ExB (units:
Hy sec square meter

To calculate the amount of electromagnetic energy flowing through a surface, we
joules

S€c

calculate the surface integral H§ -dA (units: or watts) .

Energy Flow in a Charging Capacitor

We show how to do a Poynting vector calculation by explicitly calculating the Poynting
vector inside a charging capacitor. The electric field and magnetic fields of a charging
cylindrical capacitor are (ignoring edge effects)

. IO r .
[0, [l e
E= ﬂ:a'&‘o B= I(t)

0 r>a o ) ¢ r>a
2zr

17 2
E © Th Yl @ O

Question 9: What is the Poynting vector for r <a?

e 5

R et ¢ ras e Solving 9-5



Since the Poynting vector points radially into the capacitor, electromagnetic energy is
flowing into the capacitor through the sides. To calculate the total energy flow into the
capacitor, we evaluate the Poynting vector right at » = a and integrate over the sides
r=a.

Question 10: Calculate the flux ”§ .dA of the Poynting vector evaluated at » = a
through an imaginary cylindrical surface of radius a and height d, i.e. over the side of the

capacitor.  Your answer should involve O, a, I, and 4 What are the units of this
expression?

:ijp_\ = d“ﬂ"\Q 4 X '
= BT = oL
= 4 e
E e ok |
Eo A

2
g,Area _E,ma
d d

Rewrite your answer to Question 10 above using the capacitance C. Your answer shoul
involve only @, 7, and C.

Question 11: The capacitance of a parallel plate capacitor is C=

Solving 9-6



Question 12: The total electrostatic energy stored in the capacitor at time 7 is given by
1 0()°

3 &
is equal to the rate at which energy is flowing into the capacitor through the sides, as
calculated in Question 11 above. That is, where this energy is coming from is from the
flow of energy through the sides of the capacitor.

jl ((D(-.";’r'v-!;d\t—) 7-/Qu TV,;Q_“J; . Q_"—L: i i
o ' 2( A C

C o i

{ W lahy Uy

. Show that the rate at which this energy is increasing as the capacitor is charged

Question 13: Suppose the capacitor is discharging instead of charging, i.e. Q(¢) > 0but

now % >0 What changes in the picture above? Explain.

dindion o curcont Eneegy  [lo’7g
RI 1{ fady  \fT 10r o ofes dir

Sample Exam Question (If time, try to do this by yourself, closed notes)

A capacitor consists of two parallel circular plates of radius @ separated by a distance d
(assumea >>d ). The capacitor is initially charged to a charge Q. At ¢ = 0, this
capacitor begins to discharge because we insert a circular resistor of radius a and height d
between the plates, such that the ends of the resistor make good electrical contact with the
plates of the capacitor. The capacitor then discharges through this resistor for £ =0, so
the charge on the capacitor becomes a function of time Q(t). Throughout this problem
you may ignore edge effects.

t<0 >0

C)(t)

Q(t)

a). Use Gauss’s Law to find the electric field between the plates. Is this electric field
upward or downward?

0

Solving 9-7



b). For 7>0, consider an imaginary open surface of radius » < a inside the capacitor
with its normal dA upward (see figure)

For t>0, what is the current flowing through this open surface in terms of Q(7) or
do(r)
dt

and the parameters given. Define the direction of positive current to be upward,

and be careful about signs.

¢) For this same imaginary open surface, what is the time rate of change of the electric
do(r)
dt

flux though the surface, in terms of O(t) or and the parameters given (hint: use

your answer above for E).

d) What is the integral of the magnetic field around the contour bounding this open
circle, using the Ampere-Maxwell Law? Be careful of signs.

e) Does your answer in (d) make sense in terms of the energy dissipation and energy
flow in this problem? You must explain your answer clearly and logically to get credit.

Solving 9-8



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics

Tear off this page and turn it in at the end of class !!!!

Note:
Writing in the name of a student who is not present is a Committee on Discipline
offense.

Problem Seolving 9: Displacement Current and Poynting Vector

Group |l (e.g. 2B Please Fill Out)

Names Rinnec Quirkono
M e Jime= =%

) [ &S

i J ¢ i £ 2 1 /

k
§

Question 1: Use Gauss’ Law to find the electric field between the plates as a function of time 7,
in terms of O(¢), a, &,, and 7.
Answer: -

> = Qe, £ f-: /
E e -.mr k { .f"f
Lo Co A\

Question 2: Using your expression for E above, calculate the electric flux through the flat disc
of radius r < a.

9,0_"_1_A

i Ve \ Y
Answer: ‘:_—’I: Z \‘\\" -l [+ — k\.J./

. ,./ (AR

: ; dd
Question 3: Calculate the Maxwell displacement current /, = &, » £ through the disc.
3

) . g &
Answer: Ty = ()}@ -I Yea 71
[T “q

U\

Question 4: What is the conduction current through the flat disc of radius r < a?
Answer: /

Tn,,

Roal = O /

Question 5: Calculate the line integral of the magnetic field around the circle, E‘ﬁ B-ds.

Bl /

circle

Answer:

Solving 9-9




Question 6: What is the magnitude of the magnetic field at a distance r < @ from the axis. Your

answer should be in terms of r, /), ¢, 7,anda. | ‘ .
S (oL 2 N
Ansyer: ﬁ)& e E; = {Iﬂ A ¥ IA) 6 __j____&\_.\_@_\)\_) wJ ‘! 1= Lk

Blr)= o o +1\

Question 7: If you use your right thumb to point along the direction of the electric field, as the
plates charge up, does the magnetic field point in the direction your fingers curl on your right
hand or opposite the direction your fingers curl on your right hand?

Answer: ‘ T
\\(\ .\M‘ -.u'.‘hnf’ M ;

Question 8: Would the direction of the magnetic field change if the plates were discharging?
Why or why not?

Answer: \!Q'g, o camse LB 0\ Ivvs e eV Wiy

Question 9: What is the Poynting vector for » <a?

A alv i T A A T £ < BTANS theose
Answer: Rodrel i E”E = ()m; e AR - -2 ¢ f OWhvenc
' "L parnelr R O
i T’ 2TE
SEeTEe J Y

Question 10: Calculate the flux HS dA\of the Poynting vector evaluated at » = a through an

imaginary cylindrical surface of radius a and height d, with area 4 =2mab , i.e. over the sides of
the capacitor. Your answer should involve Q, @, I, d, 7 , and &,. What are the units of this

expression? " i
Answer: (’(—[d \{\J" M OW \J\JO%\S .‘
[} (;3 T

Question 11: Rewrite your answer to Question 10 above using the capacitance C.

Answer: | &l ; QT oty ol |
el ] oMY pw [
C e’ C .

Question 12: The total electrostatic energy stored in the capacitor at time 7 is given by
Q°(1)/2C. Show that the rate at which this energy is increasing as the capacitor is charged is
equal to the rate at which energy is flowing into the capacitor through the sides, as calculated in
Question 11 above.  That is, where this energy is coming from is from the flow of energy

: . : \ p . s
through the sides of the capacitor. QQ 1) r de‘ 1 AQT s AT = Q._f; W, 3

Answer: ; o2 — o = .

3 { e

_:7’{:—\’:‘% O 5 -

| P

Question 13: Suppose the capacitor is discharging instead of charging, i.e. O(¢) > Obut now
dQO(t)/dt <0 What changes in the picture above? Explain.

¥

5 A nf ; Yia g D R TP U e s B 17 LA T Yiswalis Wl n
Answer- TW d.}'rf'f'hﬁ‘i'\ \E‘L CUWHP_W GUV‘\I’J‘\- —i‘\‘\‘p '\J‘J”‘“:,\"\ T ,\') \‘\L_.L-\U,-‘ \,‘.:f. WNAASIC LA iy o I‘\)”‘ L [ \Y\ ‘“\h’
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MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics

Problem Solving 9 Solutions:
Displacement Current and Poynting Vector

OBJECTIVES
1. To introduce the “displacement current” term that Maxwell added to Ampere’s Law

2. To find the magnetic field inside a charging cylindrical capacitor using this new term
in Ampere’s Law.

3. To introduce the concept of energy flow through space in the electromagnetic field.
4. To quantify that energy flow by introducing the Poynting vector.

5. To do a calculation of the rate at which energy flows into a capacitor when it is
charging, and show that it accounts for the rate at which electric energy stored in the
capacitor is increasing.

REFERENCE: Sections 13-1 and 13-6, 8.02 Course Notes.
The Displacement Current

In magnetostatics (the electric and magnetic fields do not change with time), Ampere’s
law established a relation between the line integral of the magnetic field around a closed
path and the current flowing across any open surface with that closed path as a boundary
of the open surface,

[ B-ds=pyl.,.=u, [[J3-dA.

closed open
path surface

For reasons we have discussed in class, Maxwell argued that in time-dependent situations
this equation was incomplete and that an additional term should be added:

B-ds = d i g dd,
c[gsﬂw B-dS = fiene + Hoba— gE A= fol g+ oy~ ©.1)
loop
or
[.__ﬂ B.-ds = Hol oo + Hol 9.2)

closed
loop

dd, . ;
where 1, =g, is the displacement current.

Solving Solutions 9-1



An Example: The Charging Capacitor

A capacitor consists of two circular plates of radius a separated by a distance d (assume
d << a). The center of each plate is connected to the terminals of a voltage source by a
thin wire. A switch in the circuit is closed at time ¢ = 0 and a current /(?) flows in the

circuit. The charge on the plate is related to the current according to 7(¢) =%. We
t

begin by calculating the electric field between the plates. Throughout this problem you
may ignore edge effects. We assume that the electric field is zero for r > a.

Question 1: Use Gauss’ Law to find the electric field between the plates when the charge

on them is O (as pictured). The vertical direction is the k direction.
Answer (write your answer to this and subsequent questions on the tear-sheet!):

B-Zi-—2 &
&y Ta‘e,

Now take an imaginary flat disc of radius » < a inside the capacitor, as shown below.

Question 2: Using your expression for E above, calculate the electric flux through this
flat disc of radius » < @ in the plane midway between the plates.  Take the surface

normal to the imaginary disk to be in the k direction.

2
_— wr’
”E-dA:Em-2= Y X :i,rl
flat &ra  &,d
disk
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This electric flux is changing in time because as the plates are charging up, the electric
field is increasing with time.

Question 3: Calculate the Maxwell displacement current,

=£ dwﬁ —
d 0 df

f s [[ E-da

dise(r)

through the flat disc of radius » < a in the plane midway between the plates, in terms of
r, I(¢), and a.

Lol || B0 2{202) L
a

2
dise(r) 0

Question 4: What is the conduction current J. .[ J-dA through the flat disc of radius r < a?
N

“Conduction” current just means the current due to the flow of real charge across the
surface (e.g. electrons or ions).

Answer: zero.

Since the capacitor plates have an axial symmetry and we know that the magnetic field
due to a wire runs in azimuthal circles about the wire, we assume that the magnetic field
between the plates is non-zero, and also runs in azimuthal circles.

Question 5: Choose for an Amperian loop a circle of radius » < a in the plane midway
between the plates. Calculate the line integral of the magnetic field around the circle,

[ﬁ B-ds . Express your answer in terms of |l§‘ and r. The line element ds is right-

circle

handed with respect to dA , that is counterclockwise as seen from the top.

Answer: [j B-ds = B(2zr)

circle

Solving Solutions 9-3



Question 6: Now use the results of your answers above, and apply the generalized
Ampere’ Law Equation (9.1) or (9.2), find the magnitude of the magnetic field at a
distance » < g from the axis.

e Ty
BQrr)=pl, = py—1 = B=py—
a 2rwa

Question 7: If you use your right thumb to point along the direction of the electric field,
as the plates charge up, does the magnetic field point in the direction your fingers curl on
your right hand or opposite the direction your fingers curl on your right hand?

The magnetic field points, as the plates charge up, in the same direction as your fingers curl
on your right hand.

Question 8: Would the direction of the magnetic field change if the plates were
discharging? Why or why not?

The magnetic field would reverse direction because the electric flux is now decreasing
in time.

The Poynting Vector

Once a capacitor has been charged up, it contains electric energy. We know that the
energy stored in the capacitor came from the battery. How does that energy get from the
battery to the capacitor? Energy flows through space from the battery into the sides of
the capacitor. In electromagnetism, the rate of energy flow per unit area is given by the
Poynting vector

joules

S= Lﬁx B (units:
Hy sec square meter

To calculate the amount of electromagnetic energy flowing through a surface, we

joules
sec

calculate the surface integral J'J'é -dA (units: or watts) .

Energy Flow in a Charging Capacitor
We show how to do a Poynting vector calculation by explicitly calculating the Poynting

vector inside a charging capacitor. The electric field and magnetic fields of a charging
cylindrical capacitor are (ignoring edge effects)

Solving Solutions 9-4



Question 9: What is the Poynting vector for r <a?

=4 e s

S:—ExB:——-Q2 =i

Ho 2riaie,

Since the Poynting vector points radially into the capacitor, electromagnetic energy is
flowing into the capacitor through the sides. To calculate the total energy flow into the

capacitor, we evaluate the Poynting vector right at » = a and integrate over the sides
r=a.

- +Q
I l

Question 10: Calculate the flux H§-a’f\ of the Poynting vector evaluated at » = a

through an imaginary cylindrical surface of radius @ and height & , i.e. over the side of the

capacitor.  Your answer should involve O, a, [, and 4 What are the units of this
expression?

H S-dA=——= units are joules/sec or watts

Solving Solutions 9-5
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g, Area _g,na
d d

Rewrite your answer to Question 10 above using the capacitance C. Your answer should
involve only Q, 7, and C.

Question 11: The capacitance of a parallel plate capacitor 1s C=

Question 12: The total electrostatic energy stored in the capacitor at time ¢ is given by
100

2 €
is equal to the rate at which energy is flowing into the capacitor through the sides, as

calculated in Question 11 above. That is, where this energy is coming from is from the
flow of energy through the sides of the capacitor.

. Show that the rate at which this energy is increasing as the capacitor is charged

40 _0do o

and this is the rate at which energy is flowing into the capacitor
a2l naidin N G

Question 13: Suppose the capacitor is discharging instead of charging, i.e. Q(¢) > Obut

now % >0 What changes in the picture above? Explain.
(s

The expression for the electric field is the same but the direction of the magnetic field reverses if
the charge is decreasing instead of increasing with time. Thus the direction of the Poynting vector
is outward instead of inward. The rate at which energy flows our of the capacitor through the sides

is now equal to the rate at which the electric energy in the capacitor is decreasing.

Solving Solutions 9-6



Sample Exam Question (If time, try to do this by yourself, closed notes)

A capacitor consists of two parallel circular plates of radius a separated by a distance d
(assumea >>d ). The capacitor is initially charged to a charge Q,. At ¢ = 0, this
capacitor begins to discharge because we insert a circular resistor of radius @ and height d
between the plates, such that the ends of the resistor make good electrical contact with the
plates of the capacitor. The capacitor then discharges through this resistor for 7>0, so
the charge on the capacitor becomes a function of time Q(t). Throughout this problem

you may ignore edge effects.
t<0 t=0

a____-Q(t)
d dE

. an

a). Use Gauss’s Law to find the electric field between the plates as a function of O(#) and
given parameters and &,. Is this electric field upward or downward?

JE-dA=E@a) =LY = - 20
) Ta‘e,

The direction is upward, from positive to the negative plate.

b). For =0, consider an imaginary open surface of radius r < a inside the capacitor
with its normal dA upward (see figure)

Solving Solutions 9-7



For t=0, what is the current flowing through this open surface in terms of Q%) or
do(1)
dt
and be careful about signs.

and the parameters given. Define the direction of positive current to be upward,

The current flowing through this surface is

[ 90(mrt)_  dOr
dt \ za* dt a*

and is pointing upward.

c) For this same imaginary open surface, what is the time rate of change of the electric

flux though the surface, in terms of Q(7) or @and the parameters given (hint: use
i
your answer above for E).
The electric flux through the surface of radius r is ®©, = E(zr’) = Q—(f)— (zr?)= @r_:
Ta-e, oas

Therefore, the time rate of change of electric flux is
do, _Li do(1)
AW i

d) What is the integral of the magnetic field around the contour bounding this open
circle, using the Ampere-Maxwell Law? Be careful of signs.

2 2
[ﬁﬁ-dE=;10[+yﬂgniq—)£=yn[—d—gr—z]+poso[l 3 dQJ:O

dt dt a g a’ dt

e) Does your answer in (d) make sense in terms of the energy dissipation and energy
flow in this problem? You must explain your answer clearly and logically to get credit.

The result in (d) implies that no magnetic field is generated in this process, due to the
exact cancellation of the current and the displacement through the surface. Thus there-is
no energy flow inside of the capacitor as the electric energy is converted to thermal
energy. This is because this conversion happens locally, in place, and there is no need of
an energy flux to carry energy to different parts of the capacitor or to circuit elements
outside of the capacitor.

Solving Solutions 9-8



Summary of Class 30 8.02

Topies:  Maxwell’s Equations, EM Radiation & Energy Flow
Relaied Reading: Course Notes: Sections 13.3-13.4, 12.11, 13.12.1-13.12.2

Topic Introduction

Today we will put together much of the physics we have learned in the class to see how
electricity and magnetism interact with each other. We begin by finalizing Maxwell’s
Equations, and then describe their result — electromagnetic (EM) radiation.

Maxwell’s Equations
Now that we have all of Maxwell’s equations, let’s review:

(1) [ B-dh = Z= @) (f[B-dA =0

. do
3)[JE-ds=——22
( )j ¥

£

= dd
NB-ds=puld  + &, -
()[;_t Holene T Moy 0

(1) Gauss’s Law states that electric charge creates diverging electric fields.

(2) Magnetic Gauss’s Law states that there are no magnetic charges (monopoles).

(3) Faraday’s Law states that changing magnetic fields induce electric fields (which curl
around the changing flux).

(4) Ampere-Maxwell’s Law states that magnetic fields are created both by currents and by
changing electric fields, and that in each case the field curls around its creator.

The last piece of this last equation is the one piece you have not seen and we will justify its
addition in class. These equations are the cornerstone of the theory of electricity and

magnetism. Together with the Lorentz Force (F‘ =g(E + v x B)) they pretty much describe

all of E&M, and from them we can derive mathematically the major equations you learned
this semester (like Coulomb’s Law and Biot-Savart). People even put them on T-shirts.
They are important and you should try hard to keep them in mind.

Electromagnetic Radiation

The fact that changing magnetic fields create electric fields and that changing electric fields
create magnetic fields means that oscillating electric and magnetic fields can propagate
through space (each pushing forward the other). This is electromagnetic (EM) radiation. It
is the single most useful discovery we discuss in this class, not only allowing us to
understand natural phenomena, like light, but also to create EM radiation to carry a variety of
useful information: radio, broadcast television and cell phone signals, to name a few, are all
EM radiation. In order to understand the mathematics of EM radiation you need to
understand how to write an equation for a traveling wave (a wave that propagates through
space as a function of time). Any function that is written f(x-+vt) satisfies this property. Ast
increases, a function of this form moves to the right (increasing x) with velocity v. You can
see this as follows: At t=0 f(0) is at x=0. At a later time t=t, f(0) is at x=vt. That is, the
function has moved a distance vt during a time t.

Sinusoidal traveling waves (plane waves) look like waves both as a function of position and
as a function of time. If you sit at one position and watch the wave travel by you say that it
has a period 7, inversely related to its frequency /. and angular frequency;,

Summary for Class 30 W13Dl1 p. 1/2



Sammary of Class 30 8.02

a)('T = = Zmu"‘}. If instead you freeze time and look at a wave as a function of position,
you say that it has a wavelength A, inversely related to its wavevector & (/ =2rk™ ) . Using

this notation, we can rewrite our function f(x-vt) = fysin(kx-wt), where v = w/k.

We typically treat both electric and magnetic ficlds as plane waves as they propagate th-ugh
space (if you have one you must have the other). They travel at the speed of light (v=c).
They also obey two more constraints. First, their magnitudes are fixed relative to each other:
Eo = c¢By (check the units!) Secondly, E & B always oscillate at right angles to each other
and to their direction of propagation (they are transverse waves). That is, if the wave is
traveling in the z-direction, and the E field points in the x-direction then the B field must
point along the y-direction. More generally we write ExB =p , where p is the direction of

propagation.

Impeortant Equations

Maxwell’s Equations:

EM Plane Waves: with E, =cB,: ExB=§; w=ck

Summary for Class 30 WI2DI p. 2/2
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Electromagnetism Review

« E fields are created by:
(1) electric charges (Gauss's Law)

(2) time changing B fields E‘@H%E' Waw)
arada

s Law
» B fields are created by
(3a) moving electric charges (AmR?nre-Maxwelt Law)
re's Law

(3b)time changing E fields (Amper%-Maxwe!l Law)
+ No magnetic charge Maxwell's Addibon

{4) Conservahon of magnetic flux (Unnamed Law)
'f' 'Consarvatlon of Charge o

i ;E:Iectrbmagnét'i?_c '.Radiatio'r_}

A Question of Time...
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Electromagnetic Radiation:
Plane Waves

rr ‘;JG{/{J((‘ 4‘:“'1‘ ‘[{1.)
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Traveling Waves

 Considen(x) ; Ee=s

_ - xbo
What is g(x.t) = f(x-v)?
) =0

~ Traveling S
What is g(x.t) = f(x+vt)? Travels to left at velocity v
y = yosin(k(x#v)) = ygsin(kx+kvt)
Lookatt=0: g(x,0) =y

Amplitude (y;) Y AYIe
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Electromagnetic Radiation
Plane Waves
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Electromagnetic Waves ;
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Properties of EM Waves

Travel (through vacuum) with
speed of light L g

 ye=c= S
JHie o o W"’hwf"

At every polnt inthe: wave-and any mstant of time,

E 5,
B G

E and B fields perpendmm r to one another, and o
:- the dlrecllon of pmpaga ' :are transverse) o

e

Traveling E & B Waves J
Wavelength: 4 ---__.:* Sl
Frequency :f E=EE, sin(k - ¥ — 1)
Wave Number: k= 2;
Angular Freq.: o= Zfl’f

-Penod T—-—~—2E
: ; f o

.Speed = --_.,1]'
Direction; +k ExB =C=m=3x10‘~s—

Standing Waves
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Standmg Waves

Standmg Waves

Most commonly seen in resonating systems
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Group Work: Standing Waves
Do Problem 2 In the Java Applet

Wit d b o — of F

Gdme  /qau?l [Lraht. @mp, yelq rr S
'] F I # i

v

ey

Group Work: Standing Waves

Do Problem 2 In the Java Applet

E =E,sin(oc-at) B, =E,sin(kx+ or)

Superposition: £ = Es*‘ E, 25, .S_in(bC);cas('éét).

Appendix:
How Do Maxwell’s Equations
Lead to EM Waves?
(Optional)

Class 30
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PRS: Wave

-4 -2 0 2 4 x(m)

The graph shows a plot of the function
y = cos(k x). The value of k is

0% 1. Yam!

0% 2. Yam?

0% 3. am’?

0% 4. w/2 m!

0% 5. I don't know

PRS Answer: Wave

Answer: 4. k=m/2 m'!

A=4m—>k=2n/A=n2m’!
y=cos (tx/2)is1atx=—4 m, 0m, 4 m, etc.

Fi- 2

PRS: Direction of Propagation

The figure shows the
E (yellow) and B (blue)
fields of a plane wave.
This wave is
propagating in the

+x direction

—x direction

+z direction

-z direction Y
I don’t know I

e DV Dt

PRS Answer: Propagation

Answer: 4. The wave is moving in the —z direction

The propagation
direction is given by
the direction of E x B
(Yellow x Blue)

PRS: EM Wave

The E field of a plane wave is:
E(z,1) = jE, sin(kz + ar)

The magnetic field of this wave is given by:

1. B(z,1)=iB,sin(kz +ar)
2. B(z.r)=-iB, sin(kz + wr)
3. B(z,f)=kB,sin(kz+ex)
4 fi(:.!) = —ﬁBn sin(kz + @r)
5

| don't know —
120

Class 30

PRS Answer: EM Wave
Answer: 1. B(z,1) = EBD sin(kz + wt)

2% s

R

From the argument of the sin(kz + at), we know
the wave propagates in the -z direction.

So we haveExB = jx?=—k

—=B=i




MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics: 8.02

In Class W13D1 1 Solutions: Waves Java Applet

Problem: Find the wavelength, frequency, and speed of the wave in the top panel, f(x,t).

Titme: 0 1)

Solution:
The wavelength can be measured as the peak to peak distance: A = 4

Thus the wavevector is given by k =2n/L =m/2

The speed can be measured by watching the wave travel. It moves one wavelength in 2 time
units so the speed is v = 2.

So we can calculate both the frequency and angular frequency:
M=v=>f=vA=1/2;0=2nf=xn

The amplitude is F = 4.

So the equation can be obtained as:
g(x,t)=F -cos(kx —ot) =4 -cos(nx/2 - nt)

The minus sign is because the wave is travelling to the right (+x direction)

Note that this applet doesn’t use units (one unfortunate downside). Make sure you don’t omit
units when they are there.

In Class Problem Solution Class 34 (WI13DI) p. 1l of 1



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics: 8.02

v
In Class W13D1_2 Solutions: Plane Waves

Problem: For the EM Wave:

E(x,y,z,t) =E, Sin(i—n(x—ct)Jj : ﬁ(x, V,z,0) = —I-Ey,0 sin [2—;- (x —ct))l:c
o

1) Plot E, B at each of the ten points pictured for t=0
2) Why is this a “plane wave?”

Solution:
+y
PPz Y
. Jj4 _
5 il . X
+{ ¥ '.] '//

Y=0 x=M4 x=A2 x=3M4 X=}

This 1s a “plane wave” because for any plane (parallel to the yz plane) the electric and magnetic
fields are doing the same thing at all points. For example, at x =0 we find E & B are zero

everywhere. So when the wave propagates it is as if entire planes were simply sliding along the
propagation axis (in this case the x-axis)

In Class Problem Solution Class 34 (W13D1) p. 1 of 1



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics: 8.02

In Class W13D1_3 Solutions: Standing Waves Java Applet

Problem: (Problem 2 of the Java Applet) Find a wave function, g(x,t), that will produce a
standing wave with a node at x=0, (i.e., at the center.)

Time: 0 fOL)

Solution:
We first need to find the parameters of wave f(x,t)
The wavelength can be measured as the peak to peak distance: A =2

Thus the wavevector is given by &k =2n/A ==

The speed can be measured by watching the wave travel. It moves one wavelength in 2 time
units so the speed is v = 1.

So we can calculate both the frequency and angular frequency:
M =v=s f =pfk =1 ln=2%f =%

The amplitude is F = 3.

So the equation can be obtained as:
f(x,t)=F -cos(kx — ot) = 3-cos(mx —mt)

The minus sign is because the wave is travelling to the right (+x direction)
To make a standing wave we send an equal wave in the opposite direction. We want a node at
zero, which means we also need to change the sign:

g(x,1) =—F-cos(kx+wr) = —3-cos(mx +mr)

In Class Problem Solution Class 34 (W13D1) p. 1ofl



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Physics

8.02 Spring 2010
Problem Set 11

Due: Tuesday, April 27 at 9 pm.

Hand in your problem set in your section slot in the boxes outside the door of 32-
082. Make sure you clearly write your name and section on your problem set.

Text: Liao, Dourmashkin, Belcher; Introduction to E & M MIT 8.02 Course Notes.
Week Twelve Self Inductance & Magnetic Energy
M Apr 19-T Apr 20 Patriot’s Day Holiday

Class 28 W12D2 W/R Apr 21/22  Expt. 9: Driven RLC Circuits, Maxwell’s Equations
and Displacement Current; Poynting Vector &

Energy Flow.
Reading: Course Notes: Sections 13.1-13.3, 13.12.3-13.12.4
Experiment: Expt. 9: Driven RLC Curauts
Drop Date Thurs Apr 22
Class 29 W12D3 F Apr 23 PS09: Poynting Vector and Energy Flow in a
Capacitor
Reading: Course Notes: Sections 13.1-13.3, 13.12.3-13.12.4

Week Thirteen Electromagnetic Waves

Class 30 W13D1 M/T Apr 26/27 Maxwell’s Equations, EM Waves

Reading: Course Notes: Sections 13.3-13.4, 13.11, 13.12.1-
13,122

Class 31 W13D2 W/R Apr 28/29  Exam 3 Review

Exam 3 Thursday April29  7:30 pm —9:30 pm

WI13D3 F Apr 30 No class day after exam



Problem 1: Current Slabs

The figure below shows two slabs of current. Both slabs of current are infinite in the x
and z directions, and have thickness 4 in the y-direction. The top slab of current is

=Jz out of the
page. The bottom slab of current is located in the region -d < y < 0 and has a constant

located in the region 0 < y < d and has a constant current density J

oul

current density J, =—JZ into the page.

(a) What is the magnetic field for I y| >d ? Justify your answer.

(b) Use Ampere’s Law to find the magnetic field at y = 0. Show the Amperian Loop
that you use and give the magnitude and direction of the magnetic field.

(c) Use Ampere’s Law to find the magnetic field for 0 <y <d. Show the Amperian
Loop that you use and give the magnitude and direction of the magnetic field.

(d) Plot the x-component of the magnetic field as a function of the distance y on the
graph below. Label your vertical axis.



Problem 2: An infinitely long wire of radius a carries a current density J;, which is
uniform and constant. The current points "out of" the page, as shown in the figure.

(a) Calculate the magnitude of the magnetic field B(r) for (i) » <a and (ii)) r>a.

For both cases show your Amperian loop and indicate (with arrows) the direction
of the magnetic field.

(b) What happens to the answers above if the direction of the current is reversed so
that it flows "into" the page ?

(c) Consider now the same wire but with a hole bored throughout. The hole has
radius b (with 2b<a) and is shown in the figure. We have also indicated
four special points: O, L, M, and N. The point O is at the center of the original
wire and the point M is at the center of the hole. In this new wire, the current
density exists and remains equal to J, over the remainder of the cross section of
the wire. Calculate the magnitude of the magnetic field at (i) the point M, (ii) at
the point L, and (ii1) at the point N. Show your work.

Hint: Try to represent the configuration as the "superposition" of two types of wires.




Problem 3: Sliding Bar on Wedges

A conducting bar of mass m slides down two frictionless
conducting rails which make an angle & with the
horizontal, separated by a distance ¢ and connected at the
top by a resistor R, as shown in the figure. In addition, a
uniform magnetic field B is applied vertically upward.
The bar is released from rest and slides down. At time ¢
the bar is moving along the rails at speed v(?).

(a) Find the induced current in the bar at time 7z, Which
way does the current flow, from a to b or b to a?

(b) Find the terminal speed v, of the bar.

After the terminal speed has been reached,
(c) What is the induced current in the bar?
(d) What is the rate at which electrical energy is being dissipated through the resistor?

(e) What is the rate of work done by gravity on the bar? The rate at which work is done
is F-¥. How does this compare to your answer in (d)? Why?



Problem 4 EMF Due to a Time-Varying Magnetic Field

A uniform magnetic field B is perpendicular to a one-turn circular loop of wire of
negligible resistance, as shown in the figure below. The field changes with time as
shown (the z direction is out of the page). The loop is of radius »=50cm and is

connected in series with a resistor of resistance R =20 . The "+" direction around the
circuit is indicated in the figure.

NS S ®

B,
A0
< f i
3 f i
I !
s
4] 2 4 6 8 Hb

second
(a2) What is the expression for EMF in this circuit in terms of B_(#) for this arrangement?

(b) Plot the EMF in the circuit as a function of time. Label the axes quantitatively
(numbers and units). Watch the signs. Note that we have labeled the positive direction of

the emf in the left sketch consistent with the assumption that positive B is out of the
paper.

(c) Plot the current 7 through the resistor R. Label the axes quantitatively (numbers and
units). Indicate with arrows on the sketch the direction of the current through R during

each time interval.

(d) Plot the power dissipated in the resistor as a function of time.



Problem 5: Inductor

An inductor consists of two very thin conducting cylindrical
shells, one of radius @ and one of radius b, both of length A.
Assume that the inner shell carries current / out of the page,
and that the outer shell carries current / into the page,
distributed uniformly around the circumference in both
cases. The z-axis is out of the page along the common axis
of the cylinders and the r-axis is the radial cylindrical axis
perpendicular to the z-axis.

a) Use Ampere’s Law to find the magnetic field between
the cylindrical shells. Indicate the direction of the magnetic
field on the sketch. What is the magnetic energy density as
a function of r fora <r < b?

b). Calculate the inductance of this long inductor recalling that U, =%L[ ? and using

your results for the magnetic energy density in (a).

c) Calculate the inductance of this long inductor by using the formula
O=L]= _{ B-dA and your results for the magnetic field in (a). To do this you

open surface
must choose an appropriate open surface over which to evaluate the magnetic flux. Does
your result calculated in this way agree with your result in (b)?



Problem 6: Trying to open the switch on an RL Circuit

The LR circuit shown in the figure contains a resistor R, and an inductance L in series
with a battery of emfg,. The switch § is initially closed. At # = 0, the switch § is opened,
so that an additional very large resistance R, (with R, R ) is now in series with the
other elements.

!
S et
R SRR —

Lwy—J :
R,

(a) If the switch has been closed for a long time before 7 = 0, what is the steady current
I, in the circuit?

(b) While this current /; is flowing, at time ¢ = 0, the switch S is opened. Write the
differential equation for I(f) that describes the behavior of the circuit at times ¢ > 0.
Solve this equation (by integration) for I(¢)under the approximation thate, =0.

(Assume that the battery emf is negligible compared to the total emf around the circuit
for times just after the switch is opened.) Express your answer in terms of the initial
current /,,and R, R,,and L.

(c) Using your results from (b), find the value of the total emf around the circuit (which
from Faraday's law is —LdI/dt ) just after the switch is opened. Is your assumption in (b)
that &, could be ignored for times just after the switch is opened OK?

(d) What is the magnitude of the potential drop across the resistor R, at times ¢ > 0, just
after the switch is opened? Express your answers in terms of &,, R, and R,. How does
the potential drop across R, just after + = 0 compare to the battery emf g, if
R, =100R?



Problem 7: LC Circuit

An inductor having inductance L and a capacitor having capacitance C are connected in
series. The current in the circuit increase linearly in time as described by I = Kf. The
capacitor initially has no charge. Determine

(a) the voltage across the inductor as a function of time,

(b) the voltage across the capacitor as a function of time, and

(c) the time when the energy stored in the capacitor first exceeds that in the inductor.
Problem 8: LC Circuit

(a) Initially, the capacitor in a series LC circuit is charged. A switch is closed,

allowing the capacitor to discharge, and after time 7 the energy stored in the
capacitor is one-fourth its initial value. Determine L if C and T are known.

(b) A capacitor in a series LC circuit has an initial charge (), and is being discharged.

The inductor is a solenoid with N turns. Find, in terms of L and C, the flux
through each of the N turns in the coil at time 7, when the charge on the capacitor
is O(1). State any assumptions that you make.

(¢) An LC circuit consists of a 20.0-mH inductor and a 0.500-xF capacitor. If the

maximum instantaneous current is 0.100 A, what is the greatest potential
difference across the capacitor?
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Problem 1: Current Slabs
(\) D\IIl G““‘ . The figure below shows two slabs of current. Both slabs of current are infinite in the x
ik j and z directions, and have thickness d in the y-direction. The top slab of current is
L/ / 6/ located in the region 0 < y < d and has a constant current density J,, =J% out of the
I page. The bottom slab of current is located in the region -d < y < () and has a constant
Lo current densi J =-J z into the page. = — =
Pos | bas ty pag e B, B=c
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(a) What is the magnetic field for | y| >d? Justify your answer. Lo '

Z The t arts of the slab t 1
ero. The two parts of the slab create equal and opposite ﬁelds for |y| > d :
outsile of  clab - ‘Jr« would 0L nice
b) Use Ampere’s Law to find the magnetic field at y = 0. Show the Amperian Loop
that you use and give the magnitude and direction of the magnetic field.
gasfnﬁ" pr “yhot, bt B =G
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Amperlan Loop
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The field at y = 0 points to the right (both slabs make it point that way). So walk counter
clockwise around the loop shown in the above figure and Ampere’s Law gives:

A, . A )
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[jﬁ-d§=Bl+0+0+0=4—z1, =, (JId) = |B = 1, Jd i (to the right)
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¢) Use Ampere’s Law to find the magnetic field for 0 < y < d.  Show the Amperian ' ''5
Loop that you use and give the magnitude and direction of the magnetic field. ) é)
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The field for 0 <y < d still points to the right. So walk counter clockwise around the
loop shown in the above figure and Ampere’s Law gives:
[jﬁ-d’s’ =BI+0+0+0=p,1,, =4—x.fl(d—y):> B = 1,J (d— )i (to the right)
i ol
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(d) Plot tth component of the magnetlc ﬁeld as a function of the distance y on the

graph below. Label your vertical axis. Mok [ cloal.
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Problem 2:

An infinitely long wire of radius a carries a current density J; which is uniform and
constant. The current points "out of" the page, as shown in the figure.

"'-«-.,,.‘.

~

a) Calculate the magnitude of the magnetic field B(r)

for (i) » <a and (ii)

r>a. For both cases show your Amperian loop and indicate (with arrows)

the direction of the magnetic field.

The dashed lines above are the Amperian loops I will use for (i) and (ii). They both

have a radius of r, and in both cases the paths are counterclockwise, as is the B field,
due to a current out of the page (right hand rule).

() r<a.

From Ampere’s Law:

sl T J
({Bdg :2m3=ﬂ0]penetr'azu =4u0']0717'2 —|B = Ho o i Ho 0!

counterclockwise|

2m

(iyr>a.

Now we just contain all of the current:

(j.B +ds =2mB = /uﬂj,venu.'rare o J“()Joﬂraz = B= Hovo™R | | Hevof

counterclockwise
2ar 2r

o ay slacdey

This
(el o pie ke

wol f S L
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(b) What happens to the answers above if the direction of the current is reversed so that it
flows "into" the page ?

If the direction of current flips then so does the direction of the magnetic field, so it is
clockwise rather than counterclockwise. The magnitude of the field remains the same.
rather than countercl

e —

c) Consider now the same wire but with a hole bored throughout. The hole has radius b
(with 2b < a) and is shown in the figure. We have also indicated four special points: O,
L, M, and N. The point O is at the center of the original wire and the point M is at the

center of the hole. In this new wire, the current density exists and remains equal to J,

over the remainder of the cross section of the wire. Calculate the magnitude of the
magnetic field at (i) the point M, (ii) at the point L, and (iii) at the point N. Show your
work.

Hint: Try to represent the configuration as the "superposition" of two types of wires.

The point here is that we have two wires superimposed on top of each other. The large
(radius a) wire carries current out of the page while the smaller (radius b) wire carries
current into the page (with the same current density). At all point L, M and N we are
inside the large wire and on the right, so the counterclockwise B field is pointing up the
page. What is happening from the small wire changes from place to place

(1) the point M:

Here we are at the center of the small wire, so it contributes nothing. We are at a radius
r= a - b inside the big wire, so from part (a.i) of this problem we have:

B= #0'](] (a i b)

TR




(i1) at the point L:

Here we are to the left of the small wire (at a radius r = b), so the clockwise field (as we
said in part b) is pointing up, just like the CCW field from the big wire We are at a radius
r= a - 2b inside the big wire, so:

i qua(a—2b)+ HoJ o up = ﬂo'fu(a_b)
2 2 2

up

(iii)  at the point N:

Here we are to the right of the small wire (at a radius r = b), so the clockwise field is
pointing down, opposite the CCW field from the big wire so they subtract rather than add
We are at a radius r = a inside the big wire, so:

1L D Rrywhise
= 0 G/ f / /
o Moo podob _ pod(a—b) GamL
= = 2 up = 5 up — i e

A comment about people’s work on this problem: I was stunned at how many people
tried to do Ampere’s law on the wire with a hole in it. Since the hole breaks the
cylindrical symmetry of the problem you just can’t do this. That is, since B is no longer

constant around an Amperian centered on O, c{ﬁ-a@ #2mrB. B isn’t constant, so you
can’t just pull it out!

\/’P” St f {_] ’mf iif-f-' e v fI/Q



Problem 3: Sliding Bar on Wedges

A conducting bar of mass m slides down two frictionless
conducting rails which make an angle & with the NW/]

horizontal, separated by a distance ¢ and connected at the ( R f

top by a resistor R, as shown in the figure. In addition, a & o > ,;/ R
uniform magnetic field B is applied vertically upward. \\\/;f?’/ B
The bar is released from rest and slides down. At time ¢ a\// b
the bar is moving along the rails at speed v(¥). By I 1 e

(a) Find the induced current in the bar at time f. Which . \
way does the current flow, from a to b or b to a? 0 { < ﬁ/

The flux between the resistor and bar is given by
@, =Blx(t)cosd
where x(7) is the distance of the bar from the top of the rails.

Then,
5~——d—(D ——iBEx(t)cosg——va(t)cosﬁ
Pl

Because the resistance of the circuit is R, the magnitude of the induced current is
= |8| _ B/{v(r)cosd
R R
By Lenz’s law, the induced current produces magnetic fields which tend to oppose the

change in magnetic flux. Therefore, the current flows clockwise, from b to a across the
bar.

I

(b) Find the terminal speed v, of the bar.

At terminal velocity, the net force along the rail is zero, that is gravity is balanced by the
magnetic force:

; B
mgsinf = IBlcosd = (ﬁ’?ﬂ]f)’fcosﬁ

or
Rmgsin@

") = Brc0s0)?

After the terminal speed has been reached,

(c) What is the induced current in the bar?



I an @

:va,(r)cosﬂ_chosﬁ Rmgsind _mgsimﬁ?_mgt
R R (Bfcos@)* )] Blfcos@ B

(d) What is the rate at which electrical energy is being dissipated through the resistor?

The power dissipated in the resistor is

2
P=1"R="&ne| R
Bl

(e) What is the rate obrkv done by gravity onetlbar? The rate at whialork is done
is F-v. How does this compate your answer in (d)?hyW

F-V =(mgsin@)v,(t) = mgsin 6((?;5::;)0; J =(";§ tan E?J R=P

That is, they are equal.All of the work dong kravity is dissipated ithe resistor,
which is why the rod ismiccelerating past its termal velocity.

T §Lnuld hor  scannd i .



Problem 4 EMF Due to a Time-Varying Magnetic Field

A uniform magnetic fid B is perpendicular to anesturn circular loop ofvire of
negligible resistance, asshown in the figure balo The field changesithv time as
shown (the z direction is out of phge). The loop is ofidius r= 50cm and is

connected in series with resistor of resistancak =20Q. The "+" direction arodnthe

circuit is indicated in th&gure.In order to obtain credit you must show your work;
partial answers without work will not be accepted.

B

[

ol
(=]
T

tesla 2

6
second

e = - -
oo-1

10

(a) What is the expressiofor EMF in this circuit ttxms ofB. f(fpr this arrangement?

Solution: When we choose a "+'Irettion around the circtishown in the figure almo
then we are also specifignthat magnetic flux ouf the page is positive. € lnit vector

i =+k points out of the pagehud the dot product becasn

f[/u}{(:

B-i=B-k=38.. (0.)
From the graph, the z-cqmnent of the magneticefd B. is given by

(25T-s");0<t<2s
50T;2s<t<4s

B, = .(0.2)
10T-(125T s ;4s<1<8s

0;1r>8s
The derivative of the magnetic field is then

28T s slierals
dB 0;2s<t<4s
—_i = * (0'3)
dt -1.25T s ;4s<t<8s

0:r>8s

The magnetic flux is therefore



= Hg HdA = j j B.dA = B.wr* .(0.4)

magnetic
The electromotive force is

8=—ifb =—£:rr2.

: 0.5
dt magnelic dt ( )

So we calculate the electromotive force by substituting Eq. (0.3) into Eq. (0.5)
yielding

—(25T-sHYzr*;0<t<2s

0:2s<t<4s

Ee s . (0.6)
(1.25T-s" )zr ;4s<t<8s
0;1>8s

Using » =0.5 m, the electromotive force is then

-1.96V:;0<r<2s
0;2s<t<4s

&= (0.7)
098V ;4s<r<8s

0;r>8s

Solution:

(b) Plot the EMF in the circuit as a function of time. Label the axes quantitatively
(numbers and units). Watch the signs. Note that we have labeled the positive direction of

the emf in the left sketch consistent with the assumption that positive B is out of the
paper.

Solution:
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(c) Plot the current / through the resistor R. Label the axes quantitatively (numbers and .
units). Indicate with arrows on the sketch the direction of the current through R during
each time interval.

Solution: The current through the resistor (R =20 Q) is given by

-9.8x10% A;0<t<2s
& 0:2s<t<4s
j e , . (0.8)
R [49x107 A;4s<t<8s

0:;r>8s

v

2 7T

TA]
a.

!-——

|

~ 0.
Sec

(d) Plot the power dissipated in the resistor as a function of time.

Solution: The power dissipated in the resistor is given by

1.9x107" W;0<r<2s
0;2s<t<4s

48x102 W:4s<t<8s
0;r>8s

P

.
N Ay

P=PR= (0.9)

o.l -t




